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ENUMERATION OF GENUS-THREE PLANE
CURVES
WITH A FIXED COMPLEX STRUCTURE

ALEKSEY ZINGER

Abstract

We give a practical formula for counting irreducible nodal genus-three
plane curves with a fixed general complex structure on the normaliza-
tion. As an intermediate step, we enumerate rational plane curves that
have a (3, 4)-cusp.
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1.1. Background and Results. Let (X, jx;) be a nonsingular Riemann
surface of genus-3 and let d be a positive integer. Denote by Hs. 4(P?) the set
of simple holomorphic maps from ¥ to P? of degree d. We call a holomorphic
map u : ¥ — P? simple if u: ¥ — w(X) is a normalization map. Let
= (u1,...,u3q—4) be a tuple of points in P? in general position. Then
the set

Hsalp) = {1, ysa—a;u): u€Hs a(P?);

(1.1)
yeX, uly)=w vi=1,... ,3d—4}

is finite. For a dense open subset of complex structures js; on X, the cardinal-
ity of this set is the same number n3 4. More intrinsically, ns 4 is the number
of genus-3 degree-d plane curves that pass through 3d—4 points in general po-
sition and have a pre-specified general complex structure on the normalization.

Enumerative numbers, such as n3 4, have been of interest in algebraic geom-
etry for a long time. The low-genus numbers, ng =ng,q, 71,4, and ng 4 are
computed in [KM], [RT], [I], [P1], [Z2], and [KQR] with completion in [Z1].
In this paper, we apply the machinery developed in [Z2] and [Z3] to compute
the numbers ng 4.

It is shown in Section 10 of [RT] that

na = RTo q(pe1, pi2, p3; fas - - -5 f13d—1),

where RTp 4(-; ) denotes the symplectic invariant of P? as defined in [RT]. In
[1], the difference

RTq,a(p1s o, -+ 5 f13d—1) — 2114

is shown to be a certain multiple of ng4. Extending the general approach of [I],
in [Z2], the difference

RT2,q(; 1, - - -, H3d—2) — 2n2 4

is expressed in terms of the numbers ngy with d’ <d. Due to the two com-
position laws of [RT], the symplectic invariants RTy 4(+;-) of P? are easily
computable. Thus, comparing enumerative invariants of P2 to the symplectic
ones as above is sufficient for computing the enumerative invariants. In this
paper, we prove



ENUMERATION OF GENUS-THREE PLANE CURVES 3

Theorem 1.1. If d is a positive integer and p is a tuple of 3d—4 points
in general position in P2,

n3 q = RT3 4(; 1) — CR3(p), where
%033(@ — (41323 (L*) + 210ac3 (£7) + 44cH(L7), (P2 ()]} + 18[V3 ()]
—(217a® + 84a(c1 (L) +c1(L£3)) + 16(c3 (L5)+c1(L3))
+10c1(L£7)e1(£3), Vo (u)])-

d [2]3 4 ) 6 7
n3q | 0] 0] 14,280 | 9,469,152 | 6,573,686,112 | 6,289,178,278,656

TABLE 1. The Numbers n3 4 for Small Values of d

The notation used in Theorem 1.1 is the same as in [Z2]; see Subsection 2.2 for
more details. For now, it is sufficient to say that the intersection numbers in
Theorem 1.1 can be expressed in terms of intersection numbers of tautological
classes in the space of stable rational maps into P2. The latter are shown to
be computable in [P2]; see also Subsection 5.7 in [Z2]. Thus, Theorem 1.1
gives a practical formula for computing the numbers ns 4. Our number nz 4
agrees with that of [AF1].

Along the way, we also enumerate rational curves with certain singularities.
In particular, let S1;2(p) denote the set of plane rational degree-d curves that
have a (3,4)-cusp and pass through the 3d—4 points p1, ..., uss—4. Corol-
lary 3.5 expresses the number |Sy;2(p)| in terms of intersections of tautological
classes in the space of rational maps. See also Lemmas 3.1, 3.2, and 3.3. The
degree-four numbers of Lemma 3.1 and Corollary 3.5 agree with the numbers
computed by P. Aluffi from a formula in [AF2].

The argument of this paper can be easily modified to enumerate genus-3 plane
curves with any fixed non-hyperelliptic smooth complex structure on the nor-
malization. Suppose (3, 7) is not hyperelliptic and has n “hyperflexes” in the
sense of [AF1], i.e. exactly n Weierstrass points with gap values (1,2,5) and
24—2n Weierstrass points with gap values (1,2,4); see [GH, p. 273]. Then the
number of genus-3 degree-d plane curves passing through 3d —4 points and
with normalization (X,7) is (ns,q—2n|S1,2(n)|)/Aut(S, j); see the remarks
following Corollary 2.13. In the d=4 case, the same correction is obtained in
Subsection 3.6 of [AF1]. If (X, j) is hyperelliptic, the modifications required
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to compute the corresponding enumerative number would be significant; see
Remark 3 after Corollary 2.13.

The previous paragraph raises the following natural question. Suppose (X, j,)
is a sequence of general genus-three complex surfaces that converges to a non-
general non-hyperelliptic smooth surface (X, j). In other words, each surface
3., is smooth, non-hyperelliptic, and free of hyperflexes, while the surface X
is smooth and non-hyperelliptic, but has n > 0 hyperflexes. For each r, let
{tri: 2y —>]P’2} be the n3 4-element set of holomorphic maps of degree-d that
pass through the points p1,...,psq—4. The previous paragraph implies that
2n|S1,2(p)| of the elements of the set {u,.;} “disappear” as r tends to infinity.
The natural question then is what is the limit of these 2n|S1,2(u)|-element sets
with respect to the stable-map, or Gromov-convergence, compactification of
the space of holomorphic maps ¥ — P2. The answer is the set of stable maps
described as follows. The domain of each map has two irreducible compo-
nents, ¥ and P'. The singular point of ¥ is one of the n hyperflexes. The
map is constant on ¥ and thus has degree d on the rational component. The
image of each map is a rational curve that passes through the 3d —4 points
and has a (3,4)-cusp at the image of the principal component. A natural
extension of the arguments in [P1], [KQR], and [Z1] to the genus-three case
shows that every two-component stable map that appears in the limit must
have the above form. By symmetry, we can then conclude that each stable
map described above appears in the limit exactly twice. It should also be
possible to reach the latter conclusion by adopting the argument of Section 5
of [Z1] to the present situation.

The author thanks P. Aluffi, T. Mrowka, and R. Vakil for helpful conversa-
tions. In particular, the question of enumerating genus-3 curves with a fixed
non-general complex structure was posed to the author by P. Aluffi, who also
pointed out that the conclusion of the original limiting argument for obtain-
ing counts of such curves directly from the numbers n3 4 could not have been
be valid. The author also thanks the referee for very detailed comments and
corrections concerning the original version of this paper.

1.2. Summary. We now outline the proof of Theorem 1.1. If v € T'(X x
P2 A7 TS ® 15, TP?), let My, 4 denote the set of all smooth maps u
from ¥ to P? of degree d such that Qu|. =v|(, u() for all z€ . If p is as
above and N =3d—4, put

Mspa(p) = {1, ynviu): u€Ms a3 €D, uly)=m VI=1,...,N}.



ENUMERATION OF GENUS-THREE PLANE CURVES 5

For a generic v, My, q is a smooth finite-dimensional oriented manifold, and
Ms ,a(p) is a zero-dimensional finite submanifold of My, 4 x =V, whose
cardinality (with sign) is the symplectic invariant RT3 4(; ). This number
depends only on the degree d; see Section 2 of [RT].

If [[vil|co — 0 and (y,;ui) € M u,,a(p), then a subsequence of {(y,;ui)}i2,
must converge in the Gromov topology to one of the following:

(1) an element of Hx 4(p);

(2) (Sp,y,up), where 3y is a bubble tree of $*’s attached to ¥ with marked
points y1, . .., yn, and up: Bp — P2 is a holomorphic map such that uy(1y;) =
for [=1,..., N, and

(2a) up|Y is simple and the tree contains at least one S?;

(2b) up|2 is multiply-covered;

(2¢) up|X is constant and the tree contains at least one S2.

By a dimension-counting argument similar to the proof of Proposition 6.6
in [Z2], the cases (2a) and (2b) cannot occur. As in [Z2], our approach will be
to take ¢ >0 very small and to determine the number CR3(u) of the elements
of Ms 1,q(pt) that lie near the maps of type (2c). The rest of the elements
of My +,q(p) must lie near the space Hy q(p). By Proposition 3.30 in [Z3]
and Corollary 6.5 in [Z2], there is a one-to-one correspondence between the
elements of Hy, ¢(1) and the nearby elements of Msx; 1, 4(pt), at least if d> 5.
In fact, a standard argument shows that Corollary 6.5 remains valid if d=4
and (X,7) is general. If d =1,2,3, Hx q(u) =0 by [ACGH, p. 116]. Thus,
we are able to compute the cardinality of Hx 4(u) by computing the total
number C'R3(p) of elements of My 4, 4(t) that lie near the maps of type (2c).

The space of stable maps of type (2c) is stratified by smooth, usually non-
compact, manifolds Mz (p). The set of elements of My 1, q(1) that lie near
each space M7 (u) corresponds to the zero set of a map between two bundles
over Mz (u). By extracting dominant terms from each such map, the signed
cardinality N(7) of the zero set of the map can be identified with the signed
cardinality of the zero set of an affine map between vector bundles over a
closure of Mz (u) or of a certain submanifold of Mz (). The argument is
nearly the same as in Sections 2 and 4 of [Z2]. It is summarized briefly at the
end of Subsection 2.4. The number C'R3(u), the sum of the numbers N(7),
can then be expressed as the sum of the cardinalities of the zero sets of affine
vector bundles over compact manifolds; see Corollary 2.13. Topological for-
mulas for the six numbers n{f) (u) of Corollary 2.13 are obtained in Section 4;
see Lemmas 4.9, 4.8, 4.1, 4.4, 4.2, and 4.3, respectively. Using the results
of Lemmas 3.1, 3.3, and 3.4, we obtain the expression for CR3(u) given in
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Theorem 1.1.

In Subsection 2.1, we review the topological tools to be used in Sections 3
and 4. We summarize our notation for spaces of bubble maps and vector bun-
dles over them in Subsection 2.2. Subsection 2.3 describes the structure of
spaces of rational maps and the behavior of certain bundle sections over them
near the boundary strata. These descriptions are needed to implement the
topological tools of Subsection 2.1 in Sections 3 and 4. In Subsection 2.4, we
describe the number of elements of My 4, 4(1) near each given strata Mz (u)
of bubble maps of type (2c) in terms of the zero sets of affine maps between
finite-rank vector bundles over relatively simple topological spaces.

In Section 3, we enumerate rational curves with certain singularities and also
compute the intersection numbers used in Section 4. Rational curves with
singularities can be identified with the zeros of bundle sections over spaces
of stable rational maps that lie in the main stratum. We use the topologi-
cal tools of Subsection 2.1 to determine the contribution from the boundary
strata of such spaces to the euler class of the bundle. Finally, in Section 4,
we derive topological formulas for the six numbers of Corollary 2.13 using the
same approach as in Section 3.

In a certain sense, the number C'R3(p) of Theorem 1.1 can be viewed as the
infinite-dimensional analogue of the boundary contribution to the euler class of
a vector bundle. Similarly to the finite-dimensional case, CR3(p) is the num-
ber of zeros of a small perturbation of the section d that lie near the boundary
strata. However, an important difference with the finite-dimensional case is
that “the euler class” of the infinite-rank vector bundle involved depends on
the Fredholm-homotopy class of the section 0. Construction of such an euler
class, in a much more general setting, is the subject of [FO] and [LT].

2. The Computational Setting

2.1. Topology. We begin by describing the topological tools used in the
next two sections. In particular, we review the notion of contribution to the
euler class of a vector bundle from a (not necessarily closed) subset of the zero
set of a section. We also recall how one can enumerate the zeros of an affine
map between vector bundles. These concepts are closely intertwined. Details
can be found in Section 3 of [Z2].
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Throughout this paper, all vector bundles are assumed to be complex and
normed. If FF— M is a smooth vector bundle, closed subset Y of F'is small
if it contains no fiber of F' and is preserved under scalar multiplication. If Z
is a compact oriented zero-dimensional manifold, we denote the signed cardi-
nality of Z by *|2Z].

Definition 2.1. Suppose F,O — M are smooth vector bundles.
i=k
(1) If F= @ F;, bundle map o: F'— O is a polynomial of degree dy if for
i=1

each i€ [k] there exists
pi €D(M; EX®%00) foric[k]
such that
i=k i=k
a(v) = Zpi (Ufli) Vo = (Ui)ie[k] S @Fz
i=1 i=1
(2) If a: F— O is a polynomial, the rank of « is the number

rk o = max{rkya: be M}, where rkya = dimg (Im ab).

The polynomial a: F'— O s of constant rank if rkya = rk « for all be M;
« 1s nondegenerate if rkya =1k F for all be M.

