An expository note on BV algebra and gravity algebra

Let (A,-) be a (graded) commutative, associative algebra.

Definition 0.1. (A, ) is called a Gerstenhaber algebra if there is a (graded) Lie bracket {, } of degree
1 which is also a graded derivation of - in both variables, i.e.,

(0.1) {a,b} = —(=1)UelFDIHD £ 51

(0.2) {a,{b,c}} = {{a,b},c}+ (—1)UFDEIL L4 e}
(0.3) {a,b-c} = {a,b}-c+ (=1)e+Dbly. 14 ¢}

(0.4) {b-c,at = (=1)UHVlegp o} c+b-{c,a}.

Observe that demanding {, } to be a derivation in any one variable is equivalent to (0.3),(0.4). For
example, if we have (0.3), then using (0.1) we get

(b-coa) = —(—1)la+DWHeD g p. 0
(= 1)(lal DI+ £ g1 (1)l DI+ DD fg o)
= (-1 (Jal+1)(|b]+|e|+1)+(lal+1) (|b]+1) {b,a}-c+b-{c,a}
(=1){al+Dlelep o) c+b- {e,a}

which is (0.4). What is known as a Batalin-Vilkovsky algebra (or BV algebra in short) has a few
(equivalent) definitions :

Definition 0.2. A Batalin-Vilkovsky algebra is a graded commutative, associative algebra (A4, -)
equipped with an operator A : A — A of degree 1 such that A o A = 0 and the deviation of A from
being a derivation is a derivation, i.e., the bracket {, } defined by

(0.5) {a,b} := (—=D)IA®@-b) — (=1))Aa-b—a- Ab.
is a derivation.

Definition 0.3. A Gerstenhaber algebra (A,-,{,}) is called a Batalin-Vilkovsky algebra if it is
equipped with an operator A : A — A of degree 1 such that A o A = 0 and the bracket {,}
measures the deviation of A from being a derivation, i.e.,

{a,b} = (=)A(a-b) — (=DIAa-b—a- Ab.

Definition 0.4. A graded commutative, associative algebra (A, ) is called a Batalin- Vilkovsky al-
gebra if it has an operator A : A — A of degree 1 such that Ao A =0 and
(0.6) Ala-b-¢) = Ala-b)-c+ (=D)a-A®- )+ (=1)1+DP . Aa - ¢)

—Aa-b-c— (=Dl¥a- Ab- e — (=D)lHPlg b Ac.
As will follow from the calculations, (0.6) is equivalent to (0.3). We establish the equivalence of these
definitions by proving 0.2 = 0.3 = 0.4 = 0.2
0.2=10.3



We need to show that (A,-,{,}) is a Gerstenhaber algebra.
{a,b} = (=D)A(@-b) = (=DIAG-b—a-Ab
= (=DlalHlellbIAp . q) — (=1)lelUal+DRly . Aq — (—1)BIHDIal AR . ¢
= —(=1)(lal+D) |b|+1)((_ WIA®B-a)=b-Aa— (-1)PAD - a)
_ ( ) (la]+1) |b|+1){b CL}

Thus, {,} is anti-symmetric (satisfies (0.1)). Using A2 =0 :

Afa,b} = A((-D"A(a-b) — (-1)lAa-b—a- Ab)
= —(-DllAAG-b) — Aa- AD)
= (=D A(AG-b) — (—1)I9+ A% b — Aa - Ab
—(=Dll((=D)lA(a- AD) — (=1)/AG - Ab—a - A%D)

(0.7) Afa,b} = {Aa,b} —(=1){a, Ab}.
Thus, A is a (graded) derivation of {, }. Using this
(0.8) {{a.bhc} = (=)l A{a,b) - ) = (=1)"FH (A, b) -
‘1/—/ T
—(=1)" {a, Ab} - ¢ — {a, b} - Ac
3 4

(=) FDWHD 1 10 3} = (=D)llblHlelH A G . {a,¢}) + (—1)PIFDIlAY . {a, ¢}
—(=1)UaHDWHD . fAG, ¢} + (—1)lellbIFEI+H L g, Ac)
— (~1)lHPHA{a,b- e} — {a,b} - ¢)
5 1
—(-1)!({a, Ab- ¢} — {a, Ab} - )
3
+(=DlHPl{Aa, b} — {Aa, b} - ¢)
6 2
—({a,b- Ac} —{a,b} - Ac)
4
= —{{CL, b}7 C} + (_1)|b|{a7 A(b ' C)}
_(_1)|b|({a7 Ab- C} - ({a7 b- AC}
= _{{a7 b}: C} + {aa {ba C}}
In the process of proving the Jacobi identity above, we have used (0.7) to cancel out 6 with one of
the terms of 5.

