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Abstract

This is an expository account of the Chern-Simons functional, leading to various invariants on
homology 3-spheres. It is based mainly on a review article by K. Fukaya [F], D. Freed’s [DF1] on
classical Chern-Simons theory, A. Floer’s instanton invariant [AF] and K. Walker’s [W] book on
Casson’s invariant. Certain parts are taken verbatim from these sources with most of the basic
details filled in. This essay is also inspired by the seminal paper of S. S. Chern and J. Simons
[CS] 777.

1 The Chern-Simons Functional

A principal G-bundle E over B is a fibration with fibre a Lie group G and there is a free right
(resp. left) action on the total space by elements of G such that this is free and transitive on each
fibre. The map 7 : £ — B induces dr : TE — TB, where T, E locally splits into T ) B & T1G by
local triviality. Thus, ker dm is T1G which can be canonically identified with g. For such a bundle, a
connection is a 1-form 6 on E taking values in g and satisfying

(1.1) R0 = (adg) "o
(1.2) f(v) = wg, v € kerdm.

Here the right action R, acts by g on the right and vy refers to the identification of v with an element
vy of g as mentioned before. In particular, this means that if 6, denote the Maurer-Cartan form on
E, =G and i, : £, — E, then i} (0) = 0,. Also recall the structure equation

1
(1.3) db; + 5 [6z,0s] = 0.

Proposition 1.1. Let E — B be as above such that G is connected and simply connected. Let B be
a manifold of dimension at most 3. Then the bundle is trivial.

Proof It suffices to prove that a section s : B — FE exists; then ¢ : B x G — E defined by
o(b,g) = s(b)g gives an isomorphism of bundles. The obstructions to finding a section s : B — F

are the cohomology classes 0; € H'(B,m;_1(G)). It is well known that m2(G) = 0. Therefore, the
primary obstruction is at least of degree 4 and there is a section, whence FE is trivial. (]

In what follows, let M be a closed, connected and oriented 3-manifold and let F be a principal
SU(2)-bundle on M and we have chosen a trivialization for E. Let

QY (M, sup) = T(M,N'T*M @ (M x sus))



denote the space of forms on M with values in sus. There are two obvious ways to extend
a € QY (M, suz) to a 1-form on E = M x SU(2) :

(1) using (1.1) and declaring it to be the Maurer-Cartan form on each fibre,

(2) just extend to each copy of M x {g} by (1.1).
Thus, the space of connections on any (principal) SU(2)-bundle over M (making use of (1) above)
is just A(M) = QY (M, sus) - the space of sus-valued 1-forms on M. A(M) is an affine space but
when thought of as Q!(M, suz), it can be treated as a vector space. The curvature of a connection
a € A(M) is defined to be

(1.4) F,=da+aAac (M, suy).

We observe here that

(a A a)(X,Y) = L (a(X)a(Y) ~ a(¥)a(X)) = [a(X),a(¥)]

and

(1.5) RiF, = ady1F,

irF, = 0.
The last equation follows from (1.3). The Bianchi identity follows by differentiating Fy, :
(1.7) dF, + [a, Fy] = 0.
We introduce the covariant derivative
(1.8) do =d+|a, |
which induces the complex
(1.9) QO(M, suy) a, QY (M, suy) a, Q3(M, suz) a, Q3(M, sus).

The failure of the above to be a chain complex, i.e., d2 = 0, is measured by the flatness of a since
d? = F,. In this form, the Bianchi identity is equivalent to d2 = 0. We also observe that the adjoint
bundle (suz)g = E X gy (2) sug is just M x suz. We will encounter (1.9) again in §?77 regarding flat
connections. In that setting d, turns out to be an elliptic operator 7??. Add stuff from [DF1]

Definition 1.2. For a € A(M), choose an oriented 4-manifold W which bounds M and collar
neighbourhood of the boundary
oW cU=M x|[0,1].

Take any a € A(W) such that it is the pullback of a near the boundary. The Chern-Simons

functional is then defined to be

(1.10) CS(a) = # /W 1 (Fs A Fy).



This is well defined for two reasons :

(1) Since any closed oriented 3-manifold is cobordant to a point, such a W (as above) always exist.
This is a result by R. Thom who originally proved it by calculating the stable homotopy groups
of Thom spaces up to 3 using the cohomology structure and homotopy theory. Later Likorish gave
another proof in the 60’s using Heegard decompositions and the fact that homeomorphisms of surfaces
are generated by Dehn twists.

(2) The Chern-Simons functional is well defined because if we take two such 4-manifolds Wy, Wy

with collar neighbourhoods Ui, Uy and connections aq, as respectively, then gluing these two give a
closed oriented 4-manifold W with a connection a. Since Fj; € Q%(M, sus), let

Fa:<w1 w2 ), w1 +wy =0, wg + w3 =0,
w3 W4

where w;’s are complex valued 2-forms on M. The equivalence class of the coefficient of ¢/ in the
expansion of det(I + #-F;) is the Chern class ¢;. The expansion is
1+ it( + wy) + e (w2 A A wy)
—(wy +w —(wy A w3 —wy A w
o (W1 4) + (w2 3 1 4),

whence ¢ = [(we A w3 — w1 A wy)/472]. On the other hand,

1 1 AN VAN VAN VAN
—r(Fa AFp) = —tp (WP WA ws A e g A
872 82 w3 N\ w1 +wg N wg w3z N\ wo 4+ wg N\ wy
o wi A wrtwa A wz+ws A wa+wg A wy
N 82
wo N\ w3 — w1 N\ Wy

472

Since the SU(2)-bundle is trivial ¢y is exact, i.e., (wa A w3 — w1 A wy)/4m? = . Therefore

CS(ar) — CS(as) = /W ¢ = /ma 0.

