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Abstract

We construct a natural smooth compacti cation of the spaceof smooth gerus-onecurveswith
k distinct points in a projective space.lIt can be viewed asan analogueof a well-known smooth
compacti cation of the spaceof smooth gerus-zerocurves,i.e. the spaceof stable gerus-zero
maps M o (P";d). In fact, our compacti cation is obtained from the singular spaceof stable
gerus-onemaps M 1 (P"; d) through a natural sequenceof blowups along \bad" subvarieties.
While this construction is simple to describe, it requires more work to show that the end result
is a smooth space.As a bonus, we obtain desingularizationsof certain natural sheavesover the
\main" irreducible componen Vg;k(P”;d) of M 1« (P";d). A number of applications of these
desingularizations in enumerative geometry and Gromov-Witten theory are described in the
intro duction, including the secondauthor's proof of physicists' predictions for gerus-1 Gromov-

Witten invariants of a quintic threefold.
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1 Intro duction

1.1 Background and Applications

The spaceof degreed gerus-g curveswith k distinct marked points in P" is generally not compact,
but admits a number of natural compacti cations®. Among the most prominent compacti cations
is the moduli spaceof stable gerus-g maps,ﬁg;k(P”;d), constructedin [Gr] and [FuP]. It hasfound
numerousapplications in classicalenrumerative geometry and is a certral object in Gromov-Witten

theory. Howewver, most applications in enumerative geometry and someresults in GW-theory have
beenrestricted to the gerus-zerocase. The reasonfor this is essetially that the gerus-zeromoduli

spacehasa particularly simple structure: it is smooth and contains the spaceof smooth gerus-zero
curves as a denseopen subset. On the other hand, the moduli spacesof positive-gemus stable
maps fail to satisfy either of thesetwo properties. In fact, Wg;k(P”;d) can be arbitrarily singular
accordingto [V2]. It is thus natural to ask whether these failings can be remedied by modifying

Wg;k(P”;d), preferably in a way that leadsto a range of applications. As announcedin [VZ] and
shaown in this paper, the answer is yesif g= 1.

We denoteby M 1.« (P"; d) the subsetof M 1.« (P"; d) consisting of the stable mapsthat have smooth
domains. This spaceis smooth and cortains the spaceof gerus-onecurveswith k distinct marked
points in P" as a denseopen subset, provided d 3. Howewer, M 1.« (P";d) is not compact. Let
Wg;k(P”;d) be the closureof M 1 (P";d) in the compact spaceM 1.« (P";d). While Vg;k(P”;d) is
not smooth, it turns out that a natural sequenceof blowups along loci disjoint from M 1. (P"; d)
leadsto a desingularization of Vg;k(P”;d), which will be denoted by M 9 (P d).

The situation is asgood as one could possibly hope. A generalstrategy when attempting to desin-
gularize somespaceis to blow up the \most degenerate”locus, then the proper transform of the
\next most degeneratelocus”, and so on. This strategy works here, but with a novel twist: we
apply it to the ertire spaceof stable maps M 1« (P";d). The most degeneratelocus is in fact an
ertire irreducible componert, and blowing it up removesit2. Henceone by onewe erasethe \bad"

We call a spaceM a compacti ¢ ation of M if M is compact and contains M . In particular, M neednot be dense
in M.

2Blowing up an irreducible componert of a stack will result in the componert being removed (or \blo wn out of
existence"), and the remainder of the stack is blown up along its intersection with the component in question.



componerts of M 1 (P";d). Each blowup of course changesthe \good" componert Wg;k(P";d),

and miraculously at the end of the processthe resulting spacef\/l g;k(P”;d) is nonsingular. We note
that this cannot possibly be true for an arbitrary g, asM 4 (P"; d) behavesquite badly according
to [V2]. The sequetial blowup construction itself is beautifully simple. It is completely described
in the part of Subsection1.2 ending with the main theorem of the paper, Theorem 1.1. Howe\er,
shawing that Y %k(P”;d) is in fact smooth requires a considerableamount of preparation (which
takesup Subsections2.1-4.2) and is nally completedin Subsection4.3.

Sincethe smooth spacef\/l %k(P”;d) is obtained from Wg;k(P”;d) by blowing up along loci disjoint
from M 1.« (P"; d), M %k(P”;d) is a smooth compacti cation of M 1.,(P";d). One would hope that
there is a modular interpretation of this new compacti cation, and that one could then for exam-
ple usethis interpretation to construct the spacef\/l %k(P”;d) directly and show that it is smooth.
Unfortunately, we have not managedto do this.

The desingularization Y g;k(P” ;d) of W;k(m ; d) possessea number of \good" properties and has
a variety of applications to enumerative algebraic geometry and Gromov-Witten theory. It hasal-
ready beenobsenedin [Fo] that the cohomologyof Y %k(P”;d) behavesin a certain respect like the

cohomologyof the moduli spaceof gerus-onecurves,M 1. The spacef\/l g.k(P”;d) can be usedto
count gerus-onecurvesin P", mimicking the gerus-zeroresults of [KM] and [RT] (though perhaps
not their simple recursive formulas). Proceedinganalogouslyto the gerus-zerocase(e.g. asin [P],
[V1], and [Z3]), Theorem 1.1 can then be usedto count gerus-onecurveswith tangency conditions
and singularities. In all cases,such cournts can be expressedas integrals of natural cohomology
classeson Vg;k(P”;d) or M %k(P”;d). Integrals on the latter spacecan be computed using the

localization theorem of [ABo], as M 9« (P";d) is smooth and inherits a torus action from P" and
Vl;k(Pn ;d).

We next discusstwo types of applications of Theorem 1.1 in Gromov-Witten theory, aswell as a
bonus result of this paper, Theorem 1.2. It is shavn in [Z4] and [Z6] that the spaceﬁg;k(P”;d)
hasa natural generalizationto arbitrary almost Kahler manifolds and givesrise to new symplectic
reduced genus-oneGW-invariants. Thesereducedinvariants are yet to be constructed in algebraic
geometry Howewer, the spacesf\/l g.k(P”;d) do possess number of \good" properties and give rise
to algebraicinvariants of algebraic'manifolds; seethe rst and last sectionsof [VZ]. It is not clear
whether these are the sameas the reduced gerus-oneinvariants, but it may be possibleto verify
this by using Theorem 1.2.

Theorem 1.1 also has applications to computing Gromov-Witten invariants of complete intersec-
tions, once it is combined with Theorem 1.2. Let a be a nonnegative integer. For a general
s2 HO(P"; Opn (a)),

Y s o) pP"

is a smooth hypersurface. We denote its degreed GW-invariant by ng;k(d; ), i.e.

GW Y (d; ) L Mg (Y;d) " for all 2H Mgu(Y;d);Q :



SupposeU is the universal curve over Wg;k(P";d), with structure map and evaluation map ev:

u—=_ /pn

Mg (P"; d):
It can be shown that
GW{, (d; ) = e evOp(a); Mok(P";d) (1.1)

for all 2H (Mok(P";d); Q); see[Bed] for example. The moduli spaceM o (P";d) is a smooth
orbifold and

ev Opn (a) ! MO;k(Pn;d)
is a locally free sheaf,i.e. a vector bundle. The right-hand side of (1.1) can be computed via the
classicallocalization theorem of [ABo]. The complexity of this computation increasesquickly with
the degreed, but it has beencompletedin full generality in a number of di erent ways; see[Ber],
[Ga], [Gi], [Le], and [LLY].

If n=4,s0Y is a threefold, then
d(a 5)+2
24

forall 2H (M 1x(P*d); Q); see[LZ, (1.5) and (1.12)]. This decomposition generalizesto arbi-
trary completeintersectionsY and perhapseven to higher-gerus invariants. The sheaf

GWY,(d; )= GWY(d; )+ e evOpn(a); Moy (P%d) (1.2)

ev Op(a) | Miy(P%d) (1.3)

is not locally free. Nevertheless,its euler classis well-de ned: the euler classof every desingulariza-
tion of this sheafis the same,in the senseof [Z5, Subsect.1.2]. This euler classcan be geometrically
interpreted asthe zero set of a su cien tly good section of the cone

—0
Vik 1 My (PYd);
naturally assaiated to the sheaf(1.3)3; seethe secondpart of the next subsectionand Lemma5.1.

One would hope to compute the last expressionin (1.2) by localization. Howeer, sincethe variety

Vg;k(P“;d) and the conevf;k are singular, the localization theorem of [ABo] is not immediately
applicable in the given situation. Let

~ MU (Phd) | Moy (Phd)

be the projection map. As a straightforward extension of the main desingularization construction
of this paper, we shav that the cone

~ Vi 1 MY (Phd)

3Vf;k is a variety such that the b ers of the projection map to W;k (P*: d) are vector spaces,but not necessarily
of the same dimension.



contains a vector bundle
ol ! MA(Phd)

of rank da= rk Vf;ijg.k (p+.d); SeeTheorem 1.2. 1t then follows that

—0 —0
e evOp(a); My (P*d) e V&); My, (P4 d)

(1.4)
= ~ %) M3 (P%a)

The last expressionabove is computable by localization. In fact, it is computed explicitly in [Z8],
con rming the prediction of [BCOV] for gerus-one GW-invariants of a quintic threefold.

