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Chapter 1

Introduction

1.1 What is a dynamical system?

A dynamical system is a phase space which parametrizes the states of the system together with
an evolution rule which predicts the short term evolution. The aim of the dynamical system

theory is to understand the long term evolution.

Example 1. If the system consist of an object falling down, the phase space is formed by 3
coordinates for the position p and 3 coordinates for the velocity v, that is R3 x R3.

The short time evolution is given by the Newton rule:

{ G0(t) = T(t)

The orbits of the system are the trajectories.

Example 2. In Canada, there are rabbits and Lynxes. Lynxes eat rabbits. Let x, be the number
of Lynzes at the year n. Let ¢ be the coefficient of reproduction of Lynxes. This coefficient is the
half mean number of descendant of Lynzes minus the probability to death, such that xp41 = c-xp.

The more Lynzes there are, the less rabbit there are, the less food there are, the weaker c is.
Thus ¢ is a decreasing function of x. Therefore we can approximate ¢ as a decreasing affine maps

of x:

c=c(x) =ar+b, with a <0 and b constant.
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Consequently:
— 2 — ; — 2 _
Tpy1 = ax,, + bry, = f(zy), with f(x) = az® = bz.

Here the phase space is the number of lynzes, that is R and the short times evolution is f. The

orbit of the system are (f™(x))n>0-

Notations 3. Most of the times, f™ denote the n'" iterate of f, that is:

fofo---of.
—

n times

Example 4. For many sciences such as biology, economy, ..., all phenomena are assumed
linear. Then the phase space is R™ and the evolution rules is the linear map induced by some
matriz A € My (R). Then the orbit of the point x € R™ is (A"x)n>0.

Exercise 5. Compute A™ when A is:
e diagonal,
o diagonalizable,
e trigonal,
o trigonalizable.

Find a strategy, like a plan for a computer program, that return for any A € M, (R), (a very

good approximation of) A™ in function of n.

1.2 Plan

In the first chapter we will study the “deterministic” dynamical system, that is when every point
is attracted by a point a, and we will show that when the dynamics is a C'-diffeomorphism f of
R, the dynamics is identifiable to the one induced by the differential d,f of f at a.

Beyond determinism, the most important and standard dynamics are related to two mains

categories:
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e the quasi-periodic behaviors, whose paradigm is a rotation on a circle;
e the hyperbolic (or chaotic) behavior, whose paradigm is the doubling angle map on a circle.

a€R/Z+— 2a € R/Z.

For chaotic dynamics, Fractal geometry occurs. That is why in chapter 2 we will study them.

In chapter 3, we will see that some chaotic dynamics are very well understood since they are
typically identifiable to the dynamics on the space {0, 1} of infinite words in the alphabet {0, 1},
and their dynamics are typically identifiable to the shift map o:

ot (zi)iz0 € {0, 11— (zi1)iz0

In the 4*" chapter we will see that any perturbation of some chaotic dynamics are identifiable
to the initial dynamics.
In the 5Y¢ chapter, we will study the quasi-periodic dynamics by asking when does a map of

the circle is identifiable to a rotation.

1.3 Phase spaces, regularity of the dynamics and basic tools

1.3.1 Phase spaces
Our frame work, as a phase space will be either:
e the euclidean space R", for some n > 1,
e the torus T" := R"/Z".
The euclidean space is canonically endowed with the euclidean metric:

> (i — ),

i=1

d($7 y) -

for any =,y € R", with = (x;); and y = (v;);-

Let us now describe the torus T”. We notice that the binary relation ~ on R" defined by:

(a:z)z ~ (yz)z = (3?2 — yz) S Z, Vi € {1, R ,n})
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is an equivalence relation.

The equivalence class of x € R™, that is the set of the point y € R™ equivalent to x, is equal
tox +Z" == {(z; + ni)i; (ni)i € Z"}, with  =: (x;);.

Let T™ be the space of the equivalence classes. Such a space is endowed with the following
canonical metric:

dlx+ 72", y+7") = (m,-)i,n(lriz?)iezn d(z 4 (mi),y + (ns);) = (ngliienzn d(z,y + (1))

For instance, T is a circle. Thus T? is the product of two circles, or a donut. And so, T" is
the product of n-circles.

Let m : x e R" —m(z) ==+ Z" € T™.

We notice that for all p € T" and = € R™ such that m(x) is equal to p, the subset V, := {2’ €
nR™; d(z',z) < 1/2} is sent isometrically onto {p’ € T™; d(p/,p) < 1/2} by m. Thus the spaces
R"™ and T™ are locally the same.

Finally we notice that T™ has a structure of group + since (Z",+) is a subgroup of the

commutative group (R", +).

1.3.2 Regularity of the maps of these spaces

Let E be the space R™ or T". Let F be the space R* or T*.

A continuous function f from E into F' is a map such that for any z € F, for any € > 0 there
exists § > 0 such that for every y d-distant to = the point f(y) is e-distant to f(x).

An homeomorphism of E is a bijective, continuous map of E whose inverse is continuous.

A map f from R™ into R¥ is differentiable if for any x € R™, there exists a linear map d, f
from R™ into R¥ such that:

fly) = f(z) + du f(y — ) + o(d(z,)),

where o(d(z,y)) is a quantity which is small compare to d(z,y) when y approaches x. In other

words:
l[o(d(z, y))Il
d(z,y)

—0, asy—«z.
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A map f from T" into R¥ is differentiable if for any p € T™, there exists a linear map dpf
from R” into R* such that:

F@) = f(p) +dpf ompy (0 —p) + o(d(p,¥)]),

with # € 7~ !(p) and with ), the restriction of 7 to the neighborhood V; defined above.
A map f from T" into T* is differentiable if for any p € T", there exists a linear map d,,f
from R” into R* such that:

f) = Ffp)+modyfom, (' —p) + old(p,p)|),

with x € 7= 1(p).
A map f from R™ into T* is differentiable if for any p € R”, there exists a linear map dyf
from R™ into R¥ such that:

f@) = flp) +modpf(p' —p) + old(p,p')).

One can show easily that d, f is then unique. Also, the differentiability of a map implies the
continuity of the same map.
A map f from E into F is continuously differentiable or of class C*, if it is differentiable and
its differential:
df 1 zeR" —d,f

is continuous.
A C'-diffeomorphism of R" (resp. T") is a bijective, C'-map of R™ (resp. T™) whose inverse

is of class C1.

Exercise 6. Show that a function f is continuous (resp. C') from T™ into R iff there exists a

continuous (resp. C1) map g from R™ into R such that:
g=fom.
In other words the continuous or C'-functions on T™ are the Z™-periodic functions on R™.
Exercise 7. Is the following map from T into R differentiable?
(z,9) € TV v d(x, y)

What is the differential of x € R¥ s ||z||? ¢



10 CHAPTER 1. INTRODUCTION

1.3.3 Orbits and dynamical system

As we saw we restrict our study to the phase space M that are Euclidean space or tori.

We will restrict our study to:

e the homeomorphisms of M,

e the continuous endomorphisms of a M (that a continuous map from the M into itself),
e the diffeomorphisms of M,

e the C'-endomorphisms of M.

When the dynamics f is non-invertible, the orbit of a point = € M is the sequence (f"(x))n>0.
When the dynamics f is invertible, the (resp. forward, back ward) orbit of a point x € M is the

sequence (f"(x))nez (resp. (f™(x))n>0, resp. (f™(x))n<o)-
1.3.4 Some basic theorems

In this section, we just remind some basic differential theorems of the euclidean space (see ...
for a proof). As a torus is locally an euclidean space, and as these result are local, the same

statement hold for tori.

Proposition 8 (Chain Rule). Let E, F, G be euclidean spaces or tori. Let f be a differentiable
map from E to F and g be a differentiable map from F to G. Then we have for every x € E:

di(go f)=dpmygod.f.
Exercise 9. Does the following map is differentiable : (z,y) € R s d(z,y) ?

Theorem 10 (Means values inequality). Let f be a C' map from R to R™. Let x and y in R¥.

Then we have:

d(f(x), f(y)) < max [|d.f| - d(z,y),
z€[zy]

where ||d, f|| is the norm of d,f subordinated to the Fuclidean norms.



1.3. PHASE SPACES, REGULARITY OF THE DYNAMICS AND BASIC TOOLS 11

Theorem 11 (Local inversion theorem). Let E and F' be a torus or/and an euclidean space. Let
f be a C* map from E to F. If for any x € E such that dy f is invertible, then there exists r > 0,
r1 such that f is a diffeomorphism from {x’ € R™ : d(x,z') < r} onto its image that contains
{y e R™: d(f(z),y) <r'}.