Actually, there is an explicit expression for the Chern-Simons functional :

Lemma 1.3.
1 2
(1.11) CS(a) = / tr(a Nda+ -aNaAa).
87'('2 M 3

Proof Let (at)e)o,1) be a path of connections; it determines a connection a € A(M x [0,1]). It
follows easily from definition that

1

CS(ar) — CS(a0) = < /M T A ED)
>< b

Now take a; = ta. Then
F,=dtNa+tda+t*ana



and

tr(Fy ANF,) = tr(tdthaANda+t*dt ANaNaAa+tdtAdana+t>daA da)
+tr(tBdanana+t>dtanaha+t2anaAda)
= 2tdt Atr(a Ada) +t2 tr(da A da) + 2t%dt Atr(a A a A a)
+2t3tr(da A a A a)

2
= d(tr(tanda+ gtga AaAa)).

The proof is complete by using Stokes’ theorem. O

Reverting back to thinking of a as a connection on the trivial SU(2)-bundle on M, we shall see that
#tr(a da+ 2a Aa Aa) is a 3-form on the total space which restricts to the volume form on each
fibre. This will be called the Chern-Simons form and denoted by CS3(a). It is also true (as seen by
simply differentiating) that this form is the anti derivative of #tr(Fa A F,). We remark in passing
that the trace appears since

tr:sug ® sug > R, A® B tr(AB)

is the (non-degenerate) Killing form on SU(2).
The differential of the Chern-Simons functional is

dCSa(b) = C5S(a + tb)

g
dt lt=0
1

2t
= %EW/Mtr(3(a/\b/\a+aAa/\b+b/\aAa)>

o1 2t2
ﬂg%%/Mtr(3(aAbAb+bAaAb+bAbAa))

.1 2t3 .1

1
= — | tr(bAda+aNndb+2bAaAa)
871'2 M

For any two connections a, b, it follows from definition that ¢r(a A b) = 0; then
0=dtr(aAb) =tr(da ANb—aAdb),

which implies tr(a A db) = tr(da Ab) = tr(b A da). Thus
1
(1.12) 4 CSa(b) = 2/ tr(b A Fy).
47 M

In particular, the critical points of the Chern-Simons functional Crit(C'S) = A% (M) is the space of
flat connections, i.e., those with curvature F, = 0.

Remark One can think of curvature as a 1-form on A = A(M) by just defining F : A — T*A
such that F(a)(b) is defined to be the right hand side of (1.12). Then it can be verified, independent
of (1.12), that F is a closed form. And the strange form of the CS 3-form is just what makes F
exact!



The Hessian is

92 CS,
oboc

= ;}(4;2/]”757“(0/\}7@))

1
= lim/ tr(c/\(Fathb—Fa))
tJm

Hess(C'S)q(b,c) =

1
= limt/ tr(cA(tdb+tbAa+taAb+t*bAb))
M
= — tr(cNdb+cAbANa+cAhaAb),
M
Since dgb =db+bAa+aAb (as defined in (1.8)), we get

(1.13) Hess(CS)a(b, ¢) = —— / tr(c A dab).
47T2 M
It is easily verified that Hess(C'S), is symmetric.

When a is flat, im d, is contained in ker d,. We shall see later that there is an infinite dimen-
sional symmetry group G, called the group of gauge transformations (see §2). Moreover, im d,, is the
tangent space, at a, of the G-orbit of a. This means that ker d, is infinite dimensional, whence the
Hessian is degenerate and CS is not Morse.

???Sobolev completion??? from Floer’s paper



2 Gauge Symmetry

The group of gauge transformations G(M) is the space of smooth maps from M to SU(2),
with point wise multiplication as the group action. An element g € G(M) of the gauge group defines
a diffeomorphism of the trivial SU(2)-bundle E over M by the right action on each fibre; we shall
denote this diffeomorphism also by g. Thus g acts on a € A(M) by g-a = g*a. Actually, there is an
explicit formula for the pullback. Working locally, let v = (v1,v2) € Ty, ) E. Then

dg : T(m,h)E — T(m,hg(m)*l)E

and
dg(v) = dg(71(0),75(0))
= 2| 1009 0)7)
= (vl,vgg —i—hd(g*l)mvl).
Thus
g*a(v) = a(dg(v))
= a(vy +vag~ ' + hd(g ) muvr)

= a(v Rhg—1 (Ugh_ ) + (Rhg—l) (hd(g_l)(vl)gh_l))
= a((Rpy—1)+(v1 + Uzh +hd(g™")(v1)gh™"))

= Rj,a(vi+ voh ™t 4+ hd(g™)(v1)gh™t)

= gh'a(vr +vh ™+ hd(g ) (v1)gh~!)hg !

= gh '(a(v1) +vah ™' + hd(g™ ) (v1)gh™ ) hgT?

