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Definition of structural stability

Let f € End"(M) which preserves a compact subset K of M
(f(K) € K). The subset is C"-structurally stable if for every

cr , ,
f' =~ f, there exists a compact subset K’ homeomorphic to K

0
via a homeo h € Hom°(K, K'), h Lidst f preserves K’ and
the following diagram commutes:

f/
K/ N K/
h 7 T h
K — K
f

The endomorphism f is C"-structurally stable when K can be
chosen equal to M.
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Definition of structural stability in Singularity theory

Let f e C°°(M N)is C'- equivalently, structurally stable if for

every f’ ~ f, there exist diffeos h idy, h’ idy such that the
following diagram commutes:

f/

M
h 1
M

Z2— =2
X

-
f
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Morse example

Definition
A smooth real function is Morse if it has a finite number of
critical points which are non-degenerate.

Theorem

A Morse function whose critical values are all different is
C*-equivalently stable.

Definition
A diffeomorphism f of M is Morse-Smale if its non-wandering

set a finite union of hyperbolic periodic points and the stable
manifold and unstable manifold of its points are transverse.

Morse-Smale dynamics are C’-structurally stable.
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Hyperbolic compact set

Definition
Let f € Diff'(M) and let K be a compact subset f-invariant (i.e.

f(K) = K). The subset K is hyperbolic if there exist two
Tf-invariant sub-bundles E® and EY, s.t. :

° TM‘K:ES@E“,
@ d\<1,3C>0,Vx e K,Vvn>0:

| Tefell < C- A" and || TefZl]l < C- A"

fis Anosov if K = M.
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Figure: Smale’s Solenoid

hyperbolic compact sets are structurally stable.
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Shub’s theorem

Definition

Let f € End'(M) and let K be a compact subset f-stable (i.e.
f(K) C K).

The subset K is expanded if there exists n > 1 s.t., for every
x € K, Txf" is invertible and with contracting inverse.

If K =M fis expanding.

Theorem (Shub 60’s)
Expanding endomorphisms are structurally stable.
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Infinitesimal stability

Definition
Let f € Diff' (M) is C%-infinitesimally stable if the following map
is surjective:

cex?— Tfoog—aofex(f

Theorem (Robin-Robinson-Maiie)

The CP-infinitesimally stable diffeos are the C'-equivalently
stable maps.
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Infinitesimal equivalent stability

Let f € C>°(M, N) is C*>-equivalently infinitesimally stable if the
following map is surjetive:

(0,€) € X™(M) x X*°(N) = Tfoo — o f e x™(f)

| A

Theorem (Mather)

The C*°- infinitesimally equivalently stable maps are the
C*>-equivalently stable maps.

A\




Basic statements of Structural Stability
000000008000 00

Diffeomorphisms that satisfy Axiom A and the strong
transversality condition

Definition
A C'-diffeomorphism f satisfies Axiom A and the strong
transversality condition (AS) if:

@ the non-wandering set Q is hyperbolic,

@ cl(Per(f)) =Q,

@ Y(x,y) € Q2, W5(x) h WY(y).

Theorem (Smale, Palis, Mafne, de Melo, Robbin, Robinson)

The C'-structurally stable diffeomorphisms of compact
manifolds are exactly the AS diffeomorphisms.
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Endomorphisms that satisfy Axiom A and the strong transversality

condition

A C'-endomorphism f with empty critical set satisfies Axiom A
and the strong transversality condition (AS) if:

@ the non-wandering set Q is the union of a hyperbolic set on
which f acts bijectively and of a repulsive set,

@ cl(Per(f)) = Q,
O V(X, Y1, -, Yk) € 22, W3(x) th WU(yy) th--- b WY(y).

Theorem (Mane, Przytycki, Aoki-Moriyasu-Sumi,

Iglesias-Portela-Rovella)

The C'-structurally stable endomorphisms of compact
manifolds without singularity are AS. Moreover AS

endomorphism without singularity that are structurally stable in
AdAimencinn 2
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@ C'-structural stable diffeomorphisms are not dense, in
dimension at least 2.

@ C2-Q stable diffeomorphisms are not dense in dimension a
least 2,

@ AS, conservative diffeomorphisms are Anosov.
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AS compact set

A compact set K be invariant by a C'-diffeomorphism f
(f(K) = K) is AS if:

@ the non-wandering set A of fik is hyperbolic,
@ cl(Per(f)) DA,
@ Y(x,y) € K2, WS(x) h WY(y) C K.