Remark: Another approad to computing positive-gemus GW-invariants hasbeenproposedin [MaP].
In cortrast to the approad of [LZ], it appliesto arbitrary-genus invariants, but can at preser be
usedto compute invariants of only low-dimensional and/or low-degreecomplete intersections.

The main desingularization construction of this paper is the subject of Section4, but its key aspects
are preseried in the next subsection. The construction itself and its connectionswith Sections?2
and 3 are outlined in Subsectionl.3. We suggestthat the readerreturn to Subsectionsl.2 and 1.3
before going through the technical details of the blowup constructions in Sections2-4. In the next
subsection, we also describe a natural sheafover M %k(P”;d) which is closely related to the sheaf

ev Opn (a) over Vg;k(P”;d). It is shavn to be locally free in Section 5. Finally, all the data
necessaryfor applying the localization theorem of [ABo0] to Y %k(P”;d) and e(Vf;k) is given in
Subsectionl.4. In Appendix A, we list the most commonly used notation.

Throughout this article we work with Deligne-Mumford stadks. They can also be thought of as
analytic orbivarieties. As we work with reduced stcheme structures throughout the paper, we will
call such objects simply varieties. Also, all immersionswill beassumedo befrom smooth varieties.*

The authors would like to thank Jun Li for many enlightening discussionsand the refereefor a
timely responsewith many detailed suggestions.

1.2 Description of the Desingularization

The moduli spaceM 1 (P";d) hasirreducible componerts of various dimensions. One of thesecom-
ponerts is Vg;k(P”;d), the closureof the stratum M 1. (P"; d) of stable mapswith smooth domains.

We now describe natural subvarieties of M 1. (P"; d)® which cortain the remaining componerts of
M 1k (P";d). They will be indexed by the set

A1(d;k) =(m;Jp;Jg):m2Z";m d; [K]=JptJg ;
where [K]=f1;:::; kg

For eahh 2 A1(d;k), let M 1. (P";d) be the subsetof M 1.(P";d) consisting of the stable maps
[C u] such that Cis a smooth gerus-onecurve E with m smooth rational componerts attached

“The notion of \immersion" is often called \unrami ed" in algebraic geometry.

5In fact, thesewill be substacs of the stack M 1. (P"; d). They can also be thought of as analytic sub-orbivarieties
of the analytic orbivariety M1 (P";d). As we work with reduced scheme structures throughout the paper, we will
call such objects simply varieties.



d>

2 .
, (0;dy) = (3;f2g;f 1g)
dy (0;d2) di+ dp+ dg=d
ds 17— (0; ) i doi s> 0

(1;0)
Figure 1: The domain of an elemen of M ;. (P";d)

directly to E, ujg is constart, the restriction of u to ead rational componert is non-constart, and
the marked points on E are indexed by the setJp. Here P stands for \principal component", B
stands for \bubble componert”, and A stands for \admissible set". Figure 1 shows the domain of
an elemen of M. (P";d), where = (3;f2g;f1g), from the points of view of symplectic topology
and of algebraic geometry In the rst diagram, ead shadeddisc represeins a sphere;the integer
next to ead rational componert G indicates the degreeof ujg . In the seconddiagram, the compo-
nents of C are represerted by curves,and the pair of integersnext to each component G shaws the
gerus of G and the degreeof ujc. In both diagrams, the marked points are labeledin bold face.
Let M 1. (P";d) be the closureof M 1. (P";d) in M 1«(P";d). The spaceM ;. (P";d) hasa number
of irreducible componerts. Thesecomponerts are indexed by the splittings of the degreed into m
positive integers and of the set Jg into m subsets. However, we do not needto distinguish these
componerts.

It is straightforward to ched that

_ . [
M 14 (P";d) = M3, (P d) [ Mo (P":d):
2A 1(d;k)

Dimensional considerationsimply that if = (m;Jp;Jg)2 A1(d;k) and m n, then M. (P";d)
is a union of componerts of M 1« (P";d). The corverseholds aswell: M. (P";d) is cortained in
Wg;k(P”;d) if m> n by [Z4, Theorem 2.3]. Howewer, we will usethe entire collection A 1(d;k) of
subvarieties of M 1.« (P"; d) to construct M g.k(P” ;d). The independenceof the indexing set A 1(d; k)
of n leadsto a number of good propertieé being satis ed by our blowup construction; see(2) of
Theorem 1.1 and the secondpart of this subsection. It may alsobe possibleto usethis construction
to de ne reduced gerus-one GW-invariants in algebraic geometry; this is achieved in symplectic
topology in [Z6].

We de ne a partial ordering on the set A1(d;k) by
° m%38;38 m;Jp;Js it % ; m® m; and J8 Jp: (1.5)

This relation is illustrated in Figure 2, wherean elemen  of A 1(d;K) is represeried by an elemert
of the corresponding spaceM 1. (P";d). We indicate that the degreeof the stable map on ewery
bubble component is positive by shading the disksin the gure. We shav only the marked points
lying on the principal componert. The exact distribution of the remaining marked points between
the componerts is irrelevant.



Figure 2. Examples of partial ordering (1.5)

Choosean ordering < on A1(d; k) extending the partial ordering . The desingularization
=0
~ MY (PYd) ! My (P";d)

is constructed by blowing up M 1 (P"; d) along the subvarieties M 1. (P";d) and their proper trans-
formsin the order speci ed by <. In other words, we rst blow up M 1.« (P"; d) alongM 1. . (P";d),
where

mn (1,55 [K])
is the smallestelemen of A 1(d; k). We then blow up the resulting spacealong the proper transform
of M1. ,(P";d), where ; is the smallestelemen of A1(d;k) f ming. We cortinue this procedure
until we blow up along the proper transform of M 1. __ (P";d), where

max = (d; [K];})

is the largestelemert of A1(d;k). The variety resulting from this last blowup is the proper transform
Y g’;k(P”;d) of Vg;k(P”;d), as all other irreducible componerts of M 1.(P";d) have been\blown
out of existence".

The rst interesting caseof this construction, i.e. for WQ;O(PZ;B), is described in detail in [VZ].

The spaceM Q;O(PZ; 3) is a smooth compacti cation of the spaceof smooth plane cubics. It hasa
richer structure than the naive compacti cation, P2, does.

Theorem 1.1 Supmsen;d2Z*, k2Z*, < is an ordering on the setA 1(d;k) extendingthe partial
ordering , and

~ M P d) 1 MK (P";d)
is the blowup of Vg;k(P” ;d) obtained by blowingup M 1.« (P"; d) along the subvarietiesM 1. (P";d)
and their proper transformsin the order specied by <.
(1) The variety Y g;k(P”;d) is smaooth and is independent of the choice of ordering < extending
(2) For all m n, the emtedding M3, (P™;d) | M3, (P";d) lifts to an emkedding

9 P™d) 1 MY (P d)

and the image of the latter emledding is the preimage of Wik(Pm;d) under ~.

(3) The blowuplocus at every step of the blowup construction is a smath subvariety in the corre-
sponding blowup of M 1. (P"; d).

(4) All bers of ~ are connected.



Remark: While in Section4 we analyzethe blowup construction starting with the reducedsdheme
structure on M 1.« (P"; d), Theorem 1.1 appliesto the standard schemestructure on M 14 (P";d) as
well. It is known that the space

- [
M (PT;d) Moy (P";d) M1 (P";d);
2A 1(d;k)

consisting of stable maps with no cortracted gerus-one componen, is a smooth stadk (as sud
maps are unobstructed, seefor example [V1, Prop. 5.5(c)]). Thus, its scheme-theoretic closure,
Vg;k(P" ;d), is reduced. During the blowup processall other componerts of M 1 (P"; d) are \blown
out of existence", asis any non-reducedsdeme structure.

In Theorem 1.1 and throughout the rest of the paper we denote by Z* the set of nonnegative
integers. We analyze the sequetial blowup construction of Theorem 1.1 in Section 4 using the
inductive assumptions (I 1)-(1 15) of Subsection4.3. One of these assumptions, (I 3), implies the
secondpart of the rst statemert of Theorem 1.1, asdi erent choicesof an ordering < extending
the partial ordering correspond to di erent ordersof blowups along subvarieties that are disjoint.
For example, suppose

.= 25,1129 ; 1= 2;flg;f2g; and .= 2;f2g;flg:

While M 1. ,(P";d) and M 1. ,(P";d) dointersectin M 1.,(P"; d), their proper transforms are disjoint
after the blowup along M ;. .(P";d). The secondstatemert of Theorem 1.1 follows immediately
from the description of the blowup construction in this and the next subsections,as eat step of
the construction comnutes with the embeddings of the moduli spacesinduced by the embedding
P™ 1 PN

The main claim of this paper is that M g;k(P”;d) is a smooth variety. The structure of M ¢, (P"; d)
is well understood; see[V1, Prop. 5.5(c)] for example. In particular, M g, (P";d) is smooth. Below
we describe the structure of the complemen @9, (P";d) of M $, (P";d) in M9, (P"; d).