= gh 'a(v)hg™ + gh ™ vag ™t + gd(g~ )0

= gh ta(vi)hg™' + ghtvagt — dg(v1)g?,

where the last equality follows from differentiating g~ = 1; dgg~' + gd(g~!) = 0.
On the other hand

gag ' (v) = ga(vi +v2)g!

ga(vi)gt + ga(va)g™?
ghta(vi)hg™' + g(Rp)*a(veh™1)g™?
= gh la(vi)hg™! + gh T tueg™?

and we also have dg g~ (v) := dg(dn(v))g'~ = dg(v1)g~'. This implies that

(2.1) g-a=gag~' —dgg~".
It is clear that ¢* is natural, i.e., commutes with wedge products and d. In particular, the pullback
of the CS 3-form arising from a is just the CS 3-form generated by g - a.

Two elements g1, g2 € G(M) are (path) connected if and only if deg g = deg g2 since the target
space for both maps g; : M — SU(2) is S3. Consequently, the connected component of G(M) is



Go(M), consisting of elements of degree 0. The cosets of Go(M) are the elements of 7o(G(M)) and
there is a natural injective homomorphism deg : mo(G(M)) — Z such that

[9] = degg.
This map is an isomorphism since there exist maps of any given degree.
Lemma 2.1. For g1,92 € gGo(M), CS(g1-a) =CS(g2-a).

Proof Since deg g; = deg g2, choose a path «(t) connecting the two gauge elements such that v = g1
near t = 0 and v = g9 near t = 1. This defines an element g € G(M x [0, 1]) satisfying § = g1 near
M x {0} and g = g2 near M x {1}. Let a := 7f(a) € A(M x [0,1]). Then

and
Fgo = d(y(t)-a)+ (v(t) - a) A(v(t) - a)
= d(y() Aay(t) T+ (B)day(t) T = y(B)a A d(y() ) +d(y(1) Ad(y() )
+y(Ha Aay(t)™ =y (Bay () d(y(E)y () — d(v () Aay(t)
+d(y(6)y() v () ()

— (0)(datanap(D) !
= gFag ",

since d(y(t))y(t) "t +y(t)d(y(t)~t) = 0. Therefore
tT(Fga VAN Fg&) = t?"(g(F& VAN F&)g_l) = tT(Fa VAN F&).

Hence

CS(g - a) — CS(gy - a) = / tr(F2,) = /MX[O I =0

Mx[0,1]
because F2 = Fg*(a) =" (F2) =0. O
In particular, for g € Go(M)

(2.2) CS(g-a)=CS(a).

We actually have

Lemma 2.2. Forge G(M),a € AM), CS(g-a)—CS(g-0)=CS(a).

Proof Let a; = ta denote the linear path joining a and the trivial connection. This can viewed
as a connection on M x [0,1]. Then g - a; is a path joining gag~™' — dgg~' and —dgg~!. Since
g-a; =tgag~t — dgg~!, the respective curvature

F = d(tgag™") —d(dgg™") + (tgag™' —dgg~")
= dtgag ' +t?ga’g  +tgdag ! — 2tgagtdg g .

While calculating F' A F' we observe that any 4-form not involving dt is zero. Thus

FAF = 28%dtgag + 2tdt gada g™t — tdt ga*g~1dg g~ — tdt gag~*dg g 'gag™'.



Integrating tr(F A F') on M x [0, 1], we can integrate out the ¢ variable first leading to

1 1 2
— tr(FAF) = — [ tr(gadag '+ Zga*g™"
572 Juon r( ) 53 /M r(gadag +3ga g ")
1 _ _ _ _ _
- 2/ tr(gag~"(gag 'dgg~" +dgg~'gag™"))
167 M
- L tr(g(ada+za3)g_1)
87'('2 M 3
= (CS(a).
Since the integral on the LHS is C'S(g-a) — CS(g - 0), this completes the proof. O

We shall see in theorem 2.3 that C'S(g - 0) = deg g and therefore we get the identity
(2.3) CS(g-a) =CS(a) + degyg.

There is a more geometric way to see this - one can think of M as the identity section, i.e., M x {1}
in the total space E. The CS form coming from a is integrated over this section to give C'S(a). The
map ¢ : E — E maps the homology class [M] corresponding to the identity section to g.[M]. Since

CS3(g-a) = g*(CS3(a)),
CS(g-a) = /M CSifg-a)= [ , C5sla)

We can perturb g (degree remaining fixed) such that g.(M) M M. Since dim F = 6, S = g.(M)NM
is of dimension 0 and consists of finitely many points. Let S = {x1,..., 2} and for ¢ sufficiently
small, fix mutually disjoint balls B.(z;) in M. Then the section given by g on M on the complement
of these neighbourhoods can be homotoped to M x {h}, h # 1 since SU(2) \ {1} is path connected.
Homotope the g-section on B.(x;) \ B./2(7;) to a section which is given by g near B, /(z;) and is
given by M x {g} near B.(z;). Denote this new section by g. Then g, M h M and

CSg(CL) = CSg(CL)
g« M g« M

But as € — 0 this process splits the (smooth) integrating space ¢g,.M into the union of the trivial
section M x {h} (which is homotopic to M x {1}) and {z;} x Eg,, in the limit. Thus

CS(g-a) = /053 +Z CS5(a)

+E,,
= CS(a) + Z +1
i=1
= (CS(a)+degg.

A few explanations are in order. Here £FE,, means that the CS 3-form, which is the volume form when
restricted to a fibre, is integrated on E,, = G with the orientation preserved/reversed respectively.
Hence the integral contributes +1 accordingly. Thus, changing the section by a map into the group
SU(2) changes the integral by the degree of the map of M into SU(2).



Theorem 2.3. For g € G(M), CS(g-0) = degg.