Theorem 12 (Global inversion theorem). Let f be a bijective, C' map from R* onto itself. If
for any x € E such that d,f is invertible, then f is a diffeomorphism of RF.
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Chapter 2
Local theory in Dynamical system

A basic idea to understand a dynamical system, is to consider its fized points, that is a point sends
into itself by the dynamics. This can be generalized to the the periodic points, that is a point
sends into itself by some iterate of the dynamics. These particular points allow us to understand
some times the dynamics around them by using the tools explain below.

Let f be a C'-function of R™ into R™ which fixes the point 0: f(0) = 0. We want to compare
the dynamics of the differential dy f of f at O with the dynamics of f. Suppose that there exists a
homeomorphism h of R™ (that is a continuous, bijective map h of R™ whose inverse is continuous)
such that:

foh=hodyf.

Then the orbits of dyf are sent by h to the orbits of f. As dyf is a linear map, we understand
very well its dynamics. Since such maps f are very rare, we are more interested in the following

concept:

Definition 13. Let f be a map of R™ into itself which fizes a point a € R™. f is linearizable at

a if there exists a homeomorphism h of R such that, for any x small enough:

foh(zx)=hod,f(x).
Remarks :

e We notice that the maps h sends the (forward/backward) orbits of d,f which lands close
to a to the orbits of f.

13
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3

e Not all the maps fixing a are linearizable. For instance f : x +— x — x° is not linearizable

at 0. Its derivative at 0 is the identity, the orbits of the identity are single points, but the

forward orbit of any point close to zero is a sequence close to zero and converging to zero:

F(@)] = J2l[L - o?| < o], if 2 #0.

Nevertheless we have the following theorem:

Theorem 14. Let f be a C'-diffeomorphism which fives a € R and satisfies that d, f is contract-
ing: there exists A < 1 such that for any u € R:

ldaf(u)]| < Allu]-
Then f is linearizable at a.
Remark: The contraction of d, f is equivalent to the existence A < 1 such that

ldaf(u) = daf(0)|| < Allu—vll, Vu,veR"™

Example 15. Let f : x+ 2% +1/3 -2 such a map is linearizable at 0

Example 16. Let f : (z,y) € R? — R,2,,2(x/2,y/2), where Ry is the rotation centered at 0
and with angle o. Such a map is linearizable at 0. In other words, there exists a homeomorphism
h of R? such that for x close to 0:

foh(z)=hoHp(x),
with Hyjo(w,y) = (2/2,y/2). Figures ... and ... show the orbits of the maps f and H ;.
fig
The homeomorphism h sends the orbits of Hyy starting at points close to zero to orbits of f.

Actually the above theorem is a special case of the following admitted theorem:
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Theorem 17. Let f be a C'-diffeomorphism which fizes a € R and satisfies that d,f has no

etgenvalue of modulus 1, then f is linearizable at a.

Proof of theorem 14 whenn =1, a=0 and f'(0) > 0. Let A\ < 1 be greater than the derivative
//(0). By the mean value theorem, for » > 0 small enough, any point z € [—r,r] satisfies
F(@)] < A Jal.

Thus, f sends [—r,r] into (—r,r). Also, for all x € [—r,r] and n > 0, the norm |f"(x)| is less
than \"|z| and so (f"(x)), converges to 0. Thus Un>of™([—r,7] \ f([-r,7])) is equal to [—r,r]
punctured of 0.

Let hg be a homeomorphism from [—r, 7]\ f((=r,7)) onto [—r,r] \ (—=f(0) - r, f/(0) - r), such

that ho(r) = r and ho(—r) = —r. For instance one can choose the map:

T;f}((()g)'T(x —r)+r ifx>0
x /

75(30—1—7“)—7“ ifx<0
Let h be the map of R defined by :

x if |x| > r
h(z) = 0 if £ =0
dof" o hoo f(x) if w € fr([=r, 7]\ f([=r,7]))

We notice that h is a homeomorphism of R. Moreover, h satisfies for any z € f™([—r, 7]\ f([-r,7]))
with n > 1:

dof o h(z) = dof" 1 (0) o hgo f™(x) =dof" T ohgo f" Lo f(z) =ho f(x)
as £(0) = h(0) = 0, for any = € f([~r,7]),
dof(0) o h(x) = ho f(x).
O

Proof of theorem 14 when n > 1. First of all we may assume that a = 0 by considering the map
x +— f(x — a) instead of f. Then if the map h is convenient for f(x — a), the map h(z + a) is

convenient for f.
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Let us denote by B, the ball centered at 0 and with radius r:
B, = {z € R"; o] <r}.
Let us denote by S, the sphere centered at 0 and with radius 7:
Sy 1= {z € R" || =r}.

The idea of the proof is the same as in the case n = 1 unless that the homeomorphism

ho : By \ f(By) — By \ dof(B,) for r > 0 small is harder to construct since:
1. the existence of such a homeomorphism is not obvious,
2. hg has to glue well with dof o hgo f~1 at f(S,):

ho(z) = dof o hoo f~Y(x), Yz e f(S,).

As f is contracting, there exists A such that for r sufficiently small, f sends B, into Bj.;.

Let p be a C'-function equal to 1 at [0, A] and equal to 0 on [1,00).

Let ho(z) = 2 + p(||2]|?/r2?) - (dof o f~1(x) — x), for » > 0 small and with f~! the inverse
function of f.

We will show below that, for » > 0 small enough, hg is a homeomorphism from B, \ f(B,)
onto B, \ dof(B;) such that condition 2 above is satisfied. Then, we can proceed as in the proof
of the theorem for n =1 to conclude.

To show that hg is a diffeomorphism, we will prove that hg is equal to the identity ¢d of R"
minus a 1/2-contracting maps® € of R, for r > 0 small enough. Therefore the differential of hg
is invertible for every x € R™. To use the global inversion theorem (th. 12), we shall prove that
ho is a bijection onto R™.

Let x,y € R™ sent by hy to a same point. We have:
ho(x) =ho(y) ©z+e(x) =y+ely) ©z—y=e(y) —e(x)

Thus by contraction of ¢, the point x and y are the same. Consequently, hg is injective.

Hor all z,y, d(e(x) — e(y)) < 1/2d(z,y)
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As hg is equal to id on R\ B,., the image of hg contains R™\ B,.. As hg is equal to dofo f~!(x)
on f(B,), hg sends f(B,) onto dof(B,). Consequently, by injectivity, hg sends B, \ f(B,) into
B, \dof(By). It remains to prove that hg sends B, \ f(B,) onto B, \do f(By). Let y € B, \dof(B,).
The line (0, y) intersects S, UB, \do f(B;) into to segments. Let [y, y2] be the one that contains v,
with g1 in S, and ya in do f(S;.). Let t be the supremum of the ¢’ € [0, 1] such that [y1, y1+t(y2—y1)]
is includes in the image of hg. If ¢t = 1, then y is in the image of hy and so we have shown the
surjectivity of hg. Let us suppose that ¢ < 1. Let us show that yo := y1 +t(y2 —y1) belongs to the
image of ho. By definition of ¢, there exists (x,,)n>0 € b~ ([y1,v1 + t(y2 — 11)]) C By \ dof(B;)
such that (ho(zy))n, converges to yo. As B, \ dof(B,) is bounded, we can find a subsequence
(2, )i>o which converges in R™ (see section 3.2 for more details). Let x its limit. We notice that
x belongs to S, U B, \ f(B;). By continuity, hy sends = to yp. By the local inversion theorem,
there exists a 7’ > 0, such that {y € R" : d(yo,y) < r} is contained in the image of hy. This is a
contraction with the fact that ¢ is the supremum.

Let us show that hg is equal to id — e with € 1/2-contracting and fixing 0 when r is small
enough. Let €(z) = x — ho(x) = —p(||z]|?/r?) - (dof o f~(z) — ). We notice that e fixes 0 since
ho and id fix 0. Moreover

2 p(|2]?/r?) - (dof o dpf " — id).

