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Abstract

We give an explicit formula for the difference between the standard and reduced genus-one
Gromov-Witten invariants. Combined with previous work on geometric properties of the latter,
this paper makes it possible to compute the standard genus-one GW-invariants of complete
intersections. In particular, we obtain a closed formula for the genus-one GW-invariants of a
Calabi-Yau projective hypersurface and verify a recent mirror symmetry prediction for a sextic
fourfold as a special case.
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1 Introduction

Gromov-Witten invariants are counts of holomorphic curves in symplectic manifolds that play
prominent roles in string theory, symplectic topology, and algebraic geometry. A variety of pre-
dictions concerning these invariants have arisen from string theory, only some of which have been
verified mathematically. These invariants are generally difficult to compute, especially in positive
genera. For example, the 1991 prediction of [CaDGP] for the genus-zero GW-invariants of the
quintic threefold was mathematically confirmed in the mid-1990s, while even low-degree cases of
the 1993 prediction of [BCOV] for its genus-one GW-invariants remained unaccessible for another
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seven years.

In contrast to the genus-zero case, the expected hyperplane (or hyperplane-section) relation be-
tween GW-invariants of a complete intersection and those of the ambient space do not hold in
positive genera; see Subsection 1.2 in [Z5] for more details. This issue is entirely avoided in [Ga]
and [MPal] by approaching GW-invariants of complete intersections through degeneration tech-
niques. The methods of [Ga] and [MPal] can be used for low-degree checks of [BCOV], but they
do not seem to provide a ready platform for an application of combinatorial techniques as in the
genus-zero case. In contrast, the failure of the expected hyperplane relation for genus-one invari-
ants is addressed in [Z3] and [LZ] by defining reduced genus-one GW-invariants and showing that
these invariants do satisfy the hyperplane relation, respectively. Combined with [VaZ], this last
approach provides a platform suitable for an application of combinatorial techniques (the classical
localization theorem) and has led to a closed formula for the reduced GW-invariants of a Calabi-
Yau projective hypersurface; see [Z5]. For symplectic manifolds of real dimension six, the standard
and reduced genus-one GW-invariants without descendants differ by a multiple of the genus-zero
GW-invariant.! The prediction of [BCOV] is thus fully verified in [Z5] as a special case.

Remark: The ranges of applicability of the two degeneration methods and of the reduced-invariants
method are very different, with a relatively limited overlap. The wider-ranging degeneration
method, that of [MPal], can in principle be used to compute arbitrary-genus GW-invariants of
low-degree low-dimension complete intersections. While the computation in each case is generally
difficult, this method has been used to compute genus-one and genus-two GW-invariants of the
Enriques Calabi-Yau threefold; see [MPa2]. On the other hand, the reduced-invariants method
applies to arbitrary complete intersections, but at this point in the genus-one case only.

In theory, reduced genus-one GW-invariants are not new invariants, as by Proposition 3.1 in [Z3]
the difference between these invariants and the standard ones is some combination of genus-zero
GW-invariants. However, this is not part of the definition of reduced genus-one invariants and
the relation described by Proposition 3.1 in [Z3] is not convenient for immediate applications; see
Proposition 3.2 below. In this paper, we determine an explicit relation; see Theorems 1A and 1B.
Combining this relation with the closed formula for the reduced genus-one GW-invariants of a
Calabi-Yau hypersurface derived in [Z5], we then obtain a closed formula for the standard genus-
one GW-invariants of a Calabi-Yau hypersurface; see Theorem 2. The mirror symmetry prediction
of [KPa] for a sextic fourfold is confirmed by the n =6 case of Theorem 2. The n > 6 cases of
Theorem 2 go beyond even predictions, as far as the author is aware.

It is interesting to observe that only one boundary stratum of a partially regularized moduli space
of genus-one stable maps accounts for the difference between the standard and reduced genus-one
GW-invariants without descendants. This implies that if X is a sufficiently regular almost Kahler
manifold (e.g. a low-degree projective hypersurface), only two strata of the moduli space My (X, 3)
of degree- genus-one stable maps to X with k marked points contribute to the genus-one GW-
invariants without descendants:

(i) the main stratum im(i (X, ) consisting of stable maps from smooth domains;

IFor the purposes of this statement, all three GW-invariants are viewed as linear functionals on the same vector
space (consisting of tuples of homology elements in the manifold).
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Figure 1: Generic elements of ﬁ}g(X, B), ﬁfﬁ(}(, 3), and ﬁ}%(X, ﬁ)ﬂﬁig(X, B), respectively;
the lines and curves represent the components of the domain of a stable map and the pair of integers
next to each component indicates the genus of the component and the degree of the map on the
component.

(ii) the stratum SJI}Q(X ,B) consisting of stable maps from a union of a smooth genus-one curve

and a P!, with the map constant on the genus-one curve and with all k£ marked points lying
on the latter; see the first diagram in Figure 1.

At a first glance, this statement may seem to contradict reality, as well as Theorems 1A and 1B.
For example, if n > 4, the formula for the difference in Theorems 1A and 1B involves the GW-
invariant G:VV(ﬁ2 0) that counts two-component rational curves; this is consistent with [KPa]. This

term may appear to arise from the stratum sz%(x ,3) of My (X, 3) consisting of maps from a

smooth genus-one curve Cp with two P!’s attached directly to Cp so that the map is constant on Cp;
see the middle diagram in Figure 1. In fact, GrVV(ﬂ2 0) arises from a homology class on Mg +1(X, 5),

or equivalently from the closure of a boundary stratum of ﬁi:g(X , ). This boundary stratum is

the intersection of ﬁiz(X, B) with Sﬁ%g(X, B); see the last diagram in Figure 1.

After setting up notation for GW-invariants in Subsection 2.1, we state the main theorem of this
paper is Subsection 2.2. Theorem 1A expresses the difference between the standard and reduced
genus-one GW-invariants as a linear combination of genus-zero invariants. The coefficients in this
linear combination are top intersections of tautological classes on the blowups of moduli spaces
of genus-one curves constructed in Subsection 2.3 in [VaZ] and reviewed in Subsection 3.1 below.
These are computable through the recursions obtained in [Z4] and restated in Subsection 2.2 be-
low; (2.9) gives an explicit formula for these coefficients when no descendants are involved. We
then deduce a more compact version of Theorem 1A; Theorem 1B involves certain (un-)twisted
1-classes and coefficients that satisfy simpler recursions than the coefficients in Theorem 1A. The
descendant-free case of Theorem 1B, (2.15), is used in Subsection 2.3 to obtain a closed formula
for the difference between the two genus-one GW-invariants of a Calabi-Yau hypersurface from a
closed formula for its genus-zero GW-invariants obtained in [MirSym]|; see Lemma 2.2. Using a
closed formula for the reduced genus-one GW-invariants of such a hypersurface derived in [Z5], we
thus obtain a closed formula for its standard genus-one GW-invariants.

Theorem 1A is proved in Section 3. In addition to reviewing the blowup construction of Subsec-
tion 2.3 in [VaZ], Subsection 3.1 describes natural bundle homomorphisms over moduli spaces of
genus-one curves and their twisted versions. These are used to describe the difference between



the two genus-one GW-invariants in Subsection 3.3 and to compute it explicitly in Subsection 3.4,
respectively. The blowup construction of Subsection 2.4 in [VaZ] for moduli spaces of genus-zero
curves is used in Subsection 3.2 to obtain a formula for top intersections of tautological classes on
blowups of moduli spaces of genus-one curves; Proposition 3.1 is used at the end of Subsection 3.4.
Subsection 3.3 reviews the relevant aspects of [Z3], concluding with a description of the difference
between the two genus-one GW-invariants; see Proposition 3.2. This difference can be computed
explicitly through the direct, but rather involved, setup of [Z2]. Subsection 3.4 instead presents a
more conceptual approach motivated by the blowup construction of Section 3 in [VaZ] for moduli
spaces of genus-zero maps.

The author would like to thank J. Li for first drawing the author’s attention to the issue of
computing genus-one GW-invariants of projective hypersurfaces and R. Pandharipande for pointing
out the mirror symmetry prediction for a sextic fourfold in [KPa].