Proof Let G = SU(2) in the proof, which is divided into three steps :

Step 1

1

Let g : M — G be a smooth map. Since dg : TM — TG, one views dg g~ as a 1-form with values

in the Lie algebra sus. More explicitly, for v € T, M

(dg g_l)(v) = (Rg(m)*l)*(dg(v))'

Working locally

dgg~! = Advy + Bdvs + Cdus,

where dv;’s form a basis around m € M for the cotangent space and A, B,C € sus. Consequently

we write
1 _( a B
dg g —<_5 a)

where a, 8 are 1-forms satisfying o + @ = 0. Using the fact that w A w = 0 for any 1-form w, we get

= (o lms )

whence
1)3 _ ( (@—2a)Bp —afa >
affa (2a-a)BB )

Taking trace we get

tr((dgg™")*) = 3(@ — )88 = —6af35.
Now let A = (a;;), B = (bij),C = (¢;;). Calculating —6a83 in terms of these co-ordinates we get

tr((dgg™)?) = —6(aiadvy + biadvs + c12dvs)(@12dvr + bradvs + Tiadvs)(ar1du
+b11dvg + c11dvs)
=  —6(a12biadvidvs + a12€12dvidug + bra@iadvadvuy + biaCradvadus
+eroaiadvzdvy + c1abiadvzdus)(aridvy + biydvs + ci1dus)
= —6((a12b12 — @12b12)c11 + (bratriz — biaciz)an
+(c12G12 — €12a12)b11)dvidvadus (=: —6D).

We calculate

2

3(d99*1)3) = 11f7“((cls7g*1)‘q’) = —20.

(2.4) CS3(g-0) =tr((d(—dgg ") (—dgg™) 3

The action of an element g of the gauge group on the trivial connection gives us —dg g~*. Thus, in
view of (2.4)

(2.5) CS(9-0) = /M o



Step 2

For the group G, the identity element e = Idays is represented by (1,0,0,0) € S3. Let we =
dxi N dxo N dxs be a generator of /\3 g*. Right translation allows us to define a global 3-form w on
G by defining

Wg—1 <w17 w2, wn) = we((Rg)*wh (Rg)*w27 (Rg)*w3)

for w;’s in Ty-1G. We claim that
Proposition 2.4. The 3-form on S°
(2.6) w= xod$1dx2d$3 — mldx()dxgdl’?) + xgd(liodl’ldxg — x3d$0dx1dx2

that arises from it’s embedding in R* and the global 3-form w (defined by right-translating we =
dxidxadzs) are the same.

Proof of proposition Recall that an element y = (o, y1,%2,%3) € S° is identified with the matrix

( yo+23{1 y2fl.y3 > ca
—Y2 — Y3 Yo — Y1

Then if 2 = (zg, —71, —22, —23), the inverse is z7! = (zg, 21, 22, 23). Let @ = (ag, a1,az,a3),b,¢ €
T,-1S3. This implies that Z;}:O ajr; =0 etc. We have

ap b1 ap bo co ap bo co ap bo co
~ i T — Zo X1 €2 x3
w(a, b, C) = g as by cog |——1|ay by o |+—| a1 b1 c | — F a1 b1
as b3 C3 as b3 C3 as b3 C3 a9 b2 C9

which is just one-sixth of the determinant of

To T1 T2 X3
ap aip a2 ag
bop b1 by b3
ch €1 C2 C3

Now let us calculate (R )«a, which by our observation before equals the action of = on the right of
a, thought of as a matrix, i.e.,

(R.).a ag +1ta1  as —tas To —1x1 —x9 +1iT3
a = ) . . .
L —ag —iaz ag — ia; To +ix3  x0 + 1T

(%)

where
3
oa = Z ajxj + i(—apxr1 + a1z + a2x3 — azws)
j=0
8 = (—aoxg —ai1x3 + azxg + CL3$1) — i(—aoxg + ay1xo —agxry + agxo).

Translating this to vector form we have :

(Rz)sa = (0, —apx1 + a1x0 + a2x3 — agwa, —agxe — a123 + a2To + a3x1, —apT3 + a1T2 — a1 + azxo)

10



and similarly for b,¢. By definition,

w(@,b,¢) = we((Ry)«a, (Rz)«b, (Ry)«C)
1| dw1((Ra)s@)  dai((Ra)«b)
= 5| @@2((B:)sa)  da((Ra).d)
dxs((Ry)«a) dxs((Rz)«b)
1 —apT1 + a1To + a2x3 — azxr2
= —QapT2 — a1T3 + a2% + a3x1
6
—apx3 + a1x2 — a2x1 + a3xg
ap a1 as a —n
1 0 air a2 as
= bo b by by 0
6 I3
cChp C1 Co C3
— 2o
= 1detAB
= 5 )

If we augment A, B with x such that

i) i
AB:(

It is easy to check that
0

and hence detAB = detAB. We claim that B € SLy(R). We use a cyclic permutation to put the

fourth column as the first one and

rog —I1 —T2 —I3
5 1 To X3 X2
detB =
T2 X3 To —I1
T3 —x2 X1 xo
o —X3 X2 T
= Zo| T3 Ty —X1 |+ x1| T2
—X2 I1 Zo z3
r1 Xo —X3
+5L‘3 xT9 I3 o
xr3 —x2 X1
3 3 3
_ 2 2 2 2
= $0(§ xi)+$1(§ $i)+$2(§ Z;
i=0 i=0 i=0
= 1.