<2x,-> dofofNz)—
dpe = =djg2/r2p - = r( )

r

As f is of class C, the differential d, f is close to dgf for = close to 0. Thus dof od,f~' —id

is close to 0 when z is close to 0. Thus, for r small enough, for any z € B, and u € R™:
I(dof o def™" —id)(u)]| < 1/4]u]

= [|o(ll2]?/r?) - (dof o du f™F — id)(u)|| < 1/4]Jul]

By definition of the derivative, || f(x) —dof(x)||/||z] is small when x is small. Thus for r small

and any x € B,, w

u e R™:

is small. Consequently, for r small enough, for any z € B, and

<2z,u>dofofl(x)—x
T r

Ml
- 4

H—d|x||2/r2ﬂ'

Therefore, ||dze(w)|| < ||u||/2, for any r small enough, x € B, and v € R". By the mean

values theorem e is well 1/2-contracting. O
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Exercise 18. Find a diffeomorphism of R? fizing 0, whose differential at 0 is rotation with

wrrational angle but which is not linearizable at 0.

2

Exercise 19. linearization of z — z=, reqularity in dimension 1.



Chapter 3

A geometry of chaos: Fractals

3.1 DMotivations

This field of dynamical system was initiated by Benoit Mandelbrot in the 80’s to model many

natural geometry such as:

e the geometry of geography phenomena like the design of a coast(fig ..), a mountains (fig..),

rivers (fig. ...,
e the geometry of many organism like a cauliflower (fig. ..., a tree (fig..), a lung (fig..),
e the geometry of a many object in chaotic dynamics that we will see further (fig ...).
One can define informally the fractal by satisfying some of these properties:
e It has a fine structure at arbitrarily small scales.
e It is too irregular to be easily described in traditional Euclidean geometric language.
e It is self-similar (at least approximately or stochastically).

e It has a a length, surface, volume, equal to infinity or 0 ; more precisely its (Hausdorff)

dimension is not an integer.

We propose to give a dynamical construction of most of these objects. For this we need some

basic elements of topology.

19



20 CHAPTER 3. A GEOMETRY OF CHAOS: FRACTALS

3.2 Compact subsets of R”

Let us fix n > 1. We remind that R™ is canonically equipped with the following norm:

u = (ui)1<i<nR" — ||ul| :=

This is a norm define the distance:
d: (u,v) € R")? — |ju—ov| € RT

To say that a function d is a distance means that it satisfies:
Symmetry property: Vu,v € R d(u,v) = d(v,u).
Definition property: Yu,v € R", d(u,v) =0 <= u = v.

Triangular inequality: Yu,v,w € R", d(u,w) < d(u,v) + d(v, u).
We remind that a ball centered at x € R™ with radius r > 0 is the subset:

B(z,r) :={y e R"; d(x,y) <r}.

A subset O of R" is said to be open if its is empty or satisfy that for any € O there exists r > 0
such that B(z,r) is included in O.

Example 20. R is open, a ball is open, a union of ball is open, R"~! x (0,00) is open.

Property 21. Any (possibly infinite) union of open subsets of R™ is open. Any finite intersection

of open subsets is open.

Proof. Let (O;); be a possibly infinite family of open subsets of R"™. Let x € U;0;. Thus z belongs
to the subset O;, for some j. As Oj is open there exists r > 0 such that B(z,r) is contains into
Oj, and so in U;0;.

Let (O;)1<i<k be a finite family of open subsets of R". Let « € M;0;. Thus = belongs to each
subset O;. As O; is open there exists r; > 0 such that B(x,r;) is contains into O;. Thus B(z,r)

is contains in N;0;, with r := min; r; > 0. O

A subset C' of R" is said to be closed if its complement F'° := {z € R: = ¢ F} is open.
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Property 22. Any (possibly infinite) intersection of closed subsets of R" is closed. Any finite

union of closed subsets is closed.

Proof. Exercise. O

Remark: A subset can be neither closed, neither open. For instance: [0,1) C R.

Exercise 23. Say for each of these subsets if they are closed, open or nothing in R?:
1. B(z,r)\ {0},
2. {yeR?: 0< |yl <1},
3y eR2: 0< |ly| <1},
4. (0,1] x {0} U {0} x R.

Property 24. Let F be a a subset of R®. Then F is closed if and only if for any sequence

(20)n € FN converging to some x € R™ has its limit x in F.

Proof. =) We suppose F' closed. Let (x,), be a sequence of FN converging to some z € R™.
Suppose for the sake of a contraction that x belongs to R™\ F. As R™ \ F' is open, there exists
r > 0 s.t. B(z,r) is included in R” \ F. As (x,), converges to z, for n sufficiently large, x,
belongs to B(x,r) and so to R™\ F. Contradiction.

<) for any sequence (z,,), € F" converging to some z € R" has its limit x in F. Let us
suppose by the sake of a contraction that F' is not closed that is R™ \ F' is not open. Therefor
there exists € R™ \ F' s.t. for any r > 0 the ball B(z,r) is not included in RN \ F. Thus there
exists ¥, € B(z,1/n) N F for any n > 0. Such a sequence (z,), € F" converges to x € R" \ F.
Contradiction O

The diameter of a subset E of R™ is the positive number:

diam E := sup d(z,y).
z,ycE?

for instance the diameter of [—1,1] is 2, the diameter of [—1,1]? is /2, the diameter of [—1,1]"
is /n, the diameter of B(x,r) is 2r. A subset B of R™ is bounded if its has finite diameter. A

subset K of R™ is compact if it is bounded and closed.
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Exercise 25. Prove that the subset K of [0,1] formed by the points [0, 1] without 4, 5 and 6 in
their decimal expression (for instance 0,13278290137 but not 0,0,132782690137) is a compact
subset of R.

Felix Hausdorff (1968-1942) has defined a very useful distance on the set of nonempty compact
subset of R™. The Hausdorff distance diyp between two compact subsets K, K’ is defined by :

dyp(K,K') := sup d(x, K') + sup d(z', K)
rzeK ' eK’

with d(z, K') := inf e d(z,2') and d(2/, K) := inf e d(z,2"). dyp is a distance on the set K,
of nonempty compact subsets of R” since it satisfies the triangular inequality, the symmetry and

definition properties explain above.

Proposition 26. Let (K,)p>0 be sequence of compact subsets of R™. If ﬂéV:OKp is not empty for
any N > 0 then Np>okK, is empty .

Proof. For any N > 0, let xn be in ﬂéVZDKp. The idea of the proof is to find an increasing
sequence (N;); € N such that (zy,); converges to some x € R. As each K, is closed and (xy;, )i>p
lands in K, the point z belongs to K, and so to N,K,. Consequently this intersection is not
empty.

Let us construct (n;); € NN, As K is compact it is include in [—~M, M]"™ for some M > 0.
Thus ﬁéVZOKp is included in [—M, M]" for any N > 0. Let N; > 0 and (a)1<k<n € {—2¢, -2 +
1,--+,0,--- 2} such that [Jp_;[—M - ai/2", M - (ay, + 1)/2'] contains zy, and infinitely many
elements of (zx)n. As we can share [[p_;[—M - a;x/2", M - (a;x + 1)/2'] in finitely many (2")
pieces of the form [[j_,[—M - by /2L, M - (b + 1) /207 with by, € {2a:x, 2a; + 1}, there exists
ait1 k € {2ai, 2a;,+ 1} such that [[}_;[=M - a;41 £/277, M - (a;41 1 +1) /2771 contains infinitely
many (2, )n. Let nit1 >n; be in [[f_[-M - ajy1 /27, M - (a;1 5 + 1)/2771.

We notice that by induction (NNV;); is an increasing sequence. Moreover, the sequence (xy;);
converges since its ¢ first digits of the binary expression of each coordinate of zy;, is the same as

the one of x; for j > i. O
Exercise 27. Prove that dyp is a distance, that is for any K, K', K" € K,, we have:

AK,K)=0& K=K dK,K)=dK K), dK K" <dK K)+dK K"
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Definition 28 (Property). Let E be a subsets of R™. The closure of E is the smallest closed
subset of R™ containing E, that is the intersection of all closed subset of R™ containing E and

consists of the limits of all converging sequences of E.

Proof. Let C] be the intersection of all closed subset of R"” containing E. By property ... , the
subset C1 is closed. As F is included in Cy by property ..., C7 contains the subset Cy consisting
of the limits of all converging sequences of E. To show that C; and C5 are equal, it is sufficient
to show that Cy contains C; and so that Cs is closed. Let (xx)i be a sequence of points in Co
converging to some point x. Let us show that = belongs to (5. For any p > 1, there exists k,
such that d(zy,, ) is less than 1/p. As z, belongs to C2, there exists y, € E 1/p-close to z,.
Thus y, € E and x are 2/p-close. Therefore (y,), € EY converge to z. O

Exercise 29. Find the closure of the subsets of exercise 23.