2 Overview

2.1 Gromov-Witten Invariants

Let ()g ,w,J) be a compact symplectic manifold with a compatible almost complex structure. If
g,k €Z™ are nonnegative integers and € Ho(X;Z), we denote by M, (X, 3; J) the moduli space
of genus-g degree-3 J-holomorphic maps into X with & marked points. For each j=1,...,k, let

ev: My (X, 8, T) — X
be the evaluation map at the jth marked point and let
Wy € H? (Mg i(X, ;7))

be the first chern class of the universal cotangent line bundle at the jth marked point. More
generally, if J is a finite set, we denote by My j(X,3;J) the moduli space of genus-0 degree-3
J-holomorphic maps into X with marked points indexed by the set J and by

er:ﬁO,J(X7ﬁ;j)—)Xa Q/)jeHQ(ﬁO,J(Xvﬁ;j))? VjEJ,

the corresponding evaluation maps and v-classes. If 3#0, for each J’' C.J there is a well-defined
forgetful map

fr: Mo g (X, 3, T) — Moy p(X,3,7),

obtained by dropping the marked points indexed by J’ from the domain of every stable map in
Mo,7(X, B; J) and contracting the unstable components of the resulting map. Let

Ui = f5_ 0 € H* (Mo 5 (X, 8;7))
be the untwisted jth t-class.

We also define moduli spaces of tuples of genus-zero stable maps. If me€ Z1, let

[m] = {i€Z":1<i<m}.



If meZ* and J is a finite set, we define

i=1
i=m i=m
Zﬂz:ﬂ, |_| Ji=J, evo(b;) =evo(by) Vi,i' € [m]}'
i—1 i=1

There is a well-defined evaluation map
evo: M, (X, 5;T) — X, (bi)ieim) — evo(bi),

where i is any element of [m]. For each i€ [m], let

it M (X, 3:T) — |_| |_| Mo, 100, (X, Bis T)
Bi€Ha(X:Z) JiCJ

be the projection onto the ith component. If pe Z*, we define
Mps Tlp € HP (M, 1) (X, 3;.T))
to be the sums of all degree-p monomials in
{70 i€m]} and {W;Q/N)()Z i€m]},
respectively. For example, if m=2,

13 = mYh + U0+ TG mavo + mivo miYg € HO (Mo 5 (X, 5;.T)).

The symmetric group on m elements, S,,, acts on ﬁ(m, 7) (X, 3;J) by permuting the elements of
each m-tuple of stable maps. Let

Zin.0) (X, 3. T) = Mg, (X, 3T ) / S

Since the map evg and the cohomology classes 7, and 7, on ﬁ(m, 7) (X, 3;J) are Sy,-invariant, they
descendant to the quotient:

€vp: Z(m,J)(X)ﬁ; j) — X and nmﬁq € H2q(Z(m,J)(Xuﬁ; j))

The constructions of [FOn] and [LT] endow

ﬁg,k(X)ﬁ;j)a m(m,J)(Xuﬁvj)v and Z(m,J)(Xuﬁvj)

with virtual fundamental classes (VFCs). If the real dimension of X is 2n, the first VFC is of real
dimension

2dim"" M (X, B; T) = 2dimg (X, B) = 2({c1(TX), B) + (n—3)(1—g) + k). (2.1)
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The other two VFCs are of real dimension

2dim"" My, 1) (X, ;. T) = 2dim"™ Z(,, ) (X, 557 )

. . (2.2)
= 2dim,, 5 (X, B) = 2(dimg | ;(X, 8) + 3 — 2m).

The VFC for ﬁ(m,J) (X, 5;J) is obtained from the VFCs for ﬁo,{o}uji (X, B;; J) via the usual
method of a Kunneth decomposition of the (small) diagonal (e.g. as in the proof of commutativity
of the quantum product). The VFC for Z,, 5 (X, 3;J) is the homology class induced from the
Sm-action on ﬁ(m,J) (X,5;T).

For each tuple

W= (cl, ey R - ,uk) e (zYHr o HY(X:;Z)* (2.3)
i=k

s.b. | = Z (2¢; + deg p1;) = 2dim; 4 (X, B), (2.4)
j=1

let

GW! () = (W evim) ... (Vi evip), k(X 5;7)]"")  and
CWIY () = (5 evim) ... (Wi evim), [T o(X, ;)] ")

be the standard and reduced genus-one degree-3 GW-invariants of X corresponding to the tuple u.
The latter is constructed in [Z3]. The exact definition of either invariant is not essential for the
purposes of Section 3, as our starting point will be Proposition 3.1 in [Z3], restated as Proposi-
tion 3.2 below, which gives a description of the difference between the two invariants.

If pis as in (2.3), meZ™, and J C[k], let

pr=11m e H(X:2),  psw) =) ¢ dms(n) =n—2m—|J|+ps(p). (2.5)
jeJ jeJ

If |p|=2dim; (X, 3), then

deg ( (evives TT 55 0550)) 1 (200 (X, 557)]" ) = 210 2.6

J¢J
Thus, whenever p+q=2d,, (1), n€H2p(Z(m7[k}_J)(X,B; J)), and po € H*(X;7Z), we define
GW{,, 5 (0,05 1) = (mevi(uons) TT (05 evia), [Zomp-n(X. 5:7)]"") € @,
JgJ

2.2 Main Theorem
The description of Proposition 3.1 in [Z3] implies that the difference between GW’ik(,u) and

GW?;,?(M) is some linear combination of the invariants GW(ﬁ 7 (p, cg(TX); ) or equivalently

m,

of GW(ﬁm J) (f)p,cq(TX ); u). The coefficients should be sums of products of top intersections of



tautological classes on moduli spaces of genus-zero and genus-one curves, M g,N- The simplest ex-
pressions in the first case, however, appear to be given by Hodge numbers on the blowups My (), 1)
of ml,mﬂ 7| constructed in Subsection 2.3 in [VaZ] and involve the universal i-class

¥ =ci(E) € H? (le,([m],J))

obtained by twisting the Hodge line bundle E; see Subsection 3.1 below.

Thus, given finite sets I and .J, not both empty, and a tuple of integers (¢, (¢;);cs), we define

<67 (Cj)j€J>(I7J) = <¢6 : H W*¢§j7 [le,(l,J)]> € Q, (27)

jeJ

where 7: /(/lvl,([k]“]) —>ﬂ17[k}w is the blow-down map. If ¢+3 . ;c; #[I|+|J], ¢<0, or ¢; <0 for
some j € J, the number in (2.7) is zero. By Theorem 1.1 in [Z4], the numbers (2.7) satisfy:

(R1) If i*€I and ¢; >0 for all jeJ,
<E§ (Cj)j€J>(] J) < (CJ)J€J>(I i*,JUi*)
(R2) If ¢;» =0 for some j*€J,

<E§ (Cj)j€J>(I’J) = |I’<5_1; (cj)jEJf{j*}>(LJ_j*) + Z <E; Cj_lv (Cj’)j/EJf{j*,j}>(LJ_j*)'
jeJ—{5*}
Along with the relation

(m—1)!
24 7

(0;1,1,..., 1>(0’[m]) = (V1. U, [Mim]) = (2.8)

m

which follows from the usual dilaton relation (see [MirSym, Section 26.2]), the two recursions
completely determine the numbers (2.7). In particular,

. — 1
(1710} g ) = (@, [V 0,y = - 11 ()=t (2.0
see Corollary 1.2 in [Z4].

Theorem 1A If (X,w) is a compact symplectic manifold of real dimension 2n, k € 7+, 3 €
Hy(X;Z)—0, and p is as in (2.8) and (2.4), then

GWfﬁk( ) — GWf,S Z Z ( 1)m+1=ps k) (m‘l"J’_pJ(M);(Cj)jEJ)([m},J)
meZt JC[k]
dpm,. (1) (2.10)
B .
x Z CGW i,y (93 €3 )= (T X5 M)) :
p=0



The sum in (2.10) is finite because Z(y, (-1 (X,5;T) is empty if (w,3)/m is smaller than the
minimal energy of a non-constant J-holomorphic map S? — X. Therefore, GW(ﬁm ) is zero if

{(w, B)/m is smaller than the minimal energy of a non-constant J-holomorphic map S? — X for
any w-compatible almost complex structure J. Theorem 1A is proved in Section 3.