4

Theorem (B.)
AS compact set of surface are structurally stable.
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Persistence of Bundle normally AS

Theorem (B.)

Let p: M — S be a submersion of a compact manifold onto a
surface. Let K be a compact subset of S. Let £ be the
lamination structure on p~'(K) whose leaves are the fibers of p
at K’s points.

Let f € Diff'(M) s.t. :

@ f preserves the fibration p,

@ the dynamics induced on the space of the leaves K of L is
AS,

@ the L-saturated of the non-wandering set of 1 is a
normally hyperbolic lamination,

Then the lamination £ is persistent.
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Theorem (Thom-Mather)

C° equivalently structural stable maps are dense.
C*>-equivalently structural stable maps are not dense in
“not-nice” dimension.

Similar to the structural stability problem for rational function
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Stratifications

Stratification

A stratification is a locally finite partition X of a compact subset
A of a manifold M by locally closed subsets, called strata,
satisfying:

VX, Y)eX2 c(X)NY#D=cl(X)DY

We write then X > Y
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Stratifications

Whitney Stratification

Theorem (Whitney-Thom-Lojasiewicz)

Any semi-analytic variety S C R" splits into a stratification X by
analytic manifold. Moreover this stratification is b-regular.
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Stratifications

Thom-Mather Stratification

Theorem (Thom-Mather)

For every C*°-generic map from a compact manifold M into N,
there exists a stratification on ¥y, of M and a stratification X
on N such that:

@ The strata of Xy, and X, are smooth submanifolds,

@ f restricted to each stratum of X, is a submersion onto a
stratum of N,

@ This stratification is “stable”.
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Stratifications

Figure: Whitney Umbrella
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Stratifications

Stratification of laminations

A lamination of M is a locally compact subset £ of M, presented
as a disjoint union of injectively immersed submanifolds (the
leaves), whose tangent bundle T L is continuous on L.

A stratification of laminations is a stratification whose strata
have a structure of lamination.

Prop (B.)

For every AS-diffeomorphism f of M, the stable set of every
basic piece A; of f has a structure of lamination X; whose
leaves are submanifolds. The family ¢ := (Xj); forms a
stratification of laminations such that X; < X; iff A; = A; i.e.
WH(A) 1 WS(y) 0.
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Stratifications

Figure: Smale’s Horseshoe
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Let G := (V, A) be a finite oriented graph with a manifold M;
associated to each vertex i € V, and with a smooth map
fi € C>(M;, M;) associated to each arrow [/, j] € Afromjto j.

For k > 0, such a graph is C*-structurally stable if for every
co° . .
(fé')[i,j]EA = (ﬁ'j)[i,j]eAs there exists (h,’),’ S HIGV lefk(/\ﬂ,'7 M,’) s.t.:
i

vijea , M

commutes

Theorem (Mather)

Let G be a graph of smooth proper maps, convergent and
without cycle. The graph is C*°- structurally stable if the
following map is surjective:

(0i)i € [Tiev x> (M;) — (Tfj 0 0i — oy o fy)pjg € Tjj gea x> ()-
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Let f be a smooth endomorphism of a compact, non
necessarily connected manifold. The endomorphism f is
attractor-repellor if its non-wandering set is the disjoint union of
two compact subsets R and A such that:
@ the compact subset R is repulsive, but non necessarily
transitive,
@ the compact subset A is hyperbolic, the restriction of f to A
is bijective, and the unstable manifolds of points of A are
contained in A. However A is not necessarily transitive.
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Theorem (B.)

Let f be an attractor-repellor, smooth endomorphism of a
compact, non necessarily connected manifold M. If the
following conditions are satisfied, then f is C°°-structurally
stable:

(i) the periodic points of f are dense in A,

(ii) the singularities S of f have their orbits that do not intersect
the non-wandering set €,

(iii) the restriction of fto M\ Q is C>-infinitesimally stable, with
Q = ol (Upso F(Q)),
(iv) fis transverse to the stable manifold of A’s points: for any

y € A, for any point z in a local stable manifold W} of y, for
any n > 0, and for any x € f~"({z}), we have:

TF(TxM) + T, WS = T, M.
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If fis a C>°-endomorphism of a smooth manifold M satisfying
the hypotheses of the main result, then the stable manifolds of
the points of the attractor A form the leaves of a C°°-lamination
(L3, LS).