(3) If Q2 is an open subset of F and ¢: Q — O is a smooth bundle map,
bundle map o: F — O is a dominant term of ¢ if there exists € € C°(F;R)
such that

|¢(U) - a(v)| <e)|a(v)] Yve and lim e(v) =0.

v—

Dominant term o: F— O of ¢ is the resolvent of ¢ if « is a polynomial of
constant rank.

(4) ¢: Q— O is hollow if there exist a dominant term a of ¢ and splittings
F=F"®F" and O=0~® OF such that a(FT)COT, a~=n"o (a|F7) is
a constant-rank polynomial, where 7= : O — O~ is the projection map, and
(rk o= +1dimM)<rk O~.

The base spaces we work with in the next two sections are closely related to
spaces of rational maps into P? of total degree d that pass through the N
points f1,..., N, where N =3d—4 as before. From the algebraic geometry
point of view, spaces of rational maps are algebraic stacks, but with a fairly
obscure local structure. We view these spaces as mostly smooth, or ms-, mani-
folds: compact oriented topological manifolds stratified by smooth manifolds,
such that the boundary strata have (real) codimension at least two. Subsec-
tion 2.3 gives explicit descriptions of neighborhoods of boundary strata and
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of the behavior of certain bundle sections near such strata. We call the main
stratum M of ms-manifold M the smooth base of M. Definition 3.7 in [Z2]
also introduces the natural notions of ms-maps between ms-manifolds, ms-
bundles over ms-manifolds, and ms-sections of ms-bundles.

Definition 2.2. Let M =M, U |_|:L:_O2 M; =MU |_|:L:_O2 M; be an ms-
manifold of dimension n.
(1) If ZC M is a smooth oriented submanifold, a normal-bundle model for Z
is an ordered triple (F,Y,1), where
(1a) F— Z is a smooth vector bundle and Y is a small subset of F';
(1b) for some §€C>®(Z;R*), ¥: F5—(Y —Z) — M is a continuous map
such that
(1b-i) 9: Fs— (Y —Z) — M is a homeomorphism onto an open neigh-
borhood of Z in MU Z;
(1b-ii) V| z is the identity map, and ¥: Fs—Y—Z — M is an orientation-
preserving diffeomorphism on an open subset of M.
(2) A closure of a normal-bundle model (F,Y, V) for Z is an ordered triple
(Z,F,W), where
(2a) Z is an ms-manifold with smooth base Z;
(2b) T: Z— M is an ms-map such that 7|z is the identity;
(2¢c) F— Z is an ms-bundle such that F|z=F.

We use a normal-bundle model for Z to describe the behavior of bundle sec-
tions over M near Z. In particular, if a: E — @ is an ms-polynomial, we
call Z an a-regular subset of M if for some normal-bundle model (F,Y, ) for
Z, 9"« can be approximated, by a constant-rank polynomial p: F & F— O;
see Definition 3.9 in [Z2]. The polynomial a: E — O is regular if M can be
decomposed into finitely many a-regular subsets. If rk E +% dim M =1k O,
for a generic v €T'(M; O), the zero set of the polynomial map

¢a7u: E— 07 wa,u(U) =y + a(U)a

is a zero-dimensional oriented submanifold of E|M. By Lemma 3.10 in [Z2],
if o is a regular polynomial, 77[1077}/(0) is a finite set for a generic choice of v,
and N (o) =* |¢;1,(0)| is independent of such a choice of v.

In Section 3, rational curves with pre-specified singularities are identified with
the zero set of a section s of a vector bundle V' over a smooth manifold M.
The section s extends over a compactification M of M. Thus, the subset of
M we are interested in can be identified with the euler class e(V') of V' minus
the s-contribution Cy_,(s) to e(V) from M—M. In the cases we encounter
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in Sections 3 and 4, s71(0) N (M —.M) decomposes into disjoint, and usually
non-compact, manifolds Z; near which the behavior of s can be understood.
Then Cy_p(s)=>Cz,(s), where Cz,(s) is the s-contribution of Z; to e(V).
This is the signed number of elements of {s+v}~1(0) that lie very close to Z;,
where v €T'(M; V) is a small generic perturbation of s. The manifolds Z; we
encounter fall in one of the two categories described below.

Definition 2.3. Suppose M is an ms-manifold of dimension 2n, V — M
is an ms-bundle of rank n, s€T(M;V), and ZCs~*(0).
(1) Z is s-hollow if there exist a normal-bundle model (F,Y,¥) for Z and a
bundle isomorphism Vy: 0*V — 1wV, covering the identity on F5s—(Y —2),
such that

(1a) Vv |ps—y—z is smooth and Vv |z is the identity;

(1b) the map ¢ = Yy o ¥*s: Fs— (Y —2Z)—V is hollow.
(2) Z is s-reqular if there exist a normal-bundle model (F,Y,9) for Z with
closure (g,ﬁ,ﬂ), a regular polynomial o : F— 7V, and a bundle isomor-
phism y: 9*V — 73,V covering the identity on Fs— (Y —Z), such that

(2a) Vv |ps—y—z is smooth and Vv |z is the identity;

(2b) oz is nondegenerate and is the resolvent for

p=vyolis: F5—(Y—-2)—V,

and Y is preserved under scalar multiplication in each of the components of
F for the splitting corresponding to a as in (1) of Definition 2.1.

Proposition 2.4. Let V. — M be an ms-bundle of rank n over an ms-
manifold of dimension 2n. SupposelU is an open subset of M and s€T'(M; V)
is such that sy is transversal to the zero set.

(1) If s=1(0) NU is a finite set, T|s~1(0) NU| = (e(V), [M]) — Cry_y(5)-

_ i=k
(2) If M—U = || Z;, where each Z; is s-regular or s-hollow, then s~1(0)NU
i=1

1=

is finite, and
i=k
F[s7H0) nU| = (e(V), [M]) = Crau(s) = (e(V), [M]) — Zczi(S)-

If Z; is s-hollow, Cz,(s)=0. If Z; is s-regular and o : F,—V s the corre-
sponding polynomial,

Cz,(s) =X |[{veF;: Dy+a;(v) = 0} = N(a),
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where v € T(Z2;;V) is a generic section. Finally, if a; € F(Zl,F*‘g’k ® V)
has constant rank over Z; and factors through a k-to-1 cover pi: F, —>F®k

Czi(s) = k<6(7T*V/Ozl(E)), [Zl]>

This is Corollary 3.13 in [Z2]. Proposition 2.4 reduces the problem of com-
puting Cz,(s) for an s-regular manifold Z; to counting the zeros of a poly-
nomial map between two vector bundles. The general setting for the latter
problem is the following. Suppose E,O — M are ms-bundles such that
rk E—|—%dim/\;l =1k O, and a : F — O is a regular polynomial. Let
vel'(M;O) be such that the map

Yap=v+a: E—O

is transversal to the zero set in O on E|M, and all its zeros are contained
in E|M. Then N(a)=* |¢;}; (0)] depends only on «. If the rank of E is zero,
then clearly

= [455(0)] = (e(0), [M]).
If the rank of E is positive and 7 is generic, it does not vanish and thus
determmes a trivial line subbundle C7 of O. Let O+ = O/Cv and denote

by o the composition of a with the quotient projection map. If E is a line
bundle and « is linear,

a) =" 955 (0)] = (e(E* ® OF),[M]) = Co-1()(a™).

By Proposition 2.4, the computation of Ca—l(o)(OZL) again involves counting
the zeros of polynomial maps, but with the rank of the new target bundle,
i.e. B*® OL, one less than the rank of the original one, i.e. O. Subsection 3.3
in [Z2] reduces the problem of determining N () in all other cases to the case
where F is a line bundle and « is linear. Thus, at least in reasonably good
cases, N(«) can be determined after a finite number of steps.

The next lemma summarizes the results of Subsection 3.3 in [Z2] in the case
where the original map o : E — O is linear. This case suffices for our
purposes. We denote by ag € I'(PE;v;@750) the section induced by c.
Let Ap=ci1(v5)-

Lemma 2.5. Suppose M is an ms-manifold and E,O —s M are ms-
bundles such that

rkE—i—%dim/\;l:rk(’).
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If a eT(M; E*®0) and v € T(M;O) are such that « is reqular, v has no
zeros, the map
Yoap=v+a: E— O

is transversal to the zero set on E|M, and all its zeros are contained in E|M,
then 1/);},(0) is a finite set, i|1/);},(0)| depends only on «, and

N(a) =F 1z 5(0)] = (c(O)e(E) ™ IM)]) = Comt ) (@)

2.2. Review of Notation. In this subsection, we give a brief description
of the most important notation used in this paper. See Section 2 in [Z3] for
more details.

Let gy, gs: C— S2 CR? be the stereographic projections mapping the origin
in C to the north and south poles, respectively. Denote the south pole of S2,
i.e. the point (0,0,—1) € R?, by co. We identify C with S? — {co} via the
map gn-

If N is any nonnegative integer, let [N]={1,...,N}. If I; and I are two
sets, we denote the disjoint union of I; and I by I1+Is.

Definition 2.6. A finite partially ordered set I is a linearly ordered set if
for all i1,i2,h €1 such that iy,i2 <h, either iy <ig or iy <ij.
A linearly ordered set I is a rooted tree if I has a unique minimal element,
i.e. there exists 0€ I such that 0<i for alliel.

If I is a linearly ordered set, let I be the subset of the non-minimal elements
of I. For every he I, denote by ¢}, € I the largest element of I which is smaller

than h. We call ¢: I — I the attaching map of I. Suppose I = || Ij is
kEK
the splitting of I into rooted trees such that k is the minimal element of I.

If 1¢ 1, we define the linearly ordered set I+;1 to be the set I+1 with all
partial-order relations of I along with the relations

k<1, 1<hifhel.
If T is a rooted tree, we write I+1 for I+41.

If S =X orS =52 and M is a finite set, a P2-valued bubble map with
M -marked points is a tuple

b= (SaMa-[;xa (jay)au)a
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where I is a linearly ordered set, and

z:I—SUS? j:M—1, y: M—SUS?,
and w: I —C(S;P?) U C™(S?;P?)

are maps such that
s, if o, &1, s, if j,¢1,

C>°(S%;P?), ifiel;
(17 ~
C>(S;P?), ifigl,

{SQ—{OO}, if el {SQ—{OO}, if jel;
Tp € Yy €

and up,(00) =u,, (zs) for all he I. We associate such a tuple with Riemann
surface

i} x S§2, ifiel; R
Yp = {{Z} x ne and (h,00) ~ (tp,xp) VhEI,

{i} xS, ifigl,

with marked points (ji, y1) € p,j,, and continuous map up : X — P2, given
by up|Ep,; = u; for all i€ I. We require that all the singular points of Xy,
ie. (th,xn) €Sy, for he I, and all the marked points be distinct. Further-
more, if S =52, all these points are to be different from the special marked
point (0, 00) € ¥,6- In addition, if ¥y ; = S* and u;.[S?] = 0 € Hao(P*Z),
then Xp ; must contain at least two singular and/or marked points of 3, other
than (i, 00). Two bubble maps b and b’ are equivalent if there exists a home-
omorphism ¢: Xy — Xy such that up=wupo ¢, ¢(ji, y1)=(j],y;) for all e M,
¢ls, . is holomorphic for all i€ I, and ¢|s, , =Id if S=3 and i€ 1.

The general structure of bubble maps is described by tuples
T = (Sa MaI;jvd)7

with d; €Z describing the degree of the map up on ;. We call such tuples
bubble types. Bubble type T is simple if I is a rooted tree; T is is basic if 1 =0);
T is semiprimitive if 1y & I for all heI. We call the semiprimitive bubble
type T primitive if j; €I for all j; € M. The above equivalence relation on the
set of bubble maps induces an equivalence relation on the set of bubble types.
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For each h,i€1, let
H/T ={hel: =i}, MT ={leM:j=i},

0, ifd;=0Viel s.t.i<h;
xth=<1, ifd,#0, but d;=0Viel s.t. i<h;

2, otherwise;
X(T) ={hel: xrh=1}.
Denote by Hz the space of all holomorphic bubble maps with structure 7.

The automorphism group of every bubble type 7 we encounter in the next
two sections is trivial. Thus, every bubble type discussed below is presumed
to be automorphism-free.

If S =%, we denote by M the set of equivalence classes of bubble maps
in H7. Then there exists M§9) C H7 such that M7 is the quotient of M§9)
by an (1) -action. Corresponding to this action, we obtain |I| line orbi-
bundles {L,7 — Mg : h € I }. The bundle of gluing parameters in the
case S=1X is

LT @ L, T, ifu, el;

FT = F, T, where F, w7 = R
D i Polf {LhMT@TzhE, if .

hel

Let FQT:{vz(Uh)hefeFT: vp #£0 Vhef}.

For each bubble type 7 = (52, M, I; j,d), let

Ur = {[b]: b=(S* M, L;z,(j,y),u) EHr, ui (00) = uj,(c0) Vil,igel—f}.
Similarly to the S=X case above, Uz is the quotient of a subset Br of Hz by
a Gz =(S")'-action. Denote by LI(TO) the quotient of By by Gr=(S") cGr.
Then U7 is the quotient of Z/{q(g) by the residual G4 = (S*)'~! ¢ G action.