We next express GWik(u)—GW?;g( ) in terms of the numbers GW(m 7 (7l cq(TX); ). If J is a
finite set, c=(c;)jes is a J-tuple of integers, and Jo C J, let

P, (cC ZCJGZ

j€Jdo

If in addition m€Z™, we define

i=m Ji
®m,J(C) = Z (-1) m+|Jo|—pgy(c H <| |- ) m+|J’—pJO(C);(Cj)jejo)([m]Jo), (2.11)

J=L=r NG
where <‘Ji‘_1> = < [:[ =1 ) and <_1> = 1.
(¢j)jer; (¢i)jes [Jil=1 = pu(c) ()
The multinomial coefficients above appear as Hodge numbers on /WO,‘ Jil+2-

Along with the relation

N N-1 N-1 N-1
= + o4 ,
€1,€2,...,C] caa—1l,co,...,q c1,e0—1,e3,...,¢ €1,02,...,C-1,0—1

the recursions (R1) and (R2) imply that the numbers in (2.11) satisfy

(R1) If m>1and ¢;>1 for all j€J,

O, ((¢)jes) = —(m—=1)Om_1.5((¢j)jer) + Z Om—1,7(c;—1, (¢cjo)jrcs—j);

jeJ
(R2) If c;«=0 for some j*€J,
6)mJ (cj) JGJ Z Om,.J—j* L, (cjr)jret— {5* J})
jeJ—{i*}
Along with the relation
010(0) = 57,

which follows from (2.8), (R1) and (R2) are sufficient to determine ©,,, 7((¢j)jes) in many cases.
In particular,

Om,s((¢j)jer) =

()" (m-1! {17 05 =0 7 2.2

24 0, if Zjejcj < |J’



The original recursions (R1) and (R2) are sufficient to compute ©,, s ((c;);es) in all cases. However,
it is more convenient to make use of the remaining relation of Theorem 1.1 in [Z4]: if cj« =1 for
some j* €J, then

<é§ (Cj)j€J>(]7J) = (|I|+’J’ - 1) <5; (C]')JEJ*J'*>(I7J7]'*)' (2.13)

This gives us a third relation for the numbers (2.11):

(R3) If ¢j» =1 for some j* € .J,
Om,s((¢j)jer) = (m+|J|=1)Om s+ ((¢j)jes—j+)-

The three relations (R1)-(R3), along with the initial condition ©; () = —1/24, determine the
numbers O,, j(c) completely.

Theorem 1B If (X,w) is a compact symplectic manifold of real dimension 2n, k € Z*, 3 €
Hy(X;Z)—0, and p is as in (2.8) and (2.4), then

Gw?k;( )— W?k Z Z ( CJ JGJ)

meZt JC[k]
(2.14)

dm J(H’)
x> GW (s €y ) (TX); M)) :
p=0

This theorem follows immediately from Theorem 1A above and Lemma 2.1 below. In turn, the
latter follows from Lemma 2.2.1 and Subsection 3.2 in [Pa]; see also Subsection 3.3 in [Z2].?

Lemma 2.1 Suppose (X,w) is a compact symplectic manifold of real dimension 2n, k€ Z+, B €
Hy(X;7)—0, and p is as in (2.3) and (2.4). If meZ*, peZ*, and J C[k],

GW ) (a0 (TX)i18) = D ( 1 ((U-i"_l)

. C .
JCJ’C[m} Jli‘]:LIzi'inJZ ])]GJz

B =~ .
X GW(m,J/) (np—\J’—JHpJuJ(u) s s (1) —p(TX); F‘)) :

“Lemma 2.1 is a consequence of the following identities. If Jo C J is nonempty, let D, CMo,ous (X, 3; T) be the
(virtual) divisor whose (virtually) generic element is a map from a union of two P'’s, one of which is contracted and
carries the marked points indexed by the set OUJy. In particular,

Dj, = mo,{o,ouO X ﬁo,ou(J—Jo)(X, B8;T).

If 7p and wp are the two component projection maps, then

Yo=10+ »_ Ds,  tolp,, =7pto,  tolp,, =msdo.

O#£JoCJ



The advantage of Theorem 1B over Theorem 1A is that the coefficients of the genus-zero GW-
invariants in (2.14) satisfy simpler recursions and are more likely to vanish, due to (2.12). For
example, if ¢; =0 for all j, i.e. there are no descendant classes involved, (2.14) reduces to

2m<n n—2m

GWY (1)~ GWT (1) = i > <(—1)M(m—1)!2 GW(,0) (ﬁp,cn_gm_p(TX);,u)>. (2.15)
p=0

m=1

This formula looks remarkably similar to the formula for the correction term in Theorem 1.1 in [Z2]
enumerating one-nodal rational curves.? This is not too surprising as both expressions arise from
counting zeros of analogous affine bundle maps; see Subsection 3.4.

2.3 Genus-One GW-Invariants of Calabi-Yau Hypersurfaces

The essence of mirror symmetric predictions for GW-invariants of Calabi-Yau manifolds is that
these invariants can be expressed in terms of certain hypergeometric series. In this subsection, we
deduce a mirror symmetry type of formula for the standard genus-one GW-invariants of Calabi-Yau
projective hypersurfaces from a formula for the reduced genus-one GW-invariants obtained in [Z5],
(2.14), and a formula for genus-zero GW-invariants obtained in Chapter 30 of [MirSym]|. In partic-
ular, we show that the difference between the two invariants, i.e. (2.14), simply cancels the last term
in Corollary 3.4 in [Z5]. The n <5 cases of Theorem 2 below have already been obtained [Z5], with
the n=>5 case confirming the prediction of [BCOV]. The n=6 case confirms the prediction of [KPa).

Fix an integer n>3 and let X CP"~! be a smooth degree-n hypersurface. In this case, d1 o(X,3)=0
for every € Ho(X;Z). For each d€Z*, denote by N{(X)€Q and Nf;O(X) € Q the standard and
reduced degree-d genus-one GW-invariant of X C P71 i.e. the sum of GW{{O(@) and GW?;S @),
respectively, over all § lying in the preimage of d¢ under the natural homomorphism

Hy(X;Z) — Ho(P" 1, 7),
where £ € Hy(P"~1;Z) is the homology class of the line.

For each ¢=0,1,..., define Iy 4(t) by
(e}
o _ nw—i—r
Zfo,q(t) = tz dt ) = R(w,t). (2.16)
q=0

Each Iy 4(t) is a degree-g polynomial in ¢ with coefficients that are power series in e’. For example,

0 0 nd
In(t) =1+ Z et EZ‘C?”‘ and Ii(t) = tlp(t) + Z et ( Z g) (2.17)

=1 r=d+1

Ipq(t) = % <7Iplf I;i(lt()t) ) (2.18)

For p,q€Z* with ¢>p, let

3In [Z2], the meanings of 7, and 7j, are reversed.
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It is straightforward to check that each of the “diagonal” terms I, ,(t) is a power series in e’ with

constant term 1, whenever it is defined; see [ZaZ], for example. Thus, the division in (2.18) is

well-defined for all p. Proposition 3.1 in [Z5] describes a number of relations between the power
series I}, ,(t). Let

~ oa(t)

Ioo(t)

By (2.17), the map t — T is a change of variables; it will be called the mirror map.

(2.19)

Theorem 2 The genus-one degree-d Gromov- Witten invariants of a degree-n hypersurface X in
P! are given by

TN (X) = <(n_2)(n+1) +o (1_n)n><T_t> i e ek DS OYA)

= 48 24n? 24n
B 481 In (1-n"e") + Z(n 5/ % In1,,(t), if 2 fn;
2dn (1- n”et)—i-z(n LUQWI I, p(t), if2n,

where t and T are related by the mirror map (2.19).

The distinction between the n odd and n even cases appears because the formula of Corollary 3.4
in [Z5]* uses the reflection symmetry property of Proposition 3.1 in [Z5] to reduce the number of
different power series I, used. A uniform formula can be obtained from Theorem 3.3 in [Z5].

Let R(w,t)=R(w,t)/Ioo(t). Then, e **R(w,t) is a power series with e’-constant term 1 and
1(d\* _wt B
DP In R(w,t) = {dw} (ln (e tR(w,t)))

for all peZ™ with p>2. Theorem 2 follows immediately from Corollary 3.4 in [Z5], (2.14), and
the following lemma. Note that since dim X =n—2 and k=0, (2.15) can be written as

€ Q[le"]]

w=0

n—22m<p
1

d;0
NECO =N = o

M

(=1)™(m—=1)!GW{,, o) (hp—2m, cn—2-p(TX); 0).
p=2 m=1

Lemma 2.2 If X P! is a degree-n hypersurface, x € H*(P""1;7Z) is the hyperplane class, and
p,qEZT with 2<p <n—2,

cg(TX) = <Dq %)qux; (2.20)

o) 2m<p
ZedT( > (=)™ (m=1)!GW{, o (mp—2m, “;@)) = —nD? In R(w, t) (2.21)

d=1
if T and t are related by the mirror map (2.19).

m=1

“It states that 0, e NH°(X) is given by the expression in Theorem 2 plus

222( D P%)(Dﬁlné(w,ﬂ).
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The relation (2.20) is immediate from ¢(TP"~!)=(14+2z)". We deduce (2.21) below from the con-
clusion of Chapter 30 in [MirSym].
Let & be the universal curve over My, gy (P" "1, d), with structure map 7 and evaluation map ev:

ev

H

|-

ﬁ(m,@) (]mel’ d) :

Pnfl

In other words, the fiber of 7 over a tuple ([Ci, uz]) is the wedge of curves C; identified at the

i€[m]
marked point zg of each of the curves, while

ev([(Ci, wi)icpmy, 2]) = ui(z) it zed;.