If J isa nite setand g is a nonnegative integer, we denote by M ¢.; the moduli spaceof stable
gerus-g curveswith jJj marked points, which are indexed by the set J. Similarly, we denote by
M g3 (P"; d) the moduli spaceof stable mapsfrom gerus-g curveswith marked points indexed by J
to P". If j2J, let

ey : Mg (P";d) ! P"

be the evaluation map at the marked point labeledby j.

If =(m;Jp;Jdg) is an elemen of A1(d;k), we de ne

M =M ymiop and

n Yo xn &
iinibm) 2 Moggogr g, (P di): di>0; di = d; Ji=Jg;
i=1 i=1 i=1

eVO(hl): eVO(hz) 8i1;i22 [m] :

1
e

KZ_;B(Pn;d)



(0;dy)

0:d di+dy+ds+ds=d
d3 (0;0) (0:¢9) di;dz;ds;ds>0
(1:0) (0; )

Figure 3: A point in M. (P";d) M 1.0(P";d) with two preimagesunder

There is a natural node-idertifying surjective immersion
M p M g(Pd) ! My (P;d) Myk(P";d):

As before,P denotes\principal componert”, and B denotes\bubble componens”. This immersion
descenddo the quotient:

IVl—;P V;B(Pn;d) G ! Vl; (Pn;d);

whereG Sy, is the symmetric group on m elemernts. If m 3, is not an isomorphismas some
subvarieties of the left side are identi ed. An exampleof a point on the right which is the image of
two points on the left is given in Figure 3. In addition to the cornventions usedin Figure 1, in the
rst, symplectic-topology, diagram of Figure 3 we leave the componerts of the domain on which the
map is constart unshaded. The subvarietiesidenti ed by the map get\unidenti ed" after taking
the proper transform of M 1. (P";d) in the blowup of M 1« (P";d) at the step corresponding to

~=max %A dk): ©

This isinsured by the inductive assumption(l 13) in Subsection4.3 and implies the third statemert
of Theorem 1.1. For example,if m= 3 and k= 0 asin Figure 3, the \identi ed" subvarieties are
\unidenti ed" after the blowup of the proper transform of Wl;(z;; -y (P";d).

Remark: Throughout the paper, we useM (fraktur font) to denote moduli spacesof stable maps
of gerus-zeroor one,into P". WeuseM (calligraphic font) to denotemoduli spacesf stable curves

For eadh i 2 [m], let G

i:M g(P";d) ! Mo ogt 3, (P di)
di>0J; Jg

be the natural projection onto the ith componert. We put

VL
F.B= iLo;
i=1
where Ly ! Vo;fogtJi(P”;di) is the universal tangent line bundle for the marked point 0. In
Subsections2.3 and 3.4, we construct blowups
= aame) M op Mooy 1M e Mg, and

~8  oqme) M e(Phd) Mogmyey(Pid) ! PF s PFmpgg):



M s 2 .s(P"d) M, (P d)

o -

M .p M ;B(Pn;d) M1;k(Pn;d)

Figure 4. Changesin the boundary structure of Wg;k(P”;d) under the desingularization

We also construct a section
|§ ‘B @([m];JB) 2 M ’B(Pn,d),E ‘B -~ ‘B PF B eVoTPn ) (16)

where

evo:V;B(P”;d) I pP" and PE :BZPF ‘B ! V;B(Pn;d)

are the natural evaluation map and the bundle projection map, respectively, and
Eg E ! M gPd) Mogmpu,)(P"d)
is a line bundle. This line bundle is the sum of the tautological line bundle
B | PF g

and all exceptional divisors. The section B g is transverseto the zero section. Thus, its zero set,

2 g(Pd B30 M g(P";d); (1.7)
is a smooth subvariety. The boundary @ %k(P”;d) of M %k(P”;d) is a union of smooth divisors:

9 (P";d) = L g (Pd) G; where 2 (P;d)=M p 2 g(P"0)
2A 1(d;k)

seethe inductive assumptions (1 7) and (I 8) in Subsection4.3 and Figure 4. By the inductive
assumption (1 6) and (1 7), the normal bundle of 2 (P";d) in v 1k(P"; d) is the quotient of the line
bundle
L.p ~ . B 7 P 2;B(Pn;d)
by the G -action, where
Lp LtV W ggm,

is the universaltangen line bundle constructedin Subsection2.3. Thuswe concludethat Y g;k(P” ;d)

is smooth, asthe opensubsetM £, (P"; d) is smooth, and its complemer is a union of smooth divi-
sorswhosenormal sheaesare line bundles (i.e. with their reducedinduced scheme structure, they
are Cartier divisors).

Remark 1: In the Gromov-Witten theory, the symbol E is commonly usedto denote the Hodge
vector bundle of holomorphic di erentials. It is the zero vector bundle in the gerus-zero case.

10



The line bundles over moduli spacesof gerus-zerocurvesand maps we denote by E, with various
decorations, play roles analogousto that of the Hodge line bundle over moduli spacesof gerus-one
curves. The most overt parallel is described at the end of Subsection2.2. There are deeper, more
subtle, connectionsaswell; comparethe structural descriptionsof Lemmas3.8 and 4.10, for exam-
ple.

Remark 2: Throughout this paper, the symbols D and D, with various decorations, denote vector
bundle sectionsrelated to derivatives of holomorphic maps into P" and of holomorphic bundle
sections. In most cases,such bundle sectionsare viewed as vector bundle homomorphisms.

The nal claim of Theorem 1.1 follows from the fact that Wik(P”;d) is unibranch (locally irre-
ducible). If :Y ! X is a surjective birational map of irreducible varieties, and  (x) is not
connectedfor somex 2 X, then X is not unibranch at x.

We next describe a desingularization of the sheaf ev Opn(a) and of the corresponding conevf;k
over M1y (P"; d). Let 8= ~ U be the pullback of U by ~:

e Iy

ev

/Pn

M9, (P d) ——/M5 (P"; d):
For each 2 A1(d;K), let

be the coneinduced by the sheafOpn (a), similarly to Vg;k; seeSubsection5.2 for details. It is a
vector bundle of rank da+ 1. We note that

d - : .
~ Vik g (Prd) — B T B PF oV Ble .8 (P";d) G

where
M p Zg(Pid) ! 2 .g(P";d)

is the projection map. Let L = a where ! P" is the tautological line bundle.

Theorem 1.2 Supmsed;n;a2Z* andk2Zz*.
(1) The sheaf ~ ev Opn(a) over Y %k(P”;d) is locally free and of the expected rank, i.e. da.

2) If Vf;k ~ Vf;k is the correspnding vector bunde and 2 A ;1(d; k), then there existsa surjective
bunde homomorphism

Bei~5 prV B sy ¢ BB T PE g®VL

over Z .5 (P";d) suchthat
95 - g = sker® g G

(3) ~ ~evOm(a)= evOm(a) overﬁg;k(P”;d)-
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The rst two statemerts of this theorem can be usedto compute expressionslike (1.4) via the
classicallocalization theoremand the short exact sequencd1.10) belov. We prove them by working
with the cone

p: Myk(L;d) ' My (P";d):

The sheaves ev Opn(a) and ~ ev Opn(a) are the shearesof (holomorphic) sectionsof

= =0
Vik Mu(Lid) o ong ! Mi(P"i0)
and ~ V¢, respectively; seeLemma 5.1. In Subsection5.4, we lift the blowup construction of

Subsection3.4to M 1(L;d). In particular, we blow up M 1 (L;d) along the subvarieties
My (L;d)=p P My (P"d) ; 2 A1(d;Kk);

and their proper transforms. The end result of this construction, which we denote by M g;k(L;d),

is smooth for essetially the samereasonsthat Vg;k(P";d) is. The only additional input we need
is Lemma 5.7, which is a restatemert of the key result concerningthe structure of the cone Vg,
obtained in [Z5]. The bundle

prMO(Lid) 1 MYy (P d)

of vector spacesof the samerank contains M %k(P”;d) as the zero section. Thus, p is a vector
bundle. There is a natural inclusion
D(Lid) 1~ Myg(L;d):

All sectionsof ~ M 1.« (L ; d) must in fact be sectionsof Y %k(L;d) andthusthe sheaf ~ ev Opn(a)
is indeed locally free. The bundle map

B & Bme

of the secondstatement of Theorem 1.2 is described in Subsection5.2. It is the \v ertical" part
of the natural extensionof the bundle map B .5 from stable mapsinto P" to stable mapsinto L.
Finally, the last statemert of Theorem 1.2 is a consequencef the last statemert of Theorem 1.1;
seeLemma 5.2. At this point, this obsenation doesnot appear to have any applications though.

Remark: By applying the methods of Section’5 and of [Z5], it should be possibleto shaw that the
standard scheme structure on M 1. (P"; d) is in fact reduced.

1.3 Outline of the Main Desingularization Construction

The main blowup construction of this paper is cortained in Subsections4.2and 4.3. It is a sequence
of idealized blowups along smooth subvarieties. In other words, the blowup locus Wl; ! at eath

step comeswith an idealized normal bundle N ¢, |t is a vector bunde (of the smallest possible
rank) containing the normal coneN for Vl; ' After taking the usual blowup of the ambient space

along Vl; 1, we attach the idealized exeptional divisor
Eide PN ide

12



along the usual exceptional divisor _

E PN E%:
The blowup construction summarizedin Theorem 1.1is contained in the idealizedblowup construc-
tion of Section4. The latter turns out to be more corvenient for describingthe proper transforms
of Wg;k(P”;d), including at the nal stage,i.e. M %k(P”;d).

