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Abstract

This is an expository account of the Chern-Simons functional, leading to various invariants on
homology 3-spheres. It is based mainly on a review article by K. Fukaya [F], D. Freed’s [DF1] on
classical Chern-Simons theory, A. Floer’s instanton invariant [AF] and K. Walker’s [W] book on
Casson’s invariant. Certain parts are taken verbatim from these sources with most of the basic
details filled in. This essay is also inspired by the seminal paper of S. S. Chern and J. Simons
[CS] ???.

1 The Chern-Simons Functional

A principal G-bundle E over B is a fibration with fibre a Lie group G and there is a free right
(resp. left) action on the total space by elements of G such that this is free and transitive on each
fibre. The map π : E → B induces dπ : TE → TB, where TeE locally splits into Tπ(e)B ⊕ T1G by
local triviality. Thus, ker dπ is T1G which can be canonically identified with g. For such a bundle, a
connection is a 1-form θ on E taking values in g and satisfying

R∗gθ = (adg)
−1 ◦ θ(1.1)

θ(v) = vg, v ∈ ker dπ.(1.2)

Here the right action Rg acts by g on the right and vg refers to the identification of v with an element
vg of g as mentioned before. In particular, this means that if θx denote the Maurer-Cartan form on
Ex = G and ix : Ex ↪→ E, then i∗x(θ) = θx. Also recall the structure equation

(1.3) dθx +
1

2
[θx, θx] = 0.

Proposition 1.1. Let E → B be as above such that G is connected and simply connected. Let B be
a manifold of dimension at most 3. Then the bundle is trivial.

Proof It suffices to prove that a section s : B → E exists; then φ : B × G → E defined by
φ(b, g) = s(b)g gives an isomorphism of bundles. The obstructions to finding a section s : B → E

are the cohomology classes θi ∈ H i(B, ˜πi−1(G)). It is well known that π2(G) = 0. Therefore, the
primary obstruction is at least of degree 4 and there is a section, whence E is trivial. �

In what follows, let M be a closed, connected and oriented 3-manifold and let E be a principal
SU(2)-bundle on M and we have chosen a trivialization for E. Let

Ωi(M, su2) = Γ(M,∧iT ∗M ⊗ (M × su2))
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denote the space of forms on M with values in su2. There are two obvious ways to extend
a ∈ Ω1(M, su2) to a 1-form on E = M × SU(2) :

(1) using (1.1) and declaring it to be the Maurer-Cartan form on each fibre,
(2) just extend to each copy of M × {g} by (1.1).

Thus, the space of connections on any (principal) SU(2)-bundle over M (making use of (1) above)
is just A(M) = Ω1(M, su2) - the space of su2-valued 1-forms on M . A(M) is an affine space but
when thought of as Ω1(M, su2), it can be treated as a vector space. The curvature of a connection
a ∈ A(M) is defined to be

(1.4) Fa = da+ a ∧ a ∈ Ω2(M, su2).

We observe here that

(a ∧ a)(X,Y ) =
1

2

(
a(X)a(Y )− a(Y )a(X)

)
=

1

2
[a(X), a(Y )]

and

R∗gFa = adg−1Fa(1.5)

i∗xFa = 0.(1.6)

The last equation follows from (1.3). The Bianchi identity follows by differentiating Fa :

(1.7) dFa + [a, Fa] = 0.

We introduce the covariant derivative

(1.8) da = d+ [a, ]

which induces the complex

(1.9) Ω0(M, su2)
da−→ Ω1(M, su2)

da−→ Ω2(M, su2)
da−→ Ω3(M, su2).

The failure of the above to be a chain complex, i.e., d 2
a = 0, is measured by the flatness of a since

d 2
a = Fa. In this form, the Bianchi identity is equivalent to d3

a = 0. We also observe that the adjoint
bundle (su2)E = E ×SU(2) su2 is just M × su2. We will encounter (1.9) again in §??? regarding flat
connections. In that setting da turns out to be an elliptic operator ???. Add stuff from [DF1]

Definition 1.2. For a ∈ A(M), choose an oriented 4-manifold W which bounds M and collar
neighbourhood of the boundary

∂W ⊂ U = M × [0, 1].

Take any ã ∈ A(W ) such that it is the pullback of a near the boundary. The Chern-Simons
functional is then defined to be

(1.10) CS(a) =
1

8π2

∫
W
tr(Fã ∧ Fã).
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This is well defined for two reasons :

(1) Since any closed oriented 3-manifold is cobordant to a point, such a W (as above) always exist.
This is a result by R. Thom who originally proved it by calculating the stable homotopy groups
of Thom spaces up to 3 using the cohomology structure and homotopy theory. Later Likorish gave
another proof in the 60’s using Heegard decompositions and the fact that homeomorphisms of surfaces
are generated by Dehn twists.

(2) The Chern-Simons functional is well defined because if we take two such 4-manifolds W1,W2

with collar neighbourhoods U1, U2 and connections a1, a2 respectively, then gluing these two give a
closed oriented 4-manifold W̃ with a connection ã. Since Fã ∈ Ω2(M, su2), let

Fã =

(
w1 w2

w3 w4

)
, w1 + w4 = 0, w2 + w3 = 0,

where wi’s are complex valued 2-forms on M . The equivalence class of the coefficient of tj in the
expansion of det(I + ti

2πFã) is the Chern class cj . The expansion is

1 +
it

2π
(w1 + w4) +

t2

4π2
(w2 ∧ w3 − w1 ∧ w4),

whence c2 = [(w2 ∧ w3 − w1 ∧ w4)/4π2]. On the other hand,

1

8π2
tr(Fã ∧ Fã) =

1

8π2
tr

(
w1 ∧ w1 + w2 ∧ w3 w1 ∧ w2 + w2 ∧ w4

w3 ∧ w1 + w4 ∧ w3 w3 ∧ w2 + w4 ∧ w4

)
=

w1 ∧ w1 + w2 ∧ w3 + w3 ∧ w2 + w4 ∧ w4

8π2

=
w2 ∧ w3 − w1 ∧ w4

4π2
.

Since the SU(2)-bundle is trivial c2 is exact, i.e., (w2 ∧ w3 − w1 ∧ w4)/4π2 = δα. Therefore

CS(a1)− CS(a2) =

∫
W̃
c2 =

∫
∂W̃

α = 0.