The orbi-sheaf o
7.6V Opn-1(n) — M, 9 P, a)

is locally free, i.e. is the sheaf of (holomorphic) sections of a vector orbi-bundle
Vi) — M) (B" ", d).

By the (genus-zero) hyperplane-section relation,

—2— 1 *, n—2— [3274 n—
(m=1)!GW{,, ) (np—2m, 2" >77;0) = —(1lp—2mevyr 2PeVimn)s [Mumay (P d)]).  (2.22)

The m=1 case of (2.22) is completely standard, and the same argument applies in all cases.

There is a natural surjective bundle homomorphism
eNV()Z V(L@) I QVSOPnfl (n), ([C,u,ﬁ]) — {(l‘o(C)),
over My gy (P!, d) =M (o3 (P"!,d). Thus,
Vél’@) = ker évg — M1 ) (Pt d)

is a vector orbi-bundle. It is straightforward to see that

i=m

eWVimp) = nevgr [ wie(Vig)- (2.23)
=1

For each reZ*, let

Z(e") = e (Ypevia™ " e(V{1g)), [M1,0) (", d)]).
d=1

Using the string relation (see [MirSym, Section 26.3]), the conclusion of Chapter 30 in [MirSym]|
can be reformulated as

n—3
elw <1 + ZZT(eT)wH’?) = R(w,t) € Q] [[e']] /w", (2.24)
r=0

12



with 7" and ¢ related by the mirror map (2.19) as before.

We now verify (2.21). By (2.22), (2.23), and the decomposition along the small diagonal in (P™~1)™,
the left-hand side of (2.21) equals

o] 2m<p (_1)771 _
n;edT< E:I - <ev 2= pH 1 ¢0 Dﬁ(m,@)(]}”"l,d)w)
= m=
2m<p i=m

Vi) —
S T (e ) g )

Sl di=d Y= 'pi=p =1

—1)™
Z”Zl(m)

gl

d; >0 ;>0
2m<p (_1)m i=m n—3
o C Z HZ _o(eT) = —nDP In (1 + ZZT(eT)wuz).
m=1 Zi;npi:p =1 r=0

pi>2

The relation (2.21) now follows from (2.24).

3 Proof of Theorem 1A

3.1 Blowups of Moduli Spaces of Genus-One Curves

In this subsection we review some aspects of the blowup construction of Subsection 2.3 in [VaZ]
and add new ones, which will be used in Subsection 3.4.

If I is a finite set, let

A = {(Ip.{le: k€K}): K#0; I= | | I || >2VkeK}. (3.1)
ke{P}UK

Here P stands for “principal” (component). If p= (Ip,{I;: k€ K}) is an element of A;([), we
denote by M1 , the subset of ﬂl, 1 consisting of the stable curves C such that

(i) C is a union of a smooth torus and |K| projective lines, indexed by K;

(ii) each line is attached directly to the torus;

(iii) for each k€ K, the marked points on the line corresponding to k are indexed by I.
For example, the first diagram in Figure 2 shows an element of M , with

p = ({i1,i2}, {{is, 14,75, 16}, {i7, i8, 09} } );

the number next to each component indicates the genus. Let Ml,p be the closure of M , in ML I
It is well-known that each space M , is a smooth subvariety of My ;.

We define a partial ordering on the set A;(I)U{(I,0)} by setting
p'=(Ip,{I;: ke K'}) < p=(Ip,{Ix: ke K}) (3.2)

if p' # p and there exists a map ¢: K — K' such that I, CI;(,C) for all k€ K. This condition means
that the elements of M , can be obtained from the elements of M , by moving more points onto

13



Ip={i1,i2}, K={1,2}
Il :{7;3) 7;47i57i6}7 12:{7;77i87i9}

Figure 2: Examples of partial ordering (3.2)

the bubble components or combining the bubble components; see Figure 2.

Let I and J be finite sets such that I is not empty and |I|+]|J|>2. We put
Al(I,J) = {((Ipl_ljp),{]kl_ljk: k‘GK})EAl(IUJ): Ik#@ Vk‘GK}.

We note that if pe A1 (IUJ), then pe€ Ay (I, J) if and only if every bubble component of an element
of My, carries at least one element of I. The partially ordered set (A;(I,J), <) has a unique
minimal element

pmin = (0, {ITUJ}).

Let < be an ordering on A;(1,J) extending the partial ordering <. We denote the corresponding
maximal element by pmax. If p€.A1(1,J), define

(3.3)

L max{p' € A(I,J): p'<p}, if p# pmin;
P 0, if p= pmin,

where the maximum is taken with respect to the ordering <.

The starting data for the blowup construction of Subsection 2.3 in [VaZ] is given by
-0 - -0
My =Miws,  Bo=E— M.

Suppose p€.A1(I,J) and we have constructed

(I1) a blowup my—1 : MT,_(II,J) —>M(1),(LJ) of M(l)ﬂﬂ]) such that 7,_; is one-to-one outside of

the preimages of the spaces ﬂ?’ p with p'<p —1;
(12) a line bundle E, ; — M7} .
For each p*>p—1, let mﬁf;i be the proper transform of M ,« in MT,(},J)'

If pe A1(I,J) is as above, let
B | ——p—1
Tp: Mfl),(I,J) - Mf,(I,J)

be the blowup of ﬂ’ff} ) along ﬂf;l. We denote by ﬂi , the corresponding exceptional divisor
and define o
E, =75 Ep1 ® O(MY ). (3.4)

14



It is immediate that the requirements (I1) and (I2), with p—1 replaced by p, are satisfied.

The blowup construction is concluded after |pyax| steps. Let
ML(I,J) = MT,H(I;TJ)7 E = IE,Omax7 %; = Cl(IE)

By Lemma 2.6 in [VaZ], the end result of this blowup construction is well-defined, i.e. independent
of the choice of an ordering < extending the partial ordering <. The reason is that different ex-
tensions of the partial order < correspond to different orders of blowups along disjoint subvarieties.

Remark: 1f I=0 or |I|+|J|=1, we define My (1 ;) = M1, 1,7 and E = E.

We next define natural line bundle homomorphisms s; : L; — E* over Hl, 1, where L; —>ﬂ1, I
is the universal tangent line bundle at the ith marked point. These homomorphisms will then be
twisted to isomorphisms $; on My (7 7). The homomorphism s; is induced by the natural pairing
of tangent vectors and cotangent vectors at the ith marked point. Explicitly,

{si((CGD}(C. ) = Yuypv i
[Cle My 1, [C,U]eLi‘C:Txi(c)C, [CW]GE\CZHO(C;T*C),

and x;(C) €C is the marked point on C labeled by i. The homomorphism s; vanishes precisely on
the curves for which the ith marked point lies on a bubble component. In fact, as divisors,

s7H0)= Y M, where  Bi(Iii) = {(Ip.{Ip}) € Ai(]): i€ Ip}. (3.5)
pEB1(I51)

If I and J are finite sets such that I is not empty and |I|+]|J|>2, then B(/UJ;3) C Ai(1,J) for
all i€ 1. For each i €1, let

— ——0 *
LO,z‘ =L, — Ml,(I,J) and 80, = S5 € H° (Ml,(I,J);Hom(LO,iaEO))-

Suppose pe A1 (I, J) and we have constructed line bundles L,_1 ; —>ﬂ'ﬁ} gy for i€ and bundle
sections

—p—1 " _ —p—1
$p-14 € HO(MY 1 yy; Hom(Ly 15,75 1 E)) st s, ,(0) = > M (3.6)
p*e€B1 (IUJ3i),p*>p—1

By (3.5), this assumption is satisfied for p—1=0. If

p= (IpuJp,{IxUJy: ke K}) (3.7)

SIf p, p' € A1 (I, J) are not comparable with respect to < and p<p/, M’f;l and M’f;} are disjoint subvarieties in
MTI}W. However, Ml,p and Ml,pz need not be disjoint in M r,7. For example, if

I= {17273’4}’ J=0, pi2= (({374})’ {{17 2}}>7 P34 = (({172})’ {{374}})7 pP12,34 = ((@), {{1’2}7 {3»4}})7

M ., and My, intersect at My ,,, 5, in M 4, but their proper transforms in the blowup of M 4 along M1, 4,
are disjoint.
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and i€ I, we define

~ il e - .

