MAT 131, Calculus |  Fall 2005

Final Exam Solutions

1. (10pts) For each of the questions below, indicate if the statement is true (T) or false (F).
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(a) The equation cosx = 2x has a solution in the interval (0,1).
T: Let f(x)=2x—cosx. Since

—1=f(0)<0< f(1) =2 —cos1,

by the Intermediate Value Theorem f(c) =0 for some c in the interval [0, 1]. Since f(0), f(1)#0,
f(c)=0 for some c in the interval (0,1).

(b) Suppose that f'(x) = ¢'(x) and f(2) = g(2). Then necessarily f(x) = g(x).
T: By the Fundamental Theorem of Calculus,
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(c) / e’ dr > Inzdx.
1 1

T: since e* >1Inx for all z>0.

(d) If f(—1) =13, then limlf(x) = 13 provided that the limit exists.

F: lim,_, 1 f(z) says nothing about f(—1) unless f is continuous at —1.

(e) There exists a function f such that f(0) =1, f(3) =2, and f'(x) > 1 for all z.
F: By the Mean Value Theorem, for some ¢ between 0 and 3
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(f) If f is differentiable and has a local maximum at ¢, then f"(c) < 0.
F: The function f(x)=—x% has a local maximum c=0, but f”(0)=0.



(g) The function f(x) = v/z* + e*’sin(nz) has at least one critical number in the interval (—1,3).
T: Since f(0)=0= f(1), by the Mean Value Theorem for some ¢ in the interval [0, 1]
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(h) If f is continuous on [a,b] and f(x) >0, then / Vf(x)de = / f(x)dx.
F: If f(zr)=1, a=0, and b=2, then ’ ’

b\/mdxﬂ#ﬁ: bf(m)da:.
/ v/

2
(i) / z\/ 14 + 26 + 28 dz > 0.
—2

F: The integrand is an odd function; so the integral is 0.
(j) The Fundamental Theorem of Calculus asserts that

%/azf(t)dt:f(x) for all z € (a,b),

provided that f is continuous on |a,b].
T: This is one of the two statements of FTC.



2. (1045 pts) Use Newton’s method starting with the initial approzimation x1 = 1 to find the third

approzimation xs to the number v/3. Is your estimate bigger or smaller than the actual value of v/3%
Justify your answer by picture.

Since 2 = +v/3 is a solution of f(z)=x*—3=0, apply Newton’s Method to approximate a solution of
f(z)=0 starting with x;=1. Since f'(z)=4x3, we obtain

=1 flz)=1"-3=-2  fl(z)=4-13=4
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The estimate xg is than the actual value of \4/3, as illustrated in the diagram below. The
estimate x9 is obtained from x; by drawing the line tangent to the graph of f at (z1, f(z1)) and
taking its z-intercept; this intercept is x5. Since the graph of f is concaved up and increasing, xo must
be larger than v/3. Similar, x3 is the z-intercept of the line tangent to the graph of f at (2, f(z2));
it is larger than v/3 for the same reasons.
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3. (40 pts) Find the following limits.

2 T
ze+2% -5
10 pt li 1
(a) (10 pts) oy < + |3 — 27| +Secx>
Plug in z=0:
22 4+2% -5 02+2°—5 —4 1 [6
Py < + \m3—27\+secm> |03 — 27| + secO R 7T
e’ —1
10 pt lim ———
(b) (10 pts) a00 72 — sin(3z)
If we plug in x = 0, we obtain
-1 0
02 —sin(3-0) 0
This is not defined, but we can use L’Hospital’s Rule:
. et —1 . (e*—1) lim e”
—_— = m ————— — |1 _—
200 22— sin(3z) 200 (x2—sin(3x))!  «—0 2x — 3cos(3z)
_ " 1 [
~2-0—-3cos(3-0) -3 [_3




(¢) (10 pts) liml g1/ (=)

If we plug in x = 1, we obtain
11/(=1) _ qFoo

This is not defined. We cannot use L’Hospital’s Rule directly, so we take the natural log:

1 1
lim (lnml/(l_z)) = lim <—lnx> = lim <£> .
z—1 z—1\1—2x z—1\1—2x

If we plug in x=1, we obtain

This is not defined, but we can now use L’Hospital’s Rule:
1 Inz)’ 1 1/1
fim (2B2) gy (2 g, e UL
z—1\1—x z—1 (1—1‘)/ z—1 —1 -1