AB |0

dz1((Ry)«0)
dzo((Ry)sC)
dzs((Ry)+«C)
—CpT1 + C1X0 + C2x3 — C3T2
—CpT2 — C1X3 + C2Xp + €371
—Cox3 + C1x2 — C2x1 + C3Xg

*
*

—Ty —XI3
—x3 x2
i) —I1
T Zo

B ‘ xt )

1

)

—x3 T2 r1 X0 X2
Zo —I] | —X2| X2 T3 —I1
1 fy) r3 —X2 X

This completes our claim. Consequently, detAB = detA and the forms are the same.

Finally we observe that

(2.7)

11

/w:/(:):/ w:/ dw=4/ dxodzydrodrs = 4vol(By) = 272
G G 0By By By



Step 3
Since g : M — G is a smooth map, it follows from (2.7) that

27r2deg ) = deg(g /w —/

As before, we work locally and write

dg g~ = Advy + Bdvy + Cdus,

where dv;’s form a basis around m € M for the cotangent space and A, B,C € sus. Thus

g (w)(v1,v9,v3) = we(dgg " (v1),dgg " (v2),dg g " (v3))
= det(dz;(dg g~ (vk))jn
aii/i b /i ci1/i
= det (a2 +@2)/2 (b2 +012)/2  (c12+7€12)/2
—(alg — 512>/2i —(b12 — blg)/Qi —(012 — Em)/?i

) ail b c11
= Zdet a2 + a2 bia+bia c12 +Ci2
a2 — a2 bia — b2 ci2 —Ci2

1 _ _
= —5((a12b12 — Qigbia)err + (bratia — bizciz)anr + (cra@i2 — C12a12)bin).

This implies that g*(w) = —2® and hence (using (2.5))

(28) detls) = 55 | 0" =~ [ #=C5(5-0),

272
concluding the proof. O
Comments about the <, > being integral such that ... and its relation to H*(BG, /Z?)

12



3 Gauge etc.

It follows from (2.3) that CS is not well-defined on B(M) := A(M)/G(M) but it is on its
infinite cyclic cover B(M) := A(M)/G°(M). The action of G(M) on A(M) is not free but has very
small stabilizers :

Lemma 3.1. Fora € A(M), the stabilizer G* = {g € G(M)| g-a = a} is one of the groups {£1},U(1)
or SU(2).

Proof First notice that {£1} C G* for any a € A(M). If g € G* then
(3.1) dg = ga — ag.

Fix m € M and define a map :

(3.2) Om 1 G4 — SU(2), g — g(m).

Observe that this map is a homomorphism and Im ¢, is a closed subgroup of SU(2) since G? is closed
in G(M). ¢, is injective because if g1, go € G* satisfies g1(m) = ga(m), then set g = gogy! € G2
Then g satisfies (3.1) and g(m) = 1. Thus dg,, = 0 and hence g is locally constant around m. Since
g exists globally, by connectedness of M, g = 1, whence g1 = go. Thus an element of the stabilizer is
uniuely determined by its value at one point. Changing m to another point simply changes the image
of G* by an isomorphism. Consequently, one may think of G* as a closed subgroup of SU(2). By a
simple dimension argument the possibilities (upto isomorphism) are SU(2),U(1) or finite subgroups
of SU(2).

Let a € A(M) such that G* is finite. This rules out the zero connection which has the full
stabilizer. We claim that each g € G% is a constant map. Let g : I — G(M) with g € G%; write
g+ = g(t) and observe that if it satisfies the equation

dgt

(3.3) .

= gta — agt,
then by discreteness of G, g; = g. This implies that
(3.4) ga—ag =20

and dg = ga — ag = 0; hence g is a constant map (which we also denote by ¢ by abuse of notation).
Set V' C sug to be the vector space generated by the values taken by a over T'M and choose a
basis; (3.4) then translates to :
V C ker(ady).

There are three cases :

(i) dim V =1 : Exponentiating V' we get a connected 1-parameter abelian subgroup of SU(2)
(denoted by T'); it must be a maximal tori since the rank of SU(2) = 1; hence isomorphic to U(1).
It is known that the centralizer of a maximal torus is the torus itself. Therefore, any element of T
would suffice as g. Thus G* = U(1), a contradiction.

(ii) dim V = 2 : Exponentiating each linear subspace spanned by the basis vectors we get two
maximal tori 77 and 75 and g lies in the centralizer of both. Thus g € T1 NT5. It is also known that
the intersection of any two maximal tori (of SU(2)) is {£1}. Hence G* = {£1}.

(iii) dim V =3 : g € {£1}; consequently G* = {£1}.

This completes the proof. [l
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Definition 3.2. If G* = {£1}, a is called irreducible. All other connections are reducible.

Principal Orbit Type Theorem - Bourbaki 7?7 Palais
Stabilizers - Fukaya pg 28

elliptic complex

Bott-Morse ?

Let exp : sug — SU(2) denote the exponential map. Given f : M — sug, define a family of
maps {g;} such that
gt :=exp(tf): M — SU(2).

Clearly, go = 1 and g, = f. Then ¢ - a € Ga and the derivative lies in T,Ga, i.e.,

d

_ _ d _ d _
Tl e = ghage +goalgg) — = |  dagy’ +dgos| g

dt lt=0 dt lt=0
= fa+af+df (=daf).