ﬁ;LP*Li? if ielp.
By the inductive assumption, s,—1; induces a section s,; of L} ;@7 E* such that
-1 NWiL
s, (0) = > M,
preB1(IUJ5i),p*>p
Thus, the inductive assumption (3.6) is satisfied with p—1 replaced by p. Let

Li = Lppei — Mgy 5i = Sped € H(My 1,y Hom(L;, 7°E"))..

Pmax,?

By (3.6), §;: L;— #*E* is an isomorphism of line bundles.

Remark: The line bundles L; and bundle isomorphisms §; just defined are not the same as in
Subsection 2.3 in [VaZ] or Subsection 2.1 in [Z4].
3.2 Blowups of Moduli Spaces of Genus-Zero Curves

In this subsection we give a formula for the numbers (2.7) that involves the blowups of moduli
spaces of genus-zero curves defined in Subsection 2.4 of [VaZ] and moduli spaces of genus-one
curves, not their blowups. The formula of Proposition 3.1 will be used at the conclusion of Sub-
section 3.4.

If I is a finite set, let

AoI) ={(Ip,{Ix: keK}): K#0; I= | | Ii; || >2VkeK; |K|+|Ip|>2}.
ke{P}LUK

Similarly to Subsection 3.1, each element p of Ag(I) describes a smooth subvariety
Mo, C MO,{O}UL

with the “principal” component of each curve in Mg, carrying the marked points indexed by the
set {0}lJp. There is a partial ordering < on Ag(I), defined analogously to the partial ordering <
on Ay (I). If J is also a finite set, let

.Ao(], J) = {((Ipl_ljp),{[kujkt kEK}) E.AQ(IHJ)t Ik;«é(b VkEK}

Suppose X is a finite nonempty set and o= (I}, J;);ex is a tuple of finite sets such that I; # () and
|I;|+]|J;] >2 for all [eN. Let

_ - . _
Mo, = HMO,{OMM and  F,= @wl Lo — Mo,
S len

where L —>ﬂ0,{0}u 1,1, 18 the universal tangent line bundle for the marked point 0 and

m: Mo, — Mo foyunug,
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N={1,2,3} N={1,2,3}

P | UJy| =2 | UJy | =2
\LUJo| =|I5U.J5) =3 LU =|I5UJ5) =3

P Rp={1,2,3} F Rp={2,3)
p1=(L1UJ1,0) p1=(IUJ1,0)

P pQZ(Igl_lJQ,(Z)) P pg#(IQUJQ,Q)
p3=([3|_|J3,®) /)3:([3|_|J3,®)

Figure 3: Typical elements of ./T/IJ& o and Mo,p

is the projection map. Denote by
Yo — PF},

the tautological line bundle.

With ¢ as above, let

Ao(0) = {(Rp, (m)ien) : RpCR, Rp#£0; pre{(Ludy,0)}UAg(L;, ;) VIER;

pi=(LUJ;,0) VIER=Rp; (Np, (pr)iex) # (N, (LUJ;, 0)iex) }- (3.9)

We define a partial ordering on Ay(g) by setting

p'=(Rp, (Pier) < p=(Rp, (p1)iex) (3.10)

if p'# p, Xp CRp, and for every l € X either pj=p;, p; < pi, or p;=([jUJ;,0). Let < be an ordering on
Ao (o) extending the partial ordering <. Denote the corresponding minimal and maximal elements
of Ao(0) by pmin and pmax, respectively. If p€ Ag(o), define

p—1 € {0} A(o)
as in (3.3).
If pe Ap(o) is as in (3.10), let

_ — 150 40
Mo, =[[ Moy, Fy= @ rilLolg,, € For  MS,=PF, C MJ,=PF,
len leXp

The spaces //\/lV& o and //\/lV& , can be represented by diagrams as in Figure 3. The thinner lines rep-

resent typical elements of the spaces /\_/lo,p“ with the marked point 0 lying on the thicker vertical
line. We indicate the elements of X p C X with the letter P next to these points. Note that by (3.9),
every dot on a vertical line for which the corresponding tree has more than one line must be labeled
with a P.

The blowup construction now proceeds similarly to that in Subsection 3.1 with

IEO::W@ ___>/x4&g'
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The analogue of (3.4) has the same form:
E, =75 E,n1®0(M§,). (3.11)

As before, we take i i i
MO 0 T Mgrz)ax7 E = ]Epmax7 ¢ =0 (E)

As in Subsection 3.1, the end result of the above blowup construction is well-defined, i.e. indepen-
dent of the choice of the ordering < extending the partial ordering <.

We now return to the construction of Subsection 3.1. If p€.A;(1,J) is as in (3.7), let
Ip(p) =1p, Jp(p)=Jp, N(p)=K, o5(p)= (I, ]1),cy,)

Note that o o L
Mo = My 1p(p)udp(p)ur(e) X Mo,ep(p)- (3.12)

If p=0, we set

1, ifé=—1;

0, otherwise.

Ip(p) =1, Jp(p)=J, R(p)=10, <1/357 [/\70,@3@)]> = {

Let A=c1(E) be the Hodge class on /VLN.

Proposition 3.1 If I and J are finite sets and (¢, (c;)je) EZXZ’, then

<55 (Cj)j€J>([,J) = Z (< H%c'ja [ml,IP(P)UJP(P)UN(P)}><Q/)~6_1 HQ/)]C'j> [MO,QB(P)]>

pe{0}LAL(I,J) \ jE€JTP(p) je€J—Jp(p)
+<AH¢§JQ (Mo 1o (0)0Tp (0)x(0)] >< 1T Mo ]>)
i€Jp(p) J€J—Jp(p)

It is immediate that the statement holds if ¢<0. For each pe A{(1,J), let
Mup, € My (1,0

be the proper transform of the exceptional divisor /Wi), , for the blowup at step p. Since /Vi plsa
divisor in M’f,( 1,7y and the blowup loci ﬂi o wi‘i p* > p, are not contained in ﬂi p» Mi,p is the
pull-back of the cohomology class determined by /\/li p under the blow-down map

M) — ﬂf,(I,J)-

Therefore, by (3.4),

1/; = A+ Z Ml,p € H2(./T/lil7([ﬂ])). (3.13)
peAi(1,J)
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Furthermore, by an inductive argument on the stages of the blowup construction similar to Sub-
sections 3.4 and 4.3 in [VaZ],

Mip = Mo (ine) e () X Mooste)y Ulgr,, = T, (3.14)

where 7 is the projection onto the second component. The é=1 case of Proposition 3.1 follows
immediately from (3.13) and (3.14). If ¢>2, then by (3.13), (3.14), and A\2=0,

2
J = o2 (x Ly M,p) S5 M 4 A S M,

peAL(1,J) pEAL(I,7) pEA1 (I1,7)

= 3 (@RS I M, + (TN (TH052) Mo,
peAL(I,J)

This implies the ¢>2 cases of Proposition 3.1.

3.3 Analytic Setup

We now recall the parts of Subsections 1.3, 1.4, 3.1, and 3.2 in [Z3] needed to formulate Proposi-
tion 3.1 of [Z3] giving a description of the difference between the two genus-one GW-invariants.

An element of the moduli space ﬁg,k(X , 3; J) is represented by a stable continuous degree-( map u
from a pre-stable genus-g Riemann surface (X, j) with k& marked points to X which is smooth on
each component of ¥ and satisfies the Cauchy-Riemann equation corresponding to (7, j):

5:]JUE %(du—l—joduoj) =0.

We denote by M, (X, 5; J,v) the space of solutions to the v-perturbed CR-equation:
A7 u+v(u) = 0.
The perturbation term v(u) is a section of the vector bundle
AG.T*N@u'TX = {neHomp(TX,u*TX): Jon=-noj} — %

and depends continuously on u and smoothly on each stratum X7 (X, 3) of the space X, (X, ) of
all continuous degree-(3 maps that are smooth (or LY with p>2) on the components of the domain.

®The induction begins with (3.12) and )‘|W1,p =7pA. One then shows that
ML, % M (i) a0 X Moo, € (Eo-1)lxgp-1 = T,
and the normal bundle of H’{fpl is TpE @75 F, (- Thus,
My~ Muytpous@.ireon X Mogsy (o)l =mhea (Eo).