The ambient spaceml;k at eath step 2 fOgt A1(d;k) of the blowup construction contains a
subvariety M,. for eahh 2 Ay(d;k). We take M ;. to be the idealized exceptional divisor for
the idealized blowup just constructed, i.e. along Wl; o< o > , Vl; is the proper
transform of My. or M1, (P";d), respectively.

Every immersion  of Subsection1.2 comeswith an idealized normal bundle N '®_ It is a vector
bundle of the smallest possiblerank containing the normal coneto the immersion (seeDe ni-
tion 4.1). It is given by

_ M
N ide = pLi g iLo if = (m ;Jp;Jp);
i2[m ]

where

P, BZM_ P M ;B(Pn;d) ! M_ ;p;m ;B(Pn;d)
are the componert projection maps. In the caseof Figure 1, N '% js a rank-three vector bundle
encdaling the potential smoothings of the three nodes. At ead step of the blowup construction,
inducesan immersion . onto M,. . Like the domain of , the domain of . splits as
a Cartesian product. If > , the secondcomponent of the domain does not change from the
previous step, while the rst is modi ed by blowing up along a collection of disjoint subvarieties, as
speci ed by the inductive assumption (1 9) in Subsection4.3. The idealizednormal bundle N % is
obtained from N ‘del, by twisting the rst factor in ead summand by a subsetof the exceptional
divisors, as speci ed by the inductive assumption (1 11). These blowup and twisting procedures
correspond to several interchangeable steps in the blowup construction of Subsection2.3. For
= ,the rst componert in the domainof ;. hasalready beenblown up all the way to M .p
and the rst componert of every summand of N ‘del, has already twisted to the universaltangert
line bundle L, i.e. ’

N ide M L iLo= plL Fg ! M p M g(P"d);
1; P B i-0 P B B P B y4),
i2[m]

if =(m;Jp;Jg). In particular, the domain of . ,

PNYe =W o PFg;

still splits as a Cartesian product! The idealized normal bundle for . is the tautological line for
o
PN _
N'd;e = Nide = pL B F pL B B
On the other hand, if < , the domain of . s obtained from the domain of 1. by

blowing up the secondcomponent along a collection of disjoint subvarieties, as speci ed by the

13



inductive assumption (I 4) in Subsection4.3. This corresponds to se\eral interchangeable steps
of the blowup construction in Subsection3.4. By the time we are done with the last step of the
blowup construction in Subsection4.3, PF .5z has beenblown up all the way to M g (P";d). In
the < case,
N ide _— N ide .
; ;!

sinceM . * is transverseto M. *
We study the proper transform M., of Vg;k(P”;d) in M1, by looking at the structure of
Z = ;1 ml;(o) :
Given a nite setJ, there are natural bundle sections
§2 (Myy;L; E); j2J; and Dg2 Mggoga(P";d)iLy evoTP" ;
seeSubsections2.2 and 3.2, respectively. By Lemma 4.10, the intersection of
0

z° '™ 1k (P";d)

with the main stratum M .p M g(P";d)ofM . M (P";d)is

z% = b2M p M g(P";d):kerD j,6f0g ;

where
D 2 M p M g(P";d);Hom(N®; E geyTP") ;
D oL 5 Lo PSi B i Do; 8i2[m ]
In addition, if N Z N idf is the normal conefor the immersion ; j; into M), then

NZ© = kerD

z0 z0

andN Z9 isthe closureof N Z° so iNN ide By Lemma4.5,NZ isstill the closureof N Z° 20
but now in N'® forall < . In Subsection2.3, we construct a non-vanishing section

si2 (ML E) (M13;0)

obtained by twisting s; by someexceptional divisors. Sinces; agreeswith s; on M .p, we can
1

replaces; with s; in the descriptionsof D Z9 andNZ?© 20 above. In particular, N Z is
the closure of
Nz° o = pL gkerD & o oL gF &:;  where
D g2 M (P";d);Hom(F .g;evTP") ; D g ,,= iDo 8i2[m]
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The bundle homomorphismD .g inducesa section
B2 PF B, B pr . evpTP" :
By the previous paragraph and Lemma 4.5, Z is the closure of
M . B0\ PF &, - M » PF g and
NZ = pL g B,

SinceM 9, (P";d) M = (P"; d) is the proper transform of M gy in M 13",

2 1 9. (P";d)

max »

is still the closureof

M p BoYONPF 5y g M » M os(PO):
On the other hand, in the processof constructing the blowup M 5 (P";d) of PF .g in Subsec-
tion 3.4, we alsode ne a bundle section

by twisting By by the exceptional divisors. In particular,

1 — 1 .

Since® .g is transverseto the zero set, we concludethat
2 =M p B 100
as stated in Subsection1.2.

Finally, the role played by the blowup construction of Subsection2.4 in the blowup construction
of Section 3 is similar to the role played by the construction of Subsection2.3 in the construction
of Section 4. In the caseof Section 3, we blow up a moduli spaceof gerus-zero stable maps,
PF(@3), along certain subvarieties M 8;%and their proper transforms. Thesesubvarieties are images
of natural node-idertifying immersions o9, The domain of q.,Splits asthe Cartesian product of
a moduli spaceof gerus-zerocurves and a moduli spaceof gerus-zero maps, de ned in Subsec-
tions 2.4 and 3.3, respectively. As we modify v 8;% by taking its proper transforms in the blowups
of PF (@) constructed in Subsection3.4, the rst factor in the domain of the corresponding im-
mersion changesby blowups along collections of smooth disjoint subvarieties, as speci ed by the
inductive assumption (I 6). This changecorrespondsto seeral interchangeablestepsin the blowup
construction of Subsection2.4. By the time we are ready to blow up the proper transform of M 8;%
the rst componert of the domain of the corresponding immersion has beenblown up all the way
to N1 0. »» the end result in the blowup construction of Subsection2.4.
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In the blowup construction of Subsection3.4, we twist a natural bundle section
by the exceptional divisors to a bundle section
Ba@n2 M@)PdiB @) prg,e%TP" :

The two sectionserter in an essetial way in the main blowup construction of this paper. It is
also essetial that B qy) is transverseto the zeroset. The section By is transverseto the zero set
outside of the subvarieties M 8.9and vanishesidentically along M 3.4 Its derivative in the normal
direction to o.is describedby Lemma3.11,using Lemma3.8. The bundle sectionss; over a moduli
spaceof gerus-zerocurvesde ned in Subsection2.2 and modi ed in Subsection2.4 erter into the
expressionof Lemma 3.8. In fact, this expressionis identical to the expressionfor D  above,
i.e. in the gerus-onecase.We useLemma 3.11to show that with eath newly twisted version of By
is transverseto the zero set outside of the proper transforms of the remaining subvarieties M_g;%
i.e. the onesthat have not beenblown up yet; seethe inductive assumption (I 4) in Subsection3.4.
In particular, at the end of the blowup construction of Subsection3.4, we end up with a twisted
version of By, which we call B(g;), which is transverseto the zero set.

1.4 Localization Data

Supposethe group G= (SYH)"*! or G= (C )"*! actsin a natural way on the projective spaceP".

curves presened by G are the lines passingthrough pairs of xed points. The G-action on P"
lifts to an action on M 1 (P";d) and on Y g;k(P”;d). The xed loci of thesetwo actions that are

cortained in M§, (P";d) and their normal bundles are the sameand are described in [MirSym,
Sects.27.3and 27.4]. We note that the four-term exact sequencgMirSym, (27.6)] appliesto such
loci.

In this subsection,we describe the xed loci of the G-action on M %k(P”;d) that are corntained in

%k(P”;d) and their normal bundles. To simplify the discussion,we ignore all automorphism
groups until the very end of this subsection.

The boundary xed loci Z- will beindexed by re ned decorated rooted trees ~ Figure 5 shavs such
atree ~ and the corresponding decoratedgraph = (7. In [MirSym, Section27.3]the xed loci
Z of the G-action on Wg;k(P”;d) are indexed by decoratedgraphs . If is a decoratedgraph
such that Z is a G- xed locus cortained in @M 1 (P"; d), we will have

. G
Z \ My (P";d)= ~ P2
(7=

where ~ denotesa re ned decoratedrooted tree.