(3.5)

This implies that imd, C T,Ga (ref (1.9)). Conversely, if v(t) := g; - a is curve on G(M) satisfying
go = 1 (consequently v(0) = a), then f = g, € Q°(M, sus) and (3.5) shows that

d

dof = —
!/ dt lt=0

gt - a

As a consequence,

(3.6) imd, = T,Ga.

Invoking (1.9) again for a flat connection a € Q' (M, suz), we see that d> = 0, whence T,Ga lies in

the kernel of d,. This proves that ker d, is infinite dimensional.

Add M to be Riemannian somewhere for L?-adjoint and Hodge star

14



4 ASD connections and Floer Homology

For any oriented Riemannian manifold X, let xx denote the Hodge star operator on X. To
interpret the gradient trajectories for the Chern-Simons functional, we need anti-self-dual connections
on M xR :

Definition 4.1. Let W be an oriented Riemannian 4-manifold. An a € A(W) is called anti-self-dual
(ASD) if

(4.1) Fy + xw F, = 0.

Given a family a; € A(M),t € R, one can get a € A(M x R). If @ has a vanishing dt-term then
it is in temporal gauge. Let E — M be the trivial SU(2)-bundle. Then E X [0,00) — M x [0, 00) is
the pullback of E — M. Choose a connection @ on E X [0,00), written as

a= uiz +£t dta le [0700)7 Nt € Ql(Mv SuZ)v gt € QO(Ma SUQ)-
Lemma 4.2. There is a unique gauge transformation g of E x [0,00) which satisfies
(4.2) g0 = 9 € GOM), (@) = i € Q1 (M, suy).

In other words, the transformed connection has no dt-component. Thus if we have a; € A(M)
as before (and hence a), we split it into a4 and a_, thought of as connections as E x [0,00) and
E x (—00, 0] respectively. Thus, there exists gauge transformation g; (resp. g—) on E x [0, 00) (resp.
E x (—o00,0]) satisfying (4.2). Gluing the two gauge transformations give a gauge transformation g
on E x R such that §-a := ¢g*(a) has no dt-component. We conclude that for any a € A(M x R)
there is a g € G(M x R) such that § - a is in temporal gauge and it is unique up to G(M).

Proof Let g, : M — SU(2) denote the map associated to §|Ex{t} and ¢; = ¢;*(0). Then the first

condition asserts go = g. The second condition is equivalent to saying g* (&)(%) = 0. Since

g*(aﬂEX{t} = adg;1& + ¢,

we see that

0
adgtflgt + ¢t(&) = 0.

Written as a differential equation (omitting the t-subscripts), this looks like

g
4.3 g leg g1 =0.
(4.3) 9 89+5 5,
This is a first order PDE having a unique solution satisfying gg = g. O

The link between the Chern-Simons functional and ASD connections is the following :
Lemma 4.3. Leta € A(M xR) be in temporal gauge. Then a is ASD if and only if for a; = a|prx 4y,

dat

(4.4) =

= *MFat'
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Proof Let a = n; € Q'(M, sug) by the temporal gauge assumption. Since it suffices to prove the
result locally, let

Nt = mdxy + nedre + n3dxs

where 7;’s are functions on M x R taking values in sus. Since

3
da = Z(alnj — ajnz)dfm A dI‘j — Z 8tmdmz A dt,
i i—1

we get

dat

(4.5) o

3
=da(0/0t) =) _ dymida.
1=1

Let S1 = {(1,2),(2,3),(3,1)} and S2 = {(1,2,3),(2,3,1),(3,1,2)} to make equations look neat.
Since

Fat = Z (ainj — ﬁjnl)dxl A\ dl‘j + Z [m, Uj]dl‘i A dl’j
(ivj)esl (i,j)esl

applying the Hodge star we have

(4.6) svFa, = > (0my — Oy + [mis mj)) .
(4,4,k)ES2

Consequently, a satisfies (4.4) if and only if the following holds :

(4.7) O = 0Oang — O3m2 + [12, 1]
(4.8) Oz = Osm — Omz + [n3,m]
(4.9) Omz = 0Oing — Oamn + (1, m2].

Now we calculate :

3
(4.10) F; = Z (81'77]' —ojn; + [m, nj])daci A dacj — Z O¢nidax; A dt
(4,7)€51 i=1
and
(4.11) swhy = Z (81'77]' — ajm + [771', Uj])d.%‘k Adt — Z Otnidxj A dxy.
(i,j,k‘)ESQ (i,j,k’)ESg

Since a is ASD if and only if F; 4 *y Fz = 0, using (4.10) and (4.11) we get the same conditions as
(4.7),(4.8) and (4.9). O
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5 The Moduli Space of Flat Connections

As before, let E denote the trivial SU(2)-bundle over M. Let A} (M) = L7 (Q' (M, suz)) denote
the Sobolev type space of 1-forms on M with values in sus such that the zero element is the product
trivial connection on E. The gauge group can be identified with G (M) = L}, (M, SU(2)) acting
on A} (M) by the usual rule (2.1). By the Sobolev embedding theorem applied to manifolds 7?7
if k = 1,p = 4 then A(M) = A}(M) consists of continuous 1-forms and G(M) = G5(M) consists
of Cl-maps. Since spaces which are quotient by infinite dimensional groups can behave badly, we
take completions of smooth connections and smooth gauge transformations inside suitable Sobolev
spaces. N

Define B(M) = A(M)/G(M) and B(M) = A(M)/Go(M). These spaces are well-defined since
k+1 > 3/p with our choice of k = 1,p = 4. 7?7 As seen before, the CS functional is not well defined
on B(M) but it is on the infinite cyclic cover B(M). Let A%2t(M) c A(M) denote the space of flat
connections on P. The curvature transforms as a tensor; hence Af%*(M) is gauge invariant.