The proper transforms of ﬂ’f’p under blowups along Mip_*l with p < p* correspond to blowups of the second
component of M4 , and the twisting (3.11) changes Tjc1(Eo) to mie1(E).
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More formally, v is a multi-section of a Banach orbi-bundle FS’}C(X ,3;J) over X, (X, 3).7

Suppose m € Z*, J is a finite set, and 8 € Ho(X;Z). If v is a perturbation on the spaces
Xo,{0yus; (X, Bi) as above, with J; CJ and 3; € Ho(X;Z) such that w(3;) <w(3), let

M, ) (X, BT, v) = {(bi)ie[m] € [ Mo, 030 (X, 8 T, v): Bi € Ho(X;Z)—{0}, JiCJ;

=1
i=m =m
> Bi=8, | | Ji=J, evo(bi)=evo(by) W’ile[m]}'
i=1 i=1

Let M, (X, 55T, v) Cﬁ(mw (X, B;T,v) be the subspace consisting of m-tuples of maps from
smooth domains. Define

it M, ) (X, 3T, v) — |_| |_| Mo o0, (X, Bi: T, v),
ﬁiEHQ(X;Z)*O JiCJ

npﬂ?p € HZP(ﬁ(m,J)(Xaﬁ;jvy))a evp: ﬁ(m,J)(Xaﬁv j) — X,

as in Subsection 2.1.

We will call a perturbation v on Xg 1yu7(X,3) supported away from x¢ if v(u) vanishes on
a neighborhood of the marked point xq for every element [%,u] of Xy (oyus(X,5). In such a
case, u is holomorphic on a neighborhood of the marked point zo for every element [3,u] of
ﬁo,{o}u J(X,8;T,v). Therefore, there is a well-defined (C-linear) vector bundle homomorphism
(VBH)

Do: Lo — evyT X, [E,u; w} — dulgw i we LO‘[E,u} =T52,

over ﬁo’{o}u(](X, B; J,v). If m, J, and v are as in the previous paragraph and v is supported away
from z, we obtain m VBHs
;Do mj Lo — evpTX

over ﬁo,(m, N(X,B;T,v). The difference between the standard and reduced genus-one GW-
invariants is described below in terms of these VBHs and the homomorphisms s; defined in Sub-
section 3.1.

In the genus-one case, Definition 1.2 in [Z3] describes a class of perturbations v called effectively
supported. These perturbations vanish on all components of the domain of a stable map « on
which the degree of u is zero, as well as near such components (including after small deformations
of [S,u]). If ves is effectively supported, [¥,u] is an elements of MMy (X, 3; T, Ves), and u has
degree 0 on a component X; of X, then u is constant on 3. For a generic effectively supported
perturbation ves, My (X, 3; T, Ves) has the same general topological structure as 90 (P",d). In
particular, if (X, w, J) is sufficiently regular (e.g. a low-degree projective hypersurface), ves can be
taken to be 0 for our purposes.

"The topological and analytic aspects of the setup in Subsection 1.3 of [Z3] are analogous to [FOn] and [LT],
respectively.
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A stratum X7 of Xy ;(X, ) is specified by the topological type of the domain ¥ of the stable
maps u in X7, including the distribution of the k¥ marked points, and the choice of the components
of ¥ on which the degree of u is not zero. A stratum X7 of X; ; (X, 5) will be called degenerate
if the degree of any map u in X7 on the principal, genus-carrying, component(s) of its domain is
zero. The restriction of u to a component 3;~S? of ¥ on which the degree of u is not zero defines
a projection

mricXr — || Xoxwn(X,6) (3.15)

Bi€H2(X;2)—0

for some J; C [k] and finite set K consisting of the nodes of ¥;. If X7 is degenerate, K; has
a distinguished element, the node closest to the principal component(s) of ¥; it will be denoted
by 0. As in Subsection 3.2 in [Z3], let 6%?k(X,6; J) be the space of all effectively supported
deformations ves such that for every degenerate stratum X7, [3,u] € X7, and every component
¥;~S5? of ¥ on which the degree of u is nonzero

Ves(u)|s; = {W;';iVT;i}(u)’Ez' (3.16)

for a fixed (independent of u) perturbation v7,; on the right-hand side of (3.15) such that for every
Bi € Ha(X;Z)—0 with w(;) <w(B):

(gd1) the linearization
Dgurip: {EET(SpuTX): E(xo(b) =0} — I'(Sp; A% TS, @up TX) (3.17)
of 07 +vr, at b is surjective for every b=y, up] € Mo x,010, (X, Bis T, v73i);
(gd2) the restriction of the section
Do € I'(Mo, x,05, (X, Bi; T, vryi); Hom (Lo, eviT X))

to every stratum of ﬁo, K, (X, Bi; T, vry) for which the degree of the maps on the compo-
nent containing xq is nonzero is transverse to the zero section.

If meZ*t and J C[k], let B
mTkJ(X’ﬁ;j7yeS) C ml,k(Xuﬁ;j”/)

be the subspace consisting of the stable maps [X, u] such that ¥ is a union of a smooth torus ¥ p
and m spheres attached directly to X p, the degree of u is zero on ¥ p and nonzero on each of the m
spheres, and Y p carries the marked points indexed by J. If v € (’5%dk(X ,3;J), there is a natural
splitting

WITI;J(X, BT s Ves) = (Ml,[m]uj XM, (k)—0) (X, B3 T VB))/SWM (3.18)

where My ()0 CML[m]u J is the subspace of smooth curves and vp is a perturbation supported
away from xg. With our assumptions on ves, vp is in fact effectively supported. Furthermore,
ﬁ(m,[k], (X, B;T,vp) is stratified by smooth orbifolds (in the sense of Remark 1 in Subsec-
tion 1.3 in [Z3]) with the expected normal bundles (i.e. analogously to ﬁ(m’[k]_(]) (P™,d)). The
splitting in (3.18) extends to an immersion over the closures, from the right hand side to the left.
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Let p be a tuple as in (2.3) and (2.4). As in Subsection 3.1 in [Z3], choose generic pseudocycle
representatives f;:Y; — X for the Poincare duals of the cohomology classes p; and let

j=k
Mk (X, 85 T, ves (F)jew) € Mk (X, 8T, ves) x [V
j=1

be the preimage of the diagonal A% C (X?2)* under ;z'f(evj' x fj). Let

ﬁl,k(Xv ﬁ? \77 Ves; ,u) - ﬁl,k(Xa 67 \77 Ves; (f])]E[k})
be the zero set of a section ¢ of the vector bundle

i=k

Vi = @CjL; — Mk (X, 3 T vesi () jeln])-
j=1

For good choices of f; and ¢, the splitting (3.18) induces a splitting
j=k
M (X, 3 vesi 1) = (M5 (X, 85 T vee) < [T Vi ) 000 (X, 55 T vesi 1)
j=1 (3.19)
~ (ML[m]uJ(M) XM (i, j—0) (X, B3 T VB?M))/Sma

for all meZ* and J C [k]. This splitting extends as an immersion over the compactifications.

Denote by
7P, T8 My g (1) X M -y (X, 8; T s vBs 1) — My gy (1) X M -1y (X, B3 T, vB; 1)

the two component projection maps. With s; as in Subsection 3.1 and Dy as above, define

i=m i=m
DT,;J: @W}BLZ-®7T*B7T;‘LO — mpE*@7ngevoT X, (Vi QWi )igm) — Z 3; (V) @Dy (w;).
i=1 i=1

This is a VBH over ML[m]uJ(u)xﬁ(W[M,J)(X, B; J,vp; i), which descends to ﬁTI;J(X, BT s Ves; I4)-

Finally, suppose M is a compact topological space which is a disjoint union of smooth orbifolds,
one of which, M, is a dense open subset of M, and the real dimensions of all others do not exceed
dim M —2. Let

E.0— M

be vector orbi-bundles such that the restrictions of £ and O to every stratum of M is smooth and
1
kO —rk E = §dimRM.

If a €T (M;Hom(E, O)) is a regular section in the sense of Definition 3.9 in [Z1], then the signed
cardinality of the zero set of the affine bundle map

Yap=0+v: E — O
is finite and independent of a generic choice of 7 €T'(M;O), by Lemma 3.14 in [Z1]. We denote it
by N(«).
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Proposition 3.2 Suppose (X,w,J) is a compact almost Kahler manifold of real dimension 2n,
keZt, B€ Hy(X;7Z), p is as in (2.3) and (2.4), and ves € @%fik(X,ﬁ; J). If the pseudocycle
representatives f; and bundle section ¢ are chosen generically, subject to the existence of a split-
ting (3.19), then

WS, () - GW = 3 3 e (), (3.20)
m=1 JClk]

where CT];J(E;) is the O-contribution of SDTT;CJ(X,ﬁ; T, Ves; 1t) to GVV1 w (). It is given by
m,J 13y m,J
C1} (0) = N (DY), (3.21)

. . . sm,J .
where DT,;J is a viewed as a vector bundle homomorphism over MMy i (X, 8, T, Ves; it). In particular,

DT,;J s reqular.