3.3 Construction of mathematical Fractals

Let (fi)i<i<k be a family of contracting homeomorphism of R™. That is for any ¢ € {1,...,k},
there exists A\; < 1 such that for all (z,y) € R™:

d(fi(z), fi(y)) < Ai - d(z,y).

Theorem 30. For K € K,, let F(K) be the subset Ur_, fi(K) of R®. Then F(K) is compact
and the map:
F: Kek,— F(K)e€K,,

has a unique fized point.
Example 31. - snow flake, fractal cube, trees + function
Exercise 32. Find for each of these following fractals some functions (f;) making them.

Proof of theorem 30. 1. F(K) is compact.
Let K € K,,. We will prove that each subset f;(K) is a nonempty compact. Then as a finite
union of bounded subset is bounded, F(K) is bounded. And as a finite union of closed subset is

closed (propr ..), the F(K) is closed and so compact.



24 CHAPTER 3. A GEOMETRY OF CHAOS: FRACTALS

Let us prove that f;(K) is compact. First of all, as f; is contracting, the diameter of f;(K) is
less than the diameter of K. Thus f;(K) is bounded.

To show that f;(K) is closed, we have to prove that its complementary f;(K )¢ is open. As f;
is bijective, f;(K)¢ is equal to the image f;(K¢)of the complementary of K by f;. Let y = fi(x)
be in f;(K€). As K is close, its complementary K€ is open. Thus their exists » > 0 such that
the ball B(x,r) is included in K€. As fi_1 is continuous, the points close to y are sent by fi_1 to
points close to z. Thus, for § > 0 small enough B(y, J) is sent by f;l into B(z,r). Consequently
B(y,d) is included in fi_l_l(B(x,r)) = fi(B(x,r)). As B(z,r) is contained into K¢, the ball
B(y,9) is included in f;(K¢) = f;(K)¢. As this true for any y € f(K;)¢, f(K;)¢is open and f(K;)
is closed.

2. F is contracting for dgp.

We want to show that for any K, K’ € K,,, we have:
dup(F(K), F(K')) < X-dup(K,K'),

with A := max(\;,7 € {1,...,k}).

we remind that

dup(F(K),F(K')) = sup d(y,F(K'))+ sup d(y,F(K)).
yEF(K) y'eEF(K')

Let us now evaluate sup,c gy d(y, F(K')):

sup d(y, F(K')) =max sup d(y, F(K')) =maxmin sup d(y, f;(K"))
yEF(K) boyefi(K) v yefi(K)

<max sup d(y, fi(K')) = maxsup d(fi(z), fi(K'))

v yefi(K) v xeK
< max )\; - sup d(z, K') = A sup d(z, K')
¢ zeK zeK

Thus

sup d(y, F(K")) < Asupd(z, K')
yeF(K) zeK

And similarly:

sup d(y', F(K)) < X sup d(2', K)
yEeF(K') o' €K
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Consequently:

dip(F(K), F(K") < Asup d(z, K') + A sup d(2/, K) < \- dip(K, K').
zeK ' eK

3. F has a unique fixed point in K,

We will prove in ...., that any contracting maps of K, has a unique fix point.

25
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Exercise 33. Draw the shape of the fractal obtained by the following functions:

i /6 im /6

e R"=C, fii=2(1/2)(z—1), for=2— S5—(2+1), f3:=2— S—(2+1),

e R"=C, fi =2+ ei;/ﬁ(z—Q), fii=z— ei;/ﬁ(z—&—Q)

Picture obtained by computer programming are even better!

Exercise 34. show that the maps f : = € [-2,2] — 22 —2, 9 : x € R/27Z — 2z and
h : x € R/277Z — cos(x) satisfy:
foh=hog

conclude that the set of points of [—2,2] whose orbit does not intersect an open neighborhood of

{0} is (homeomorphic) to a fractal.



Chapter 4

Coding chaotic dynamics

4.1 Symbolic dynamics

Giving an integer n > 0, we denote by %, the set {1,...,n}" of sequences (a;);>0 of integers in

{1,...,n}. On %,,, we define the shift o dynamics:
Yn — 2

(ai)izo — (@i+1)i
Such a dynamical system (o, 3,,) is quite simple and thus would be a good model to describe the
expanding maps. Let us improve this family of models by considering some restrictions of these
maps. Let M,,({0,1}) be the set of matrices with entries equal to 0 or 1 and of dimension n X n.
For A € M,,({0,1}), let ¥4 be the subset of 3,, formed by the sequences (a;); such that for
every %, the entry in the aﬁh column and the aﬂh line is positive.
For n >0 and A € A,,, we endow X 4 with the following distance:
/
()i (a) = Y2 1%
i>0

We notice that for this distance, the balls are of the form:
{(a}); €Xa: a; =a}, Vi < N},

where (a;); is some element in ¥4 and N is an integer.

We notice that these balls (which generate the topology) are open and closed.

27
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Proposition 35. The space X 4 is totally disconnected: for any two distinct points in a,a’ € ¥4,
there exist two open neighborhoods V, and Vs of respectively a and a’, that are disjoint but cover
YA

Proof. Let k the first integer such that aj # aj,. Let V, be the ball centered at a and with radius
1/2F. Let Vs be the complement of a. As V, is open and closed, V,/ is well open, moreover V,/

contains a'. O

We remark that the shift map o is continuous for this distance.
Proposition 36. The space ¥4 is compact.

Proof. Let (a*)), be a sequence in X 4. We want to construct a sequence of infinite subsets (.J;);
of N such that for every k, k' € J; the [ first coordinates of a* and a*” are equal. The construction
of the (J;); is done by induction as in the proof of the completeness of R. (for instance as the
first digit of az, belongs to the finite set {1,...,n} and as there infinitely (a*);, on of these digits
jo € {1,...,n} is taken infinitely many times. Let Jy be the infinite subset of N formed by the
integer k such that a is equal to jp).
Let us now define an increasing sequence of integers (n;); by induction: ng is the minimum of
Jo, ni41 is the minimum of J,4+1 N [n, +1,...,00[. We notice that the sequence (a™); converges.
O

A matrix A of M, ({0,1}) is said to be non nilpotent if, for every k& > 0, the product A* is

nonzero. We denote by A,, the subset of non nilpotent matrices.

Proposition 37. For A € M, ({0,1}), the set ¥4 is non-empty if and only if the A is non

nilpotent.

Proof. If ¥4 is non empty there exists (a;); € ¥4. We notice that if A =: [ay] and A* := [al(j)].
We notice that og, 4 = a((lll%ao is nonzero, by definition of ¥ 4. Suppose by induction that a((l?ao

is non zero for some i > 0. Also, we have:

i+1 & i
a,(clJr ) = Z Qgp - oz}(,l). (4.1.1)
p=1
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We notice that ag,,,.q, is non zero. Thus by the above formula ozgi.ﬂ,)ao is nonzero since ozg?ao is
nonzero (the terms of the sum are non negative). Thus by induction, A° is nonzero for every i.
in other words, A is non nilpotent.

Suppose that A is non nilpotent. Let us show by induction on ¢ > 1, if a](fl) is nonzero, then

there exists a family (a;'-)};zo such that:

* i 1S non zero,

i
4j+1:9;

e a!is equal to k.

This is obvious when ¢ = 1. Let ¢ > 0. By equation (4.1.1), if oz,(flﬂ) is nonzero, then oy, and al()?

are non zero for some p. By induction hypothesis, there exists a family (a§)§:0 such that:

* a“é#

i 1s non zero,
145

° aé is equal to p.

i1 _
i1 =
Let a§~ := 1 for every j > i. Let a’ := (a;j);j>0. Now we can extract extract as in the proof

We notice that aé-“ = aé» if j<ianda k satisfies the requested properties.

of the compactness of X4 a subsequence (a™); that converges to some a. We easy show that a
belongs to 4. O

Definition 38. A matriz A € M, ({0, 1}), is said to be irreducible if there exists n > 0 such that

A" has only positive entries.

Remark: If A is irreducible, then A is non nilpotent.

Exercise 39. Show that if A is irreducible then o is transitive: it has a dense orbits.

Definition 40. Let f be a map from a metric space (E,d) into itself. The map f is said to be
e-expansive, if the following property holds:

For every points x,y € E, if f*(z), f"(y) are at most € distant for every n > 0, then x and y are
equal.

The map f is said to be expansive if f is e-expansive for some € > 0.

