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Riemann Mapping Theorem: If () is a sim-
ply connected, proper subdomain of the plane,
then there is a conformal map f : D — ).
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If P =0 is a simple polygon, preimages of the
vertices are called the conformal prevertices.
In general, there is no simple formula for them in

terms of P.




The Schwarz-Christoffel formula gives a
formula for the Riemann map of the disk onto
a polygonal region {2: if the interior angles of P
are am = {7, .. anw} ie.,

A+0/ O‘k Ldw.

This maps the disk to a polygon with the correct
angles but the edge lengths depend on the param-
eters z = {21, ..., zn}. How to find z in practice?



Theorem: There is a €' < oo so that if € is
bounded by a simply polygon P with n vertices
we can find w = {wq,...,wp} C T so that

1. w can be computed in at most C'n steps.

2.dgc(w,z) < log8, z = conformal prevertices.

doc(w, z) is the infimum of log K such that there
is a K-quasiconformal A : ID — D such that
h(z) =w.

This is not quite a formula for the conformal pre-
vertices, but it is pretty close. This result origi-
nates with a theorem about convex sets in hyper-
bolic 3-manifolds.



Hyperbolic space: The hyperbolic metric on
the disk or ball is

dp = 2|dz|/(1 — |2]).
The hyperbolic metric on the upper halt space
dp = |dz|/dist(z, R?).

Geodesics are circles orthogonal to the boundary

The hyperbolic metric on a simply connected do-
main plane €2 is defined by transferring the metric
on the disk by the Riemann map. It satisfies

i
= dist(z, 0Q)
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A Kleinian group is a discrete group of isome-

tries of hyperbolic space. A hyperbolic mani-
fold is M = Ri /G, G a Kleinian group.

An orbit accumulates on a set A C S% = OB
called the limit set. The complement Q = S?\ A
is called the ordinary set and 0,oc M = Q/G is
a Riemann surface.

The convex core is smallest convex set in M
containing all closed geodesics.

0 OC(M) = OscM (M\C(M) ~ C(M)xRT).
e (G has a finite sided fundamental domain ift
C'(M) has finite volume.

e A\ has zero area iff Brownian motion almost

surely leaves C(M) (Ahlfors conjectures claims
this happens unless C(M) = M).



The convex core and the limit set are closely re-
lated. Let C(A) C H° be the smallest convex
set In Ri which contains all the infinite hyper-
bolic geodesics with both endpoints in A. This is
G-invariant and C(M) = C(A)/G.

There is one component of 0C (M) corresponding
to each complementary component of A. Let ()
be one such component and let S C Ri be the

component of C' (M) “facing ” 2. S is called the
dome of ().



The dome can also be defined as the boundary of
the union of all hemispheres centered on R? whose
bases are disks contained in ).

Similar to Euclidean space where the complement
of a closed convex set is a union of half-spaces.



If A is connected, ) is simply connected.

Each point on S is on the boundary of at least one
hyperbolic half-space H whose interior misses S.
OH is called a support plane. Its intersection
with S is either an infinite geodesic (bending
line) or a geodesic face bounded by geodesics.
Thus the base disk hits 0€) in at least two points.
The centers of such disks define the medial axis
in computational geometry:.

e Medial Axis =
set of support planes =
dual of bending lamination.

MA of a polygon is well known to be a finite tree.
It is a R-tree for any simply connected domain.



If €2 is simply connected and a finite union of disks
we call it finitely bent. The dome is a finite
union of geodesic faces which meet along infinite
geodesics with a well defined bending angle.
Every simply connected domain can be approxi-
mated by such domains from inside.

In general the dome is still a union of geodesic
faces (possibly empty) and bending geodesics (pos-
sibly uncountably many). There is a transverse
measure which says how much bending a trans-
verse arc encounters as it crosses the bending lam-
ination. Thus dome has a measured lamination,
called the bending lamination.
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Let pg be the hyperbolic path metric on S.

Theorem (Thurston): There is an isometry ¢
from (S, pg) to the hyperbolic disk.

For finitely bent domains one can see this by sim-
ply rotating around each bending geodesic by an
isometry to remove the bending. Doing this for
all of them maps the surface isometrically to a
hemisphere, which is isometric to the hyperbolic

disk.
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e Recall that a map is biLipschitz if

Lite,y) < d(f(@), Fy)) < Ad(z,y).

A
e f is a quasi-isometry (or rough isometry) if
1
P2 y) = B < p(f(2), fy) < Ap(z,y) + B.

e A homeomorphism is K-quasiconformal if
for every x € ()

Max,,. |, . — f(iE)—f(y)|
lim yle—yl=r |
30 ity | f(2) — [(y)]

O

< K.
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e For self-maps of hyperbolic disk,
BiLipschitz =
Quasiconformal =
Quasi-isometry =
there 1s BiLipschitz map with
same boundary values

Thus all three classes have the same type of bound-
ary values which can be identified as:

e A circle homeomorphism is quasisymmetric

if
_ sl
o=

whenever I, J are adJ acent intervals of equal length.
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Theorem (Sullivan, Epstein-Marden):
There i1s a K biLipschitz map o : {2 — S so

that 0 = Id on 0€2 = 05. Thus o is also K-QC
for some K independent of ).

If €2 is invariant under a Kleinian group, so is o.

Sullivan sketched proof for some invariant domains
without explicit constant. Epstein-Marden proved
1t for all simply connected domains with K = 80.
Best current bounds are K < 7.82 (B.) and K >
2.1 (Epstein-Markovic).

I currently know of five proofs involving explicit
constructions, Teichmuller theory, quasisymmet-
ric mappings and martingales. 1 will give the

)

“easy”’ one.
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A proof of Sullivan’s Theorem:

Define nearest point retraction R : {2 — S by
expanding horoball tangent at z € () until it first
hits S at R(z). It suffices to show R is a quasi-
1sometry.

In general, the retraction is not 1-to-1 in cres-
cents, so can’t be QC.
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Fact 1: If z € (),
dist(z,0Q) ~ dist( (z),
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