Actually, there is an explicit expression for the Chern-Simons functional :

Lemma 1.3.

(1.11) CS(a) =
1

8π2

∫
M
tr(a ∧ da+

2

3
a ∧ a ∧ a).

Proof Let (at)t∈[0,1] be a path of connections; it determines a connection a ∈ A(M × [0, 1]). It
follows easily from definition that

CS(a1)− CS(a0) =
1

8π2

∫
M×[0,1]

tr(Fa ∧ Fa).

Now take at = ta. Then
Fa = dt ∧ a+ t da+ t2a ∧ a
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and

tr(Fa ∧ Fa) = tr(t dt ∧ a ∧ da+ t2 dt ∧ a ∧ a ∧ a+ t dt ∧ da ∧ a+ t2 da ∧ da)

+ tr(t3 da ∧ a ∧ a+ t2 dt a ∧ a ∧ a+ t3 a ∧ a ∧ da)

= 2t dt ∧ tr(a ∧ da) + t2 tr(da ∧ da) + 2t2dt ∧ tr(a ∧ a ∧ a)

+ 2t3tr(da ∧ a ∧ a)

= d
(
tr(t2a ∧ da+

2

3
t3a ∧ a ∧ a)

)
.

The proof is complete by using Stokes’ theorem. �

Reverting back to thinking of a as a connection on the trivial SU(2)-bundle on M , we shall see that
1

8π2 tr(a da + 2
3a ∧ a ∧ a) is a 3-form on the total space which restricts to the volume form on each

fibre. This will be called the Chern-Simons form and denoted by CS3(a). It is also true (as seen by
simply differentiating) that this form is the anti derivative of 1

8π2 tr(Fa ∧ Fa). We remark in passing
that the trace appears since

tr : su2 ⊗ su2 → R, A⊗B 7→ tr(AB)

is the (non-degenerate) Killing form on SU(2).
The differential of the Chern-Simons functional is

dCSa(b) =
d

dt

∣∣∣
t=0

CS(a+ tb)

= lim
t→0

1

8π2t

∫
M
tr
(2t

3
(a ∧ b ∧ a+ a ∧ a ∧ b+ b ∧ a ∧ a)

)
+ lim
t→0

1

8π2t

∫
M
tr
(2t2

3
(a ∧ b ∧ b+ b ∧ a ∧ b+ b ∧ b ∧ a)

)
+ lim
t→0

1

8π2t

∫
M
tr
(2t3

3
b ∧ b ∧ b

)
+ lim
t→0

1

8π2t

∫
M
tr
(
t(a ∧ db+ b ∧ da)

)
=

1

8π2

∫
M
tr(b ∧ da+ a ∧ db+ 2b ∧ a ∧ a)

For any two connections a, b, it follows from definition that tr(a ∧ b) = 0; then

0 = d tr(a ∧ b) = tr(da ∧ b− a ∧ db),

which implies tr(a ∧ db) = tr(da ∧ b) = tr(b ∧ da). Thus

(1.12) dCSa(b) =
1

4π2

∫
M
tr(b ∧ Fa).

In particular, the critical points of the Chern-Simons functional Crit(CS) = Aflat(M) is the space of
flat connections, i.e., those with curvature Fa = 0.

Remark One can think of curvature as a 1-form on A = A(M) by just defining F : A → T ∗A
such that F (a)(b) is defined to be the right hand side of (1.12). Then it can be verified, independent
of (1.12), that F is a closed form. And the strange form of the CS 3-form is just what makes F
exact!
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The Hessian is

Hess(CS)a(b, c) =
∂2CSa
∂b ∂c

=
∂

∂b

( 1

4π2

∫
M
tr(c ∧ Fa)

)
= lim

t→0

1

4π2t

∫
M
tr
(
c ∧ (Fa+tb − Fa)

)
= lim

t→0

1

4π2t

∫
M
tr
(
c ∧ (t db+ t b ∧ a+ t a ∧ b+ t2b ∧ b)

)
=

1

4π2

∫
M
tr(c ∧ db+ c ∧ b ∧ a+ c ∧ a ∧ b),

Since dab = db+ b ∧ a+ a ∧ b (as defined in (1.8)), we get

(1.13) Hess(CS)a(b, c) =
1

4π2

∫
M
tr(c ∧ dab).

It is easily verified that Hess(CS)a is symmetric.
When a is flat, im da is contained in ker da. We shall see later that there is an infinite dimen-

sional symmetry group G, called the group of gauge transformations (see §2). Moreover, im da is the
tangent space, at a, of the G-orbit of a. This means that ker da is infinite dimensional, whence the
Hessian is degenerate and CS is not Morse.

???Sobolev completion??? from Floer’s paper
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2 Gauge Symmetry

The group of gauge transformations G(M) is the space of smooth maps from M to SU(2),
with point wise multiplication as the group action. An element g ∈ G(M) of the gauge group defines
a diffeomorphism of the trivial SU(2)-bundle E over M by the right action on each fibre; we shall
denote this diffeomorphism also by g. Thus g acts on a ∈ A(M) by g · a = g∗a. Actually, there is an
explicit formula for the pullback. Working locally, let v = (v1, v2) ∈ T(m,h)E. Then

dg : T(m,h)E → T(m,hg(m)−1)E

and

dg(v) = dg(γ′1(0), γ′2(0))

=
d

dt

∣∣∣
t=0

(
γ1(t), γ2(t)g(γ1(t))−1

)
=

(
v1, v2g

−1 + h d(g−1)mv1

)
.

Thus

g∗a(v) = a(dg(v))

= a(v1 + v2g
−1 + h d(g−1)mv1)

= a
(
v1 + (Rhg−1)∗(v2h

−1) + (Rhg−1)∗
(
h d(g−1)(v1)gh−1

))
= a

(
(Rhg−1)∗(v1 + v2h

−1 + h d(g−1)(v1)gh−1)
)

= R∗hg−1a
(
v1 + v2h

−1 + h d(g−1)(v1)gh−1
)

= gh−1a
(
v1 + v2h

−1 + h d(g−1)(v1)gh−1
)
hg−1

= gh−1
(
a(v1) + v2h

−1 + h d(g−1)(v1)gh−1
)
hg−1

= gh−1a(v1)hg−1 + gh−1v2g
−1 + g d(g−1)v1

= gh−1a(v1)hg−1 + gh−1v2g
−1 − dg(v1)g−1,

where the last equality follows from differentiating gg−1 = 1; dg g−1 + g d(g−1) = 0.
On the other hand

gag−1(v) = ga(v1 + v2)g−1

= ga(v1)g−1 + ga(v2)g−1

= gh−1a(v1)hg−1 + g(Rh)∗a(v2h
−1)g−1

= gh−1a(v1)hg−1 + gh−1v2g
−1

and we also have dg g−1(v) := dg(dπ(v))g1− = dg(v1)g−1. This implies that

(2.1) g · a = gag−1 − dg g−1.