Proposition 41. for alln >0 and A € A,, the shift o is expansive on X 4.
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Proof. Let us show that o is 1/2-expansive. Let = (a;)i,y = (a}); € X4, s.t. f"(z), f*(y) are
at most 1/2 distant for every n > 0. Thus , for every i > 0, |a; — a}| < d(o"(x), 0 (y)) < 1/2. As

a; and a} are integer, they are equal, for every i. Thus, z and y are equal. O

Parler de la decomposition en composante irreductible. Devaney §1.6

4.2 Expanded compact subset

In all that follow n is a positive integer and f is a C! map of R (or T").

Definition 42. A compact subset K of R, f-invariant (f~1(K) = K) is expanded if there

exists A < 1 such that for any x € K, d, f is invertible and with inverse A-contracting.

Example 43. Let f : (v,y) € C — 22 € C2. Then the unit circle of the complex plan R? is
expanded.

Property 44 (Admitted). If f expands a compact subset K, then there exists € > 0 such that
for any points x € K, the restriction fip.e of f to the ball B(w,¢€) is a diffeomorphism onto its
image and its image contains B(f(x),€). Moreover the inverse of fip(s,) i A-contracting, with

A < 1 which does not depends on x.

Proposition 45. If f expands a compact subset K, then f is expansive on K.

4.3 Link between symbolic dynamics and expanded compact sub-

sets

Actually there is a strong links between the symbolic (shift) dynamics and the dynamics over an

expanded compact subset given by the following theorem:

Theorem 46. There exists p > 1 and A € M,({0,1}) such that the dynamics induced by f on K
is semi-conjugated to the shift o of L4 := {(z:)i>0 € {1,....p}: Ay, 2, = 1}. In other word,

there exists a continuous maps m : 34 — K continue onto K and such that:

fomr=moo.
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Remark: Actually the map 7 is injective on (an intersection of dense open subset and so) a

dense subset of X 4.

Let us illustrate this theorem by an example.

Example 47. Let K be the circle (R/Z). Let f be the map v € K +— 10-x € K. Let w be
the following map from the symbolic space Y19 = {1,...,10}" which sends (x;); to > i xi/10.
The map 7 is continuous and well defined. Also for any v € S* if x = 0,212 --- ;- -- we have

w((x;)i) equals to x. Thus 7 surjective. Finally, we notice that

The map m is “mostly injective” but is not injective: the point (1,9,9,9,9,9,9,---) and (2,0,0,0,---)

are sends to the same point.
Example 48. ezample de l’endo du tore avec une partition infy (fractal de Rauzy?).
The proof of this theorem follows from the existence of a Markov Partition.

Definition 49. A family R = {Ry,...,Rn} of disjoint subsets of R™ is a Markov partitionof K
if:
1. Ui]\ilRi contains K,

2. for every i,j we have:

f(Ri)NR; #0 = f(R:) D R;.

Let us show that the following proposition (showed further) is sufficient the prove theorem
46.

Proposition 50. For any e > 0, there exists a Markov partition for any expanded compact subset,

whose elements have diameter less than e.

Proof of theorem 46. Let € > 0 be less than the expansiveness constant of K and the constant
of property 44. Let (Ri)fil be a Markov partition of K whose elements have diameter less than
e. Let A € M,({0,1}) such that with A := [a;], a;;j = 1 iff f(R;) D R;. Let (z;); € Xa.
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We notice that Ny>1f~"(cl(Ry,)) is a decreasing intersection of non empty compact subset. By

expensiveness, this intersection consists of a unique point 7((x;);). We notice that we have well:
fomr=moo.

On the other hand, for y € K, let =, € {1,...,N} sit. f™(y) is in R;,. We notice that
x = (xy)n is in ¥4 and that m(x) is equal to y, by uniqueness.

It remains to prove that 7 is continuous onto K. By property 44, for € small enough the
diameter of NF_, f~"(cl(R,,)) is less than \* - ¢, for any (7;); € X4. When (y;); is close to (x;)i,
the coordinate x; and y; are equal for every i less than a large k, thus the distance between
7((z;);) and 7((y;);) is less than A\* - € and so is small (since |A| < 1). Consequently the map = is

continuous.

O]

Proof of proposition 50. We can suppose € less than the constant of property 44. We suppose f
A < l-expansive on K.
As K is bounded there exists a finite family of open subsets (U;)YY; with diameter less than

(1 — \)/2, such that K is contained in UY ,U;. For any j,k > 0 and = € f~%(U;) N K, let:

Uy = Bipta (Fiptsiore (- Ulntpron o @) ) ) N
We notice that the diameter of Uii is less than A - e(1 — \)/2.

For i € {1,..., N}, let us construct Ui(”) by induction.

Let Ui(o) be equal to U;. For k > 0, let Ul-(kﬂ) be the union of Ui(k) with the subsets Uf;“l
intersecting Ui(k), forz e K and j € {1,...,N}.

We notice that by induction the diameter of Ui(k) is less than Zz:o AP - e(1 — \) and that
(Ui(k))k is an increasing sequence of open subsets of K. Thus the open subset UZ-(OO) of K equal
to UkZOUi(k) has diameter less than e = 32 AP - ¢(1 — \).

Let (Ry)x be the nonempty subsets of the form ﬂieIUi(oo) \ Uichi(oo) for I c {1,...,N}.

We notice that (Ry)x is a partition. Let k, k" such that f(Ry) intersects Ry, with Ry :=
NictUC\ UiereUS and Ry o= Niep U\ Use e U,

Let us show that (Ry)x is a markov partition: for every j, k, if f(Ry) intersects R; then f(Ry)
contains I2;,.

For we pfirst prove the following lemma:
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Lemma 51. For every [, the gZ)(Ui(OO)) such that ¢(U;) intersects U; cover Ul(oo), where ¢ is a

section of f (that is of this form fﬁ;(x 6)) whose domain contains U™

%

Proof. Let x € Ul(oo)7 then there exists a path (U;, )izo such that ig is [ and f7(x) belongs to Ui,

and f(U;,,,) intersects U;, for every k. Then we notice that i = 4; is convenient. O

k+1

This lemma implies that each times that some ¢(R;) intersects some Ul(oo)7 then ¢(R;) is
contained in Ul(oo)
there exists U; such that ¢(Uj) intersects U; and such that ¢(U ](-Oo)) intersects ¢(R;). The last
statement implies that ¢(R;) is contained in (;S(U](OO)). Also as ¢(Uj) intersects Uj, the set QS(U](OO))
is contained in gb(Ul(oo)). Thus ¢(R;) is well contained in Ul(oo) whenever ¢(R;) intersects UZ(OO).

Consequently ¢(R;) is contained in R; whenever ¢(R;) intersects R;.

. To prove this implication we see that if ¢(R;) intersects some Ul(oo), then

This implies the markov partition property since, for any m,i if f(R,,) intersects R; then
R, intersects ¢(R;) (for some good section ¢) and so ¢(R;) is contained in R,,, and R; is well

contained in R,,. ]

Lien avec les fractals?



34

CHAPTER 4. CODING CHAOTIC DYNAMICS



Chapter 5

Structural stability in chaotic

dynamics

5.1 Structural stability o north-south dynamics of the circle

5.2 structural stability of the doubling angle map of the circle

35
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Chapter 6

Quasi-periodic phenomena :

homeomorphisms of the circle

Let f be a homeomorphism of the circle S' which preserves the orientation. We wonder about
the existence of a semi-conjugation between f and a rotation of the circle. That is the existence

of a continuous map h from S' onto S! such that:
hof=Ryoh,

for some rotation R, of the circle with angle . For in this section we explain the rotation number

af € S! of f, which satisfies the following properties:

Theorem 52 (Poincaré). For all homeomorphisms f and f', the rotation numbers satisfy the

following properties:
1. if f and f' are semi-conjugated then oy = ap,
2. if ay is irrational, then f is semi-conjugated to the rotation R,
3. if ay is rational then f has a periodic point.

To define the rotation number, let us admit some properties about the liftings. For let us

denote by 7 : R — S' the canonical map.

37
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Proposition 53. For every homeomorphism f of the circle, there exists a homeomorphism F of

the real line R such that:

1. the following diagram commutes:

R £ R
T | Lo,
st L s

2. F(x+n)=F(x)+mn, forallr € R andn € Z,

3. if F' is another map satisfying the first above property, then F — F' is a constant map equal

to an integer,
4. if f preserves the orientation, then F' is increasing.
The map F is called a lifting of f.