Definition 5.1. The space A%t (M)/G(M) of equivalence classes of flat connections is defined to be
the moduli space of flat connections and denoted M ;.

We have an identification :

Theorem 5.2.

(5.1) My =2 R(M) := Hom(m (M), SU(2))/SU(2).

This let’s us interpret the moduli space more geometrically. In fact, we analyze R(M) in §6 and it

turns out to be a real algebraic set. For the identification at hand, we make use of holonomy groups.

Proof Let mi (M) = m (M, m) and e € E,,. If we change the point e € E,, to ¢ € E,,, then
¢/ = e h for some unique h € SU(2). Then

Hol,/(a) = h™'Hol.(a) h.

Thus, the holonomy group Hol(a) C SU(2) is well defined up to conjugation. Observe that Hol(a) is
a discrete subgroup of SU(2) since Hol(a) = {1}. This also implies that the holonomy along a loop
depends only on the homotopy class of the loop. The existence of a natural surjective homomorphism
m1 (M) — Hol,(a) induces a map

¢ : AV — R(M).
If we change a to g - a for some g € G(M), then the horizontal lifts 4,4, of any loop ~ for a,g - a
respectively are related by the conjugation by g. Thus,

$(g - a) = g(m)g(a)g(m)™";
consequently ¢ descends to an injective map
¢ : My — R(M).

To prove surjectivity, let p : m (M) — SU(2) be a representation. Consider the universal cover
M as a principal 7 (M )-bundle over M. One should think of an element v € m (M) acting on
M by Deck (gauge) transformations. Extend this to an action of 71 (M) on M x SU(2) by p, i.e.,
~ - (i, h) = (v - m, p(y"1)h). The quotient E, := (M x SU(2))/m1(M) is a principal SU(2)-bundle
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over M (and hence trivial). The trivial connection ¢ on M x SU(2) descends to a 1-form a on E,
with values in sug such that da +a A a = 0. The (free) right action R, on M x SU(2) commutes
with the action of m(M). Thus Rja = ady-—1 o a. Since ¢ was the Maurer-Cartan form on SU(2),
so is a. Therefore, a is a flat connection on E,. If we change p to gopg, ! for some gg € SU(2), then
one defines a bundle map

g:E, B, 1, [i,h] v [, gh.

PYo

¢ induces flat connections on E, and Egopgo_l and the former is the pullback of the latter by g.

Therefore, the connections are gauge equivalent. O

ASD stuff from Fukaya; may need Floer’s transversality theorem (7).
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6 Invariants for Homology 3-Spheres

In lectures at MSRI in 1985, Andrew Casson described an integer valued invariant \ of oriented
homology 3-spheres (see also [AM]). This can be thought of as counting the number of conjugacy
classes of representations 7 (M) — SU(2), in the same sense that the Lefschetz number of a map
counts the number of fixed points. According to Casson’s original definition, A(M) is actually
half this number. K. Walker (see [W]) extended this invariant to rational homology 3-sphere. In
another direction, Floer defined a Zg-graded homology group associated to any oriented, closed
homology 3-sphere such that the Euler characteristic is A(M). This section gives an overview of
these constructions, following [W] and [AF] closely for Casson’s invariant and instanton-invariant for
3-manifolds, respectively.

6.1 Topology of Representation Spaces

For any finitely presented group H, let R(H)! denote Hom(H, SU(2)), topologized with the compact
open topology with H having the discrete topology and SU(2) having the usual topology. Notice
that a homomorphism ¢ : H — H' induces ¢! : R(H)! — R(H')%. The natural (faithful) action of
(SO(3)) SU(2) on SU(2) induces a natural action on R(H)! and R(H ! such that it commutes with
any ¢f. (This rather odd appearance of # becomes clear only later in the section and the convenience
is purely notational.)
Let

SolH) = {plp: H - {1}

Si1(H) {p|p: H— S} (diagonal repn.)

S(H) = {p|p:H — SU(2)is reducible}.

It follows from definition that
(6.1) So(H) C S1(H) C S(H) C R(H)*.
Since any compact Lie group is the union of the conjugates of any maximal torus,

(6.2) SU@) =|JgS'g "

g

Using this one can show that any reducible representation is conjugate to a diagonal representation.
In our case, H = m(M) is the fundamental group of a homology 3-sphere. Since any reducible
representation p factors through 7 : (M) — S*, it corresponds to an element of H'(M, S'), which
is zero since Hy(M,Z) = 0. Thus, in the quotient space of representations R(M) := R(H)*/SU(2),
all the reducible and diagonal elements vanish. Thus the equivalence classes of irreducible represen-
tations is just R(M)* = R(M) \ {1}.

Choose a finite set of generators S = {g1,...,gn} for H = m1(M) and define the map
Fs:R(H)" — (SU(@2))", p+ (plgr),-- - p(gn))-
Let R = {ry} be a set of relations. Then

V(S) ={A1,...,Ay) € (SUR)"| (A1, ..., Ap) = 1,7 € R}
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is a real algebraic variety, homeomorphic to R(H)f. Consequently

R(M) =R(H)*/SU(2) C (SU(2))"/SU(2) =S' x --- x St.

n

We claim that R(M) is a real algebraic set.