It is clear that g∗ is natural, i.e., commutes with wedge products and d. In particular, the pullback
of the CS 3-form arising from a is just the CS 3-form generated by g · a.

Two elements g1, g2 ∈ G(M) are (path) connected if and only if deg g1 = deg g2 since the target
space for both maps gi : M → SU(2) is S3. Consequently, the connected component of G(M) is

6



G0(M), consisting of elements of degree 0. The cosets of G0(M) are the elements of π0(G(M)) and
there is a natural injective homomorphism deg : π0(G(M))→ Z such that

[g]→ deg g.

This map is an isomorphism since there exist maps of any given degree.

Lemma 2.1. For g1, g2 ∈ gG0(M), CS(g1 · a) = CS(g2 · a).

Proof Since deg g1 = deg g2, choose a path γ(t) connecting the two gauge elements such that γ = g1

near t = 0 and γ = g2 near t = 1. This defines an element g̃ ∈ G(M × [0, 1]) satisfying g̃ = g1 near
M × {0} and g̃ = g2 near M × {1}. Let ã := π∗1(a) ∈ A(M × [0, 1]). Then

g̃ã = γ(t)aγ(t)−1 − d(γ(t))γ(t)−1

and

Fg̃ã = d(γ(t) · a) + (γ(t) · a) ∧ (γ(t) · a)

= d(γ(t)) ∧ aγ(t)−1 + γ(t)daγ(t)−1 − γ(t)a ∧ d(γ(t)−1) + d(γ(t)) ∧ d(γ(t)−1)

+γ(t)a ∧ aγ(t)−1 − γ(t)aγ(t)−1d(γ(t))γ(t)−1 − d(γ(t)) ∧ aγ(t)−1

+d(γ(t))γ(t)−1d(γ(t))γ(t)−1

= γ(t)(da+ a ∧ a)γ(t)−1

= g̃Fãg̃
−1,

since d(γ(t))γ(t)−1 + γ(t)d(γ(t)−1) = 0. Therefore

tr(Fg̃ã ∧ Fg̃ã) = tr
(
g̃(Fã ∧ Fã)g̃−1

)
= tr(Fã ∧ Fã).

Hence

CS(g2 · a)− CS(g1 · a) =

∫
M×[0,1]

tr(F 2
g̃ã) =

∫
M×[0,1]

tr(F 2
ã ) = 0

because F 2
ã = F 2

π∗(a) = π∗(F 2
a ) = 0. �

In particular, for g ∈ G0(M)

(2.2) CS(g · a) = CS(a).

We actually have

Lemma 2.2. For g ∈ G(M), a ∈ A(M), CS(g · a)− CS(g · 0) = CS(a).

Proof Let at = ta denote the linear path joining a and the trivial connection. This can viewed
as a connection on M × [0, 1]. Then g · at is a path joining gag−1 − dg g−1 and −dg g−1. Since
g · at = tgag−1 − dg g−1, the respective curvature

F = d(tgag−1)− d(dg g−1) + (tgag−1 − dg g−1)2

= dt gag−1 + t2ga2g−1 + tg da g−1 − 2tgag−1dg g−1.

While calculating F ∧ F we observe that any 4-form not involving dt is zero. Thus

F ∧ F = 2t2dt ga3g−1 + 2tdt ga da g−1 − tdt ga2g−1dg g−1 − tdt gag−1dg g−1gag−1.
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Integrating tr(F ∧ F ) on M × [0, 1], we can integrate out the t variable first leading to

1

8π2

∫
M×[0,1]

tr(F ∧ F ) =
1

8π2

∫
M
tr
(
ga da g−1 +

2

3
ga3g−1

)
− 1

16π2

∫
M
tr
(
gag−1(gag−1dg g−1 + dg g−1gag−1)

)
=

1

8π2

∫
M
tr
(
g(a da+

2

3
a3)g−1

)
= CS(a).

Since the integral on the LHS is CS(g · a)− CS(g · 0), this completes the proof. �

We shall see in theorem 2.3 that CS(g · 0) = deg g and therefore we get the identity

(2.3) CS(g · a) = CS(a) + deg g.

There is a more geometric way to see this - one can think of M as the identity section, i.e., M ×{1}
in the total space E. The CS form coming from a is integrated over this section to give CS(a). The
map g : E → E maps the homology class [M ] corresponding to the identity section to g∗[M ]. Since
CS3(g · a) = g∗(CS3(a)),

CS(g · a) =

∫
M
CS3(g · a) =

∫
g∗(M)

CS3(a).

We can perturb g (degree remaining fixed) such that g∗(M) tM . Since dimE = 6, S = g∗(M)∩M
is of dimension 0 and consists of finitely many points. Let S = {x1, . . . , xk} and for ε sufficiently
small, fix mutually disjoint balls Bε(xi) in M . Then the section given by g on M on the complement
of these neighbourhoods can be homotoped to M × {h}, h 6= 1 since SU(2) \ {1} is path connected.
Homotope the g-section on Bε(xi) \ Bε/2(xi) to a section which is given by g near Bε/2(xi) and is
given by M × {g} near Bε(xi). Denote this new section by g̃. Then g̃∗M tM and∫

g∗M
CS3(a) =

∫
g̃∗M

CS3(a).

But as ε → 0 this process splits the (smooth) integrating space g∗M into the union of the trivial
section M × {h} (which is homotopic to M × {1}) and {xi} × Exi , in the limit. Thus

CS(g · a) =

∫
M
CS3(a) +

k∑
i=1

∫
±Exi

CS3(a)

= CS(a) +
k∑
i=1

±1

= CS(a) + deg g.