We now formally describe what we meanby a re ned decoratedrooted tree and its corresponding
decorated graph. A graph consists of a set Ver of vertices and a collection Edg of edges i.e. of
two-elemen subsetsof Ver. In Figure 5, the vertices are represerted by dots, while ead edge
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Figure 5. A re ned decoratedrooted tree and its decoratedgraph

fv1; Vo0 is showvn asthe line segmen betweenv; and v,. A graph is a tree if it contains no loops
i.e. the set Edg contains no subsetof the form

A tree is rooted if Ver contains a distinguished elemert vq. It is represened by the large dot in
the rst diagram of Figure 5. A rooted tree is re ned if Ver fvpg contains two, possibly empty,
distinguished subsetsVer, and Very sud that

Ver;\ Verp=; and fvp;vg2 Edg 8v2 Ver, [ Verg:

We put
Edg, = fwvo;vg:v2Ver, and Edgy= fvp;vg:v2Very :

The elemens of Edg, and Edg, are shown in the rst diagram of Figure 5 asthe thick solid lines
and the thin dashedlines, respectively. Finally, a re ned decorated rooted tree is a tuple

~= Ver, Edg;vp; Ver, ; Very; ; d; (1.8)
where (Ver; Edg; vo; Ver, ; Very) is re ned rooted tree and
:Ver Verp ! 0;:::;ng; d:Edg Edgy, ! Z*; and :fl;:::;kg ! Ver

are maps such that
() (v1)= (v2) and d(fvop; v10) = d(f vo; vog) for all vq;v,22 Ver,;
(ii) if vp2 Very, vo2Ver Verg Ver,, and fvp;v,02 Edg, then

(V1) 8 (v2) or d(f vo; v10) 6 d(f vp; v2Q);
(i) if fvq;vog2 Edg and v, 62/erg[ fvgg, then
(v2)8 (v1) if wvp62ery and (v2)8 (vp) if w12 Very;
(iv) if v12 Verg, then fvq;v,g92 Edg for somev,2 Ver fvpg and
val(vy) fvp2Ver:fvy;vog2Edgg + fI2[k]: (D=v1 3;

P
V) o Edg+d(e) 2.
In Figure 5, the value of the map on ead vertex, not in Verg, is indicated by the number next to
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the vertex. Similarly, the value of the map d on ead edge,not in Edgy, is indicated by the number
next to the edge. The elemers of the set [k]= [3] are shavn in bold face. Each of them is linked
by aline segmen to its imageunder . The rst condition above implies that all of the thick edges
have the samelabels, and sodo their vertices, other than the root vy. By the secondcondition, the
set of thick edgesis a maximal set of edgesleaving vo which satis es the rst condition. By the
third condition, no two consecutiwe vertex labelsare the same. By the fourth condition, there are at
least two solid lines, at least one of which is an edge,leaving from ewery vertex which is connected
to the root by a dashedline. The nal condition implies that either the set Edg, cortains at least
two elemerts or its only elemen is marked by at least 2.

A decorated graphis a tuple
= VerEdg;g; ; d;

where (Ver; Edg) is a graph and
g:Ver ! Z%; :Ver ! 0;:::;ng, d:Edg ! Z'; and :f1;:::;kg ! Ver

are maps such that
(v1) 8 (v2) if fvq;v292 Edg:

The domain [k] of the map canbereplacedby any nite set. A decoratedgraph canberepreserted
graphically asin the seconddiagram of Figure 5. In this case,every vertex v should be labeled
by the pair (g(v); (v)). Howewer, we drop the rst ertry if it is zero. If T is are ned decorated
rooted tree asin (1.8), the corresponding decoratedgraph is obtained by identifying all elemerts
of Very with vg, dropping Edg, from Edg, and setting

1, if v=g;

V) =
9(v) 0; otherwise

In terms of the rst diagram in Figure 5, this procedure corresponds to cortracting the dashed
edgesand adding 1 to the label for vg.

The xed locusZ of My (P";d) consistsof the stable maps u from a gerus-onenodal curve
with k marked points into P" that satisfy the following conditions. The componerts of |, on which
the map u is not constart are rational and correspond to the edgesof . Furthermore, if e= fvy;vog
is an edge, the restriction of u to the componert . corresponding to e is a degreed(e) cover of

the line

1 n

P ()P (vp)
passing through the xed points p () and p (,). The map uj . is ramied only over p ()
and p (v,)- In particular, uj . is unique up to isomorphism. The remaining, cortracted, compo-
nents of  correspond to the verticesv2 Ver sud that

val(v) + g(v) 3

For such a vertex v, g(v) species the gerus of the componert corresponding to v. The map u
takesthis componert to the xed point (v). Thus,
Y

z M M gv):val(v)
v2Ver
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Figure 6: A re ned decoratedrooted tree and someof its componerts graphs

see[MirSym, Section 27.3]. For the purposesof this de nition, M .1 and M (. denote one-point
spaces.For example,in the caseof the seconddiagram in Figure 5,

Z M M 1:10 M 0:3 M 0:2 M 0:1 M 1:10-

In this case,Z is alocusin M1.3(P";22), with n 3.

If ~is are ned decoratedrooted tree asin (1.8), we put
Edg(vg) = fvo;v1ig2 Edg: v1 2 Ver and Jvo = 12[k]: ()=vp :
Similarly, for ead v2 Very, we set
Edg(v) = fv;vig2 Edg: v12 Ver fvpg and Jvy= 12[K]: (D=v :

If e= fv;vig is an elemert of Edg(v) for somev 2 Very or of Edg(vp) Edgy with v = v, let
(Vere; Edge) be the branch of the tree (Ver; Edg) beginning at v with the edgee. We put
X

Je= 12[K]: (1)2Vere fvg and  de= d(e%:
e Edg,

Let ~¢ be the decoratedgraph de ned by
Te= Vere;Edge;Ge 0; e;de  digdg,; e): where

(v9:; if Vs v; (; if12Je;
:f0gt Je ! Verg; ) =
(vo); if vO=v; e: 1Ht Je e el V; if |=0;

e(VC) =
seeFigure 6 for two examples.

If eis an elemen of Edg(vp) Edg, or of Edg(v) for somev2 Very, let
Z., Mogtogt3.(P";de)
be the xed locus corresponding to the decoratedgraph ~e. We put
(7 = JEdgV0)iidvoi K] Jve 2 Ax(dik); M= 0
Y Y Y

Z.g= Z-, M 0.t gt Edg(v)t I Z- M (~);B(Pn;d);
e2Edg(vo) Edgg v2Vero|\/I e2 Edg(v)
e2Edg,
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whereLeo ! Z-_ isthe tangert line bundle for the marked point 0. If e=fvo;vig is an element
of Edg, , let

(
jEdg.j 2 ifdi() =1,

()= () d: (7 =d(e); and dimi() = jEdg,j L ifdi(} 2

By the assumption (i) above, the numbers . (7 and d, () are independen of the choice of
e2 Edg, . Furthermore, if e;e°2 Edg, , then the line bundles Lo and Lo are G-equivariantly
isomorphic. Thus, _ _

F.g CF%%I 1o if e2Edg,:

The group G acts trivially on CIEY9+] et
(

P .
co - (Wedeoedg, 2C59 T g We=0 5 if (Y = 1;
..’B -

CFEdg. if di (7 2;
2g=PF% Leo Z,5 P™O:
While the moduli spaceM (~);B(P”;d) is a blowup of PF (-:g» hone of the blowup loci inter-
sect52~;B. Thus,
2., M 5P

In fact,
£, Z (~);B(P”;d):

We put
2= -p Z.g:

By the above, 2 isa xed point locusin Y g;k(P”;d). For example,in the caseof the rst diagram
in Figure 6,

(7 = 7,f29,11;3g ; ] ~p = 07 L(7];f 29)»

— —6 —5 —2 —4 —3
ZT B~ Mosz M 0;2 M 0;1 M 0;3 M 0;2 M 0;1 fptg;
kFog=tkFo =3 2.5 P45 2 NMygpeg P

The weight of the G-action on the line L¢o is 1=2 of the weight of the G-action on TP
[MirSym, Sects27.1and 27.2].

1 .
Po;pL? see

We next describe the equivariant normal bundle N Z- of Z_ in M g;k(P”;d). Let
N n-yZ ~ I Z.
M (- (Phid) <7 B T B

be the normal bundle of Z.. ; in M (-: (P";d). This normal bundle can easily be described using
[MirSym, Section 27.4]. Let

(
M Leo; if di () =1;

Fog=F (8 (F2 Lep) Leso
B ("):B B & € N .
e®2Edg(vo) Edg* fOg, it d. (3 2
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where e is an elemert of Edg, . The normal bundle of Z.  in M (~);B(P”;d) is given by

Niu (N);B(P"?d)ETB = Nur (~);B(P";d)ZTB dim, ~ Leo FTBi
where o~ ! pdim+ ~ s the tautological line bundle. Since none of the exceptional divisors
intersects 2.
E s 2.~ dim. "~ Leo: (1.9)

Sincethe sectionB .g is transverseto the zeroset, the normal bundle of 2. ¢ in 2 (~);B(P”;d) is

Nz <~>;B(P”?d>275 = Ny (~);B(P”;d)2378 gim, ~ Leo T )P
by (1.6) and (1.7). Finally,
NZ. = Ng (~);B(P“;d)zaTB L (P dim, ~ Leo;

sincethe normal bundle of Z - (P";d) in M 9 (PY;d) is L (~):P ()8
In order to compute the last numberin (1.4), we alsoneedto determinethe restriction of the vector
bundle Vf;k to Z.. By Theorem 1.2 and (1.9), there is a short exact sequenceof vector bundles:

0! 9 . 1V ~Leog Ly ' O (1.10)

d |

(B B dim,
over 2. This exact sequencedescribesthe euler classof the restriction of 9, to 2.
If =(m;Jp;Jdg)2A1(d;k),

T Iy (m ]_)!
dMFIRIL Y e = T .
1 ( ,P)V P 24 !

by Corollary 1.2 in [Z7]. This is the only intersection number on N1 .p neededfor computing the

last number in (1.4) and the integrals of the cohomologyclasseson Wg;k(P”;d) that count elliptic
curvesin P" passingthrough speci ed constraints. For more generalenumerative problems, such as
counting curveswith tangency conditions, asin [V1], and with singularities, asin [Z3], one would
needto compute the intersection numbers of the form
D Y E X
c,’(L p) I';N/I P where o+ | = jmj+ jJpj:
123p 123p

Theorem 1.1 in [Z7] gives a recursive formula for such numbers. The recursionis on jmj+ jJpj,
i.e. the total number of marked points. The starting data for the recursionis the well-known num-
ber 1;|V|_1;1 = 1=24.