This is the essence of Proposition 3.1 in [Z3]. While Subsections 3.1 and 3.2 in [Z3] explicitly treat
only the case without descendants, i.e. ¢; =0 for all j € [k], exactly the same argument applies

in the general case. The notion of d-contribution of a stratum to GWf (1) is made precise in
Proposition 3.1 in [Z3], but (3.20) and (3.21) suffice for our purposes.

3.4 Topological Computations

In this subsection we express the numbers (3.21) in terms of cohomology classes and GW-invariants
and thus conclude the proof of Theorem 1A.

With notation as in the previous subsection, let
M k= 7) = Mo, ) —) (X 85 T, vBs ).
Equation (3.21) can be restated as
cyy(9) = N (DY) fmi (3.22)
with DT];J viewed as a VBH over Ml,[m]u g () xﬁ(m,[k]_ 7)- It is straightforward to see that
ND) = N,

where ﬁink‘] is the VBH over /T/lJL([m]’ () xﬁ(mm, ) given by

i=m
Dm A @WPLH@WBW Ly — npE*®@7pevTX, (Vi W) igim) — Z 5i(v)®@Do(wi),
=1 =1

with L; and §; as at the end of Subsection 3.1.8

sﬂl’[m]w(y) is the zero of a section ¢ of the vector bundle V,,; = @jeJCJL over /\/ll jus such that the
restriction of ¢ to every blowup locus is transverse to the zero set. ./Wl’([mw)( ) is the preimage of Ml,[m]w( )

under the blow-down map ./{/lvl,([m],J) —>ﬂ1,[m]w.

23



Since 3;: L; — E* is an isomorphism for all i € [m],
7J k=
N(DTk ) = N(mpidg- ®7T*B,D(m,[k]fj))>

where idg- is viewed as a VBH on .//{\/l-/l’([m]ﬂ]) (1) and Dy, (1] sy is the VHB on ﬁ(m,{k;}—J) defined by

=m =m

D(m7[k},J): F(m7[k],J) = @ 7TZ<L0 — evZ;TX, (wz)ze[m] — Z 'Do(wi).
i=1 =1

This vector bundle homomorphism induces a VBH over the projectivization of Fi,, -
Dy € F(Dﬁ?m[k}fj); HOIII(]E(); eVSTX)), where m((]m,[k]fg]) = IP)F(ka],J), Eg = Y(m,[k]—J)s

and Y(m,(k]—J) — PFim,[k)—7) 1s the tautological line bundle. It is straightforward to see from the
definition that

N (rpides @D k1)) = N (mpide-@75Dy). (3.23)
By (gdl) and a dimension-count as below, PF(,, ;) is stratified by orbifolds with the expected
normal bundles and Dy does not vanish on every stratum of PF(,, ) s) on which its restriction is
transverse to the zero set (unless Ml,([mw)(u) is empty). Using (gd2), the strata of PF,, x—) on
which Dy is not transverse to the zero set can be described as follows.

If J is a finite set and € Ho(X;7Z), let
Ao(J) = {(m; Jp, Jp): meZ™; Jp,Jp CJ;m+|Jp|>2};
Mo\ (X, 3; T, vB) = Mo 1oy (X, 5;T , vB).
If c=(m;Jp,Jp) is an element of Ag(J), let
M, (X, 3;T,vB) C Wo,{o}uJ(Xﬁ; J,vB)

be the subset of consisting of the stable maps [¥, u] such that
(i) the components of ¥ are 3; =P! with i€ {P}U[k];
(ii) u|y, is constant and the marked points on X p are indexed by the set {0}UJp;
(iii) for each i€ [m], 3; is attached to ¥ p and uly, is not constant.
We denote by
M, (X, 8;T,vB) C My 0y (X, 85T, vB)

the closure of M, (X, 5; T, vp). In each diagram of Figure 4, the irreducible components of ¥ are
represented by lines, and the homology class next to each component shows the degree of v on that
component. We indicate the marked points lying on the component ¥ p only.

If meZ™' and J is a finite set, let

Ao(m; J) = {((04)iefm)s JB) : (03, 0) €{(0,0) }U Ao (Ji.p), (03)icim) 7 (0)ie[m); |;| Jip=J—Jp}.
=1
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jl 61 jl /6{ i/
_< 1"

2
0 B2 0 By 0 5

m=2, JP:{jl}
B1, B #0, B1+By=0

Figure 4: Examples of partial ordering (3.24)

If o= ((ai)ie[m], JB) is an element of Ay(m;J), we put
={i€[m]:0;#0}  and  Rg(o) = {i€[m]: 0;=0}.

Here P and S stand for the subsets of principal and secondary elements of [m], respectively. Note
that Np(9)#0 for all o€ Ag(m;J). Let

My (X, ;T ,vB) = {(bi)ie[m] € 1__[ Mo, 15)(X, 85 T, vB): iﬁizﬁ; |__| Ji.p=JB;
=1

=1 =1
eVo(bil) :evo(bi2) Vii,i9 € [m]}

This is a subspace of m(m,J) (X,8;T,vB).

With p as before and g€ Ag(m; [k]—J), let

ﬁg:<ﬁg(Xa5;j,VB H )ﬁfm(m k-0 (X, 8, T, vB; ).

Define
70 70
Fur= (D ”*LO‘ C Fnfi-nlm, Mo =PFop C My - yy-
i€Rp(0)

It is immediate from the definition of 250 that it vanishes identically on ﬁg for every element p
in Ag(m; [k]—J), since Dy vanishes identically on the strata of ﬁo,{o}u 7. (X, Bi; T, vB) for which
the degree of the maps on the component carrying the Oth marked point is zero. On the other
hand, by (gd2), the restriction of Dy to any stratum of Dﬁ( (K= in the complement of every
ﬁg is transverse to the zero set and thus does not vanish by a dimension count as below (unless

M (), 7 (1) is empty).

As described in Section 3 of [Z1], the number N (Dy) is the euler class of the quotient of the target
bundle of Dy by the domain line bundle minus a correction from D 1(0). The correction splits

into contributions from the strata of D 1(0) each of which is again the number of zeros of an affine
bundle map, but with the rank of the target bundle reduced by at least one. The linear part of
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each affine bundle map is determined by the topological behavior of 250_ Lin the normal direction to
cach stratum. This behavior (for Dy and thus for Dy) is described in Subsection 2.4 of [Z3]. Thus,
by iteration, one obtains a finite tree of cohomology classes at the nodes which sum up to N( 50).
The tree in this case is similar to a subtree of the tree in Subsection 3.2 of [Z2], but twisted
with E*. Thus, N (250) can be expressed in terms of cohomology classes by a direct, though labori-
ous, computation nearly identical to the one in Subsections 3.1 and 3.2 in [Z22]. This time, we will

instead compute (DO) by blowing up Mo ] and twisting Dy to a nowhere-vanishing vector

(m,

bundle homomorphism D(m[k}, 7)- This construction is a direct generalization of Section 3 in [VaZ].

Define a partial ordering on the set Ag(J) by setting
o'=(m'; Jp,Jg) < o=(m; Jp, JB) it o'#0, m'<m, JpCJp. (3.24)

Similarly to Subsection 3.1, this condition means that the elements of M,/ (X, 3;J,v) can be
obtained from the elements of M, (X, #; T, vp) by moving more points onto the bubble components
or combining the bubble components; see Figure 4. The bubble components are the components
not containing the marked point 0. Define a partial ordering < on Ag(m;J) by setting

o' =((0))icim) IB) < 0= ((93)icm)> IB) (3.25)

if o' # o and for every i€ [m] either o} =0y, (0},0)<(04,0), or o,=0. Note that

77

/

<o = Rp(@d)TRp(e); o= ((mi;JiP)ienp(o) (0)iexs (o) IB) (3.26)
for some m; and J; p. Choose an ordering < on Ag(m; J) extending the partial ordering <. Denote

the corresponding minimal element by gni, and the largest element for which ﬁg is nonempty
by Omax. For every o€ Ag(m;J), define

o—1 € {0}uAy(m;J)
as in (3.3).
With o as (3.26), let

op = ([m2]7 Ji’P)iGNp(Q)’ mp ‘NS | + Zmza JB) and GQ - Hsz
ZENP ZGNP( )

With Mg’ op @ In Subsection 3.2, there is a natural node-identifying immersion
. A0 T 7770
10,0° Mg (1) X Moy 0, 15()) — Mg © My 1.

