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HARMONIC MEASURE AND CONFORMAL LENGTH

KNUT 9YMA

(Communicated by Clifford J. Earle, Jr.)

ABSTRACT. Let f(z) be any univalent function that maps the unit disc onto a
domain Q. We prove that for any line L the length of f~1(QN L) is less
than 4n.

Let D be the open unit disc. Throughout this paper f(z) is a univalent
function that maps D onto a simply connected domain . z livesin D and
w livesin Q. f(z,) = w,. The pseudohyperbolic metric in D is defined by

Zy— 23

p(Zl’ 22)= 1_7122

b

where p is conformally invariant.

In Q, p can be defined by p(w;, wy) = p(z1, zz). In II*, the upper
halfplane,
Wy — Wy
w; — W»
The length of a curve K is denoted |K|. We will prove

plwy, wy) = ‘

Theorem. If L is any line, |f~'(QNL)| add an absolute value sign < 4.

The theorem without the constant is due to Hayman and Wu [5]. See also
[4]. The best previously known constant is 472 (see [3]). It is known that the
constant cannot be less than

U dx
o VI+x*’
and it has been conjectured that the best constant is C. For enlightening dis-

cussions and generalizations of the Hayman-Wu theorem, see [1] and [4]. Our
proof of the theorem depends on the following

Lemma. Assume {w,} C LNQ satisfies p(Wn, W) > 0 for n # m. Then
Y (1 —|zy|) < a?;%”n—é.

Proof. Note that p(w;, wy) = sup{|f(w,)|: f € ballH*(Q), f(w;) = 0}.
Therefore p increases when Q decreases. We may assume that L = R and

C=38
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that Q is a Jordan domain. If Q is not, approximate Q by the domains f,(D)
where f(z) = f(rz).

Let L; be the components of L N Q, and let Q; be the component of
QN{z: Z € Q} that contains L, . {Q} is a disjoint family of Jordan domains.
If k#s, 0Q, and 0Q; are essentially disjoint. They have at most one point
in common.

Assume that w,, w, € L,. Let ¢ map Q conformally onto IT* such
that ¢(L;) = iR*. ¢(w,) = iy,. Since p is conformally invariant we have

(*) yn J/m
Yn+Vm
Let

K= |p =9 1o, _1=9
r= .Vrl+5,yr Yr 1+5yr .

K, and K,, are essentially disjoint by (x). Interpreting harmonic measure
in the upper halfplane as normalized angles we see that w(iy,, K,, I[It) =
(2/m)arctand. Let K} = {{ € K,: p~1({) € 0Q}. By the symmetry of
Q) and the choice of ¢ we have { € K,, { ¢ K; implies —{ € K;.
Therefore w(iy,, K}, II*) > (arctand)/n = &’. Let C, = ¢p~!(K}). Con-
formal invariance gives w(w,, C,, &) > ¢’ and, by the maximum princi-
ple, w(w,, C,,Q) >d'. If r #5s, C, and C; are essentially disjoint. Let
E, = f~Y(C,), and let P, be the Poisson kernel of z,. We have

' <w(z, E / Ao lzlf |E,|.
— ro» ra 2 Z,_zn 1—[Z|)2 r

Hence 1 —|z,| < |E,|/arctand . This proves the lemma since Y |E,| < 27.

Proof of the theorem. For > 0 let D,(w,d) = {w': p(w, w’) < d}. By
Theorem 2.13 in [2] D,(w, J) is (euclidean) convex if 6 < 2—+/3. Therefore
for small J > 0 we can choose {w,} in LNQ such that

(i) if w, and w, are neighbours p(w,, w,) =7,

(i) UD,(wy, J) covers LNQ twice.
Since f is a pseudohyperbolic isometry, f~!(D,(wy, d)) is a euclidean disc
whose diameter is easily computed to be

1 —|z,|?

1 —02|zy|?"
Every univalent function in the unit disc satisfies |f/"(z)/f"(z)| < 6/(1 = |z|?).
Integration leads to |arg f'(z’) — arg f'(z")| < Kp(z', 2") if p(z', z") < dp <
1. Therefore (f~!)(w) satisfies the same inequalities. Hence

FHEN Dy, ) = [ DY (w) o
LNDy(wy ,d)

>0.

20

< (I+0(1))] 6)(f")’(w)dw|

LND,(wn

sza——élflipuml» o)1~ |z

uniformly in #.
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We now apply the lemma,

2L < T2 (14 0(1) 321~ [zl
46

Sl ( +o(1 ))arctané — 87  whend — 0.

We have used the crude 1nequa11ty 1 +|zn| < 2. Since this holds uniformly on
a large part of f~!(L), we have strict inequality.
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