. — . 1/(1—=) i 1/(1—=) — 1
111111 xl/(l x) _ lim 6lnm — 6hmmﬂllnm — —

r— r—1

Finally,

n
. 1 1
(d) (10 pts) Jim z; — sin <7rzg>
1=
This is a Riemann sum. Here Az = 1/n and z; =i/n = a+iAz. Thus, a =0, b= 1, and

f(x)=sin(rx):
n 1
lim Z% sin <m%> :/ sin(mx) dx.
n—oo 0

i=1
To compute the integral, substitute u=nx = du = wdx:

1 m —
d u=mn 1 1
/sin(ﬂx)da::/ siny 28 = £ :——(COSW—COSO):——(—l—l):
0 0 u=0 ™ s 0

™ ™




. (25 pts) Let

f(x) :/:C1 V1+tdt.

(i) Find the critical numbers, if any, and intervals of decrease and increase of f.
(ii) Find the inflection points, if any, and intervals of concavity of f.

(iii) Sketch accurately the graph of f. Find the x-intercept of the graph and mark it on the x-axis.
Is f(0) bigger or smaller than 12 Mark the point (0,1) on the y-axis, positioning it with respect
to the point (0, f(0)).

(iv) Does f have any local mazimum or minimum values? What about absolute extrema?

(i) We need to compute f'(z). In order to apply FTC, write f(x) = F(z3), where
u
F(u) :/ V1+thde.
-1
We can now apply FTC to compute F’(u) and then chain rule to compute f/(x):

F'(u) = V14u? = flx) = F'(23) - (23) = 1+ (234 - (322) = 32% /1 +212,

The derivative f’ of f is defined for all z and f/(x) = 0 if and only if x = 0. Thus, the only
‘critical number for f is =0| Since f/'(x) > 0 for all z #0 and f/(0) =0, f is always increasing,

i.e. the |interval of increase is (—oo, 00) ‘

(ii) We now need to compute f”:
@)= (f'(2) = (32> A+a')?) = 32014212 + 22 - %(1—1—9512)_1/2 -122™)

= ——(1+2" + 32" = O(dz+1)

x
V1412 V14212

. f"(2) <0 and thus ‘concaved down if <0 ‘;

6x

Thus, f”(x)>0 and thus | concaved up if x>0

‘x:O is the inflection point

(iii) Since
(—1)3 -1
f(—1)=/ \/1+t4dt:/ V1+t4dt =0,
-1 -1

an z-intercept is x=—1. Since v1+t%>1 for all t#£0,

f(0) = ’ \/1+t4dt>/01dt:1-(0—(—1)):1.
-1 -1

Thus, the point (0,1) lies below the y-intercept of the graph of f. In addition, by (i) and (ii), f is
always increasing, its graph is concaved down if £ <0 and up if z>0:
Y

! H/ (iv) Since f is always increasing,
_ / - f has local max/min values

/' or absolute extrema.




5. (40 pts) Compute the following integrals.

(a) (10 pts) /<1+3az5+ 1—|—1x2> da

1 1
1 5 =[1 5
/( + 3x —|—1+$2> dr / d:c+3/x dw—l—/1+$2daz

6

=+ 3% +tan'(z) + C =|z + 32° 4+ tan"(z) + C

(b) (10 pts) /1 <§ + %) do

Since an anti-derivative for 2271 +272 is 2In |z| — 271, by FTC

cr2 1 B i
[(;—i—?) dr = (2In|z| — 27 ")

=2 1-e)—(2-0-1)=3-¢!|=[3-1

r—=e

= (21116—6_1) - (21111 - 1_1)

r=1




e(1+VT)
NG
Substitute u = 14z = 1+2'/? = du = %m_l/zdm =dx/2+\/x:

(¢) (10 pts) dz

/e(Hﬁ) dTm = /e“ 2du = 2¢" + C =|2e0+V7) 1 O

X

(d) (10 pts) /07T sin® (%) cos (%) dz

Substitute . p
u=sin(x/4) = du = cos(z/4) - Zda::cos(a:/él)zw.