A few explanations are in order. Here ±Exi means that the CS 3-form, which is the volume form when
restricted to a fibre, is integrated on Exi = G with the orientation preserved/reversed respectively.
Hence the integral contributes ±1 accordingly. Thus, changing the section by a map into the group
SU(2) changes the integral by the degree of the map of M into SU(2).
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Theorem 2.3. For g ∈ G(M), CS(g · 0) = deg g.

Proof Let G = SU(2) in the proof, which is divided into three steps :

Step 1

Let g : M → G be a smooth map. Since dg : TM → TG, one views dg g−1 as a 1-form with values
in the Lie algebra su2. More explicitly, for v ∈ TmM

(dg g−1)(v) = (Rg(m)−1)∗(dg(v)).

Working locally

dg g−1 = Adv1 +Bdv2 + Cdv3,

where dvi’s form a basis around m ∈ M for the cotangent space and A,B,C ∈ su2. Consequently
we write

dg g−1 =

(
α β

−β α

)
where α, β are 1-forms satisfying α+α = 0. Using the fact that w ∧w = 0 for any 1-form w, we get

(dg g−1)2 =

(
−ββ (α− α)β

(α− α)β −ββ

)
,

whence

(dg g−1)3 =

(
(α− 2α)ββ −αβα

αβα (2α− α)ββ

)
.

Taking trace we get
tr
(
(dg g−1)3

)
= 3(α− α)ββ = −6αββ.

Now let A = (aij), B = (bij), C = (cij). Calculating −6αββ in terms of these co-ordinates we get

tr
(
(dg g−1)3

)
= −6(a12dv1 + b12dv2 + c12dv3)(a12dv1 + b12dv2 + c12dv3)(a11dv1

+b11dv2 + c11dv3)

= −6(a12b12dv1dv2 + a12c12dv1dv3 + b12a12dv2dv1 + b12c12dv2dv3

+c12a12dv3dv1 + c12b12dv3dv2)(a11dv1 + b11dv2 + c11dv3)

= −6((a12b12 − a12b12)c11 + (b12c12 − b12c12)a11

+(c12a12 − c12a12)b11)dv1dv2dv3 (=: −6Φ).

We calculate

(2.4) CS3(g · 0) = tr
(
(d(−dg g−1)(−dg g−1)− 2

3
(dg g−1)3

)
=

1

3
tr
(
(dg g−1)3

)
= −2Φ.

The action of an element g of the gauge group on the trivial connection gives us −dg g−1. Thus, in
view of (2.4)

(2.5) CS(g · 0) = − 1

4π2

∫
M

Φ.
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Step 2

For the group G, the identity element e = Id2×2 is represented by (1, 0, 0, 0) ∈ S3. Let ωe =
dx1 ∧ dx2 ∧ dx3 be a generator of

∧3 g∗. Right translation allows us to define a global 3-form ω on
G by defining

ωg−1(w1, w2, wn) = ωe((Rg)∗w1, (Rg)∗w2, (Rg)∗w3)

for wi’s in Tg−1G. We claim that

Proposition 2.4. The 3-form on S3

(2.6) ω̃ = x0dx1dx2dx3 − x1dx0dx2dx3 + x2dx0dx1dx3 − x3dx0dx1dx2

that arises from it’s embedding in R4 and the global 3-form ω (defined by right-translating ωe =
dx1dx2dx3) are the same.

Proof of proposition Recall that an element y = (y0, y1, y2, y3) ∈ S3 is identified with the matrix(
y0 + iy1 y2 − iy3

−y2 − iy3 y0 − iy1

)
∈ G.

Then if x = (x0,−x1,−x2,−x3), the inverse is x−1 = (x0, x1, x2, x3). Let a = (a0, a1, a2, a3), b, c ∈
Tx−1S3. This implies that

∑3
j=0 ajxj = 0 etc. We have

ω̃(a, b, c) =
x0

6

∣∣∣∣∣∣
a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣− x1

6

∣∣∣∣∣∣
a0 b0 c0

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣+
x2

6

∣∣∣∣∣∣
a0 b0 c0

a1 b1 c1

a3 b3 c3

∣∣∣∣∣∣− x3

6

∣∣∣∣∣∣
a0 b0 c0

a1 b1 c1

a2 b2 c2

∣∣∣∣∣∣
,

which is just one-sixth of the determinant of

Ã =


x0 x1 x2 x3

a0 a1 a2 a3

b0 b1 b2 b3
c0 c1 c2 c3


.

Now let us calculate (Rx)∗a, which by our observation before equals the action of x on the right of
a, thought of as a matrix, i.e.,

(Rx)∗a =

(
a0 + ia1 a2 − ia3

−a2 − ia3 a0 − ia1

)(
x0 − ix1 −x2 + ix3

x2 + ix3 x0 + ix1

)
=

(
α β

−β α

)
,

where

α =

3∑
j=0

ajxj + i(−a0x1 + a1x0 + a2x3 − a3x2)

β = (−a0x2 − a1x3 + a2x0 + a3x1)− i(−a0x3 + a1x2 − a2x1 + a3x0).

Translating this to vector form we have :

(Rx)∗a = (0,−a0x1 + a1x0 + a2x3 − a3x2,−a0x2 − a1x3 + a2x0 + a3x1,−a0x3 + a1x2 − a2x1 + a3x0)
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and similarly for b, c. By definition,

ω(a, b, c) = ωe((Rx)∗a, (Rx)∗b, (Rx)∗c)

=
1

6

∣∣∣∣∣∣
dx1((Rx)∗a) dx1((Rx)∗b) dx1((Rx)∗c)

dx2((Rx)∗a) dx2((Rx)∗b) dx2((Rx)∗c)

dx3((Rx)∗a) dx3((Rx)∗b) dx3((Rx)∗c)

∣∣∣∣∣∣
=

1

6

∣∣∣∣∣∣
−a0x1 + a1x0 + a2x3 − a3x2 · · · −c0x1 + c1x0 + c2x3 − c3x2

−a0x2 − a1x3 + a2x0 + a3x1 · · · −c0x2 − c1x3 + c2x0 + c3x1

−a0x3 + a1x2 − a2x1 + a3x0 · · · −c0x3 + c1x2 − c2x1 + c3x0

∣∣∣∣∣∣
=

1

6

∣∣∣∣∣∣∣∣
 a0 a1 a2 a3

b0 b1 b2 b3
c0 c1 c2 c3



−x1 −x2 −x3

x0 −x3 x2

x3 x0 −x1

−x2 x1 x0


∣∣∣∣∣∣∣∣

=
1

6
detAB.

