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What is string topology?

Fix a closed, oriented manifold M.

Let LM :=Map(S1,M) be the free loop space.

The study of algebraic invariants of LM is called string topology.

LM

��

ΩM = Based loop spaceoo

M

Combining (H∗(M),∩) with (H∗(ΩM),×) we have the loop product

• : H∗(LM)⊗H∗(LM)→H∗(LM).
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There is a natural S1-action on LM by rotating the loops.

The loop product • induces the string bracket on the equivariant
homology of LM :

[ , ] : HS1

∗ (LM)⊗HS1

∗ (LM)→HS1

∗ (LM).

There are further algebraic structures on H∗(LM) and HS1

∗ (LM) :

BV algebra on H∗(LM)
Lie bialgebra on HS1

∗ (LM)
Gravity algebra on HS1

∗ (LM)

These are known to be homotopy invariants.
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An alternate viewpoint
Loops in M ⇐⇒ Arcs in M ×M with end points in M :

x

y

(x, x)

(y, y)

M

M ⊂ M ×M

open string

We restrict ourselves to transversal open strings in M ×M :

M

M ×M

normal disk bundle
= tubular neighbourhood
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Split and resolve

Let C(M) denote the chains on transversal open strings.

We have a coalgebra structure � by splitting :

,( )
We also have a resolve operationR :

x

normal sphere

x

R

Extend � andR appropriately for strings with more intersections.
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Resolve as a multiplication

A cord is a transversal open string with no interior intersections.
LetA be the chains on the cord space.

ConsiderR as a multiplication onA :

,( )p

p

p

p

This is partially defined!

This is fully defined when we work over a subset of pairs of cords.

Question

What is the appropriate structure that turnsA into an algebra?
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A differential graded coalgebra
BothR and � commute with the boundary operator ∂ on C(M).

Consider the differential ∂ +R on C(M).
The splitting � turns it into a dg coalgebra.

Question

What’s the appropriate category in which this coalgebra lives?

The splitting produces open strings which are connected :

p

q

Here p= q where p is the antipode of p.
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Bicomodules and the cobar construction

There exists natural maps

C(M) −→ C(M)⊗QC∗(tube)

C(M) −→ C∗(tube)⊗Q C(M).

Thus, C(M) is a bicomodule over the coalgebra C∗(tube).
Moreover,A is an algebra in this category.

Proposition

(C(M),∂ +R ,�) is a dg coalgebra in the appropriate category.

Theorem
We have an isomorphism

�

ΩC(M)
�

aug
∼=A where Ω is the cobar

construction andA is the cord algebra.
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2-point configuration spaces

Where do non homotopy invariants come from?

Consider F2(M) := (M ×M) \M.

Theorem (Longoni-Salvatore ’05)

The spaces F2(L7;1) and F2(L7;2) are not homotopy invariant.

The universal cover of F2(L7;2) has non-trivial Massey products
while that of F2(L7;1) has none.

Theorem
The Pontrjagin rings H∗(ΩF2(L7; j)) for j = 1,2 are not isomorphic.
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Homeomorphism invariants from based loop spaces

Inspired by our resolve operatorR , we study H∗(ΩF2(L7; j)) with the
Pontrjagin product twisted by the normal S2 :

p

p

p

,( ) normal sphere

Theorem
The twisted Pontrjagin rings H∗(ΩF2(L7; j)) for j = 1,2 are not
isomorphic.
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Invariants via string topology

(1) Start with C(M) as a dg coalgebra.

(2) Apply cobar to getA .

(3)A fibres over (tube× tube) with fibre ΩF2(M).

(4)R restricted to ΩF2(M) is the twisted Pontrjagin product.

Theorem
The dg coalgebra C(M) encodes non homotopy invariants.
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