Moreover the compact set R := Un>of~"(R) is canonically
endowed with a compact lamination structure R whose leaves
are backward images by f of points of R. Also M is equal to the
disjoint union of LS with A.
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A lamination is a space that can be locally modeled on the
product of R? with a compact metric space T

An endomorphism of lamination £ is a continuous map f of £
which is locally of the form:

(u,t) €RI x T — (Se(u),¥(t)) e RY x T,

where (¢t):c 71 is a continuous family of differentiable maps of
R? into R and ¢ is a continuous map.

The endo f is transversally bijective if ¢ is bijective for T same
enough.
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Let (L, £) be a C*>-lamination. Let C be a compact subset of L.
Let f be a smooth endomorphism of (L, £) satisfying:
@ fis transversally bijective and proper,
@ there exists N > 0 such that for every x € C, an iterate
f(x) does not belong to C, for some n < N,
@ the following map is surjective:

X7(L) = x>(f)
c—oof—Tfoo,
with x*°(L) the space of C>°-sections of TL and x*°(f*)
the space of C*>-sections of f*TL — L.
Then for every f’ close to f for the compact-open C>-topology,
there exists an isomorphism /(f’) of (L, £) such that for every

x e C:
f o I(f')(x) = I(f') o f(x)



Stability of endomorphisms with singularities
000000800000 0000000

Stability under deformation

A deformation F of a endomorphism f is an application £ x R
of the form F : (x,t) — (fi(x),t) such that f, = f.

Trivial deformation

Let B be a neighborhood of 0 € R. A deformation F = (f;); of f
is trivial relatively to C x B if there exists a deformation H of the
identity of (L, £): H: (x,t) € L x R+ (h(x), 1),

such that for all (x, t) € C x B: hs o f(x) = f; o h(x).

Condition D

We say that f is stable under deformations relatively to C if for
any bounded ball B centered at 0, for any deformation

F: (x,t) — (fi(x),t) of f W*-close enough to

Fo := (x,t) — (f(x),t) is trivial relatively to C x B.
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Proposition (B.)
Let f be a C> endomorphism of a lamination (L, £). Let C be a
compact subset of L such that for some N > 0 the intersection
NN_,f~"(C) is empty. If  is transversally bijective and if:

7) the following map is surjective:

XT(L) = x*(f)

oc—oof—Tfoo,

Then:

D) The morphism f is stable under deformations relatively to
C.
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Toward Algebraization of the problem

Thom-Levine theorem adapted

Let B be a subset of R and let W be a neighborhood of C x B
in L x R. There exists a W>-neighborhood V. of 0 in the space
of smooth vector fields with R-component equal to 0

x>°(£ x R). A deformation F of f is trivial relatively to C x B, if
there exists £ € V. such that on W:

0 0

=TFo — - =
F ° OtiLxr Ot

oF=TFo&—¢oF.
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Local existence of ¢

Proposition

Let f be an endomorphism of £ infinitesimally stable. Let P; be
a small plaque of £ such that P, 1 := f~/(P;) and P have
disjoint closure, for every i > 0.

Let s > 0 be such that Ps is non-empty. Let B be a precompact
neighborhood of 0 € R. Then there exists a family of disjoint
open neighborhoods (U;)?_, of (P;)?_, s.t. for any deformation
F CO>-close to Fy, there exists & € x*°(£ x R)® which is
W*>-close to zero with R-component equal to 0 and such that :

S
TE(x, 1) = TFo&(x,t) —€o F(x,t), vxe]JU. teB.
i=2
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algebraic Setting

Let R! be the ring C=(P).

For t € R, let R! be the ring C,%fx{t}(P,- x R) of germs at P; x {t}.
We have R/ = R!/I!, where [! is the ideal

{p e Rl pipxin =0}

t. t t
¢i- pE Ri ’_’poFO\Pi+1><R € Ri+1

is a ring morphism that satisfies
B © Ky,
The action of ¢! on Rj = Rl/I — R, = Rl /Il , is:

¢ p€Ri pofehRy.
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Let R; be the ring C®(P; x R).

Let X be in the space of smooth deformations of f1s p.