If we augment A,B with x such that

Ã =

(
x

A

)
, B̃ =

(
B xt

)
.

It is easy to check that

ÃB̃ =

(
0 1

AB 0

)
and hence detÃB̃ = detAB. We claim that B̃ ∈ SL4(R). We use a cyclic permutation to put the
fourth column as the first one and

detB̃ =

∣∣∣∣∣∣∣∣
x0 −x1 −x2 −x3

x1 x0 −x3 x2

x2 x3 x0 −x1

x3 −x2 x1 x0

∣∣∣∣∣∣∣∣
= x0

∣∣∣∣∣∣
x0 −x3 x2

x3 x0 −x1

−x2 x1 x0

∣∣∣∣∣∣+ x1

∣∣∣∣∣∣
x1 −x3 x2

x2 x0 −x1

x3 x1 x0

∣∣∣∣∣∣− x2

∣∣∣∣∣∣
x1 x0 x2

x2 x3 −x1

x3 −x2 x0

∣∣∣∣∣∣
+x3

∣∣∣∣∣∣
x1 x0 −x3

x2 x3 x0

x3 −x2 x1

∣∣∣∣∣∣
= x2

0(
3∑
i=0

x2
i ) + x2

1(
3∑
i=0

x2
i ) + x2

2(
3∑
i=0

x2
i ) + x2

3(
3∑
i=0

x2
i )

= 1.

This completes our claim. Consequently, detAB = detÃ and the forms are the same. �

Finally we observe that

(2.7)

∫
G
ω =

∫
G
ω̃ =

∫
∂B4

ω̃ =

∫
B4

dω̃ = 4

∫
B4

dx0dx1dx2dx3 = 4vol(B4) = 2π2.
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Step 3

Since g : M → G is a smooth map, it follows from (2.7) that

2π2deg(g) = deg(g)

∫
G
ω :=

∫
M
g∗(ω).

As before, we work locally and write

dg g−1 = Adv1 +Bdv2 + Cdv3,

where dvi’s form a basis around m ∈M for the cotangent space and A,B,C ∈ su2. Thus

g∗(ω)(v1, v2, v3) = ωe(dg g
−1(v1), dg g−1(v2), dg g−1(v3))

= det(dxj(dg g
−1(vk))jk

= det

 a11/i b11/i c11/i

(a12 + a12)/2 (b12 + b12)/2 (c12 + c12)/2

−(a12 − a12)/2i −(b12 − b12)/2i −(c12 − c12)/2i


=

1

4
det

 a11 b11 c11

a12 + a12 b12 + b12 c12 + c12

a12 − a12 b12 − b12 c12 − c12


= −1

2

(
(a12b12 − a12b12)c11 + (b12c12 − b12c12)a11 + (c12a12 − c12a12)b11

)
.

This implies that g∗(ω) = −1
2Φ and hence (using (2.5))

(2.8) deg(g) =
1

2π2

∫
M
g∗(ω) = − 1

4π2

∫
M

Φ = CS(g · 0),

concluding the proof. �

Comments about the <,> being integral such that ... and its relation to H4(BG, /Z?)
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3 Gauge etc.

It follows from (2.3) that CS is not well-defined on B(M) := A(M)/G(M) but it is on its
infinite cyclic cover B̃(M) := A(M)/G0(M). The action of G(M) on A(M) is not free but has very
small stabilizers :

Lemma 3.1. For a ∈ A(M), the stabilizer Ga = {g ∈ G(M)| g·a = a} is one of the groups {±1}, U(1)
or SU(2).

Proof First notice that {±1} ⊂ Ga for any a ∈ A(M). If g ∈ Ga then

(3.1) dg = ga− ag.

Fix m ∈M and define a map :

(3.2) φm : Ga → SU(2), g 7→ g(m).

Observe that this map is a homomorphism and Imφm is a closed subgroup of SU(2) since Ga is closed
in G(M). φm is injective because if g1, g2 ∈ Ga satisfies g1(m) = g2(m), then set g = g2g

−1
1 ∈ Ga.

Then g satisfies (3.1) and g(m) = 1. Thus dgm = 0 and hence g is locally constant around m. Since
g exists globally, by connectedness of M , g ≡ 1, whence g1 ≡ g2. Thus an element of the stabilizer is
uniuely determined by its value at one point. Changing m to another point simply changes the image
of Ga by an isomorphism. Consequently, one may think of Ga as a closed subgroup of SU(2). By a
simple dimension argument the possibilities (upto isomorphism) are SU(2), U(1) or finite subgroups
of SU(2).

Let a ∈ A(M) such that Ga is finite. This rules out the zero connection which has the full
stabilizer. We claim that each g ∈ Ga is a constant map. Let g̃ : I → G(M) with g ∈ Ga; write
gt = g̃(t) and observe that if it satisfies the equation

(3.3)
dgt
dt

= gta− agt,

then by discreteness of Ga, gt ≡ g. This implies that

(3.4) ga− ag = 0

and dg = ga− ag = 0; hence g is a constant map (which we also denote by g by abuse of notation).
Set V ⊂ su2 to be the vector space generated by the values taken by a over TM and choose a

basis; (3.4) then translates to :
V ⊆ ker(adg).

There are three cases :
(i) dim V = 1 : Exponentiating V we get a connected 1-parameter abelian subgroup of SU(2)

(denoted by T ); it must be a maximal tori since the rank of SU(2) = 1; hence isomorphic to U(1).
It is known that the centralizer of a maximal torus is the torus itself. Therefore, any element of T
would suffice as g. Thus Ga ∼= U(1), a contradiction.

(ii) dim V = 2 : Exponentiating each linear subspace spanned by the basis vectors we get two
maximal tori T1 and T2 and g lies in the centralizer of both. Thus g ∈ T1 ∩ T2. It is also known that
the intersection of any two maximal tori (of SU(2)) is {±1}. Hence Ga = {±1}.

(iii) dim V = 3 : g ∈ {±1}; consequently Ga = {±1}.
This completes the proof. �
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Definition 3.2. If Ga = {±1}, a is called irreducible. All other connections are reducible.