It descends to an immersion
20,00 (M0 o5 (1) X M (0),75(0))) / G —>5m( [K—=T)

which is an embedding outside the preimages of ﬁg, with o' <.
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As in the blowup construction of Subsection 3.1, we inductively define

~ o1
To: M i)~ Mo, i)
tﬂo{ be the blowup of ﬁf’;}[k}_ J) along the proper transform 97?5_1 of ﬁg in ﬁﬁ;’l{k]_ ) If 97?5 C
mfm,[k}f 7 is the exceptional divisor, let
E, = 75E,—1 ® O(M2). (3.27)

The vector bundle homomorphism 15971: E,—1—evyT X induces a section

D, € T'(M?

(k] Hom(E,, eV(’STX)).

As described in detail in Subsection 3.4 in [VaZ] (in the case (X, J)=P"), ¢¢, , induces an immersion

vl — —1
to-1,0° Mo,gp (1) X M (0),75(0)) — MG CM 1y )

and an embedding
~ — — o1
Lo—1,0% (Mo,op (1) XM 0),75(0)) / Go — M -

Thus, the centers of all blowups are smooth (in the appropriate sense) and

ﬁg ~ (MVOvQP (k) x ﬁ(()mB(9),<]15<(9)))/GQ'

Furthermore,

o1 Eolggg = 7h0s 1Bl = Th1 (Yoms(e). 5001 (3:28)
where . - - .
TP, Tt Mogp (1) X My, (5) 1a(e)) — Moer (1) M (0).75(0))

0
(m,[k]=J)

in the proper transform ﬁg* of ﬁg for any o* € Ao(m;[k]—J) with o* > p is transverse to the

are the projection maps. Finally, the restriction of D, to every stratum of m not contained

zero set.?

Define

M, k)—-) = Mg—gy E=E D)) € L (Mo, 11— Hom(En, ) 1 v T X))

Omax
As can be seen directly from the definition,
N(Trfaid]}g* ®7T*B'50) = N(W}SidE* ®7T*Bﬁ(m7[k},J)),

where the maps mp and 7wp on the right-hand side are the two component projections

Ml,([m],])(ﬂ) X ﬁ(m,[k]fg]) — /\71,([m],J)(M)7m(m,[k}d)-

9This statement is obtained as in Subsection 3.4 in [VaZ], using the description of the behavior of Dy in Subsec-
tion 2.4 in [Z3] and the assumption (gd2).
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On the other hand, by the previous paragraph, the restriction of ﬁ(m,[k;}— ) to every stratum of
O (1, (k] I8 transverse to the zero set. By (2.1), (2.2), (2.4), and (gd1),

dim Ml,([m],J)(:“) XM, (k)—g) = 2(n—m) +2(m—1) < 2rkc (rpE*@nheviTX).

Therefore, mpidg= ®7T*B'5(m’[k]_ 7) 1s injective and thus

1 * s * 1y
— N (mpide @TED(n, k] -)

1 ~ — —
= —{e((TpE @mpeviTX) [ (TpE" @TBE)), [Mu(m),1) (1) X Mom i1 ])-

' (0) =
(3.29)

Remark: Since ¢ (E*)? = A2 = 0, the last expression in (3.29) is zero if m+|J| > 1 and ¢; =0
for all j € J. Thus, if p involves no descendants, i.e. ¢; =0 for all j € [k], the only stratum
of My k(X, B; T, ves) contributing to the difference between the standard and reduced genus-one

degree-( invariants corresponding to p is 9)?}2 (X, 8T, Ves)-

It remains to express the right-hand side of (3.29) in terms of GW-invariants. Let

<M> Ll = <H¢J ; Ml[m]uJ]> (A M> Limjug = <>\H¢J ’ Ml[m]u‘]]>

JjeJ jeJ

<¢ OQP 1/}17 H1/1 ) MOQP

Jj€Jp(0)
Ao(m; [k]=J) = {0} U Ag(m; [k] =), Au(I,J) = {0} U AL(T, ).
Since A2=0, by (3.29),
CTkJ(a) 1.< m]ujz<cl “levien— p(TX), [ﬁ(mv[k]*J)D
(3.30)
/\ 1% 1[m]uJZ Cl evocn 1— p(TX) [m(m7[k]J)]>>

For each o€ Ay(m; [k]—J), let 7,: ﬁ(m,[k],ﬂ —>ﬁfm k]—) be the blow-down map. By (3.27),

ar(E) = 75es (Yomm-n) + D 748 —

o€ Ao (m;[k]=T)
- p—l-gq _\a1 __
C1 (E)p_l = 77'861 (,Y(m’[k}_‘]))p—l + Z Z ()\‘l‘ZTI’ /f)ﬁg > ()\4‘27‘(’2/%5) ﬁz,i)ﬁg
0€Ao(m;[k]=J)g=1 o'<o o'<e
p—1
S CIG T LD D (Z (Fyer (BP0 (B, mi) '
0€Ag(m;[k]-T) q=1

28



Note that for every o€ Ag(m; [k]—J)

(1 mn ()t eVoer (TX), M (0).550n)) = (Ma-mp@eVoer (TX), [Minp 0),75(0)])
=ml|G, |GW(mB( ),JB(Q))(nq—mB(g)7cT(TX);/’L)a

with (mp(0), Jg(0))=(m;[k]—J) and |Go|=1.

Thus, by (3.28) and (3.30),

p=n q=p
m,J 3\ __
Cry (9) = Z Z{ 1P ¢p . qa/i>(0’gp) (3.31)
pEA (m;[k]—J) p=1 ¢=1

X <<'u>1,[m]uJGWI(8mB(g),JB(g)) (Mg-ma(0)> cn—p(TX); 1)

- 'u>1,[m]uJGWI(8mB(Q),JB(Q)) (g-mp (> En-1-p(TX); M)) }v

where we set

otherwise.

- 1, ifr=-1;
<w ;'u>(0,0p) = {0 :

Most terms in (3.31) vanish for dimensional reasons. By (2.6),

SO VI SERED VR i (F G R TR

=m JCJ*C[k] peAy(m*],J*) q=0
[Ip (p)|+IR(p)|=m
Jp(p)=J

<<H> m]LlJ<1/}n e, e (1) 'U'>(0 oB(p)) + <)\ H> m]LlJ<1/}n e, e ()2 'U'>(0 QB(p))>}'

Summing over all (m, J) as required by (3.20) and using the last expression in (2.5), we obtain

GWY (1) — GW/5 () Z 3 { 1y = (1)

m*=1 J*C[k]

dm*,J*(H’)
X ( Z GW(ﬁm*,J*)(Uq,Cdm*’J*(u)q;H)>

q=0

L+ T* [ =p g (1) —1.
x . Z <</‘>1,1p(p)ujp(p)uz<(p)<7/’ ! ’“>(0793(p))
pEAL(Im*],J*)

. Tm T e ()2,
+ 1 1o (¥ e 7“>(o,93(p>))}'

Finally, Proposition 3.1 reduces the last expression to the statement of Theorem 1A.
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Remark: Since ﬁ?m,[k; _J) is not a complex manifold, some care is needed in constructing its
“complex” blowups. These are obtained by modifying normal neighborhoods to the strata of the
blowup centers in the expected way. The information needed to specify the normal bundles to such
strata is described in Subsection 2.4 of [Z3]. Similarly, (3.27) describes a twisting of line bundles,

not of sheaves. In fact, we know a priori that N(Dy) depends only on the topology of the situation:
(T1) the domain and target bundles of Do;

(T2) the normal bundles to the strata of 50_ L(0);

(T3) the topological behavior of Dy in the normal directions to the strata of 250_ L(0).

By constructing a tree of chern classes, as suggested above and similarly to Subsection 3.2 in [Z2],
one can obtain a universal formula expressing N (D) in terms of the chern class of (T1) and (T2)
evaluated on the closures of the strata of Dy '(0), with the coefficients determined by (T3). If such
a universal formula holds in the presence of additional geometry (e.g. in the complex category), it

must hold in general. Thus, it is sufficient to obtain a formula for N(Dy) assuming fm((]m (k)= J) is a
complex manifold.
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