Let us fix such a lifting F of f. let u, : x +— F™(x) — 2, where the map F" is the n'"

composition of F. The rotation number is defined as:

( | - $)>
ap =T lim —=|.
n—oo n

We notice that ay =7 <limn_>oo Lyl Pkt () — Fk(x)>
The existence of this limit and these non-dependences in F' nor in x are to be proved. Let us
begin by showing this non-dependence. The non-dependence in F' follows obviously from 53.3.

For we notice that, by proposition 53.2, for every x,y € R we have:
|un () — un(y)| <2 (6.0.1)
This prove the independence of a in the point z. Also this shows that:
Untm(T) < up(x) + upm (), (6.0.2)

by taking y := F™(x). Now the existence of the limit follows only from this lemma:
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Lemma 54. For every e > 0, there exists N > 0 and such that for everyn > N, for m sufficiently

large we have:
U () < Uy () Te
m n

Proof. Let m =k -n+r, with 0 <r <n. Then we have:

U (T)  Ugopgr () < U () + up () + 2 < kun(x) 4+ 2k n up(x) + 2 < U (x) n 2 n up(x) + 2
m m m kn m n n m

% is less than

For N sufficiently large, 2/n is less than €/2 and for m sufficiently large
€/2. O

As moreover the symmetric inequality is done by the same way, we have that (w,,(x)/m)m>0
converges well to a real ay.
Let us show now that if f and f’ are conjugated, then their rotation number is the same: Let
h be the conjugacy such that:
hof=foh.

Then for two liftings F' and H of respectively f and h, we notice that the following map is a
lifting of f:
F'=HoFoH

Also we have the existence of M > 0 s.t.
r—M<H@) <z+M
Thus [F"" o H(z) — F"(z)| < M. Thus oy and o are equal.

Proof of Poincaré theorem. Let us show first that f has a periodic point if and only if af is a
rational number. If f has a periodic point p of period I, then there exist p € 7=!({p}), k € Z and
a lifting F' of f such that
F'(p)=p+k
From this we get that:
lim F"(z)/n=k/l

n>o00
Thus the angle «; is rational. Suppose now that a is rational. We may suppose that ay = 0 (by

considering f" instead of f which satisfies ayn = nays). We suppose for the sake of contradiction
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that f has no fixed point. Then any lifting F' of f cannot have a fixed point. Let us assume for
instance that:
F(z) >z, VzxeR

Then either F(0) < 1 for every n > 0, either there exists k& > 0 such that F¥(0) > 1. In the

later case, then F™(0) > m. So

Fn 1
lim ©) > =

n— o0 n -k

This is a contradiction. In the first case, (F™(0)),, is an increasing sequence bounded by 1. Such
a sequence must converges to a fixed point of F'. Contradiction.

Let us now prove the second statement of the Poincaré theorem. We suppose that oy is
irrational. We want to show that f is semi conjugated to the rotation of angle ay. For let us fix
a lifting F' of f and put ap = lim F™(0)/n. The proof of this theorem consists of constructing a
map between

G':={F"(0) +m; n,m € Z}

and

G:={n-ap+m; n,me 7}
Since a is irrational, the subgroup G of R is dense. We will show at the end the
Lemma 55. For every n,m,n’,m’ € Z, if F"(0)4+m < F™ (0)+m’ then n-ap+m < n'-ap+m'.

Then we can define:

H: zeRw— sup (nap +m).
{n,meZ:F"(0)+m<zx}

The map H is well define, continuous and onto R by the above lemma and the fact that G is

dense in R. Also by definition of H, we have for every x € R and m € Z:

H(z+m)=H(x)+m (6.0.3)
HoF(x)=H(z)+ ay (6.0.4)

By (6.0.3), there exists a continuous map h of the circle such that:

fom=moH



As H is surjective, h must be surjective. Also by (6.0.4), we have:
hof=Ra oh

This implies the second statement of the Poincaré Theorem.

Proof of lemma 55. For let us consider the function:

¢: x> F'(z)+m—F"(z)—m'.

41

We notice that ¢ is positive at zero, continuous, and cannot vanish (since else f as a periodic

point). So ¢ is positive everywhere. In other words, for every x € R, we have:

F™(x) +m < F" (x) —m/.

Also the maps f1 :  — F"(z) +m and fo : x — F" () +m/ are increasing since f preserves

the orientation. Let us show by induction on k£ > 0 that:

£0) < f5(0)

For k = 1 this is the hypothesis of the lemma. Let k& > 0 and suppose that ff(0) < f5(0). Since

f1 is increasing, we have:
FHH0) < fio £5(0).
Since the map ¢ is positive, we have
fro £5(0) < £57(0).
Thus, we have well f771(0) < f¥71(0). This induction implies that
13 ft

nap +m= lim = < lim = =n'ar +m/'.

Exercise 56. P. 103-114 Devaney § 1.14.
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Chapter 7

Completeness of some spaces

7.1 Definitions and basic properties

Throughout this section, we denote by (E,d) a metric space.
A sequence (z,)n>0 € EY is Cauchy if for every ¢ > 0, there exists N > 0 such that for
p,q > N, we have:
d(zgq,xp) < €.
The space (F,d) is complete if every Cauchy sequence of (E,d) converges.
Property 57. Fvery Cauchy sequence is bounded.

Proof. Let (), € EY be a Cauchy sequence. Then there exists N > 0 s.t. for every n > 0,
d(xp,xn) < 1. Thus the diameter of {z,}, is less than:

max2 - d(zg, zy) + 2 < 00
k<N

O]

Example 58. 1. The subset (0,1] endowed with the euclidean distance is not complete, since

the sequence (n%rl)nzo is Cauchy but does not converge in (0,1].

2. The set of rational numbers Q endowed with the euclidean distance is not complete, since

the sequence (xy,)y defined by:

10™ - /2
Ty 1= [H)ﬂ’ with [] : R — N equal to the entire part,

43
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is a Cauchy sequence that does not converge in Q.

. (non-trivial) The space of real numbers R endowed with the euclidean norm is complete.

. (non-trivial) The space of continuous bounded functions of R endowed with the following

norm is complete:

[fllco = sup [ f(x)].

zeR

. (non-trivial) The space of C*-functions of [0,1] endowed with the following norm is com-

plete:
k

Ifller = Zsug f9 (@)].

§=0 e

. (non-trivial) The space of non empty compact subsets of R"™, endowed with the Hausdorff

distance, is complete.

All the interest of complete spaces follows from the very useful following theorem:

Theorem 59. Every contracting map of a complete space has an unique fized point.

Proof. Let (E,d) be a metric space and let f : E — FE be a contracting map. To say that f is

contracting means that there exists A < 1 such that
Vo,y € B, d(f(x), f(y)) < A-d(z,y).
Let x € E, and let (z,,), be the sequence defined by:
xn = f"(x), Yn > 0.

Existence

Let € > 0. There exists N > 0 such that

Then, for every p > g > N, we have:

(g, xp) < d(xg, Tg1) + d(Tgy1, Tgya) + - + d(Tp—1,Tp).
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By induction we can show that for any n > 0:
d(xp, Tpt1) < Ad(z0,x1).

Thus we have :

p q
d(zg,2p) < A4+ N4 NPT (2, 21) d(xo,x1).
k=0
N k AN
< 1)=——" <e.
A Z/\ (g, x1) =T d(z1,20) <€

Consequently, (z,), is a Cauchy sequence and so converges to some x. As f(z,) = Tp+1, when
n approaches infinity, by continuity of f, we have f(z) = x.
Uniqueness

Let z, 2’ be two fixed points of f. Then we have:
d(z,2") = d(f(x), f(z")) < Ad(z, 2").

Thus x and 2’ are equal. O

7.2 Proof of the complete spaces of some spaces

7.2.1 Proof of the completeness of R

They are several ways to construct R. In my opinion, the most canonical way is to see the set of

real numbers is as the set of number with possibly infinite decimal expression:
R :— {xzxo,xle..-x”--. 20 e Z, 2" € {0,1,...,9} Vn > 1s.t.VN20§IkZN:ck7é9}

The last condition VN > 03k > N 2¥ £ 9” is to avoid the fact that 0,999999 - - is equal to 1.
From the expression of R, one can easily define the addition, the subtraction, the absolute

value and order relation <. So we can define the following Fuclidean distance:
d(z,2') €ER |z —2/| € RT.
The following injection of Q respect <:

g€ Q> (¢")nz0, with ¢ :=[g] and ¢"T" = [10""" . ¢] = 10-¢"
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Theorem 60. (R, d) is a complete metric space.