Principal Orbit Type Theorem - Bourbaki ??? Palais
Stabilizers - Fukaya pg 28
elliptic complex
Bott-Morse ?

Let exp : su2 → SU(2) denote the exponential map. Given f : M → su2, define a family of
maps {gt} such that

gt := exp(tf) : M → SU(2).

Clearly, g0 ≡ 1 and g′0 = f . Then gt · a ∈ Ga and the derivative lies in TaGa, i.e.,

d

dt

∣∣∣
t=0

gt · a = g′0ag
−1
0 + g0a(g−1

0 )′ − d

dt

∣∣∣
t=0

dgtg
−1
0 + dg0

d

dt

∣∣∣
t=0

g−1
t(3.5)

= fa+ af + df (= daf).

This implies that im da ⊆ TaGa (ref (1.9)). Conversely, if γ(t) := gt · a is curve on G(M) satisfying
g0 = 1 (consequently γ(0) = a), then f = g′0 ∈ Ω0(M, su2) and (3.5) shows that

daf =
d

dt

∣∣∣
t=0

gt · a.

As a consequence,

(3.6) im da = TaGa.

Invoking (1.9) again for a flat connection a ∈ Ω1(M, su2), we see that d2
a = 0, whence TaGa lies in

the kernel of da. This proves that ker da is infinite dimensional.

Add M to be Riemannian somewhere for L2-adjoint and Hodge star
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4 ASD connections and Floer Homology

For any oriented Riemannian manifold X, let ∗X denote the Hodge star operator on X. To
interpret the gradient trajectories for the Chern-Simons functional, we need anti-self-dual connections
on M × R :

Definition 4.1. Let W be an oriented Riemannian 4-manifold. An a ∈ A(W ) is called anti-self-dual
(ASD) if

(4.1) Fa + ∗W Fa = 0.

Given a family at ∈ A(M), t ∈ R, one can get ã ∈ A(M ×R). If ã has a vanishing dt-term then
it is in temporal gauge. Let E →M be the trivial SU(2)-bundle. Then E × [0,∞)→M × [0,∞) is
the pullback of E →M . Choose a connection ã on E × [0,∞), written as

ã = ηt + ξt dt, t ∈ [0,∞), ηt ∈ Ω1(M, su2), ξt ∈ Ω0(M, su2).

Lemma 4.2. There is a unique gauge transformation g̃ of E × [0,∞) which satisfies

(4.2) g̃
∣∣
E×{0} = g ∈ G(M), g̃∗(ã) = η̃t ∈ Ω1(M, su2).

In other words, the transformed connection has no dt-component. Thus if we have at ∈ A(M)
as before (and hence ã), we split it into ã+ and ã−, thought of as connections as E × [0,∞) and
E× (−∞, 0] respectively. Thus, there exists gauge transformation g̃+ (resp. g̃−) on E× [0,∞) (resp.
E × (−∞, 0]) satisfying (4.2). Gluing the two gauge transformations give a gauge transformation g̃
on E × R such that g̃ · ã := g̃∗(ã) has no dt-component. We conclude that for any ã ∈ A(M × R)
there is a g̃ ∈ G(M × R) such that g̃ · ã is in temporal gauge and it is unique up to G(M).

Proof Let g̃t : M → SU(2) denote the map associated to g̃
∣∣
E×{t} and φt = g̃t

∗(θ). Then the first

condition asserts g̃0 = g. The second condition is equivalent to saying g̃∗(ã)( ∂∂t) = 0. Since

g̃∗(ã)
∣∣
E×{t} = adg̃−1

t
ã+ φt,

we see that

adgt
−1ξt + φt(

∂

∂t
) = 0.

Written as a differential equation (omitting the t-subscripts), this looks like

(4.3) g̃−1ξ g̃ + g̃−1∂g̃

∂t
= 0.

This is a first order PDE having a unique solution satisfying g̃0 = g. �

The link between the Chern-Simons functional and ASD connections is the following :

Lemma 4.3. Let ã ∈ A(M×R) be in temporal gauge. Then ã is ASD if and only if for at = ã|M×{t},

(4.4)
dat
dt

= ∗M Fat .
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Proof Let ã = ηt ∈ Ω1(M, su2) by the temporal gauge assumption. Since it suffices to prove the
result locally, let

ηt = η1dx1 + η2dx2 + η3dx3

where ηi’s are functions on M × R taking values in su2. Since

dã =
∑
i 6=j

(∂iηj − ∂jηi)dxi ∧ dxj −
3∑
i=1

∂tηidxi ∧ dt,

we get

(4.5)
dat
dt

= dã(∂/∂t) =

3∑
i=1

∂tηidxi.

Let S1 = {(1, 2), (2, 3), (3, 1)} and S2 = {(1, 2, 3), (2, 3, 1), (3, 1, 2)} to make equations look neat.
Since

Fat =
∑

(i,j)∈S1

(∂iηj − ∂jηi)dxi ∧ dxj +
∑

(i,j)∈S1

[ηi, ηj ]dxi ∧ dxj

applying the Hodge star we have

(4.6) ∗MFat =
∑

(i,j,k)∈S2

(∂iηj − ∂jηi + [ηi, ηj ])dxk.

Consequently, ã satisfies (4.4) if and only if the following holds :

∂tη1 = ∂2η3 − ∂3η2 + [η2, η3](4.7)

∂tη2 = ∂3η1 − ∂1η3 + [η3, η1](4.8)

∂tη3 = ∂1η2 − ∂2η1 + [η1, η2].(4.9)

Now we calculate :

(4.10) Fã =
∑

(i,j)∈S1

(∂iηj − ∂jηi + [ηi, ηj ])dxi ∧ dxj −
3∑
i=1

∂tηidxi ∧ dt

and

(4.11) ∗WFã =
∑

(i,j,k)∈S2

(∂iηj − ∂jηi + [ηi, ηj ])dxk ∧ dt−
∑

(i,j,k)∈S2

∂tηidxj ∧ dxk.