In the above discussionwe ignored all automorphism groups. As in [MirSym, Chapter 27], the
rational function for ead re ned decoratedrooted tree ~ obtained following the above algorithm
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and applying the localization theorem of [ABo] should be divided by the order of the appropriate
automorphism group A- : Y

A- = Aut() d(e):
e2Edg Edgg

For example,in the caseof the rst diagram in Figure 6,

A. =1 13 25 3) =864

2 Blowups of Mo duli Spaces of Curv es

2.1 Blowups and Subvarieties

In this sectionwe construct blowups of certain moduli spacesof gerus-oneand gerus-zerocurves;
seeSubsections2.3 and 2.4. The former appear in Subsection4.3 asthe rst factor in the domain
of the proper transforms of the immersion  of Subsectionl1.2. The latter play the analogousrole
in Subsection3.4, where we blow up certain moduli spacesof gerus-zeromaps. In turn, theselast
blowups describe the secondfactor of the domain of maps induced by  in Subsection4.3; see
Subsectionl.3 for more details.

We begin by introducing corveniert terminology and reviewing standard facts from algebraic ge-
ometry. If M is a smooth variety and Z is a smooth subvariety of M , let

NyZ TMjz TZ
be the normal bundle of Z in M . We denote by

7:TMjz ! NgZ
the quotient projection map.

De niton 2.1 Let M be a smooth variety.
(1) Smamth subvarietiesX and Y of M intersect properly if X\ Y is a smooth subvariety of
M and

T(X\VY)=TXjx\v \ TYjxyy:®

(2) If Z is a smaoth subvariety of M , properly intersecting subvarietiesX and Y of M intersect
properly relative to Z if

2TX\Yixiviz = 2 TXjxiviz \ 2 TYixiviz  NgZ

5In other words, the scheme-theoretic intersection of X and Y is smooth. If the set-theoretic intersection X \ Y
is smooth, the secondpart of this condition is also equivalent to the injectivit y of the natural homomorphism

TXjx\y=T(X\Y) ! TM=TY:
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For example,if X and Y are two smooth curvesin a projective spacethat intersect without being
tangen to ead other, then X andY intersect properly (but not transversally, unlessthe dimension
of the projective spaceis 2). If X, Y, and Z are three distinct concurrert linesthat lie in a plane,
then they intersect properly pairwise, but X and Y do not intersect properly relative to Z.

De nition 2.2 If M is a smooth variety, a collection fM g »a of smath subvarietiesis properly
intersecting if M , and M , intersect properly relative to M, for all 1; 5; 32A.

If Z is a smooth subvariety of M , let
. Ble_ ! M_

be the blowup of M along Z. If X is a subvariety of M , we denoteby Prz X the proper transform
of X in BIzM, i.e. the closureof (X Z)in BIzM.” The next lemma follows from a local
computation. (The local geometry of a proper intersection is particularly simple.)

Lemma 2.3 Let M be a smath variety.
(1) If X and Z are properly intersecting subvarietiesof M , then Prz X is a smaoth subvariety of
Bl;M and

PrzX = le\zXZ

(2) If X, Y, and Z are pairwise properly intersecting subvarietiesof M and X and Y intersect
properly relative to Z, then Prz X and PrzY are properly intersecting subvarietiesof Pr;M and

PrzX \ PrzY = Prz(X\Y):

(3) If X, Y, Z, and Z°are pairwise properly intersecting subvarietiesof M and X and Y intersect
properly relative to Z and Z° then Prz X and Prz Y intersect properly relative to Prz Z°

Corollary 2.4 If M is a smath variety, fM g »a is a properly intersecting collection of subvari-
etiesof M, and 2 A, thenf Pryr M og oop¢ g is a properly intersecting collection of subvarieties

Remark: By our de nitions, properly intersecting subvarieties are necessarilysmooth subvarieties
of smooth varieties.

2.2 Mo duli Spaces of Genus-One and Zero Curv es

In this subsection,we describe natural subvarieties of moduli spacesof gerus-oneand -zero curves
and natural bundle sections over these moduli spaces. These bundle sectionsand their twisted
versionsintroduced in the next two subsectionsare used in Subsections3.4 and 4.3 to describe
the structure of the proper transforms of Vg;k(P”;d). Below we also state the now-standard facts
about these objects that are usedin the next two subsections.

"For the purp osesof these de nitions we do not require that M and X be smooth.
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Ip="fi1iagQ
K=f1;2;3g
[1="fis;ia0
I2="fis;i6g
I3=fi7;ig;ioQ

Figure 7: A typical elemer of M ;.

If | isa nite set, let

G
Ai(l)= Ip;flx:k2Kg :K6;; I = Iv; jlkj 28k2K ;
k2fagtK 2.1)
Ao(l)= Ip;flx:k2Kg :K6;; 1= Iv; jlkj 28k2K; jKj+jlpj 2 :
k2f Pgt K

If = (Ip;flx:k2Kg) isanelemen of f(I;;)gt Ai(l), we denoteby M ;. the subsetof M 1,
consisting of the stable curvesC sud that

(i) Cis aunion of a smooth torus and jK j projective lines, indexed by K ;

(i) ead line is attached directly to the torus;

(i) for eath k2 K, the marked points on the line corresponding to k are indexed by | .
Let M 1. bethe closureof M 1. in M ;. Figure 7 illustrates this de nition, from the points of
view of symplectic topology and of algebraic geometry In the rst diagram, ead circle represens
a sphere,or PL. In the seconddiagram, the irreducible componerts of C are represeried by curves,
and the integer next to ead componert shows its gerus. Similarly, if

=(p;fl:k2Kg) 2 (1;;) t Ag(l);

let M o. be the subsetof M_O;fogt | consisting of the stable curvesC suc that

() the components of C are indexed by the setfPgt K;

(i) for eath k2 K, the componert G, of Cis attached directly to Gp;

(ii) for eath k2 K, the marked points on G are indexed by | .
We denoteby M o, the closureof M ¢. in M g.qq ;. This de nition is illustrated in Figure 8. In
this case,we do not indicate the gerus of the irreducible componerts in the seconddiagram, as all
of the curvesare rational.

The next lemma follows from the fact that for any nodal curve, the deformations of the nodesare
independert. More precisely in the dual to the rst-order deformation spaceof a nodal curve, the
vectors corresponding to the smoothings of ead node are linearly independert.

Lemma 2.5 If g=0;1and | is a nite set, the collection fM 4. g 2a 4(1) IS properly intersecting.
We de ne a partial ordering on the setsAg(l) for g= 0; 1 by setting
O 12:f12: k2K Y Ip;fl:k2Kg (2.2)

if °6 andthere existsamap' : K | KOsud that Iy I.O(k) for all k 2 K. This condition
meansthat the elemerts of M o can be obtained from the elemeris of M by moving more points
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Ip =fi1g
K=f1;2;3g
l1="fio;i30
l2="fis;is0
I3="fig;i7;i8Q

Figure 8: A typical elemer of M o,

onto the bubble componerts or combining the bubble componerts; seeFigure 9. In the g= 0 case,
we de ne the bubble componerts to be the componerts not containing the marked point 0.

In the blowup constructions of the next two subsectionswe will twist certain line bundles over
moduli spacesof curves and homomorphisms between them. In the rest of this subsectionwe
describe the relevant starting data.

For eath i2_|, let Li ! M 1, bethe universaltangert line bundle at the marked point labeledi.
Let E ! M 1, be the Hodge line bundle of holomorphic di erentials. The natural pairing of
tangent vectors with cotangert vectorsinducesa section

S$i2 My ;Hom(Lj;E ) :
Explicitly ,

si(Cw) (IC D= xow If
[C2M 1; [Cw]2Lijc=TyoC [C 12Ejc=H%CT O);

and x;(C) 2 Cis the marked point on Clabeledby i.