Proof. Let (x,), be a Cauchy sequence.

Let us construct by induction on N a family (J,,)2_ of subsets of N satisfying:
1. (Jp)n is decreasing: Jo D J1 D --- Jn,
2. the cardinality of Jy is infinite (and so is the cardinality of Jj, for k < N),

3. for all k < N, there exists uy, s.t. for every n € Jy, z¥ is equal to uy.

Step N =0
As (xn)n is a Cauchy sequence, it is bounded, so there exists M > 0 such that (z)p>0 C

(=M, M)N. So this infinite family is contained in the following finite union of boxes:
(-M,-M+1]U---U(-1,00U[0,1)U---U[M —1,M).

So there exists an infinite subset Jy of N s.t. for all k, k' € Jy, we have a:g = wg,.
Step N - N +1

Let (J,))_, be the family constructed by induction. The infinite family (xY*1),c;, can have

the following finite possible values:
{0}, {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}
So this family takes infinity many times one of the above values, say un 1.
Let Jyy1:={k € Jn: xﬁf“ =un4+1}

This concludes the proof of the induction.
If for every N > 0 there exists k > N such that uy is not equal to 9, Let z := u% u'u?--- € R.

Other wise, let N > 0 be minimal such that, for every k > 0, we have u* = 9.

b ifk<N
Let ¥ := b +1 ifk=N
0 else
Let  := 2% 2'2%2 ... € R. Let us prove that in all the cases, the sequence (z,), converges to
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We define the increasing sequence of integers (ng)r, by induction: ng is the least integer of
Jo, and ngyq is the least integer of Ji 1 which is greater than ng.

One can easily show that (x,, )i converges to z.

To conclude, we can proof in our particular case that Cauchy sequences which have a con-
verging subsequences, converge.

Let ¢ > 0 and let N > 0 such that:
e for any ny > N, d(zp,,z) < €/2,
e for any p,q > N, d(zp,z4) < €/2.
From this we conclude that for every n > N,
d(z,zn) < d(x,xpn,) + d(xy, 2n,) <€

O]

7.2.2 Completeness of the space of continuous, bounded, real functions of R"

Let us denote by C’l? (R™) the space of continuous, bounded, real functions of R™. We endow the

vector space CP(R™) with the following norm:

IfII = sup [f(z)].
TER?
Theorem 61. The normed vector space (Cp(R™), || - ||) is complete.

Proof. Let (fn)n be a Cauchy sequence of CP(R™). We notice that for every z € R", the real
sequence (fr(x))y is Cauchy, and so converges to some f(x).

f is bounded.
As (fn)n is Cauchy, it is Bounded. So there exists M > 0 such that || f,| < M, for every n > 0.
This means that for all n > 0, for all z € R", |f,(x)]| is less than M. When n approaches the
infinity, we have that |f(z)| < M, and so that f is bounded.

f is continuous.

Let x € R™ and € > 0.
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As (fn)n is Cauchy, there exists N > 0 s.t. for every p > N, we have:
1fp = Il < e/4.
As fn is continuous, there exists § > 0, such that for every y € B(z,d), we have:
[ fn(y) = fn(@)]| < e/2.
From the two above inequalities, we have:
1p(y) = Fo(@) < fp(y) = NI + 1N (y) — Fn ()l + [[fn(2) = fp(z)] < €
Thus when p approaches infinity, we have:
1f(y) = f(@)]| < e

(fu)n converges to f in (Cy(R™), | - )
For every e > 0, since (f,), is Cauchy, there exists N > 0 s.t. for every p > ¢ > N, we have:

1fp — fall < e
This means that, for every = € R", we have
[fo(2) = fol@)| < e.
When, p approaches infinity, we get for every x € R™:
[f(z) = fo(z)| < e

And so:
1f = fall <e
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7.2.3 Completeness of the space of compact subsets

Theorem 62. The space K of nonempty compact subsets of R™, endowed with the Hausdorff

distance dgp is complete.

Proof. Let (K,), be a Cauchy sequence of non empty compact subsets of R"™.
For every n > 0, let H,, := cl(Up>nKy). Let K :=Ny,>0Hy.

Let us prove that K is a non empty compact subset and that:
dyp (K, K) — 0

First of all K is closed since it is an intersection of closed subsets. Since (K, ), is a Cauchy
sequence, it is dgp-bounded. This implies that U, K, is bounded in R™, and that Hy is bounded
and so compact. As K is a subset of Hy it is bounded. Consequently, K is compact.

Let us show that K is not empty. We remind that Hy is compact. For every n > 0, let
xn € K. By compactness of Hy, we can extract from (x,), a subsequence (z,,), that converges
to some x. As for every n; > n, x,, belongs to the closed subset H,,, the limit point x belongs to
H,,. So z belongs to the intersection K of (Hy),. Thus K is not empty.

Let us show that (K,), converges to K for the Hausdorff distance. Let € > 0. As (K,,), is a
Cauchy sequence, there exists N > 0 st, for every n > N,

dHD(KNvKn) <6/2 (7.2.1)

This implies that K, is included in B(Ky,€/2) C R™.
On the other hand, equation 7.2.1 implies that for every n > N, the subset Ky is included
in B(K,,€/2). Thus for every = € Ky, this implies the existence of k, € K, such that:

d(x,kp) <€/2
we may extract from (k) a subsequence (ky,); that converges to some k. We have that:
d(z, k) <e€/2

As before, the point x belongs to K.

In other words k belongs to K and d(x, k) < ¢/2 Thus Ky is contained in cl(B(K,¢/2)). By
equation 7.2.1, for every n > N, K,, is contained in B(K,¢).

From the two last paragraphs, we conclude that for every n > N, dyp (K, K,) < €. ]



50

CHAPTER 7. COMPLETENESS OF SOME SPACES



Chapter 8

Midterm at home

8.1 Hausdorf dimension

Let K be a compact subset of R".

For s > 0, the Hausdorff outer measure of dimension s, denoted H?®, is defined by:

H$(K) = inf { > diam(Ai)S},
=1

where the infin

H*(K) = limsup Hj (K).
0—0
Question 8.1.1. Show that the function s — H*(K) is non-increasing as function into [0, co].

Question 8.1.2. Show that for all values of s, except possibly one, H*(K) is either 0 or co.

Question 8.1.3. Show that K C R™ has finite Hausdorff dimension: that is there is a real
number 0 < d < oo such that if s < d then H*(K) = oo and if s > d, then H*(K) = 0.

We define the Hausdorff dimension of K as:

dimy(K) = inf{s : H°(K) = 0}.
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Question 8.1.4. Shows that if K and K' are two compact subsets of R™:
H(KUK') < H*(K)+ H*(K")
dimp (K U K') = max (dimH(K), dimH(K'))

Question 8.1.5. Compute the Hausdorf dimension of all the fractals that you have already seen

in your homework.

8.2 Hyperbolic Julia set

Giving c€ C, let P, : 2z 22 +c.
The polynomial function P, is Hyperbolic if the sequence (P?(0)), approaches infinity as n

c

approaches infinity.
Question 8.2.1. Show that this is the case for ¢ € R\ [-2,1/4].

Let f := P. be a hyperbolic polynomial function. Let S := C\ {f"(0) : n > 0} and
D :={z € C; ||z]| < 1}. Let us admit that there exists an analytic map 7 from D onto S without

critical points.
Question 8.2.2. Show that there exists a map g from D into D such that fomog=.
Question 8.2.3. Prove that g is without critical point.
Question 8.2.4. Prove that g cannot be surjective, but is injective**.
Question 8.2.5. Prove that:
i. for any n, f has periodic a point p of period n, that lies in S. P

it. we can chose T s.t. it sends 0 to p (We can consider a composition of m with a Moebius

az—i—b)'

function that preserves the unit circle z —
cz+d

iii. Prove by using the Schwarz lemma, that ||(g"™)'(0)|| is less than 1 and so that p is a repulsive

periodic orbit of f.
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Question 8.2.6. Let J be the closure of the set of periodic points of f. Show that J is a compact
set of C.

Question 8.2.7. *** Show that there exists C > 0 and X\ > 1 such that for every n > 0 and any
r€eJ,
(f") (@) = C - A"

Question 8.2.8. ***** Show that J is a fractal of C.