Definition 6.1. For any space X, let
(6.3) R(X) := Hom(m1(X), SU(2))/SU(2)
be the set of equivalence classes of representations where SU(2) acts by conjugation.

Let M be an oriented homology 3-sphere with a genus g Heegaard splitting, i.e., M = My Us, Mo
is the union of two genus g handlebodies glued along dM; = 0M = X, a surface of genus g. The
minimum such g is called the Heegaard genus of M. Since the generators of 71 (M;),i = 1,2 (free
group on g generators) can be chosen to be lying on dM; resp., it follows that ¢; : ¥4 < M; induces
a surjection of fundamental groups. Using this observation and Van Kampen’s theorem, we conclude
that the inclusions M; — M induces surjection at the level of m;. Let Z; denote ¥, \ Dy. We thus
have
m1(Mz)

Wl(Z;)HTrl(EQ) 7T1(M).

/N
\/

7'['1(M2)

where all maps are surjective. If we apply the functor Hom(., SU(2)) we get the following diagram
of injections

R(My)*

R(Ep)F——R(Zy)f R(M)?

/ A\
\/

R(Ma)*

Here R(X)* denotes the space Hom(m(X), SU(2)). Again, by Van Kampen we see that R(M)? is
just the intersection of R(Mj)* and R(Ms)* inside R(2,)*. Clearly SU(2) acts on these spaces by
the adjoint action. Taking quotients, we have

R(Mz)

/ \
9) R(M
\ /
R(M2)

R(E;) ~—R(2 ) = R(M;) N R(My).

Later on in this section, the superscript # will be used to denote the following - if X has been defined
as Y/SU(2), then X* will denote Y.
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Roughly speaking, R(M;) and R(Mz) have complementary dimension in R(3,) and we may define
A(M) to be the intersection number

AM) = (R(M1), R(Mz)).

There is an obvious difficulty in defining the above intersection number as R(M;),7 = 1,2 and R(3,)
are typically real algebraic sets. The condition Hy(M,Z) = 0 guarantees that after removing the
trivial representation, R(M;) NR(M>) is a compact subset of the non-singular part of R(3,). Thus,
the intersection will consist of a well-defined (signed) number of non-singular point and A(M) is
defined to be this number. The reason we require Hy(M,Z) = 0 is that the equivalence class of
irreducible representations of 71 (M) then becomes R(M)\ {1} since all reducible representations are
trivial. Put Fukaya’s interpretation pg 28 and Floer’s review pg 216 We observe in passing
that w1 (M) is countable and has a finite presentation with at most g generators for any genus g
Heegaard splitting.

For simplicity of notation let 7 = 71 (M) and G = SU(2). In general, G could be any Lie group and
7w could be any finitely presented group and the arguments that follow still hold. Let p; : # — G
be a differentiable 1-parameter family of representations such that py = p is a given representation.
Expanding p; for ¢ sufficiently close to 0 and = € T,

pi() = exp(tu(z) + O(t)p(x)

and therefore, by differentiating, py(z) = u(z)p(x) (here u : m — g). Since p; is a homomorphism,
differentiating this condition we get

u(zy)p(zy) = po(xy) = po(x)p(y) + p(x)po(y) = u(@)p(x)p(y) + p(x)uly)p(y).
Consequently,
(6.4) u(zy) = u(z) + Ad,mu(y).

Here g is a 7 module by the action of Ad,,) and we henceforth denote g by gaq, to indicate this.
Then it follows from the definition of group cohomology that u is a 1-cocycle with coefficients in gaq,.
Conversely, solutions of u being a cocycle lead to maps p; : @ — G which satisfy the homomorphism
condition to first order in t. Thus, the Zariski tangent space of Hom(w, G) at p can be identified
with Z1 (7, gaqp)-

To compute the tangent space of the Ad-orbit containing p, let g; be a path with gg = 1. Let
pu(x) = g; ' p(a)ge.
Writing g; = exp(tuo + O(t?)), then

pe(x) = exp(—tug + O(t%))p(z)exp(tug + O(t?))
= exp(—tup + O(2)) Ad ) (exp(tuo + O(12))) p(a)
= exp(tAd,y)uo — tug + O(t*))p(z).

Therefore, the cocyle corresponding to py,
(6.5) u(r) = Ad,z)uo — uo

is a coboundary dug. Consequently, the tangent space of the Ad-orbit through p is B!(w, g Adp)-
Based on the above results we define
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Definition 6.2. The Zariski tangent space of Hom(r, G)/G is defined to be H' (7, gaqp)-

Now specialize to m = w1 (M) and G being any reductive Lie group with the Cartan-Killing form
(-,). This means that the centre Z(G) is discrete. For e.g., we would later use G = SU(2) with
(A, B) :=tr(AB). In what follows, we collect together various results of Goldman (see [G1] and [G2]
for more details) without proofs.

Proposition 6.3. (Goldman) The dimension of Z*(m,gaqp) is
(6.6) (29 — 1)dim G + dim Zg(p(7)).
The dimension of H'(r, ga4p) is

(6.7) (29 — 2)dimG + dim Zg(p(7)).

Note that dim Z!(r,g Adp) is minimal, and hence p is non-singular point of Hom(7, &), if and only
if diimZ(p)/Z(G) = 0. We denote the set of all such points as Hom(w, G)~.
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7 unknown

Donaldson invariants and relations with the above
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