Corresponding to these quotients, we obtain line orbi-bundles {LhT—>Z/{(TO ):

hel} and {L;T—Us:icI}. Let
LywT @ L}, T, i, el;

FT =M E,T — U, where Fj, 7T = R
@ " 4 ol Ly 7, if o &1

hel
FT = @}'h’]' — Uz, where Fj, 7 = L7 @ Ltm[b]T'
hel

The bundle of gluing parameters in the case S=52 is F7.
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The Gromov-convergence topology on the space of equivalence classes of bub-
ble maps induces a partial ordering on the set of bubble types and their
equivalence classes such that the spaces

My = U Mz, Z;{(O)z U Uq(g,), and Ur = U Ut
T<T T<T T<T

are compact and Hausdorff. The G%-action on L{gJ ) extends to an action on

77(9 ), and thus line orbi-bundles L;7 — U7 with i€ [ — I extend over Ur.

The evaluation maps

evi: Hr — P2, evi((S, M, I;z, (4,y), u)) = u;, (),
descend to all the quotients and induce continuous maps on Mz, Uz, and Z;{(TO ).
If = pps is an M-tuple of submanifolds of P2, let

Mz (p) = {beMr:evi(b)eu VIEM}

and define spaces Uz (1), Uz (1), etc. in a similar way. If S = S?, we define
another evaluation map,

ev: By — P? by ev((S2,M, Iz, (7, y),u)) = ug(00),
where 0 is any minimal element of I. This map descends to L{gJ ) and Ur. Tf
i = ;7 is an M-tuple of constraints, let

Ur(p) = {belr:evi(b) € YIEM N M, ev(b) € YIeM—M}

and define L{(TO ) (1), etc. similarly. If S=3%, 7 is a simple bubble type, and
dy =0, define

ev: Hr — P? by ev((E,M,I;a:, (7, y),u)) = ().
This map is well-defined, since u is a degree-zero holomorphic map and thus

is constant.

Suppose T = (52, M, 1;j,d) is a bubble type, {7 = (S?, My, I; ji. d},) } are
the corresponding simple types (see [Z3]), k € I—1I, and My is a nonempty
subset of M 7. Let

T/MO — (S27I7M_M07.7|(M_M0)7C_i)
Define T(MO) = (527M7]+k i;j/adl) by
k, ifl e My; 0, ifi=k;
1, ifle MyT — My; di =S dy, ifi=1;

Ji, otherwise; d;, otherwise.

-/
=
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The tuples T /My and T (My) are bubble types as long as dj, #0 or Mo # MyT.
Then,

(21) Z;{T(Mo)(:u) = MO7{1}+MO X Z;{T/Mo (,U),

where Mo, {3+ Mo denotes the Deligne-Mumford moduli space of rational
curves with ({0,1} + Mjy)-marked points. If [ € M7 for some k € I —1,
we denote 7 ({I}) by 7(1). Let

(2.2)

a(LiT)=a(liT)— Y. PDy [Uron(w)] € H (Ur(p).
MoCMk,MQ;ﬁ@

If the constraints y are disjoint, Uz (a)(p) = 0 if [Mo|>2 and

[Uray ()] Ner(LiT) = [Uray ()] Ner(LiT (1))

2.3 y
(2.3) = [u’]’(l)(/‘)} mcl(£¥7(1))

See Subsection 5.2 in [Z2].

We are now ready to explain the statement of Theorem 1.1. Let d and p be
as in Subsection 1.1. If k is a positive integer, let V(1) denote the disjoint
union of the spaces Uz (1) taken over equivalence classes of basic bubble types
T =(S%[N],I;j,d) with |I|=Fk and Y dy =d. Similarly, we denote by Vj(u)
the subspace of Vi (1) consisting of the spaces Uz (i) with 7 as above. Note
that the dimension of Vi (1) over R is 12—4k. Let

a=evici(v) € H*(Vk(p); Z), (L) =ca(LT) e H?*(V1(p); 7).

where 7 = (52, [N],{0};0,d). While the components of Vy(1) are unordered,
we can still define the chern classes

ci(L}) + (L), G(L7) +1(L5), er(Ly)er(Ls) € H (Va(p))-
In the notation of the previous paragraph, c¢;1(L;) denotes the cohomology

class ¢1 (L}, T, ), where we write I={ky, ko}.

There are generalizations of the splitting (2.1) that are useful in computations.
Let 7 and {7;} be as above. Suppose k€ I—1I and dy=0. Denote by 7 the
bubble type obtained from 7" by removing k from I and M7 from M. Then,

(2.4) Ur (1) = Mo, i, 7+ M7 X Uz (1),

where Mo g, 7+, 7 denotes the main stratum of Mg g, 74 1,7 It is shown

in [Z3], that Mo m, 74,7 is the quotient of a subset Mé?}{kTJerT of CHT+McT
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by the diagonal S'-action. The closure ./\;lé?l)qkT a1 Of M(()?}{kT a7 18 ST
equivariantly diffeomorphic to S2UIHkT+MxT)=3. see Subsection 5.7 for the

case |H,T +MT|=3. Thus, Mo g, 7+m,7 admits a compactification

v _ 40 1 o lHyT+MyT|—2
MO:Hk7+MkT_MO,HkT+MkT/S ~ Pl kT2,

Via the splitting (2.4), we obtain a compactification of Uz (u):
(2.5) Ur(u) = Mo,mot a1 X Uz ().

Note that Uz (u) = Uz (i) if the cardinality of HyT + MT is two or three.
Furthermore, in all cases, the restrictions of L7 and the tautological line
bundle of Mg m, 74+m,7 to Ur(n) agree.

Finally, if X is any space, F'— X is a normed vector bundle, and 6: X — R
is any function, let

Fs = {(b,’U)EF: |’U|b < 5(b)}

Similarly, if  is a subset of F', let Q5 = FsNQ. If v=(b,v) € F, denote by b,
the image of v under the bundle projection map, i.e. b in this case.

2.3. Spaces of Rational Maps. In this subsection, we describe the
structure of various spaces of bubble maps passing through the points p1, ..., un-
The main goal is to describe the behavior of certain bundle sections over such
spaces near the boundary strata.

Lemma 2.7. There exist rpz >0 and a smooth family of Kahler metrics
{gp2,4: g €P"} on P? with the following property. If By(q',r) CP? denotes
the gp2 4-geodesic ball about q' of radius v, the triple (Bq(q,rp2),J, gp2q) is
isomorphic to a ball in C? for all g€P?.

This is the n=2 case of Lemma 2.1 in [Z2]. If b= (52, M, Iz, (7, y),u) eBr,
m>1,and k€l, let

2 D™ld

'D(m)b - - - =
Tk (m—1)!dsm™1ds

(ur 0 qs)

(s,6)=0"
where the covariant derivatives are taken with respect to the metric gpe , =
gp2,ev(v) and s+it€ C. If 7 is a basic bubble type, the maps DY), with T <7

and k€ I—I, induce a continuous section of ev*TP? over Z;{(TO ) and a continuous
section of the bundle L;7®™@ev*TP? over Uz, described by

DY) b ci] = e DY)b, i beUty’, e €C.
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We will often write Dy instead of D(le)k. If 7 is simple, we will abbreviate
Dg-mlz as D™, If T = (%,[N],I;4,d) is a simple bubble type and k € I, let
Dg-mlz denote the section D(Tmlz' Finally, fix a real number p>2.

Theorem 2.8. Suppose d is a positive integer, N =3d—4, My is a subset
of [N], and p=(p1, - . . ,,u~N) is an N-tuple of points in general position in P2,
If T=(S%[N]—Moy, I;7,d) is a basic bubble type such that 3" d;=d, the space
Uz () is an ms-manifold of dimension 2(6—2|I|—|Mo|) and LyT for k€I and
ev*TP? are ms-bundles over Uz (p). If T = (S%,[N]—Mo,I;j,d) < T, there
exist §,C € C™ (L{T(u);R+) and a homeomorphism

Vi FTs — Uz (),

onto an open neighborhood of Uz (1) in Uz (w) such that iUz () is the iden-
tity and ’y§|.7:®7:; is an orientation-preserving diffeomorphism onto an open
subset of U (u). Furthermore, with appropriate identifications,

‘ka’yg(v) —arT (pT(’U))‘ < C(bv)|v|% lpr(v)| VveFTs, where

pr (V) = (b, (Bn)nex(T)) € FT = @LhT@@L?hT;
hex(T)

Up = Hvi; inel —1, in<h; a1k (b, (On)hey(T)) = Z D1 ,pUn,
ieli<h heINx(T)

and I, C I is the rooted tree containing k.

This is a special case of Theorem 2.8 in [Z2]; see also the remark following
the theorem. The analytic estimate on Ds ; is used frequently in the next
two sections. If 7 is semiprimitive, the bundle F7 = F7T and the section
ar = aropr extend over Ur () via the decomposition (2.5). In terms of the
notions of Subsection 2.1, (F7T, FT-FT, 74) is a normal-bundle model for
Uz (1) C Uz (p). This normal-bundle model admits a closure if 7 is semiprim-
itive.

We will need a similar description for spaces of stable maps corresponding to
the rational degree-d curves with certain singularities that pass through the
3d—4 points 1, ..., un. If T=(5% M,I;j,d) is a bubble type and yrh=1,
let

L,T, ifhel-1I;
B, T =t WhElmh g D BT
FnT, ifhel; hex(T)
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If M=[N]—Mp and >_d;=d, put
Sra(p) = {bels(n): Dz pb=0 for some hex(T)}.

If [X(T)[=2, let

Stia(n) = {[b, @) nex()] EPET: > Drutn=0} — Sra(p).
hex(T)

If 7 is basic and |I|=1, the set S1 () =871 (1) of maps can be identified with
a dense open subset of the set of irreducible rational degree-d curves that pass
through the 3d—4 points and have a cusp. We denote the closure of S;(u)
in Vi(u) by Si(n). Let Sz.2(p) be the disjoint union of the spaces St.2(i)
taken over all equivalence classes of basic bubble types 7 with |I|=2. The set
S2.2(1) can be identified with a dense open subset of the set of two-component
rational degree-d curves that pass through the 3d—4 points and have a tacnode
as a node common to both components. We denote by Sa.o(x) the closure of
S2.2(p) in PE,, where E — Vo(p) is the bundle such that Es|Ur(u)=ET.
Similarly, we denote by Sa.1(p) the disjoint union of the spaces Sz.1(u) taken
over all equivalence classes of basic bubble types 7 with |I|=2. This finite
set can be identified with a subset of Sy.0(u) as well as with the set of two-
component rational degree-d curves passing through the 3d —4 points such
that the two components meet at a node at which one of them has a cusp.

Suppose T = (S?,[N]— Moy, I; j,d) is a simple bubble type with >_ d;=d. By
Corollary 6.3 in [Z2], the space S7.1(u) is a smooth complex submanifold
of Uy (p). Let

NSz =L; TRev" TP> — Sr,1 (1)

denote its normal bundle, where hi € x(7') is such that Dz »,b=0. Put

{0}, if hy ¢ 1;
FSra= P AT &4 FuT, if hyel & x(T)={h};
hel-x(T) Fi T ® Ly TOLp, T, if X(T)={h1, h2};
- Fn, T®2, if hyel & x(T)={h1};
fST;l =
.7:th®2 @thT, if X(T)Z{hl,hg}.

If dy=0, we define p7.1: FS7;1 —>]EST;1 and

ary € T(S1(p); Hom(FSr,1; LT #*@ev TP?))
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by
,07-1( ): {Uh1®vh1a if X(T) {hl};
(Vh, @Un,, v, ®u), if x(T)={h1,ho} & we Ly TRLy,T;
PP, @ i X(T) = ()

If ‘x(T)‘ >2, S7.2(p) is a smooth submanifold of PET — Uz (11). We identify
it with a subset of U7 (1) via the bundle projection map w7 : PET — U7 ().
If ‘x(T)‘ =3, St.2(p) =Ur(p), and we put N'S7.o={0}. If x(7T)={h1,ha},
St.2(p) is a smooth submanifold of Uz (1) with normal bundle

NSz =L;,T®(Im Drp,)"
If oy, =tn, for all by, ho € x(T), put

FS12=7 @ rir® EFT,
hex(T) hegx(T)

C, if 1, =0 Vhex(T);
T%2,

.7:_8 - h ® 1 0
T2=7 @ FuT if 1, =140 Vhex(T).

hex(T)

Let pri2: FS1;2 —>.7:'ST;2 be the projection map followed by multiplication.
Define

at2 €T (ST2(1); Hom (FS7.2; LST®2®ev*TIP2)) by

aT;Z((Uh hex(T) Z thT hUh if bU:(SQ,M,I;x,(j,y),u).
hex(T)

If x71=0 for some 1 €1 —x(T), HyT={1,h1}, and hy € x(T)—{h1}, let
.7:57;2 = fiTGthzT, .7:—87;2 = .7:17'@7‘—;127', and prio: .7:57;2 — .7:—87;2
be the multiplication map. Define a2 € T'(S7.2(1); Hom(]:'ST;g; L%"T®2 ®eV*T]P’2)) by

/
QT2 (Ui ®U}L2) = T3 E DT,hvh + mhllpT,hlvhl,
hex(T)—{h1}

if bui®uh2 = (527 M, I;z, (]7 y)au)a [’Ui®vla ’UhJ EST§2(/1’)7

where ' = (Un)nex(T)—{h1}-

In all cases, denote by F (Z)ST;;C the subset of 7S, consisting of vectors with
all components nonzero.
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Proposition 2.9. If T = (S?,[N]— Moy, {0};0,d) and T = (S%,[N]—
My, I;j,d)<T are simple bubble types,

Sti1(p), if [X(T)|=1;
Sga(w) NUT(p) = S STa(p) UST2(p), if |HyT|=|1|=2 & MyT =0;
St2(p), otherwise.