0.3=104
We just need to verify (0.6). We claim that it is equivalent to {, } being a derivation.

{a,b-c} = (—=D)A@-b-¢) = (=DIAa-b-c—a-Ab-¢)
(0.9) = (=1)ll (Ala-b-c)—Aa-b-c— (=Dlelg - A o)

2



{a,b}-¢ = (=D)A@-b)-c—(=DIMAa-b-c—a-Ab-c
(0.10) = (=1)l (A(a-b)-c—Aa-b-c— (=1)lelg - Ab- c)

(=)l +DBly . £4 ¢} = (—1)al+DIl. ((_1)\aIA(a o) = (=DlAg ¢ — alAc)

- (_1)Ia|((_1)(\a|+1)|blb.A(a ¢) — (_1)(\a|+1)\b\b Aa-c
+(=1)a+DAb+D g Ac)

(0.11) = (=Dl (=)Dl Aa- ) = Aa-b-c— (1)l HPlg . Ac)

Thus, {, } is a derivation of - (satisfying (0.3)) if and only if (0.9) equals the sum of (0.10) and (0.11).

Cancelling the factor of (—1)l%l from both sides and rearranging we get an equivalent condition which
is precisely (0.6).

0.4=0.2

Define {, } on the algebra using (0.5). It follows from the arguments in the previous implication that
this is a derivation.

Remarks

(1) Since A is of degree 1, this forces {, } to be of degree 1 (as in definition 0.4 or 0.2) while in
definition 0.3, {, } is already of degree 1, which forces A to be of degree 1.

(2) The identity (0.6) is equivalent to {, } being a derivation of - in each variable (0.3).

(3) The Jacobi identity is equivalent to A being a derivation of {, }, which is itself a derivation of -.
(4) A BV algebra (as defined in 0.2 or 0.4) is also a Gerstenhaber algebra.

The concept of a BV algebra is related to that of a gravity algebra.

Definition 0.5. Let V be a chain complex over a field k. A gravity algebra on V is a sequence of
graded skew-symmetric operators:

e Ve v

of degree 2 — n, satisfying the following relations: if £ > 2 and [ > 0, and a1, ,ax, b1, - , b € V,
(012) Z (—1)6{{617;7043'},0,1,"‘ aé\i)"' 7@)"' 7a’k7b17"' abl}
1<i<j<k
_ {{alv'”7ak}7b17”'7bl}7 l>07
0, =0,
where we write ¢, (a1, -+ ,an) as {ai,- - ,a,}, and € = |a;| 32} ag| + |a;] 27;115751 lay|.

There is no intrinsic way to get a gravity algebra out of a BV algebra except defining the algebra
multiplication to be ¢y. Before one can define the other operators, note that (0.6) holds. We shall
see where the signs arise from. Assume by induction that

(0.13) Alar-...-an) = > (=) Aai-aj)-a1-...G...a5... an
1<i<j<n
+(2—n) Z (=1)%ay-...-Aaj- ... an,
1<i<n



where € = |a;| S0} ag| + |a;] E{:—lll# |a;| and & = "4 |ag|. Then it follows that
Alay ... ap-apy1) = Z (—1)A(ai-aj)-ar-...a;...a5... ap - Gpt1
1<i<j<n

n—1
+ Z(—I)EA(CM cQp an+1) N S I TR |
=1

+(2—n) Z (=1)%a1 ... Aaj ... ap - any1

1<i<n
+2=n)(=1)%a1 ...  Alan - any1)-

Using (0.6) for A(a; - ay - ant1) and rearranging the a;’s we see that the second sum in the above
equality reads

> (-1)°A(ai-an) - a1... @ ... G ang

+D (1A ant1) a1 .G ap

<n

— Z(—1)5a1 oA ap capger + (=D (1) A(an - apy1) car ... ap—1
i<n

+(1=n)(=1)%a1 ... Ay - anp1 + (1 —n)(=1)%a1 - ... ap - Aapy1,

with the appropriate € and §. Combining this with the previous equality we see that (0.13) holds for
any n > 3.

Example (gravity algebra on the equivariant homology of the free loop space) Let M be a compact,
oriented manifold and let H,.(LM) denote the homology of its free loop space. It is known that
(H =+ (LM),e,A) is a BV algebra where the BV operator A arises from the circle action on elements
of LM. Closely associated with the loop homology is the equivariant homology H? ' (LM), defined
to be H.(LM xg ES'). Tt can be shown that A = M o E where E stand for erasing marked
points and M stands for marking all possible points. Further, E : H.(LM) — Hfl (LM) while
M : HS' (LM) — H,.1(LM). This helps us to define a gravity algebra structure on HS (LM) as
follows :