Let RX be the ring C2 (X, C>(P; x R)) of germs at Fy := f x id.
We have R; = RX/IX where [X is the ideal

{p € RX: p(Fo) =0}

oF : (pF)Fex € RY — (pF o Fip,,xr)Fex € R
is a ring homomorphism that satisfies
¢ (1) C 4.
The action of ¢X on R; = RX/IX — R4 = RX,/IX | is:

$i: p€ R poFyp, «x € Ris
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Algebraic formulation of the problem

Let Nj the R;-module x>°(P;) of vector fields on P;.

Let N; the Rj-module x> (P; x R)° of vector fields on P; x R
with R-component equal to zero.

Let Nf the Rf-module x, ;,,(P; x R)° of germs at P; x {t}.
Let N)¥ the RY-module CZ (X, x*(P; x R)°).

Let M; the R;-module x>°(p,) of vector fields along #p,,

Let M, be the R-module x> (Fyjp,xx)°.

Let M! be the R!-module X;’;’?X{t}(Fome)o.

Let MX be the RX-module of germs at X of continuous
sections o of the trivial bundle X x x*°(P; x Pi_1 x R) — X,
such that o(F) belongs to x> (Fip,xr)°-
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Forie€ {2,...,s}, the following maps are homomorphisms of
respectively Aj, R,-t, R; and R,-X-modules:

O‘;i: N/I_>MI/ O‘;i: Nl?_)Mit
£ Trog £ TFOo¢
aij: N — af s NX— MY
E— TFo¢ (6F)F — (TF o &F)Fex
Alsoforie {1,...,s—1}, the following maps are module
homomorphisms over ¢/, f ¢; and qu,X respectively:
O‘?,i+1 : N — M, alt,/+1 : Nf — Mit+1
§|—>fof‘PI+1 gHgoF\%HXR
5(,’7,'_;,_1 : N,‘ — /\7’,‘4_1 05127(,-_,'_1 : NIX — Ml)j-‘I

EmEoFh n (EF)F— (6o Fip, )Fex
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Foro € {',t,”, X}, we denote by

S S
M =@M ad N =N
i=2 i=1

the Abelian sum of the modules (M?)$_, and (N?)$_,
respectively. The modules M? and N° are modules over the
rings A := @7, R’ and B := @} _; R? respectively. Let /- M°
(resp. /- N°) be the submodule of M? (resp. N°) spanned by
elements of the form i - xi, with ix € 2, xc € M{ (resp. xx € NJ)
and k € {2,...,s} (resp. k € {1,...,s}). Let us consider the
(additive) group morphism:

a® s N9 — MP°
(&g — (00(&) — af_1,i(&-1)) f_p-

By infinitesimal stability, o/ is onto. We want to prove that aX
sends /X - NX onto IX . MX,
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Let R and S be rings with units. Let / and J be Jacobson ideals
(this means that for every z € J, the element 1 + z is invertible)
in R and S respectively.

Let¢: (R, 1) — (S, J) be aring homomorphism.

¢ is adequate if the following condition is satisfied:

Let A be a finitely generated R-module. Let B and C be
S-modules, with C finitely generated over S. Let 3: B — C be
a homomorphism of S-modules. Leta«: A— Cbe a
homomorphism over ¢ (i.e. a(a+ b) = a(a) + a(b) and
a(r-a)=¢(r)-a(a), fora,b € Aand r € R). Suppose that:

a(A)+8(B)+dJ-C=C.
Then we can conclude

a(A)+B(B)=C and o(l-A)+p(J -B)=J-C.
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Theorem (Mather)

Forany i€ {2,...,s}, the ring homomorphisms:

¢+ (R 1) — (Ri, fi)

and
¢¥ (RN — (RX4, 1)

are adequate.
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Theorem (Mather)

Let (R;, I;), be a pair of a be rings with Jacobson ideal.

.¢s1

Let (R, h) — il (R2, b) = % .. (Rs, Is)

be a sequence of adequate homomorphisms. For every i, let N;
and M; be Ri-modules, finitely generated. Let ¢;; = ¢jo--- 0 ¢;
and let aj : N; — M; be a module-homomorphism over ¢;.

Let N .= @7 ,N;and M := @7 ,M; and let

a : N—M

(&i)i = (11(&1), a12(&1) + a22(82), - - -y qs(61) + - - - + ass(Es))-

Suppose that a(N) + Y7 liM; = M. Then a sends N onto M
and sends >°%_, ;- Njonto "% 4 I - M.
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