In addition, there exist §,C € C™(St.(1);RT) and a continuous map

YTk FSTikie — Si’;l(ﬂ)
onto an open neighborhood of St.1 (1) in Sﬁl(u) such that vz |St.1 (1) is the
identity and 77;k|.7:987;k;5 is an orientation-preserving diffeomorphism onto
an open subset of Si’;l(ﬂ)' Furthermore, if dy #0, Dgg_)ﬁ does not vanish on
Sta(p). If dg=0, with appropriate identifications,

DE, (74 (0) = oz (pra(©)| < CONWF [ora(v)]  VoEFST s

Lemma 2.10. If 7 and T are as in Proposition 2.9, there exist § €
C*>®(S1.k(1); RT) and a continuous map

Arin: (NSTR®FT); — Uz (n)

onto an open neighborhood of Stk (1) in Uz (1) such that yrk|Stk(p) is the
identity and

VT ik | NS Tk, X ST;k(N)}"@%
is smooth and orientation-preserving an open subset of Uz(u). Furthermore,
there exists a subbundle Or of L* ® ev*TP? of rank less than the rank of
NS71..&FT such that, with appropriate identifications,

ij’7()|:7'2';k(XaU) c Or V(X,’U)E(NST;]@@FT)(S.

©)

7,00
either the same or very similar to the proof of Lemma 5.8 in [Z2], dependiﬂg on
the bubble type 7. If dy #0, we apply the analytic estimate of Theorem 2.8
and the Tmplicit Function Theorem to the section 74" Dz 5. If dy =0 and
k=1, the two theorems are applied to a section of (Ly7 @F,7)*® ev*TP?
induced by v D 5. If [x(T)|>2 and HyT = x(7 ), we work with a section
of (LOT®'7ET)*®éV*T]ID2 over the blowup of E7 along Uz (p). The case
xth =1 for all h € x(7) is similar. If x(7) = {h1,ha} is a two-element
set, and Hy7T = {i, hi1}, we use the same section, but given a small element

The proof of Proposition 2.9, with the exception of the estimate on D is
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(vi,Vn,) €EFST,2, we start with the approximate solution (vi, KUV, Un,),
with
KELT®Lp,T)*® Ly, T s.t.  [Vj0hy, KUUR, | €ST32(W).

The approach to the remaining case is analogous. The estimate on D(;)O is
obtained by the same argument as in the proof of Lemma 5.10 in [Z2]. The
proof makes use of the construction of 74 in [Z3], which involves a modifica-
tion of the pregluing step of standard gluing procedures for pseudoholomorphic
curves. The first statement of Lemma 2.10 is an immediate consequence of

Theorem 2.8. The second statement makes no claim unless |I|=1. In such a
case, the proof is exactly the same as the proof of Corollary 5.9 in [Z2].

We next describe the behavior of the section
Do = c1D1+ coD2 € T'(Sy0(1); Vi, ®evTP?),
for c1, co € C distinct, near 0S2.2(1) = Sa.0(1)—S2.2(p). As before, we identify
So;1(p) with a subset of Syo(u). Similarly, if 7= (52,[N],I;j,d) is a bubble
type such that I—I={k,ks} is a two-element set and 3 d; =d, let
ST;Q(ILL) :{ [b, Lle] sbelr(p), D’zjklb:()}
@] {[b, Lsz] : bEUT(p,), 'DT’kzbZO} C PE,.

Proposition 2.11. Suppose d is a positive integer and p is a tuple of 3d—4
points in general position in P2. Then

0Sa:2(1) = Sz (1) U J Sto2(p),
(7]

where the union is taken over all equivalence classes of non-basic types
T = (8% [N],I;j,d)

such that I —1I = {k1,k2} is a two-element set and > d;=d. Furthermore,
there exist 9, C' >0 and homeomorphism

Yoz {u€h, ©(B2/vE,)|0822(1): Jul <6} — Saa(p)

onto an open neighborhood of dSa.2(1) in Sa.2(p) such that y2.2|082.2(p) is the
identity and ~ya,0 restricts to an orientation-preserving diffeomorphism from
the complement of OSa.a(1) onto an open subset of Sao(p). Finally, with
appropriate identifications,

| D222 (1) — aga(u)| < Clul'+7
Vue {ues, ®(Es/v8,)|0822(1): [u| <8} — Saa(p),
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where g, € T'(882;2(1n); Hom(vy, @ (B2 /8, ), Vi, ® ev*TP?)) is an injection
on every fiber.

This proposition follows from Theorem 2.8 and the Implicit Function Theorem
by an argument similar to the proof of Proposition 2.9. Note that with our
choice of constraints, 0S2.2(p) is a finite set. Thus, we are able to take § and C
to be positive real numbers rather than continuous functions 0Ss.2(11) — R

2.4. Description of C'R3(p). In this subsection, we describe the number
of elements of Ms 4, 4(p) that lie near each strata M () of bubble maps
of type (2¢) in terms of the zeros of affine maps between vector bundles over
closures of certain subspaces of M7 (u). These results are proved by an argu-
ment similar to Sections 2 and 4 in [Z2], which is outlined briefly at the end
of this subsection.

We start by recalling more notation used in [Z2]. If T = (%,[N],I;5,d) is
a simple bubble type, let {gbﬁ tbe MT(M)} be a smooth family of Kahler
metrics on (X, ) such that

(1) for all b= (%, [N], I; 2, (j,y),u) € Mz (u) and h € HyT, g, is flat on a
neighborhood of zj in ¥;

(2) the metric g, 5 is determined by the tuple (x1)nem,7-

We denote by Hy' the 3-dimensional space of harmonic (0, 1)-forms on .

If ¢ € H%l, be Mz, m>1, and the metric 9p.0 18 flat near x, we define

Dl(:;)w €TIIR®™ as follows. If (s,t) are conformal coordinates centered at z
such that s>+t is the square of the g, g-distance to z, let

(s,t):()} (%) ’

where the covariant derivatives are taken with respect to the metric g, 4. If

{4;} is an orthonormal basis for Hy', let sl()n;) ETIX®m@HY' be given by

m!

(O = (pmgn (2 O\ _ m Dt
{Db7w¢}(as)_{Db,w¢}<8s""7as>_ {d8m71¢1

m

sl(:;) (v) = SZ(ZZ) (v,...,0) = Z {Dl(:;)wj}(v)wj.

m

The section sgﬂ;) is always independent of the choice of a basis for H%l, but is
dependent on the choice of the metric g, 5 if m>1. By [GH, p. 246], Sz =Sb.»

does not vanish and thus determines a line subbundle 'H; of ¥ xH%l — 2.



ENUMERATION OF GENUS-THREE PLANE CURVES 23

We denote its orthogonal complement by Hy,. Let
7 e D(Z5 (SxHEY @ Hy)

be the orthogonal projection map onto Hy,. While the section 51(;2;2 depends

on the choice of the metric 9p.o> 5;2) =7, o 55()2; does not and thus is globally

defined on X. If ¥ is not hyperelliptic, as we assume to be the case, 3552) does
not vanish and thus determines a line subbundle Hy; * of Hs,. We denote its
orthogonal complement by H5,~ and the corresponding orthogonal projection
map by 77 ~. The composition 5503) =7, o© 31()3; is again independent of the

choice of the metric g, 5. If X is general, the section
s® el (%, T5%3 @ Hy, ™)

vanishes transversally at 24 distinct points z1,. .., z94 of X.. These points cor-
respond to the flexes of ¥ under the canonical embedding into P2.

Theorem 2.12. Suppose d is a positive integer, N =3d—4, p is an N -tuple
of points in general position in P?, T =(%,[N],I;4,d) is a simple bubble type
such that dy=0 and ) d;=d. If

v € T(ExP% A 73 TS @ 1 TP?)

is a generic section, there exist a compact subset Kr, of Mz (u) and inte-
ger N(T) with the following property. If K is a compact subset of My (i)
containing K7, there exist a neighborhood Ux of K in C’E);;[N])(Z;,u) and
ex >0 such that for all t€(0,ex),

i}UK N Msa(p)| = N(T).

If T s not primitive, Ux N Mx g4.(n) =0. If T is primitive, N(T) is the
number of zeros of the affine maps between vector bundles described below.

Above C'E’;’;[N])(E; ) denotes the space of all stable maps from ¥ to P? that
map the marked points to p1, ..., unx. For each primitive bubble type 7', we
now describe the number N(7') as the sum of numbers N(«a), where each «
is a regular ms-polynomial between two ms-bundles over an ms-manifold; see
Subsection 2.1.
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If 1| >3, M7 (u)=0. If |I|=1,2,3, define

o) €T (ST Uz (p); Hom (P TS @ Ly T, MY @ev* TP?)),
hel

(2.6) by am (b, (xh)hef; (’Uh®’Uh)hef) = Z (DT,hUh) (Swh’l}h).
hel

If [I|=3, N(T)=n"(T)=N(as). If |I| =2,
N(T) = n®(T)+20)(T) = N(az)+2N(as),
with ag.; defined as follows. If I={1,2}, beSz,1 (1), and Dz ;(b) =0,

21 (b, (xn) e (Vh®VR) e i)

BT (D, 0) (D) + (D 03) (17, 50,03) € s (1) & Tu P
if vi®vi€TE?2®LiT®2|(b)wi), vé®véeTzé®LQT|(mé).
If |I|=1,
28) N(T) = nM(T) 4202 (T)+3n3(T) +4n4(T)
= N(o1)+2N(a1;1)+3N (u1;2) +96[S1;2 (1)
where

a1, €D (Ex S (p); Hom(TES®? @ L1 T#2 Hy; @ev* TP?))  and
1,2 €T (S x S12(p); Hom (TSP @ LiT®? Hy ~ @ev*TP?))
are defined by

(2.9) ark (2, b, v@v) = (D,(le,-{l),u) (s(+ D).

Finally, for each m = 1,2,3, we denote by ngf)(u) the sum of the num-
bers n*)(T) taken over all equivalence classes of primitive bubble types T

with [I|=m.

Corollary 2.13. With notation as above,
CRs () =(ny" () + 205" () + 305" () + 96|S1a (1))
+ (ng” (1) + 205" () + g ().

Corollary 2.13 follows immediately from the preceding paragraph, Theorem 2.12,
and the definition of CR3(u) in Subsection 1.2.
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Remark 1: The multiplicity & for nk) () is the degree of a polynomial map

between two vector spaces of small dimensions. In the cases under consider-
ation, these degrees are clear. In the genus-two case, they are described in
Section 4 of [Z2].

Remark 2: The number 96 in (2.8) arises because each element of M7 () cor-
responding to a simple flex of ¥ and a rational map in Sa.2(u) enters with a
multiplicity of 4. A hyperflex of ¥ would result in a multiplicity of 10, at least
if d>4; see the last paragraph of this subsection for more details. Thus, if
has n hyperflexes and 24 —2n simple flexes, the number 96 in equation (2.8)
and in Corollary 2.13 should be replaced by 96+2n. No other changes are

needed. The analogue of the term n§4) () =24|S1;2(p)| in the genus-two case

is ngg) (1) =6|S1(p)|, as each of the six hyperelliptic points of ¥ and a cusp-
idal map through the fixed 3d—2 points enters with a multiplicity of 3; see

Subsection 4.5 in [Z2].

Remark 3: Tt should be possible to adapt this approach to the case where X is
a hyperelliptic genus-three surface, but significant changes would be required.
In particular, there will likely be a contribution to CR3(p) from an affine
map over the space X xSa.2(11), as is the case in the genus-two case in P3; see
Subsection 4.6 in [Z2]. Furthermore, higher-order contributions ngf) (n), k>3,
will have a very different description, which will involve the hyperelliptic and
Weierstrass points of X.