Since ã is ASD if and only if Fã + ∗WFã = 0, using (4.10) and (4.11) we get the same conditions as
(4.7),(4.8) and (4.9). �
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5 The Moduli Space of Flat Connections

As before, let E denote the trivial SU(2)-bundle over M . Let Apk(M) = Lpk(Ω
1(M, su2)) denote

the Sobolev type space of 1-forms on M with values in su2 such that the zero element is the product
trivial connection on E. The gauge group can be identified with Gpk(M) = Lpk+1(M,SU(2)) acting
on Apk(M) by the usual rule (2.1). By the Sobolev embedding theorem applied to manifolds ???
if k = 1, p = 4 then A(M) = A4

1(M) consists of continuous 1-forms and G(M) = G4
2(M) consists

of C1-maps. Since spaces which are quotient by infinite dimensional groups can behave badly, we
take completions of smooth connections and smooth gauge transformations inside suitable Sobolev
spaces.

Define B(M) = A(M)/G(M) and B̃(M) = A(M)/G0(M). These spaces are well-defined since
k+ 1 > 3/p with our choice of k = 1, p = 4. ??? As seen before, the CS functional is not well defined
on B(M) but it is on the infinite cyclic cover B̃(M). Let Aflat(M) ⊂ A(M) denote the space of flat
connections on P . The curvature transforms as a tensor; hence Aflat(M) is gauge invariant.

Definition 5.1. The space Aflat(M)/G(M) of equivalence classes of flat connections is defined to be
the moduli space of flat connections and denoted MM .

We have an identification :

Theorem 5.2.

(5.1) MM
∼= R(M) := Hom(π1(M), SU(2))/SU(2).

This let’s us interpret the moduli space more geometrically. In fact, we analyze R(M) in §6 and it
turns out to be a real algebraic set. For the identification at hand, we make use of holonomy groups.

Proof Let π1(M) = π1(M,m) and e ∈ Em. If we change the point e ∈ Em to e′ ∈ Em, then
e′ = e · h for some unique h ∈ SU(2). Then

Hole′(a) = h−1Hole(a)h.

Thus, the holonomy group Hol(a) ⊂ SU(2) is well defined up to conjugation. Observe that Hol(a) is
a discrete subgroup of SU(2) since Hol0(a) = {1}. This also implies that the holonomy along a loop
depends only on the homotopy class of the loop. The existence of a natural surjective homomorphism
π1(M)→ Holp(a) induces a map

φ : Aflat(M)→ R(M).

If we change a to g · a for some g ∈ G(M), then the horizontal lifts γ̃, γ̃g of any loop γ for a, g · a
respectively are related by the conjugation by g. Thus,

φ(g · a) = g(m)φ(a)g(m)−1;

consequently φ descends to an injective map

φ :MM → R(M).

To prove surjectivity, let ρ : π1(M) → SU(2) be a representation. Consider the universal cover

M̃ as a principal π1(M)-bundle over M . One should think of an element γ ∈ π1(M) acting on

M̃ by Deck (gauge) transformations. Extend this to an action of π1(M) on M̃ × SU(2) by ρ, i.e.,

γ · (m̃, h) = (γ · m̃, ρ(γ−1)h). The quotient Eρ := (M̃ × SU(2))/π1(M) is a principal SU(2)-bundle
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over M (and hence trivial). The trivial connection ø on M̃ × SU(2) descends to a 1-form a on Eρ
with values in su2 such that da + a ∧ a = 0. The (free) right action Rg on M̃ × SU(2) commutes
with the action of π1(M). Thus R∗ga = adg−1 ◦ a. Since ø was the Maurer-Cartan form on SU(2),

so is a. Therefore, a is a flat connection on Eρ. If we change ρ to g0ρg
−1
0 for some g0 ∈ SU(2), then

one defines a bundle map
g : Eρ → Eg0ρg−1

0
, [m̃, h] 7→ [m̃, gh].

ø induces flat connections on Eρ and Eg0ρg−1
0

and the former is the pullback of the latter by g.

Therefore, the connections are gauge equivalent. �

ASD stuff from Fukaya; may need Floer’s transversality theorem (?).

18



6 Invariants for Homology 3-Spheres

In lectures at MSRI in 1985, Andrew Casson described an integer valued invariant λ of oriented
homology 3-spheres (see also [AM]). This can be thought of as counting the number of conjugacy
classes of representations π1(M) → SU(2), in the same sense that the Lefschetz number of a map
counts the number of fixed points. According to Casson’s original definition, λ(M) is actually
half this number. K. Walker (see [W]) extended this invariant to rational homology 3-sphere. In
another direction, Floer defined a Z8-graded homology group associated to any oriented, closed
homology 3-sphere such that the Euler characteristic is λ(M). This section gives an overview of
these constructions, following [W] and [AF] closely for Casson’s invariant and instanton-invariant for
3-manifolds, respectively.

6.1 Topology of Representation Spaces

For any finitely presented group H, let R(H)] denote Hom(H,SU(2)), topologized with the compact
open topology with H having the discrete topology and SU(2) having the usual topology. Notice
that a homomorphism φ : H → H

′
induces φ] : R(H)] → R(H

′
)]. The natural (faithful) action of

(SO(3)) SU(2) on SU(2) induces a natural action on R(H)] and R(H
′
)] such that it commutes with

any φ]. (This rather odd appearance of ] becomes clear only later in the section and the convenience
is purely notational.)

Let

S0(H) = {ρ | ρ : H → {± I}}
S1(H) = {ρ | ρ : H → S1} (diagonal repn.)

S(H) = {ρ | ρ : H → SU(2) is reducible}.

It follows from definition that

(6.1) S0(H) ⊂ S1(H) ⊂ S(H) ⊂ R(H)].

Since any compact Lie group is the union of the conjugates of any maximal torus,

(6.2) SU(2) =
⋃
g

g S1g−1.

Using this one can show that any reducible representation is conjugate to a diagonal representation.
In our case, H = π1(M) is the fundamental group of a homology 3-sphere. Since any reducible
representation ρ factors through ρ : π1(M)→ S1, it corresponds to an element of H1(M,S1), which
is zero since H1(M,Z) = 0. Thus, in the quotient space of representations R(M) := R(H)]/SU(2),
all the reducible and diagonal elements vanish. Thus the equivalence classes of irreducible represen-
tations is just R(M)∗ = R(M) \ {1}.

Choose a finite set of generators S = {g1, . . . , gn} for H = π1(M) and define the map

FS : R(H)] → (SU(2))n, ρ 7→ (ρ(g1), . . . , ρ(gn)).