In the gerus-zerocase,the line bundle Ly ! M_O;fogt, will be one of the substitutes for E. We
note that for every p2 P2, there is a natural isomorphism betweenthe tangert spaceT,P* of P! at
p and the spaceof holomorphic di erentials HO(PL; T P! O(2p)) on P! that have a pole of order
two at p. More precisely let w be a meromorphic function on P! such that p is the only zero of w
and this zerois a simple one. We can then view w as a coordinate around p in PL1. Every tangert
vector v2 T,P! can be written as

v=mw§; cu(V) 2 C:

Figure 9: Examples of partial ordering (2.2)
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We de ne the isomorphism

_ Gw(v)dw,

TPt 1 HOPLT P O@p) by vy v

If wis another meromorphic function on P! such that p is the only zero of w° and this zerois a
simple one, then
o W 0_ dw Cw (V)

we = =) dw cwo(Vv) =

. Cwo(V) dWO _ cy (V) dw
W+ = w2 - -

=) e W2

Thus, the isomorphism is well-de ned. If i21, we de ne the section

52 MogogiHom(LiiLg) by sIGW) (GV)= v, oW

. _ . . (2.3)
it [C2M giogr1; [CGW]2Lijc= Ty 9C  [CV]2Lojc= TyoC

We note that in both caseghe sections; vanishespreciselyon the curvesfor which the point i lies
on a bubble componert. In fact,

X
s; 1(0) = M1 ; where Bg(l;i)= Ip;flgg 2A4(1):i2lp : (2.4)
2Bg(1;i)

2.3 A Blowup of a Mo duli Space of Genus-One Curv es

Let | and J be nite setssud that | is nonempty. In this subsection,we construct a blowup
v Mgy 1 M
of the moduli spaceM 1. 3, jl j+ 1 line bundles
EiCi ! WMoy Q21
and jl j nowhere vanishing sections
ss2 WMaygyHom(EGE) ;  i21:

Sincethe sectionss; do not vanish, all jl j+ 1 bundles C; and E are explicitly isomorphic. They
will be denotedby L and called the universal tangert line bundle.

The smooth variety 7 1;(1;3) is obtained by blowing up some of the subvarieties M 1. , de ned
in the previous subsection, and their proper transforms in an order consistert with the partial
ordering . The line bundle E is the sum of the Hodge line bundle E and all exceptional divisors.
For eath giveni 21, [ is the tangert line bundle L; for the marked point i minus someof these
divisors. The sections; is induced from the pairing s; of the previous subsection.

With | and J asabove and Ag(lt J) asin (2.1), let

Ag(1;d) = (Ipt Ip)iflt I k2Kg 2A4(It J): 16 8k2K (2.5)
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Wenote that if 2Ag(It J), then 2Aq4(l;J) if and only if every bubble componert of an elemert
of M carries at least one elemen of | . Furthermore,

Bg(It J;i)  Ag(l;J) 8i2l: (2.6)
If jlj+jJj 2, with respectto the partial ordering the setA1(l;J) hasa unique minimal elemer:
min Lt Jdg

Let < be an ordering on A(1;J) extending the partial ordering . We denotethe corresponding
maximal elemert by max. If 2A4(1;J), we put

( .
maxf %2A4.(1:J3): % g if 6 min;
0; if = min;

1= (2.7)

where the maximum is taken with respect to the ordering <.

We now describe the starting data for the inductiv e blowup procedureinvolved in constructing the
spaceM 1.5, and the line bundle L over M 1, ). Let

VS M —0 — 0 _
M z0:0) = Maiess Eo=E ! Myqyy; and My =My 8 2Ay(l;J):
Foreahi2l, let
—0 — 9
LO;i = Li ! M 1;(1;9) and So;i = S 2 M 1;(|;J);H0m(LO;i;E0) :

By (2.4), X
1 —0
Spi (0) = M ;.

2B1(1t J;i)

Suppose 2 A4(l;J) and we have constructed

(11) ablowup  ;: M_l;(ll;J) ! Wj;(l .3y of M_g;(l .y Such that 4 is an isomorphism outside
of the preimagesof the spacesM_g; owith 0 1;

(12) line bundlesL 15 ! M y5y fori2l andE 1 ! My,

(13) sectionss 142 ( M 1,y Hom(L  1;E ) fori21.
Foreah > 1,let M, ' bethe proper transform of M §. in M_l;(ll;J). We assumethat

(14) the collection fM ;. 1g 2A.(13); > 1 IS properly intersecting;
(15) forallizl, X
1 — v L
s 1;(0) = My,
2B1(It J3i); > 1
The assumption (I 5) meansthat we will gradually be killing the zero locus of the sections;. We
note that all v e assumptionsare satis ed if 1lis replacedby 0.

If is asabove, let
— — 1
= Mgy P Mgy
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be the blowup of M_l;(,l;J) alongM . ' We denote by M ;. the corresponding exceptional divisor.
If > ,letM ;. M. bethe proper transform of M ;. Lo

= Ipt Jp:flct Je:k2Kg (2.8)

andi2l, we put

(
~ L 1 if 162p; _

L, = b A —E R PR o T (VDY (2.9)
~L i O( M), ifi2lp; ’

The section~ s 1, inducesa section
$i 2 MyggyHom(Li;~E o) :

This section vanishesalong M_l; , by the inductive assumption (15) if i62p. Thus, s inducesa
section -
S 2 Ml;(,;J);Hom(L;i;E) :

We have now described the inductiv e step of the procedure. It is immediate that the requiremerts
(11)-(13) and (I 5) are satis ed, with 1 replacedby , are satis ed. Corollary 2.4 and the as-
sumption (I 4) imply that the assumption (I 4) with 1replacedby is also satis ed.

We concludethe blowup construction after the nax Step. Let

ml;(l;J):M_l?E?X;J); E:Emax; Ei: Lmax;i; Si = S naxi 8i2l:

By (I15), with  1lreplacedby max, and (2.6), the sections; doesnot vanish. We note that by (I 1),
the stratum

Mgy Mg

consisting of the smooth curvesis a Zariski open subsetof M_l;(l gy forall 2f0gt A4(l;J).

By the next lemma, di erent extensionsof the partial order to anorder< onA(l;J) correspond
to blowing up along disjoint subvarieties in dierent orders. Thus, the end result of the above
blowup construction is well-de ned, i.e. independert of the choice of the ordering < extending the
partial ordering

Lemma 2.6 Supmse; 92A;(1;J) aresuchthat 6 %and % . If 6 9 thenthespacesM ;.

and M ;. . are disjoint for some~ ; ©

Proof: (1) Suppose
= Ipt Jp;flet Je: k2Kg and O= 19t 38:f12t 32: k2K % :
For eah k2 K and k%2 K 9 let
k= (I 1Ot (3 J):flet kg 2 As(1;3) and

o= (I 1Dt @ I%);f12%t 3% 2 Ag(1;J):
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iy ——0 =0 - . =0 —
By de nition, M ;. and M ;. 0, are divisorsin M 1..;y=M 1t 3,

. \ . \
I\/Ig;z ij.- and Mg;o= M(i)

vk
k2K k2K 0

Furthermore, if M_(i); N M_(i); 306 ., then either

[t Ji ||90'[ J|90; or It Jk IkOOt J|?o; or (et J)\ (IkOOt J|?o) =

(2) SupposeM_i’; \ M_g; 06 ;. By the above, there exist decompositions

G G
K=Kist Kot Ko and KO9%=K%t Kt K

12K 9 12K +
and a bijection ' : Ko ! K§ suc that

Ikt Je (19t I8 8k2K o 192K Y, 11t J)) 1%t 3% 8KkR2K2I12K,;
and It I =12t 3%, 8k2Ko:

We note that the subsetsK . and K2 of K and K are nonempty. For example,if K . were empty,
then we would have © | cortrary to our assumptions. Let

~= pt Jp;fht Ji:k2Kot Kyt K2g 2 Aq(1:)
be given by

It Jk; if k2 Kot K4

Bt Jp=(>Up\13)t (Ip\ ID): Mt Jy =
pt Jp=(p\Ip)t (Jp\ Jp) =0 30 it k2K O:

For example,if correspondsto the seconddiagram on the right side of Figure 9and °corresponds
to either the rst or the third diagram on the right side, then ~correspndsto the diagram on the
left side of Figure 9. By de nition, ~ ; 0 Furthermore,

M \MS o Mo

Thus, by Lemma 2.5, Corollary 2.4, and (2) of Lemma 2.3,

IVll; \ Ml;o Ml;(l;J)

is the closure of the empty set.

24 A Blowup of a Mo duli Space of Genus-Zero Curv es

Suppose @is a nonempty nite setand %= (I,;J))2@ is a tuple of nite setssud that |,6 ; and
jihj+jdyj 2forall 2@ Let

Y M B
Mo%= Mofogtitg, — and  Fo= Lo ! Mo
12@ 12@
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wherelLg ! M_O;fogt 1,1 3, is the universaltangert line bundle for the marked point 0 and
1Moo ! Moggogtit g,
is the projection map. In this subsection,we construct a blowup
0% M oo ! PFo
of the projective bundle PFy,over M ¢4, We also construct line bundles
E;Caiy ! Mo i215;12@

and nowhere vanishing sections

suiy 2 M osgHom(Egiy;ED) 5 i21;12@

In particular, all line bundles ;) and E are explicitly isomorphic. They will be denoted by L
and called the universal tangert line bundle.

Similarly to the previous subsection, the smooth variety 7] 0% IS obtained by blowing up the
subvarieties M o, de ned below and their proper transforms in an order consistert with a natural
partial ordering . The line bundle E is the sum of the tautological line bundle

w ! PFo

and all exceptional divisors. For every | 2 @and i 2 I, C(;; is | Lj minus someof thesedivisors.
The section s,y is induced from the pairings s; of Subsection2.2.