We now outline the proof of Theorem 2.12 following [Z2]. For each be My
and v e F'T sufficiently small, we first construct a nearly holomorphic map
Uy : 2 —P". We then attempt to solve the equation

(2.10) dexp,, & =tv <= Ouy + D&+ Npé = tv € T (uy)

for a small vector field £ € I'(u,,) along wu,. Since we need to count the
number of elements of My 4, (1) that lie near Mz (), we require that £ lie
in a subspace T';(v) complementary to the “tangent bundle” I'_(v) of the
space {uv TVE F@Z;}. The cokernel of the operator Dy, is H%1®Tev(b)]P’2. It
induces an orthogonal splitting

%) = F%l(v) D Fg’l(v)

such that 71'3’1 oD, : T (v) — Fi’l(v) is an isomorphism and T'%'(v) is
isomorphic to H%l ® Tev(b)]P’Q. If v and t are sufficiently small, depending
on b, the 7r9r’1—part of equation (2.10) has a unique solution ¢,,, which also
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solves the entire equation (2.10) if and only if
(2.11) 72N (tr — uy — Doby — Nu&) = 0 € T2 (wy) ~ HY' @ Toy) P2

It then remains to adjust for the constraints and extract the leading-order
term from (2.11). The latter part depends on the choices of the above split-
tings of I'(v) and I'%!(v). The spaces I'_(v) and I'”'(v) are constructed
from the kernel and cokernel of Dy, fairly explicitly in Subsections 2.2 and 2.3
of [Z2]. In order to extract the leading-order term from (2.11), we need the
composite 7%'oD,, to be sufficiently small on I‘Jr( ). In [Z2], this is insured by
choosing I'; (v) so that its image under D,, is orthogonal to My (z1)®ev*TP?
if b= (5% [N],I;z,(j,y),u) and 1 is an element of Hy;7. By an argument
similar to Subsection 2.3 in [Z2], in the given case we can choose I'; (v) so
that its image under D, is orthogonal to (H+( 1) @& Hs " (z7))®ev*TP?, pro-
vided dj >2. Then in all cases, m_ 916 D, 4 (v) will be sufficiently small for
the purposes of extracting dominant terms from (2.11) as in Section 4 of [Z2].
Polynomial maps between vector bundles arise from the power series expan-
sion for 7°*du,, given in Proposition 4.4 of [Z2].

As an example, we now describe the expansion of 7' du, near an element
b:(zv [N],I,J), (jv y)au) € MT(N)

such that I = {1} is a single-element set, d; =d, uj(o0) is a (3,4)-cusp, or
equivalently D(l b D(2 b =0, and z; € ¥ is a flex or a hyperflex of ¥. A

neighborhood of Such an element in M7 (p) can be modeled on small elements
(X,Y,w) € L;TRev*TP? & LiT**@ev' TP & T, ),

For a small nonzero v 6T7|b ~

Wjiw(i’lguu ~ X®s(1)v 7r*+7r0’15u ~ Y®s(2)v®2
{7‘(77 (4) @D, 3) }U®3 + {7T778b4)®D 4 }U®4
ﬂ;i_wg’lguu ~ {7r (5) (w, w, ®D 3) }U®3 + {7r (5)( ®D @) }U®4
+{7r“ (5 D(S } ®5
T3 :

The two cases above correspond to x; being a flex and a hyperflex, respec-

s

tively. One difference between the cases is that is zero at a hyperflex,

but not at a flex. This is the reason we cannot have Moy 524) in a full-rank

polynomial that approximates 72 du, near b if x; is a hyperflex. Note that
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for every nonzero veFT }b, the maps

LiT @ev* TP?|, — H @ TP, X—>X®s§ji)v,
L¥T®2®6V*TIE”2|b—>'H§+®TIE”2‘b, Y—>Y®s§fi)v®2,

are one-to-one. On the other hand, if x; is a flex, the map
TS&FT|, — Hy TP?|,,
(w,v) — {W;_Sl(f)( ®D 3) }v®3—|— {W—— (4)®D } ®4

has degree four, since the images of D and D ; at b are linearly indepen-
dent if d>4. If z; is a hyperflex, the map

TS®FT|, — Hy @TP?|,,
(w,v) — {w;;sl(f)(w,w, -)®D$)i}v®3 + {7r7fsl(75) (w,-) ®'D(4)A}’U®4
+ {7T__Sb5)®D } ®5,

has degree ten, since the images of D and D at b are linearly independent
if d>4. These two degrees are the multlphcmes mentloned in Remark 2 above.
Note that if d <4, the set S1.2(p) is empty.

3. Rational Curves with Singularities

3.1. Intersections in Sa.1 (), Sa.2(p), and Si(p). This section is dedi-
cated to computing the intersection numbers of spaces of stable rational maps
that are needed in Section 4. We start with the “codimension-one” and “-two”
cases.

Lemma 3.1. If d is a positive integer, the number of two-component ra-
tional degree-d curves passing through a tuple p of 3d—4 points in general
position in P2 such that the two components meet at a node at which one of
them has a cusp is given by

| Sai1 ()| = (60 +3a(cr (£7)+e1(L3)) + (1 (L1)+c(L3)), [Va(i)]) = 3|Vs(w)-

d 213| 4 ) 6 7
|S2.1(w)] | 0 0] 528 | 91,872 | 26,055,360 | 12,596,219,904

TABLE 2. The Numbers |Sa;1(p)| for Small Values of d
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Proof: The proof is essentially the same as that of Lemma 5.4 in [Z2], which
enumerates irreducible cuspidal curves through 3d—2 points. The argument
uses the analytic estimate of Theorem 2.8 and the topological tools of Sub-
section 2.1. In fact, the above formula can be deduced from the formula of
Lemma 5.4 in [Z2], since its proof applies with no change to enumerate irre-
ducible curves through 3d—3 points with a cusp on a fixed line in P2.

Lemma 3.2. If d is a positive integer and p is a tuple of 3d—4 points in
general position in P2,

(a, [S22(1)]) = (3a® + afc1 (L) +er(£3)), [Va(w)]),
(A, [S22()]) = (3a® + Ba(er(£]) +e1(£3))
+ (ELH+AELE) + e (L er(Ls), Pa(w)]),

with chern classes ¢3(Li 1c3(L3) and c1(L3)c1(L3) defined similarly to c3 (L5 A
c(L3) and c1(Ly)er(L3).

Proof: We only sketch the argument, since the proof is analogous to that of
Lemma 5.13 in [Z2]. Let D eI (PE2; v, ®ev*TP™) be the section induced by
the section

Dy + Dy € I' (Va(p); B3 @ev TP?),
defined similarly to c;(£})+c1(L£3); see Subsection 2.2. Then

S22(1) = D7H0) N (PE2lv, ()-8, (1)) -
Let s be a section of ev*Opz (1) — PFE5 such that s is smooth and transversal
to the zero set of the bundle on all smooth strata of PEy and of Sa.0(p). In
particular, s71(0) N Sa.1 (1) =0. Then, by Proposition 2.4,

(a, [Sa2(1)]) = ]s71(0) N Sasa ()|
(3.1) == D7H0) N (PE2v, )52, ) N5~ (0)]
= <e(752 ®eV*T]P2)’ [871(0)] > - CPE2|0D2(;L)OS_1(0) (D)

If Ur(p) C Vo(p) and T is not a basic bubble type, it is easy to see that
ev(Uz(p)) is a finite set of points. It follows that ev*Opz (1) gz, () is a trivial

line bundle and we can assume that s does not vanish on PEs|;. (). Thus,
the last term in (3.1) is zero, and

(4 [S22(0)]) = {aca(v, 2" TP?), [PE])

The first claim then follows from the definitions of E; and of the relevant
chern classes. Note that

a(cl(L*l‘) + cl(Lg)) =a(c1 (L) + cr(L3)).
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For the second identity, observe that

VB> |PE2|QT(M)mel(o) ~C.

Thus, the proof is similar.

Lemma 3.3. If d is a positive integer and p is a tuple of 3d—4 points in
general position in P2,

(a®, [Si()]) = (a®c (L), Vi(w)]) — (a®, Da(w)]),
(acr(£7), [S1(w)]) = (3ac1 (L) + aci(L7), Vi(w)]),
(eH(£7), [S1(w)]) = (3ac1(£7) + 3ac} (L7) + €1 (L), [Wi(w)])-

Proof: (1) This lemma is proved similarly to Lemma 3.2. Let
E=ev*Op2(1) ® ev*Opz(1), E=ev’Op:(1)® L*, or E=L"®LF,

depending on which of the three identities we are proving. Let s be a section
of E—V;(p) such that s is smooth and transversal to the zero set in E on
all smooth strata of Vi () and of S;(p). Then

(c2(B), [S1(1)])
= (c2(E)ez (L*@ev* TP?), [V1(1)]) — Cov, (jns—1(0)(D)-
The bundle L — Vi (u) and section D € I'(Vy(u); L* @ ev*TP?) in (3.2) are

defined as follows. Let N =3d—4 and T = (52, [N], {@}; 0,d). Then L:LOT
and D=Dj ;. Suppose

(3.2)

T = (S%[N],1;j,d) < 7.
If dy #0, D is transversal to the zero set on Uz (), and
s7H0)NDTH0) NUL(p) = B
by our assumptions on s. Thus, from now on, we assume that d;=0. If 7 is
a semiprimitive bubble type, either ev*Opz(1);, (u) Or Ly, () 18 trivial. It

follows that if E=ev*Opz(1)®L*, we can choose s so that it does not vanish
on OV (p1). The second equality is then immediate from (3.2) and

(3.3) aci(L*) = aci(L*) € H*(V1(n)).
(2) Suppose E =ev*Op2(1)@ev*Opz(1). If the complex dimension of Uz ()
is at least two and ev*Opz (1), (. is not trivial, [I| = ‘HOT| =2. For a

good choice of s, the map % of Theorem 2.8 identifies neighborhoods of
s7H0) NUr(p) in FT and in s71(0). Since s71(0) N S7.x(1) =0, the section
a7 of Theorem 2.8 defines an isomorphism between F7 and L*®ev*TP? over
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every point of s71(0) N Uz (u). Thus, by Proposition 2.4 and the analytic
estimate of Theorem 2.8,

Cutr(ns—1(0)(D) == [Ur (1) N s7H0)] = (a®, [Ur (W)])-

Summing these contributions over all equivalence classes of such bubble types
7, we obtain

(3.4) Covy (uyns—1(0)(D) = (a?, [Va(u)])-

The first identity follows from equations (3.2), (3.3), and (3.4).

(3) Suppose E=L*® L*. If the complex dimension of Uz (p) is at least two
and L[y, () is not trivial, HyT ={1} is a one-element set and |I] € {1,2}. If
|I]=2, by an argument similar to (2) above, Uz () Ns~(0) is D-hollow in the
sense of Definition 2.3, where D is viewed as a section over s~1(0) C V1 (u).
Thus, by Proposition 2.4, Cy; (,)ns—1(0) (D) =0. If |I|=1, T=T({l}) for some
l € [N]. For the purposes of computing Cy, ()ns-1(0)(D), it can be assumed
that the map of Theorem 2.8 still identifies neighborhoods of s~1(0) NU7 (1)
in 77 and in s71(0); see the proof of Lemma 5.13 in [Z2]. Since az does
not vanish on Uz (u) N s~1(0), by Proposition 2.4 and the analytic estimate
of Theorem 2.8,

Cutr (ns—1(0)(D) = (c1 (L* @ev*TP?) — ey (FT), [Uzr () Ns~1(0)])
= (L") er (LT, [z (w)]),

since the restrictions of the bundles L* and ev*TP? to Uz (u) are trivial.
Summing up these contributions and using equation (2.3), we obtain

(3.5) Cov,(wns—1(0)(P) = Z (L"), [Uszay (W)])-

le[N]
The final identity of the lemma follows from equations (3.2), (3.3), and (3.5);
see also equation (2.2).

3.2. Computation of |Sy2(p)|. In this subsection, we enumerate ratio-
nal plane curves that have a (3,4)-cusp. We call point p a (3,4)-cusp of plane
curve C if for a choice of local coordinates near p, C is parameterized by a
map of the form

t— (£, t"+o(t"), 0—p.

Lemma 3.4. If d is a positive integer, the number of rational degree-d
curves that pass through a tuple p of 3d—4 points in general position in P2
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and have a (3,4)-cusp is given by
|S12(p)| = (3a® + 6aci (L) +4ci (L), [S1(w)]) — 2[Szia (w)] = 3[Vs(w)]
—(6a? + 3a(ex (L) +er(£3)) + ea(Ch)er (£3), [Va(w)]).

Proof: (1) We continue with the notation used in the proof of Lemma 3.3. By
definition, Proposition 2.4, and equation (3.3),

|S12()] == |DP ~1(0) N Sy ()]
(36) = (e(L"%%@ o' TP, [S1()]) — Cosy (D)
= (30 + 6ac1(L*) + 41 (L"), [S1(1)]) — Cos, 1 (PP).

Suppose T = (S%,[N],I;5,d) < T. If dy #0, D does not vanish on Uz (1)
by Proposition 2.9. Thus, from now on we consider only bubble types 7 such
that d@ =0.