Furthermore,

sin(0/4) =sin0 =0,  sin(x/4) =1/vV2 —

IS 1/\/5
/ sin® <£> cos (E) da::/ u? 4du
0 4 4 0
:41‘_4":1/\/5:L_04:i: 1
4 lu=0 V2! 22 |4



6. (40 pts) Compute the following.

d
(a) (10 pts) Iz (tan(z") +In(1 +sinz))
By Chain Rule,

. (tan(z") 4+ In(1 +sinz) ) = 2@ Tz + Trsng 57
728 cosx

| cos?(z") + 1+sinx

(b) (10 pts) o' if Yy =azy+cosy+e @
Use Implicit Differentiation:

x x

v} =2y +cosy+e” = 32y =y+ay —siny -y —e”
— (3y*—a+siny)y =y —e*
/o y—e 7
= Yy = 3y2—x+siny




(c) (10 pts) ¢ if y=(xz+2)*
Use Logarithmic Differentiation:

y=(x+2)/° = Iny=1In ((l‘—l—Z)l/z) = éln(m—l—2) =2 tn(z+2)

T+2
= y = (-2 %In(z+2) +x_1m—_1m)y
= yl = (_hl(i;&) + x(x1—|—2)> ($+2)1/$ - x_l (x—1|—2 o 1“(3;‘2)) ($+2)1/$

1

(d) (10 pts) [f'(-1) if f(x):3—|—/ sec(l —t)dt

2

Write f(r) = 3 — F(2?), where

1 u
F(u) = —/ sec(l —t)dt = / sec(l —t) dt.
u 1
By FTC and the Chain Rule:
F'(u) = sec(1—u) =
f'(x) = —=F'(2?) - (%) = —sec(1—2?) - 2z =

F(-1) = —sec(1— (1)) -2 (~1) = 2—— =[7]
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7. (20 pts) A box with a square base and open top is to have a volume of 32 in®. Find the dimensions
of the box that minimize the amount of material used. Make sure to show that the dimensions you
have found actually give rise to an absolute minimum.

Denote by a the length and width of the square base and by h the height of the box. Then,
V =a’h = 32.

We need to minimize the surface area of the box, which consists of 4 sides of area ah each and the

bottom of area a2:
S = 4ah + a°.

Using the first equation to solve for h in terms of a and plugging into the second, we obtain

32

h=2

32
S(a) =4a= +a® = 128a"" + a*.
a
We need to minimize this function for a in (0, 00). Its derivative is given by
S'(a) = —128a7% + 2a.

It is defined on (0,00), i.e. wherever S is defined. Thus, the only critical numbers for S are the zeros
of S

S'a) =—-128a"242a=0 = 20=128a"2 — =64 — a=64"3=4

There are two ways to see that S(a) achieves the absolute minimum at a=4. Since S is continuous

on (0, 00),

12
lim S(a):—8—|—0:oo, and lim S(a) =0+ oo = o0,

a—0t 0+ a—o0

S(a) must achieve its absolute minimum at some point a on (0,00). Since such a point must be a
critical number for S, a=4 is the only possibility. Alternatively, note that

S'(a) = 2a"2(a® — 64) = 2a"2(a—4)(a* +4a+16) = 2a"2(a*+4a+16) (a—4).

Thus, S’(a) <0 if 0<a<4 and S’(a) >0 if a>4. The first derivative test for absolute extrema then
implies that a=4 is the absolute minimum of the function S(a) on (0, c0).

The corresponding height for a=4 is
32

h:4—2

=2

Thus, the desired dimensions are

length=width= 4 in, height= 2 in
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8. (10 pts) Suppose that a car starts moving from stationary position and that it has acceleration given
by a(t) = 6et +20t3. Find the function which gives the distance that the car has traveled after t hours.

Denote by x(t) the position of the car, relative to its starting point, at time ¢ and by v(t) its velocity
at time ¢. Since x(t) is the position relative to the starting point and the car is stationary at t=0,

z(0)=0 and v(0) = 0.
Since v'(t)=a(t), v(t) is an anti-derivative for a(t):
A
a(t) = 6et + 2083 — v(t) = 6et + 20 +C = 6e! 4 5t* + C.
Plug in v(0)=0 to find C:
v(0)=6"+5.0'+C=0 = 6+C=0 = C=-6 = ot)=06e+5t*—6.
Since 2/(t) =wv(t), z(t) is an anti-derivative for v(t):

t5
v(t):66t+5t4—6 = :Zf(t):66t+5g—6t—|—C:66t+t5_6t+C'

Plug in 2(0)=0 to find C:

z(t) =62 +0°—6-0+C =0 — 6+C=0 — C=-6

— z(t) = 6e! +1>— 6t —6
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