8.3 Structural stability of hyperbolic compact subset

Definition 63. Let f be a C' map of an euclidean space or of a torus M. Let K be a compact

subset of this space that preserves K :
f(K)C K

The compact K is said to be structurally stable if for every f' Cl-close to f there exists a home-
omorphism h : K — M, close to the canonical inclusion of K C M, such that : f' preserves
hK), and for every x € K:

floh(x)=ho f(x)

For instance, when K is a simple point {z}, to say that K is preserved by f means that x is
a fixed point. To say that K is structurally stable means that every f’ C'-close to f has a fixed
point 2’ close to z. The aim of this problem is to find sufficient conditions implying the structural

stability of compact subsets. We will use the implicit function theorem for some Banach spaces.

Question 8.3.1. Prove that the vector space C’l} of maps f from R? into R? such that:

[ £llx = sup (Ilf(@)]| + [[dz f]]) < o0
r€R?

is a complete vector space endowed with the norm || f||1.
Let us consider the following map:
¢ : C} xR - R?

(fy) — (f'(y) —v)
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Question 8.3.2. Show that, for every (fo,zo) € Cl} x R2, there exists a linear function L from
C’l} x R? into R2, such that

o(f,x) = ¢(fo,z0) + L(f — fo,x — x0) + o(f — fo, — x0)
for every (f,x). Give the expression of L.

The map L is called the differential of ¢ at (fo,z0) and is denoted by T, »0)®-
We denote by £ the space of continuous linear map from (C} x R%, |- |1 4| - ||) into (R?, || -]]).

Question 8.3.3. Show that a linear map I from Cl} x R? into R? belongs to L if and only if

Iflle = sup{lli(f, )l - = € R® f € Bst. || +|fll <1}

is a finite number. Show that the differential of ¢ at any point (fo,x0) is continuous.

Question 8.3.4. Prove that (L,|| - ||z) is a Banach space (that is a complete normed vector

space).
Question 8.3.5. Prove that the differential of Ty ¢ depends continuously on (z, f).
This means that ¢ is a C'-maps of the Banach pace C’l} x R? into R2.

Theorem 64 (Implicit functions theorem for Banach spaces). Let B, B’ be two Banach spaces.
Let ¢ : B x B' — B’ be a C'-map such that:

e (0,0) =0,
o the restriction of T(o ) to {0} x B’ is a bijection onto B'.

Then there exists a neighborhood U of 0 € B and a neighborhood V' of 0 in B’ and a C'-map p
from V into V' such that
p(0,0) =0

V(z,y) e Vx V', 4x,y)=0+<=y=px)

Question 8.3.6. What is the restriction of Ty ¢ to R??
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Question 8.3.7. Prove that if d, f has no eigenvalue of modulus 1, then the restriction of T( )¢
to R? is invertible.

Question 8.3.8. If f(z) = x and d,f has no eigenvalue of modulus 1, by using the implicit
function theorem, prove that there exists a C'-map p from a neighborhood U of f and a C* map
from U into R? such that for every f' € U the point p(f') is fized by f'.

Question 8.3.9. Generalize the above result for a periodic point x.

Question 8.3.10. What if the map f is a diffeomorphism of the plan, and so is not C*-bounded?

Generalize the above results to R™.

Hyperbolicity and compact

Question 8.3.11. Let A € M3(R), with no eigenvalue of modulus 1. Show that there exist two
subspaces E* and E* of R?, A\ < 1 and C > 0 such that for every n > 0, we have:

EY D ES — RQ
Vu € E°, [|[A"(u)] < C - X" |lul].
u n A_n
Vu € B, A" ()]l = = lul-
What if A € Mp(R), forn >07?

Definition 65. Let f be a C'-map of R%. A compact subset K of M such that f(K) = K is
hyperbolic if

e the restriction of f to K is a bijection onto K,
e there exists a continuous map:
z € K (es(x), eu(x)) € R?

such that the vectors (es(x), eu(x)) span R? and there exist A\ < 1 and C > 0 such that for

every n > 0, we have:

3

Vu € E°, ||dy f"(es(zx))|| < C - A"

Y A"
Vue B, [ldef " (eul@)l = S
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For € >0, let he : (x,y) — (2% — 24y, e-x). This map belong to the so called Hénon family.

And its chaotic properties showed that the simplest model of meteorology are chaotic.

Question 8.3.12. Prove that for ¢ > 0, h¢ is a diffeomorphism. Prove that for e =0, h. has the
same dynamic as x — x> — 2. **By using the homework question about this map, show that for

€ > 0 small enough, he preserves and is hyperbolic to a non trivial compact set K.

We now fix € > 0 small enough s.t. h. preserves and is hyperbolic to a non trivial compact
set K.

Structural stability Let B’ be the Banach space of continuous map from K into R? endowed
with the C° norm.

We denote by h* the inverse of the restriction of h. to K.
Question 8.3.13. Prowve that the following map is well defined and of class C':ined and of class
Cl:
¢ : ClxB — B
(f,0) — [z € K — (he+ f) oo oh*(z) — 0]

Question 8.3.14. Show, by using the implicit function theorem, that there exists a neighborhood
V of 0 € C} and a Cl-map p : Cg — B’ such that:

i p(fo)zo,
o for every f €V, for every x € K, (he + f')oo(f’) = o(f’) o he(x).

Question 8.3.15. Show that o(f') is an injection for every f' € V sufficiently close to 0. Show

that this implies that o(f’) is a homeomorphism onto its image.
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Exam at home

The purpose of this exam is to show that the repulsive compact subsets of a manifold M (that
we are allowed to take equal to R™ or to the torus T") are C'-structurally stable. This is the
so-called Shub theorem (1980’s).

We remind that giving a C'-map of M, a compact subset K is repulsive if the following

conditions are satisfied:
e f(K)CK,

e there exists A < 1, such that for every x € K, the differential T, f of f at x is invertible

with inverse of norm less than A. In other words, T, f has inverse A-contracting.

The C'-structural stability of K means that for f C'-close to f, there exists a homeomor-

phism hy of K onto its image in K such that with K’ := hy(K), we have:
e f'(K)C K/,
o for every x € K, f' o hy(x) = hy o f(x).

By C'-close, we mean that for any compact subset C' of M, the following semi distance may

be asked small:

do(f, f') = max{d(f(2), ['(2)) + | Tof = Tof'|I}

xe

o7
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9.1 Examples
Question 9.1.1. Prove that the following compact subset are repulsive for the associated dynam-
1C8:

1. My :=C, Ky :={2€C: |z|] =1}, f =2+ 2%

2. My :=T?:=R?/7%, Ko := M, fo:= (v,y) € My — (22 + y, 3y).

3. M3 :=M; x My, K3 := K| X Ko, f3:=(p,p) € M1 x My — (fi(p), f2(p'))-

9.2 Some preliminary implementations

Question 9.2.1. Show the existence € > 0 and N < 1, such that for every x € K the restriction
of f to the e-ball centered at = is N~ -expanding. By N ~'-expanding, we mean that this restriction

is a diffeomorphism onto its image, whose inverse is N -contracting.

Question 9.2.2. By taking an appropriate compact subset C, show the existence of € > 0, N < 1
and 6 > 0, such that if do(f, f') is less than &, for every x € K, the restriction of f' to to the

e-centered at x is N~ -expanding.

9.3 Expansiveness of f on K

Question 9.3.1. Show that for (z,2') € K2, if for every n > 0, the points f*(x) and f*(z') are

e-distant, then x and x’ are equal.

9.4 Completeness of a space

Let H := C°(K, M) be the set of continuous maps h from K into M.
Question 9.4.1. Show that the map:
dg : (h,W) € H* — max d(h(z), h(z") € R,
TE

defines a distance on H

Question 9.4.2. Show that H endowed with the distance dg is a complete metric space.
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9.5 Definition of hy as a fixed point

Question 9.5.1. Prove the existence of &' < & such that the following map is well defined and
X-contracting for every f' € CY(M, M) such that do(f, f') is less than §':

¢ Vg — Vi

hi—|ze Kw— f"g(lx’e) ohof(w)},
with Vi :={h € H: d(h(z),z) < e/4}.
Question 9.5.2. Show that ¢ has a unique fized point hy.

f f
Question 9.5.3. Show that h} satisfies:

f’ohfu(x) :hf/of(a:), Ve e K.
Question 9.5.4. Show that hy is injective.
Question 9.5.5. Show carefully that hy: is a homeomorphism onto its image.

Question 9.5.6. Prove that in example 2, the homeomorphism hy: is onto Ms.