(2) Suppose x(7)={1} is a one-element set. Then Sy (1) N U7 (1) = S7.1 (1)
and with appropriate identifications

‘fo)o yra(v)) — DY) (5 © 7y) ’<c Wol#|oi]” YoeFSras=FT;,

where v7.1 : Fls — Si(p) is the map of Proposition 2.9. Since dy #0,

foz does not vanish on Sz.1(u). Thus, if [ # HyT, T is D@-hollow and

Cs, (w)nttr (1) (D@)=0. If I[=H,T,ie. T=T(l) for some [ € [N], by Proposi-
tion 2.4 and the splitting (2.5),

(3.7) 65‘1 (p)NUT (1) (D(Q)) =2N (ID’(JE,)i)’

where Dg’?,)i el(Szq(p); Hom(L?i,zi; ev*TP?)). By Lemma 2.5,

(3.8)
N(DP,) = (er(ev'TF) — ex (LT, [Sra (1)) — Cpr 1y (D)

= 2<01 (LikT)v [ST;l(/‘)D - CD?E“(O) (Dg’?,)iL)v

since ev‘L{j—(l)(u) =w. I T =(S%[N]-{1},I';5,d) <T and d; # 0, by
Corollary 6.3 in [Z2], Dg)i does not vanish on Uz () if the constraints p are
in general position. If d% =0 and Sz (1) NU7: (1) #0, Proposition 2.9 implies

that H; T'=1"is a two- element set. Furthermore, in such a case,

Sz (p) NUT (1) = S7,2(1),



32 ALEKSEY ZINGER

is a finite set and there exists an identification 7,2 of neighborhoods of
Str2(p) in g7 and in Sz, (1) such that

(3.9) Dg’)ﬂr;z(v) —ary(W)| < C|™r Yoeypr,,

where ag., € F(ST/;Q(M);HOIH("}/ET/;LE{TI®2®eV*TIED2)) is an injection on

every fiber. On the other hand, Dg_);‘ =7t ngf)i, where

Ty LiT'®?® ev*TP? — LiT'®?®ev*TP? /Cr

is the projection onto the quotient by a trivial subbundle Co; see Subsec-
tion 2.1. Since a7.2 is an injection, wl%oaf/;g is an isomorphism between
e and LiT'®?® ev*TP?/Ci over every point of Szv,2(u) if 7 is generic.
Thus, by Proposition 2.4 and the estimate (3.9),

2)L
(3.10) CSpra) (D(i)i ) = |S1r2 ()]

Combining equations (3.7)-(3.10), using (2.3), and summing over the bubble
types 7 with x(7)={1}, we obtain

(3.11) Z Cs, (wynir () (D®) = Z<401(5*)a [S7aya(1)]) —2[82.12(1)],

Ix(T)|=1 le[N]

where Sz1.2(p) denotes the set of two-component rational degree-d curves
that pass through the 3d—4 points and have a tacnode at one of the points,
which is a node common to both irreducible components.

(3) Suppose x(7)={1,2} is a two-element set. If x(7)=1 and MyT =0,

Si(p) NUT () = St (p) UST2(0);

see Proposition 2.9. By Corollary 6.3 in [Z2], the images of Df,)i and D(Tl,)i are
transversal in ev*TP? over Uz (p). Since St.1(p) is a finite set, it follows that
the section a7, of Proposition 2.9 defines an isomorphism between FSt.;
and L*®ev*TP? over every point of S7.1(u). Thus, by Proposition 2.4 and
the analytic estimate of Proposition 2.9,

CST;l(#) (D(Q)) = 2‘87?1(“)‘ = 652;1(#) (D(Z)) = 2|82;1(/‘)"
Similarly, since 7.2 does not vanish on Sr.,2(¢) and extends naturally over
Sti2(p),

Csra(m) (D(z)) = N(O‘T;2) = N(D2;2)~
If x(T)#1 or MyT #0, by Proposition 2.9, Sy (1) \Uz (1) =S7.2(j1). The sec-

tion 72 has full rank on every fiber in these cases. Thus, by Proposition 2.4
and the analytic estimate of Proposition 2.9, if I # HyT, T is D®)-hollow and
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Cs, (w)nttr (1) (D@) =0. If x(T) =1 and MyT #0, ar,s extends over St,2(y)
via the splitting (2.5) by
ara [y, x5,y 001, 03] = 21Dy jvi + 25Dr 505.

This extension vanishes only on the set x; =x5. Thus, by Proposition 2.4 and
Lemma 2.5,

Cs, (wrur o (PP) = (e (L@ ev* TP") —c1 (Yrg(r, Torr,1) ) [ST2(1)])
~Cazb00) (a72) = 2[S7()]-

Here we used {c1(L*),[Mo4]) =1; see Corollary 5.22 in [Z2]. Summing over
all bubble types 7 as above and using Lemma 3.6, we obtain

> Csiruir ) (PP) = 2|2 ()] + 2|S2,1:2(1)|
(3.12) (D=2

(6a*+3a(ci (L) +e1(L3))+er(L)er(L3), [Va(p)]).

(4) Finally, suppose x(7)={1,2, 3} is a three-element set. By Proposition 2.9,

S1(p) NUT(p) = Sti2(p) = Uz (1).
The section a7 again has full rank. Thus, Sz.2() is D®-hollow if x(7)#1.
If X(T)=1I, ar,o extends over S.(u) via the splitting (2.5) by
ara [y, 25,75, b 01, v5,v3] = 21D7 U1 + 23D7 505 + 23D 503,
This extension does not vanish on FS7,2(1), since y, x5, x5 are never all the
same. Thus, by Proposition 2.4,
Cs(ner () (P?)

= (a1 (L**?@ ev*"TP") — c1(VLroL 0L Lol oL, ) [ST:2(1)])

= 3[Uz ().
Summing over all such bubble types 7, we obtain
(3.13) Y Csiwnur (o (P?) = 3[Va(u)|-

Ix(T)|=3

The claim follows by plugging the sum of equations (3.11), (3.12), and (3.13)
into (3.6) and using (2.2).

Corollary 3.5. If d is a positive integer, the number of rational degree-d
curves that pass through a tuple p of 3d—4 points in general position in P2
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and have a (3,4)-cusp is given by
|S12(1)| =(33a%c(L7) + 18ac(L7) + 4ct (L), 1(1)]) + 3| Vs ()]
—(21a® + 9a(er (L7) +er(£3)) + 2(c1(L7) +¢1(L3))
+er(Ly)en(L3), [Va(p)])

d 213 4 ) 6 7
|S1.2(w)] | 0] 0] 147 | 54,612 | 23,177,124 | 14,617,373,280

TABLE 3. The Numbers |Sy;2(p)| for Small Values of d

This corollary is immediate from Lemmas 3.4, 3.1, and 3.3.

Lemma 3.6. If d is a positive integer and i is a tuple of 3d—4 points in
general position in P?,

N(Dg;z) = <6a2 + 3a(cl(ﬁ>{)+cl(£§)) +c1(LY)e (L3), [Vg(u)} >

Proof: (1) Since Da,2 does not vanish on Sa,2(pt), by Lemmas 2.5 and 3.2,
N (Dai2) = {1 (ev"TP?*) —c1 (v8,), [S22()]) = Cosya() (Paie)
= (3a+Ams, [S22(1)]) = Cosya( (P22)
— (120% + 6a(er (L) +r (£5) + (L) +eA(L3)
+e1(Li)er(L3), [%(M)D - 6852;2(@ (Dzlz)

In (3.14), Dy;y =7y 0Daya, where m5: ev*TP?—ev*TP?/Ci is the projection
onto the quotient by a trivial subbundle C7; see Subsection 2.1. If 7 is generic,
by Proposition 2.11, 77 oar;2 is an isomorphism between v}, ® (E2/vg,) and
ev*TP?/Cv over every point of 8Sa.2(i). Thus, by Proposition 2.4 and the
analytic estimate of Proposition 2.11,

(3.15) Cosaa(u) (Da2) = [0822(1)| =[Sz ()| + D [Sri2(n)

(3.14)

where the sum is taken over all equivalence classes of non-basic types
= (527 [N]7[7.77d)

such that I—I={ky, ks} is a two-element set and 3 d; =d.
(2) Let 7; = (5’2,Mk,i,lki;j, d), where i = 1,2, be the simple bubble types
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corresponding to a bubble type 7 as above. If Sy.2(p) # 0, up to a re-
ordering of indices, 7 must have one of two forms. The first possibility is
that 73 is basic, while d, =0 and Hy, 7 = I, is a two-element set. Then
St.2(p) =U7r(1t). The sum of the cardinalities of the sets S7.2(u) taken over
all equivalence classes of such bubble types is then 3|Vs(u)|, since one of the
three irreducible components of the image of each map is distinguished. The
other possibility is that 73 is basic, while dy, =0, Hy, 7 = I, is a one-element
set, and j; =k, for some [ €[N]. Since ev*Op2(1) is trivial on Uz (u),

Sra] = (o 08, [ET]) = (a(L3T) + a (L, T, [y (1))

= (a(L{T) + (L, T), [Ur (w)]),

if I'={k, ko, 1} Summing over all equivalence classes of such bubble types
and using equations (2.2) and (2.3), we obtain

Z |ST2(p)| = Z Z c1(L7) + e1(L£3), [Z;{i(l)(ﬂ)b + 3| Vs(w)],

(7] 7] le[N]

where the second sum is taken over equivale{lce classes of basic bubble types
T =(S%[N],I;j,d) such that |[I|=2 and ) d;=d. Combing equations (3.14)
and (3.15), we get

N(Daz) = (12a*+6a(c1 (L) +c1(L3)) + (5 (£7) + 7 (£3))
+a(Ly)en(Ls), Va(w)]) — [S2a ()] — 3|Va()|-

The claim now follows by using Lemma 3.1.

4. Computation of CR3(u)

4.1. The Numbers ngg)( )y (2)( ), and nél)( ). The goal of this sec-
tion is to give topological formulas for the six numbers n'y )( ) of Corol-
lary 2.13. We start with the three numbers that involve zero-dimensional
spaces of rational maps, i.e. S1;2(p), Sa2;1(p), and Vs ().

Lemma 4.1. ngg) (1) = 12|S12(p)|-

Proof: By Subsection 2.4, n(B)( )=N(ai,2), where

1,2 €T (ExS12(p); Hom(TS®? @ LP% Hy ™ @ev*TP?)),
(4.1) a1 (z,b,v00v) = (D) (sPv).
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The section s € I'(S; Hom(TS®%, Hy 7)) has simple zeros at 21, ..., z24.
Thus, s® induces a non-vanishing section
5 el (2 Hom(TE, Hy 7)), where TE =TE®3@0(21) ® ... O(224).
Furthermore, N (G1,2) =N (aq;2), where

1,2 €D (Ex Sppo(p); Hom(TE® LY, Hy ™~ @ev* TP?))
is the section obtained by replacing s by 53 in (4.1). See Subsection 5.2
in [Z2] for a similar argument in the genus-two case. Since D®) does not

vanish on S1.2(p) by Corollary 6.3 in [Z2], &1,2 does not vanish on X xS1.2(p).
Thus, by Lemma 2.5,

1P (1) = N(a10) = (e1(Hy @ev* TP?) —c1 (TS), [SxS10(1)] ) = 12|S1.0(1)]

since the euler characteristic of ¥ is —4.

Remark: Note that this argument remains valid even if ¥ has hyperflexes,
i.e. the points z1,..., 224 are not all distinct.

Lemma 4.2. ngz) (1) = 36Sa;1(1)|-

Proof: (1) By Subsection 2.4, n$? (1) = N (ava:1), where
2,1 €T(1 % B2 x So;1(1); Hom(E, 0)),
E=TEP® L{?® TS,® Ly, O =Hg @ev* TP
g1 (@1, 2, b; v1 ®V1, V2 @)
= (Dgz)vl) (sPvy) + (D;l)vg) (7, S2,02) € Hy (21) @ Toy@m P2
Here we define the line bundles Lq, Ly — S2.1 (1) and the sections Df) and

DY as follows. If be Uy (1) N o (), T = (5% [N, I;,d), I={ki,k2}, and
Di-?klbzo7 we take

Ll‘b:Lklf‘ba L2|b:Lk2’]~d|b7 ’DEQ)‘b:D(?)

T ks ‘b’ Dgl)‘b =Dy

T ks [y
(2) By Lemma 2.5,

k=2

N(az) =Y (A "er(Hy, ©C?), [PE]) = C, 1o (a5)
(4.2) k=0

= 64‘82;1 (u)‘ — Cagl(()) (Ozé)

Since ¥ is not hyperelliptic by assumption, $;, =Asz, for some Ae C* if and
only if z; = z3. Thus, 7, sz, =0 if and only if x; = z2. Since the images
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of D?) |b and Dgl) ‘b in T,(;)P? are linearly independent for all be Sa.1 () by
Corollary 6.3 in [Z2], it follows that

a5 (0)=Z={(2,2,6;TS2 ® Ly) : 2€X, bESo1 (1) }.
The normal bundle of Z in PE5 is
NZ =T & (TS2®L)* @ TS? @ LY » TS S TE — Z.
With appropriate identifications,
(4.3) |0<E(m,m,b;w,u) - ozz(x,b;w,u)| < Clwl|? Y(z,z,b;w,u)eENZ,
where az € I'(Z; Hom(N'Z;v;,® O)) is defined by
az(x,bjw,u) = {D?) ® sf)} ou+ Dél)@)sf)(w, ).