Let R = {rα} be a set of relations. Then

V (S) = {A1, . . . , An) ∈ (SU(2))n| r(A1, . . . , An) = 1 , r ∈ R}
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is a real algebraic variety, homeomorphic to R(H)]. Consequently

R(M) = R(H)]/SU(2) ⊂ (SU(2))n/SU(2) = S1 × · · · × S1︸ ︷︷ ︸
n

.

We claim that R(M) is a real algebraic set.

Definition 6.1. For any space X, let

(6.3) R(X) := Hom(π1(X), SU(2))/SU(2)

be the set of equivalence classes of representations where SU(2) acts by conjugation.

Let M be an oriented homology 3-sphere with a genus g Heegaard splitting, i.e., M = M1 ∪Σg M2

is the union of two genus g handlebodies glued along ∂M1 = ∂M2 = Σg, a surface of genus g. The
minimum such g is called the Heegaard genus of M . Since the generators of π1(Mi), i = 1, 2 (free
group on g generators) can be chosen to be lying on ∂Mi resp., it follows that ιi : Σg ↪→Mi induces
a surjection of fundamental groups. Using this observation and Van Kampen’s theorem, we conclude
that the inclusions Mi ↪→ M induces surjection at the level of π1. Let Σ∗g denote Σg \D2. We thus
have

π1(M2)

''PPPPPPP

π1(Σ∗g) // π1(Σg)

77ooooooo

''OOOOOOO
π1(M).

π1(M2)

77nnnnnnn

where all maps are surjective. If we apply the functor Hom(., SU(2)) we get the following diagram
of injections

R(M2)]

wwnnnnnn

R(Σ∗g)
] R(Σg)

]oo R(M)]

ggPPPPPP

wwnnnnnn

R(M2)]

ggPPPPPP

Here R(X)] denotes the space Hom(π1(X), SU(2)). Again, by Van Kampen we see that R(M)] is
just the intersection of R(M1)] and R(M2)] inside R(Σg)

]. Clearly SU(2) acts on these spaces by
the adjoint action. Taking quotients, we have

R(M2)

wwooooooo gg
PPPPPPP

R(Σ∗g) R(Σg)oo R(M) = R(M1) ∩R(M2).

R(M2)

ggOOOOOOO ww

pppppppp

Later on in this section, the superscript ] will be used to denote the following - if X has been defined
as Y/SU(2), then X] will denote Y .
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Roughly speaking, R(M1) and R(M2) have complementary dimension in R(Σg) and we may define
λ(M) to be the intersection number

λ(M) = 〈R(M1),R(M2)〉.

There is an obvious difficulty in defining the above intersection number as R(Mi), i = 1, 2 and R(Σg)
are typically real algebraic sets. The condition H1(M,Z) = 0 guarantees that after removing the
trivial representation, R(M1)∩R(M2) is a compact subset of the non-singular part of R(Σg). Thus,
the intersection will consist of a well-defined (signed) number of non-singular point and λ(M) is
defined to be this number. The reason we require H1(M,Z) = 0 is that the equivalence class of
irreducible representations of π1(M) then becomes R(M)\{1} since all reducible representations are
trivial. Put Fukaya’s interpretation pg 28 and Floer’s review pg 216 We observe in passing
that π1(M) is countable and has a finite presentation with at most g generators for any genus g
Heegaard splitting.

For simplicity of notation let π = π1(M) and G = SU(2). In general, G could be any Lie group and
π could be any finitely presented group and the arguments that follow still hold. Let ρt : π → G
be a differentiable 1-parameter family of representations such that ρ0 = ρ is a given representation.
Expanding ρt for t sufficiently close to 0 and x ∈ π,

ρt(x) = exp(tu(x) +O(t2))ρ(x)

and therefore, by differentiating, ρ
′
0(x) = u(x)ρ(x) (here u : π → g). Since ρt is a homomorphism,

differentiating this condition we get

u(xy)ρ(xy) = ρ
′
0(xy) = ρ

′
0(x)ρ(y) + ρ(x)ρ

′
0(y) = u(x)ρ(x)ρ(y) + ρ(x)u(y)ρ(y).

Consequently,

(6.4) u(xy) = u(x) + Adρ(x)u(y).

Here g is a π module by the action of Adρ(x) and we henceforth denote g by gAdρ to indicate this.
Then it follows from the definition of group cohomology that u is a 1-cocycle with coefficients in gAdρ.
Conversely, solutions of u being a cocycle lead to maps ρt : π → G which satisfy the homomorphism
condition to first order in t. Thus, the Zariski tangent space of Hom(π,G) at ρ can be identified
with Z1(π, gAdρ).

To compute the tangent space of the Ad-orbit containing ρ, let gt be a path with g0 = 1. Let

ρt(x) = g−1
t ρ(x)gt.

Writing gt = exp(tu0 +O(t2)), then

ρt(x) = exp(−tu0 +O(t2))ρ(x)exp(tu0 +O(t2))

= exp(−tu0 +O(t2))Adρ(x)(exp(tu0 +O(t2)))ρ(x)

= exp(tAdρ(x)u0 − tu0 +O(t2))ρ(x).

Therefore, the cocyle corresponding to ρt,

(6.5) u(x) = Adρ(x)u0 − u0

is a coboundary δu0. Consequently, the tangent space of the Ad-orbit through ρ is B1(π, gAdρ).
Based on the above results we define
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Definition 6.2. The Zariski tangent space of Hom(π,G)/G is defined to be H1(π, gAdρ).

Now specialize to π = π1(M) and G being any reductive Lie group with the Cartan-Killing form
〈·, ·〉. This means that the centre Z(G) is discrete. For e.g., we would later use G = SU(2) with
〈A,B〉 := tr(AB). In what follows, we collect together various results of Goldman (see [G1] and [G2]
for more details) without proofs.

Proposition 6.3. (Goldman) The dimension of Z1(π, gAdρ) is

(6.6) (2g − 1)dimG+ dimZG(ρ(π)).

The dimension of H1(π, gAdρ) is

(6.7) (2g − 2)dimG+ dimZG(ρ(π)).

Note that dim Z1(π, gAdρ) is minimal, and hence ρ is non-singular point of Hom(π,G), if and only
if dimZ(ρ)/Z(G) = 0. We denote the set of all such points as Hom(π,G)−.
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7 unknown

Donaldson invariants and relations with the above
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