Since the images of DEQ) ‘b and Dél) | , 10 Tev(b)IE”2 are linearly independent for
all b€ Sa.1 (1), az has full rank over all of Z. If 7 is generic, 7r,§- oaz also has
full rank on every fiber, where 7 : O — O/C7 is the quotient projection as
before. Then by the analytic estimate (4.3) and Proposition 2.4,

Cozroy(0m) = (a(T"T© 0F) — a1 (NZ), [Ex S (w)])
(14) (Bt (%) +261(T°5) + 261 (T°5), [5])San (1)
= 28[S21 ()] -

The claim is obtained by plugging (4.4) into (4.2).
Lemma 4.3. ngl)(u) = 36[Vs(u)|.

Proof: (1) By Subsection 2.4, ngl)(u):N(ag), where
a3 EP(El X Mg X Mg X V3([1,); HOID(E, O)) R
E=@1si® L, O=Hy@ev' TP,
0,1 2
Qas (xl, T2,x3,b; 01 @U1, V2@ V2, U3®U3) = Z (Dwi) (Swl’l}l) € Hy” & Ty P~

3

Here the bundles L; — V3(u) and the sections
D; € T (V3(p); L} @ev*TP?)

are defined as follows. If b€ Uz (1) C Va(n), 7 = (S2,[N],1;5,d), and I =
{k1, ko, k3}, we let Li|b =Ly, T and D;=Dj;,. These bundles and sections
are well-defined once we fix a representative for each equivalence class of such
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bubble types 7 and order the elements of the corresponding set I.
(2) By Lemma 2.5,

k=3

N(az) =) (X “er(C), [PE]) = Cyi (o (aB)
(4.5) k=0

= 64|V3(,u)| - Cagl(o) (Ozé)

Since ¥ is not hyperelliptic, sy, =Ass, for some Ae C* if and only if x1 =x,.
Since the images of Di|b and D; | p i Tev(b)]P’2 are linearly independent for all
beVs(u) and i#j by Corollary 6.3 in [Z2], it follows that

ap' (0) = Z = {(z,2,2,b; VRV, VRV2, VRV;]) EPE:
$EE, b€V3(,u), ZDiUiZO}-

The normal bundle of Z in PE5 is

NZ=TS&TE:® (TL10L1) @ (TX20L & TE3 ® Ls)
~TreTXeC? — Z.

With appropriate identifications,
2
(4.6) |ap(z, 2,2, bjws, w3, uz, uz) — az(x, b;wa, ws, uz, uz)| < C| (w2, ws)]

for all (ws,ws, ug, uz) EN'Z, where az € I'(Z; Hom(N'Z; (TS @ L1)*® O))
is defined by
oz (z,b;wa, w3, ug, uz) ={D2®s, fous + {D3®s, }ous
+ Do®s?) (wa, ) +D3®sP (w3, )

and { gy TE E} is a smooth family of metrics on X such that g, is flat on a
neighborhood of . Since the images of Ds | , and Dg‘ , are linearly independent

in Ty () P? for all be V3 () and the section s&) = T, 0S8, » does not vanish on X,
the linear map az is injective over Z. Thus, by the analytic estimate (4.6)
and Proposition 2.4,

Cozi(oy(aB) = (a1 (T2 OF) = e1(N'Z), [ExV3(u)])

(4.7)
= (5e1(T"8) 4261 (1), [B])| Va()] = 28|V ().

The claim is obtained by plugging (4.7) into (4.5).



ENUMERATION OF GENUS-THREE PLANE CURVES 39

4.2. The Number nél)(u). We now use the topological tools of Subsec-

tion 2.1 along with the analytic estimates of Subsection 2.3 to give a topo-

logical formula for the number nél)(u) of Corollary 2.13. The computation

involved is long, but fairly straightforward.

Lemma 4.4. If d is a positive integer and p is a tuple of 3d—4 points in
general position in P2,

n) (1) = 12(10a® + 3a(er (L) +¢1(£7)) + a1 (£5)er (£7), Pa(w)])-

Proof: (1) By Subsection 2.4, ngl)(u):N(ag), where

a2 €1 (31 x Bg x Vo (p); Hom(F, 0)),
E=T50L & TS®Ly, O=Hy' @ev*TP?,
a2 ($1, T2, b; Ul®U1,Uz®U2)
= (D1v1) (82,v1) + (D2v2) (84,02) € H%1®Tev(b)P27
with the bundles L; — V() and the sections D; € I'(V2(p); L} ® ev*TP?)
defined as in the proof of Lemma 4.3. By Lemma 2.5,

k=3

N(ag) = Z O%ﬁka (O)v [PED - Ca;(o) (ag)
k=0

= 16(36a°+18a(c1 (L) +e1(£5)) +3(cF (L) +¢1(L3))
+4er(L)en(L3), [Va()]) = Cozr ) (5)-

Since sz, =Asy, for some A€ C if and only if 21 ==,

(4.8)

ole(O) z{(m, z, b; [vl,vg]) : Dy +ng2:O}

E
U | {(21, 22,75, Zi® Lils) : Dib=0}.
i=1,2

We now partition these sets further and apply the topological tools of Sub-
section 2.1. As usually, we denote by v €T’ (]P’E; (’)) a generic non-vanishing
section.

(2) We start with the spaces (£?—A)xSs.1 (1) and AxSs.1(1). For notational
simplicity, we assume that D16=0 for b€ Ss.1(1). The normal bundle of the
subspace

Zaa(p) = {(21, 22,075, S1® L o) : w1 £ w2, bESa1 (1)}
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in PE is given by
NZzy =15 (Li0ev' TP? & TS QLT RTY, ® Ly) = C*°QTE;@TSs.
With appropriate identifications, D1(b, X) = X for all X € (L} ® ev*TP?),
sufficiently small. Thus,
aE(xl,xg,b;X, u) = ag;l(xl,xg,b; X, u) = X®s5,q, + {Dg@ng} o U.

Since as; has full rank on Z53(u) ~ (X% —A) x S2.1(p) and extends over
22 x Sp(n),
Cis2—ayxon(u () = N(my 0 @),
as long as v is generic. In fact, it can be assumed the image of v is disjoint
from Hy (z1)®ev*TP2 Then 77 (Hy (z1)@ev*TP?) is a rank-two subbundle
of O+, and
T oag,: C? — Vg ® Tt (H;(xl)@)ev*T}P’Q)
is an isomorphism. It follows that N(7r14; o ag;l) :N(o?g;l), where
5[2;1 S P(EQ XSg;l(/L); HOD’I(FQ; 02)),
Lo (Dism s o
F2 = TET@LI@TEQ@LQNTET@)TEQ,
0, = TS Li@ (Hy, ©ev*TP?) ~TE @ (Hy, ® C?) 7,

ag1(wy, w0, b5u) =7

By Lemma 2.5,
N (G2:1) = (1 (F5)+er(F)er(O), [B* x Saa (W)]) — ;10 (621)
= 48(S21 ()] = Cs;1(0) (G211)-

The zero set of &2.1 is A X Sa,1(p); see the proof of Lemma 4.2. Its normal
bundle is TYo ~TX. If 7 and U, are generic, as in the proof of Lemma 4.2,
we obtain

‘dél(x,x,b; w) — 072;1;A(x,b;w)| < Clw]* YweT%s,

where d2.1.4 : TS — Fy ® Oy is an injection on every fiber. Thus, by
Proposition 2.4,

Caz1(0) (43,) = (a1 (F5® O3) — 1 (T2), [ExSa1(p)]) = 24[S21 ().
We conclude that
(4.9) Clz2-a) 82 () (05) = 24[S2a (1)
On the other hand, the space 2.1 — 291~ AxSa.1(p) is oHE:—hollow7 and thus

CAXSM(#) (aJE:) =0.
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Indeed, its normal bundle in PE; is given by
NZ =1%(TS: & Li@ev TP @ TS;Q L ®TS2® Ly).
With appropriate identifications,
|aE(m,m,b;w,X,u) - d(m,b;w,X,u)| < Clwl?lu] Y(w,X,u)eENZs,
where
a(z,byw, X, u) = X®8, + {D2®@s,} ou+ {D2®s§i)@(w, )} ou.

. (2 cq o~ .
Since sgz)w does not vanish, & is a dominant term for a; the same holds

for composites with projection maps. Since
1
rk(Hy @ev TP?) " > 1k TS, @ (TS @ Li@TSy@ Ly) + 5 dim (A xS (1),

AXxSa1(p) is aJE:—hollow.

(3) Suppose T = (5§2,[N],I;j,d) is a non-basic bubble type and Db = 0
for some beUr (1) CVa(p1). Let I; and I be the corresponding rooted trees
and k1 € I; and ko € I> the minimal elements. Then di, =0, di, # 0, and
|Hi, T|€{1,2}. Let

Zr = {(331, x2,b; T1121®L1|b) EIPEI bEUT(,u)}
By Theorem 2.8, the normal bundle of Z7 in PE is
NZr =n5(FT @ TS[0 Li@TS,QLy) ~ FT @ TE;®T 520 L.

First suppose Hy, T = {i} is a one-element set. Then, with appropriate iden-
tifications,

(410)  |ag(z1,22,b50,u) — az, (21,22, b5 01, u) | < C’(b)|v|% (Jvg] + |ul)
for all (v,u) €Ny Z7 5(3), where
oz, ($1,$2,b; Ui,u) = (DTivi)@szl + {D2®sz2} o u.

If Hle;éIA, the images of DT,i|b and of D2|b
pendent for all b € Uz (). Thus, az, is injective on every fiber and Z7 is
aJE:—hoHow by (4.10), provided 7 is generic. Then, by Proposition 2.4,

Czr(0f) =0 if |MpT|=1<|I].
If Hp, T=1I, az, has full rank outside of the set
ST;Q(;J,) = {(:L:C,b; T:X1® L1|b) EZr: 'DT’iUi—l—Dg’Ug:O
for some (vq,v2)#0} ~ X x Stia(p).

in Tpy)P? are linearly inde-

Since az, extends naturally over Z7 CPE, by Proposition 2.4,

CZT—ST;Q(II«) (aé) = N(dT)’
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where
ar = W;‘ ocaz, EI‘(Z’T; Hom(Fy; (’)2)),
b7 = 7t o (D 1v1) @52, + {Da@s,} o)
F=Li0LiT®TE;®Li@TYo@®Ls =~ LiT @ TE;®TEs ® Lo,
Oy = ’y}g RO+ ~ Y ® C>.

By Lemma 2.5,
k=4
N(ar) = Z <)‘gkck(02)7 [PF]) — Cd;}F2(0) (d%;Fz)
k=0
:16<301 (,CT)+401 (C;), [Z:{T (/1,)} > - Cd;;le (0) (dYL’;Fz)v

since a =0, ¢1(L;T) = c1(L}), and ¢1(L3) = e1(L5) in H* (Ur(w)). Further-

more,
d};lFQ (0) = {(x,x, b; [v@wy, v®v2]) cPF,: DT)ivi—FDzvz:O} ~ X x Sta(p),
Fy=Nazl (0) =TS, ®ypr ~ TS & C?,
|&%;F2(x,x,b;w,X) —ar.alz,byw, X)| < Clw]?* ¥(w, X) € F3.5,
where
~ ~— * * L
a1 a €L (a7, (0); Hom(Fs, 03)), O3 =75, 005 ~ (TS*®C°)",
ar.aw,X) =my, 0 (my o (X®s, + D2®s£)’z(w, 7).
Since &7 a has full rank on every fiber, by Proposition 2.4,
Cd;}F2 (0) (ON‘JT_;Fz) = (c1(03)—cu(F3), [ON‘;’}Fz 0)])
— 24|Sro ()] = 24(c (£ T)+er(£3), [t (1)]).
On the other hand, Sz.o(p) is oHE:—hollow7 and thus
1
657;2(;0 (aE‘) =0.
Indeed, by Theorem 2.8,
NSro=T%®L;® (ImDT’i)L ®LIQLT ®TE ;R L @TEa® Lo,
‘aE(x,gmb;w,X, Ui,u) — d(x,b;w,X,Ui,u)‘ < C(|w| + | X)) |w||ul,
for all (w, X,vi,u) ENSr.2.5, where

7T;10~z($, b;w, X, vy, u) = {’D2 ® sg) (w, )} o U.
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The claim that Sz.o(y) is ag—hollow then follows as in (2). Summing over
bubble types as above, we conclude that

(4.11)
Yo Comargolop) =16) Y Y (all)+da(L]), [Uzsq)])
Ix(T)|=1 T {ii}t={1,2} leM;
—242 Z Cl —|—Cl Eg) [Z;{j—(l)]>a
T l€[N]

where the outer sums are taken over all equivalence classes of basic bubble
types 7 such that Uz () is contained in Vo (p).
(4) We next consider the case where Hy, T ={1,2} is a two-element set. Then
I=H,T,
1
‘ozE(xl,mz,b;v,u) —az, ($1,$2,b;’l},u)| < C()|v|> (|U| + |u|)
for all (v,u) €Ny Z7 5(), where
azy (21,22,b;0,u) = (D7 jv1) @50, + (Dr 503) @50, + {DP2®@5a, } 0 u.
The map az, has full rank outside of the set

Sralp) = {(z,2,b; T, @ L)) € 27} ~ % x Uz ().

Thus, by Proposition 2.4, C5__ ~Srat (af) = N(my 0 az,). By the same

v

argument as in (2) above, N (75 o az, ) =N (&7 ), where
ar € I'(Zr;Hom(Fy; 03)), ar(u) = ko ({D2®7, 084, } o u);
Fy =TS @LI@T:® Ly ~ T @ TS,
02 = v5@ (Hy, ©ev'TP?) " ~ TSi® (Hy, ©C?) "

Thus, applying Lemma 2.5 and again Proposition 2.4, similarly to (2) we
obtain

N(@T) = <01(F2*)01 (O2)+c2(02), [ZT]> - Cd;1(0) (07%)
= 48‘7/{7’(/‘)‘ - Ca:[l(o) (5‘%%
Cazi()(@7) = (al(TT") + 1 (F5 © Oy ), [Sria(n)]) = 24[Ur (w)].

On the other hand, by an argument similar to (3) above, Sz.2(u) is aJE:—hollow.
We conclude that

(4.12) D Coruirw (ag) = 24-3|Vs(u)] = 72|Vs(n)]-
Ix(7)|=2
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(5) We finally compute the at-contribution to e(v;® OF) from the space
Zo(p) = { (2, 2,b; [v@V1, v@V2]) EPE: Dyvy+Diva=0, v1,v2#0}
~ XX Saa(p).
Its normal bundle in PE is
NZyo=TE® ’ygz®ev*T]P’2, where FEy = L1 @& Ly — Va(u).

With appropriate identifications, DX = X for all X € v, ®ev*TP?, where
De I‘(]P’Eg;’y}ij2 ®eV*TIE”2) is the section defined in the proof of Lemma 3.2.
Then,

gz, 2, 05w, X) — dgo(x,b;w, X)| < Clwl* V(w, X)EN Zapss,
where Go2(z,byw, X) = X®s; + D2;2®Sgi),m(wa s

and Dy;p € I'(Sa;2(1); 75, ®ev*TP?) is the section defined in Subsection 2.3.
With the identification of small neighborhoods of A in TS — A and %2
used above, the coeflicients defining Dy are c; =0 and cp =1. By the same
argument as in (2) and (4), Cz,, (o) =N (Gz,), where

G € T(SxSaa(p); Hom(Fa; O2)),  Ggp(w) = 1 0 {Dap @5 (w, ) };
B=T%, 0=7:0(Hyoev'TP?) " ~ TS 01}, © (Hy ©ev TP?)"
By Lemmas 2.5 and 3.2,
N(G,) = (e1(F5)er(O2) +¢2(02), [Ex Saa(1)]) = Co 510 (625)
= 4(120a*+66a(c1 (L) +c1(L3))+13(cF (L]) 4¢3 (L3))
1361 (£])er (£3), [Va(n)]) — Coc 1oy (a3,
By Proposition 2.4 and an argument similar to the proof of Lemma 3.6,
Cay o = (1 (F5208), [2x0820()]) = 28;332.2@)}
= 28[Sz1(u)| + 84|Vs(u)| + 282 S (L) +elLs), Uz (w)]).
7] LE[N]
It follows that
Cz,og) =4(1200% + 66a(cs (£5) +2(£3)) + T(A(L]) +¢3(£3))
(413) 4 Te(L)er(Ly)+6((L) +A(L3) +6er (LYer (L5), Va(w)])
— 28821 (1) | — 84[Vi(n)-
Combining equations (4.8), (4.9), (4.11), (4.12), and (4.13), we obtain
ngl)( ) 4<24a —|—6a(cl L )—I—cl(ﬁf)) + 31 (L) (£7)

(L1
= (A L)+ (LD), Da(w)]) + 4 Sain ()| +12[ Vs ()]
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The claim then follows by using Lemma 3.1.

4.3. The Numbers ngm(,u) and ngl) (1). We now give topological formu-
las for the two remaining numbers of Corollary 2.13. It is possible to obtain
the same formulas by going through a lengthy computation like in the proof
of Lemma 4.4. Instead we take slightly more geometric approaches.

Suppose Z and ¥ are topological spaces, Lz, Vz, Ez — Z and Ly, Vs, — %
are vector bundles, and az €I'(Z; Hom(Ez; Ly®Vz)), s€'(Z; Ly ® Vs) and
DEF(EXZ ; VZ®VZ) are sections such that 7 does not vanish. Then we define
a%, € N(Ex Z;Hom(Ez; L@ Ly @ (Ve®@Vz)h)),
where (Vg}@‘/z)L = (VE(X)Vz)/(CD, by
ok, (e, wev) = Tt ({az(e)}w) @s(w)) € (Vs © Va)*.

Lemma 4.5. Suppose Lz,Vz, Ez — Z are ms-bundles of rank one, two,
and (2—% dimz), and

az € N(Z;Hom(Ez; Lz @ Vz))

is a regqular polynomial. Let ¥ be a smooth compact oriented two-manifold,
Ly, Vs — ¥ smooth vector bundles of rank one and two, respectively, and
s € I‘(E;Lg ® VE) a nonvanishing section. Then for an open collection of
nonvanishing sections DEI‘(E X Z: Ve ® VZ)

(1) a% , is a reqular polynomial;

(2) if Vam ZxC?, N(ag ;) = N(az)Bc(Ly)+2a(Ve), [X).

Proof: (1) The first claim is clear. If Vz ~ Z x C?, we can choose section
DEI‘(EXZ’; V2®VZ) that does not intersect V2+®VZ, where Vg =Ims. Then

77 (Vif @Vz) is a rank-two subbundle of (V2®V2)L. Let
Of =Lyl on (VieVz), 07 =(Lyelie (VeaVz)t)/oT.

We identify O~ with a complement of O in LE®L% @ (Va®@Vz)t.
(2) By definition, N (az) is the number of zeros of the affine map

¢a3,V:EZ —>L%®VZ, wazﬂj(b;v):Vb"'aZ(U)a

for a generic section v €T’ (Z ;L% ® Vg) Via the construction preceding the
lemma, v induces a section 7+ €I'(ExZO). If v and 7~ €I'(ExZO~) are
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generic, N (a% ;) is the number of zeros of the affine map

Vas, , o+t Bz — OT007,

wa%jﬂ;*‘Fﬂ* (ZE, ba U) = D(-;,b) + 17(17b) + 0582,17(213, b, U).

The solution of the OF-part of this equation is precisely ¥ x 1! ,(0). Thus,

N(a%,f/) == |¢;§D’p++g— (0)‘ = <cl (07)7 [EDN(Ozz),

as claimed.

Lemma 4.6. Suppose Z is an ms-manifold of dimension two, and ¥, Lz,
Vz, Ez, Ly, Vs, az and s are in Lemma 4.5. Then for an open collection
of sections ﬁEI‘(E X Z: Ve ® VZ)

Caz(0) (a%5) = Cozi (o) (az) (Ber(LE) +2e1(Ve), [2]);
N(a% ;) =N(az)(3ci(Ly)+2c1(Vs), [E])
+ (a1(Vz), [Z]) (a1 (L) +er(Ve), [2]).

Proof: (1) Since az is regular and Z is two-dimensional, az'(0) is a finite set
of points. Thus, we can trivialize the bundles Ez, Lz, and Vz near ozgl(()),
so that v, = (0,1) € LY ® Vz, where v is as in the proof of Lemma 4.5.
Furthermore, for each z € agl (0), there exists d, >1 such that

|ag(u) - (udz,O)‘ < e(u)|u|? VueCs, with lim e(u) = 0.

U—

Then C, (a%) =d,.
(2) By transversality and dimension-counting, we can choose

vel(ExZ;Ve® Vz)
such that
Im 7N (s(Ly) ® az(Ez® Lz))= and
Im 7N (s(Lg) ® (Vz|Sxaz'(0)))=0.

Then, af{},(O) =Y xaz'(0). Furthermore, on a neighborhood of ¥ x az'(0),
we can define a splitting

Lo (ae@CH =0T 0" ~C?a0 0,
as in the proof of Lemma 4.5. Let

Pel(ExZ; Ly®Ly® (VaeVz)"h)
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be a nonvanishing section such that on a neighborhood of ¥ x az'(0), 7 =
o+t 4+ 7, with &7 as in the proof of Lemma 4.5. Then,

(Ote07)/Co~Ce O™, and ‘a%f}, - (udz,O)‘ <e(u)lul® YueCs.
Thus, by Proposition 2.4,
CEX{Z} (aSZ#) = dz<cl(07)7 [E]> = CZ (a2)<301(L*E)+201(V2), [E]>

The second claim follows from the first, since by Lemma 2.5 and Proposi-
tion 2.4,

N(az) =(c1(Lz® Vz)+e(Ez), [2]) = Coor g (az);
) =(c2(LE@LE@(Ve®Vz)t)
+c1(E")er (Ly®LE ® (VZ®VZ)l)7 [(ExZ]) - Ca;—;(o) (O‘SZ%D)'

N(a%

N

Corollary 4.7. Suppose M is an ms-manifold of dimension four, L g, Vi —
M are ms-bundles of rank one and two, respectively, and o EF(M; Hom(L ap, Vz))
is a regular polynomial. If ¥ is a compact smooth oriented manifold of di-
mension two, Ly, Vs — 3 are smooth vector bundles of rank one and two,
respectively, and SEF(E; Hom(Ls, Vg)) s a nonvanishing section, then

N(a@s) =((c1(Ly)+e (V) (er(Li)er (V) +¢1(Var) )
—C1 (LE)CQ(VM), [E XM]>
—(a@p)+a(m),Z) > (alVm)2]),

a~t(0)=l 2.
where the sum is taken over all a-regular subsets Z; in a decomposition of

a~1(0) as in Proposition 2.4.

Proof: By Lemma 2.5,
N(a®s) = (c3(LE@ Ly ® (Ve@Vm)1h), [EXM]) = Csxa-1(0) ((a @ s)T).

The last term can be written as the sum of terms as in the second equation
of Lemma 4.6. On the other hand, by Proposition 2.4,

Y Naz) = (e2( L@ V). [MI).

a=1(0)=] 2

Thus, the claim follows from Lemma 4.6.
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Lemma 4.8. If d is a positive integer and p is a tuple of 3d—4 points in
general position in P?,

n$? (1) = 12(7a®+6ac1 (L"), [S1(1)]) — 12(9a2+3a(er (L) +e1(L3)), Va(w)])-

Proof: (1) By Subsection 2.4, n{? (1) = N(a1.1), where
a1 €T (Ex 81 (p); Hom(TE®2® L9, 0)), O = Hy@ev TP?,
o1, (2, b v®v) = (D(z)v) (st?)v) € My (2) @ Toy iy P>
Thus, we can apply Corollary 4.7 with
M=38(p), Ly=TX%? Ve=Hsy, Lpy=L? Vy=eTP?
s=s? a=D?,

The first term of Corollary 4.7 gives the intersection number on S;(u) in the
statement of the lemma, since aci(L*)=aci(L*). A decomposition of the zero
set of D) is given in the proof of Lemma 3.4. The only stratum of a=0)
contributing to the second term of Corollary 4.7 is Sa;2(p). Lemma 3.2 re-
duces this contribution to the intersection number on Vy (i) of the lemma.

Lemma 4.9. ngl)(u) =0.

Proof: By Subsection 2.4, ngl)(u):N(al), where
a1 €T(Ex Vi (p); Hom(TE® L, 0)), O = HY' ©ev* TP?,
a1 (x, b; v®v) = (Dv) (smv) c H%1®Tev(b)IP2.

It will be shown that there exists v €T’ (]P’2;'H%1®T]P’2) such that the affine
map
(4.14) Yoy ,evo: TERL — O, (;mb;v@v) — Vev(p) + 01 (;mb;v@v),
has no zeros over ¥ x V;(it). The map

a: SxPTP? — P(Hy' @ TP?) ~ P(C}®TP?), (z,0) — (Im s,) ® ¢,
is an embedding, since ¥ is not hyperelliptic. Let W denote the image of
YTP2 ‘ (Im d) under the projection map

Yrpz2 — TP27 (q7 éa U) - (qa ’U)-

Then W is a closed subspace of H%l ®@TP? and W — P? is a bundle of
affine varieties of dimension three. Thus, by transversality and dimension-
counting, we can choose ﬁEI‘(Pz; HOE’1®T1P’2) such that the image  does not
intersect W. Then the map ¥4, ev+» of (4.14) does not vanish.
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