With %as above and Ag(l;J;) asin (2.5), let

A= @:(Dre: @ @@6;; (2f(1t J;;)ot Ao(l1;d1) 812@

=(htJ;;;)812@ @; @;( i@ &8 @Q(Ih1t J155) 2@ (2.10)

We de ne a partial ordering on Ao(% by setting
° @i Do @;( e (2.11)
if % ,@ @, andforewryl|2@either = |, ° |, or P=(l;tJ;;;). Let < bean ordering

on Ao(% extending the partial ordering . We denote the corresponding minimal and maximal
elemernts of Ag(% by min and max, respectively. If 2 Ag(%, we de ne

12 fogt Ao(%

asin (2.7).
If 2Ag(% isasin (2.11), let

Mo = Mo ; F = Loy,  Fu
12@ 12@ ’
and M3 =PF M3, PFy



@ 1,239 @ 1,239

+ jlit J1j=2 jlit J1j=2

j|2t sz:j|3t J3j:3 jIZt J2j:j|3t J3j:3
¥ @=1123g * @ =123

1= (11t J1;3) 1= (1t J1;3)
+ 2= (I2t J253) + 26 (12t J2;5)

3= (Ist Js;;) 3= (I3t J3;3)

Figure 10: Typical elemers of N 3.,,and ¥1 §

The spacesl‘f/l 8;% and M1 8; can be represented by diagrams asin Figure 10. The trees of circles
attachedto the vertical linescorrespond to the tuples |, with conventions asin the rst, symplectic-
topology, diagram in Figure 8. For eat suc tree, the marked point 0 is the point on the line. We
indicate the elemens of @ @with plus signsnext to thesepoints. Note that by (2.10), every dot
on a vertical line for which the corresponding tree of circles cortains more than one circle must be
labeled with a plus sign. From Lemma 2.5, we immediately obtain

Lemma 2.7 Supmse@is a nonempty nite setand % (I,;J))2@ is a tuple of nite setssuchthat
1/6; andjl j+jJ;j 2forall 2@ If Ao(% is as alove, the collection f M1 8; g 24 o(% IS properly
intersecting.

We now describe the starting data for the sequettial blowup construction of this subsection. Let
Eo= o ! M8y=PFy and  Logi)= oo Li ! M3y 8i21;12@

We take
So;(1;i) 2 W 8o Hom(L o;(1:i); Eo)

to be the sectioninduced by ., | Si, with s; de ned by (2.3). It follows immediately from (2.4)

that X
SO;(Il;i)(o) = MS ;.  where
280(%151)
n
Bo(%l;i1)= @ ;( 19i12@ 2A0(W: @ =@ flgand (o= (ljot Jjo;;) 81%2 @ or

(0}
@=@ 12Bo(I1t J;;i); 0= (ljot Jpo;;) 8122 @ flg :

The rest of the construction proceedsasin Subsection2.3. The analogueof (2.9) now is

- ( ~L 1) | if |6@ or 6(IitJ;;);i62p; (2.12)
~L 105 O( Mg ); otherwise
E=~E 1 OM, ): (2.13)
As before, we take
¥ o06= N1 o5 ; E=E ;

iy = L ey @A Sy =S iy 81215 12@
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The analogueof the inductive assumption (I 5) insuresthat ead sectionsy;y doesnot vanish. The
statemert and the proof of Lemma 2.6 remain valid in the presen setting, with only minor changes.
Thus, the end result of the above blowup construction is again well-de ned, i.e. independert of the
choice of the ordering < extending the partial ordering

3 A Blowup of a Mo duli Space of Genus-Zero Maps

3.1 Blowups and Immersions

In this section we construct blowups of certain moduli spacesof gerus-zero maps; see Subsec-
tions 3.3 and 3.4. As outlined in Subsectionl.3, these blowups appear in Subsection4.3 as the
secondfactor in the domain of the immersionsinduced by the immersions  of Subsection1.2.

As in Section2, we begin by intro ducing corveniert terminology and reviewing standard facts from
algebraic geometry If M is a variety, we denoteits Zariski tangert spaceand its tangert cone by
TM and TCM, respectively. If X is a smooth variety (but not necessarilyequidimensional), we

recall that a morphism x : X ! M is animmersion if the dierential of x,

dyx:TX ! (TCM;
is injective at every point of X . Let

Ims x  p2M:j, N p)j 2 and N, yTCM Imdy
bethe singular locus of x andthe normal cone of x in M, respectively. We denote by
71 xTCM I N
the projection map. If Z is a subvariety of M, let
7:Z ! M

the inclusion map.

De nition 3.1 Let M be a variety.
(1) An immersion x : X ! M is properly self-intersecting if for all x1;x22 X suchthat
x (X1) = x (X2) and su ciently small neighlmrhoods U; of x; and Uy of x5 in X

(2)If x:X ! Mand v:Y ! M areimmersions suchthat x is properly self-intersecting, x
is properly self-intersecting relative to v if for all x1;X22X andy2Y suchthat

x (X1) = x(X2) = v(y)
and for all su ciently small neightorhoods U; of x; and U, of x5 in X,

? y, TCLm(x U\ x (W) = ? JImd xix; \ ? Jmdxix, Ny

8We emphasizethat intersections are taken to be set-theoretic intersections unless otherwise noted.
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This de nition generalizesDe nition 2.1; seethe paragraph following the latter for someexamples.

De nition 3.2 If M is a variety, a collection f o: Xo, ! Mgoea Of immersions is properly
self-intersecting if for all 1; 2; 32 A the immersion ,t , is properly self-intersecting
relativeto .

The next lemmafollows from a local computation. (The local geometry of a proper self-intersection
is particularly simple.)

Lemma 3.3 Supgseﬁ is a variety and Z is a smath subvariety of M . o
Q) If x:X ! M is an immersion such that the immersion xt z: Xt Z ! M is properly
self-intersecting, then x lifts to an immersion

Prz x : Bl ><1 X | Blzm S.t. ImPrz x = PrzIm x:

(2)
(2) If in addition x is properly self-intersecting relative to z, then Prz x is properly self-
intersecting and

ImSPrz; x = Prz Im® x:

(3) If in additon v:Y ! M is an immersion suchthat xt yt z is properly self-intersecting
and x is properly self-intersecting relative to v, then Prz x is properly self-intersecting relative
to Prz y. Furthermore,

1 — 1 .
Prz x Przlm y = Prxl(z) X (Im Y)-

Remark: Sincewe always require that the blowup locusbe smooth, an implicit conclusionof (1) of
Lemma 3.3 is that xl(Z) is a smooth subvariety of X ; this is immediate from the local situation.
Note that X itself is smooth, asit is the domain of the immersion .

Corollary 3.4 If M is a variety, f o: Xos | Mgoea is a properly self-intersecting collection of
immersions, and %2 A is suchthat o is an emtedding, then fPriyn o osQogoat o IS @ properly

self-intersecting collection of immersions into Bl M.

Like Lemma 3.3, the next lemma follows from a local computation, using the simple geometry of
a proper self-intersection.

Lemma 3.5 SupmseM is a smamth variety, Z is a smmth subvarietyof M, x:X ! M is an
immersion suchthat the immersion xt z is properly self-intersecting. Let

1 G
X (2) = Zo,
%A

be the decomposition of Xl(Z) into path components. If there exist a splitting

N,= L ! X



and a subsetlo,0f | for each %2 A such that

M
XizWlZ TZoy= Lijz, 89RA, (3.1)
i21 1o
then M 0
Nsz X = Li O( Ew ;
i21 219

wher Eis the component of the exeptional divisor for the blowup : Bl X1(Z)X I X that projects
onto Zy,

We note that by (1) of De nition 3.1, the homomorphism
XjZ%TZ TZy ! N X XTV Imd x

induced by the inclusions is injective. Thus, we can identify ij%TZ TZo, with a subbundle
of N , , aswe have donein Lemma 3.5.

3.2 Mo duli Spaces of Genus-Zero Maps

In this subsection,we describe natural subvarieties of the moduli spaceof gerus-zeromaps and a
natural bundle section over them. This bundle section induces other bundle sections,introduced
in the next two subsections,that are usedin the blowup construction of Subsection4.3to describe
the structure of the proper transforms of Wg;k(P”;d); seeSubsection1.3 for more details. Below
we also state two well-known facts in the Gromov-Witten theory, Lemmas3.6 and 3.7, and a more
recern result, Lemma 3.8.

If d2Z* and J is a nite set, let

Ao(d;d)= (M;Jp;Jdg):m2Z";m d; J=JptJIg; m+jlpj 2 ; (3.2)
M o:0:3)(P";d) = M g ogt 3 (P ):

If = (m;Jp;Jg) is an elemen of Ag(d;J), let Mo, (P";d) be the subsetof M goqt 5 (P"; d) con-
sisting of the stable maps|[ ;u] suc that

() the componerts of are ;= P! with i2fPgt [m];

(i) uj . is constart and the marked points on p are indexed by the setf0Ogt Jp;

(i) foreadhi2[m], ; is attachedto p anduj , is not constart.
We denoteby Mg, (P";d) the closureof Mo, (P";d) in Mgoq 5 (P";d). Figure 11 illustrates this
de nition, from the points of view of symplectic topology and of algebraic geometry In the rst
diagram, ead disk represeints a sphere,and we shadethe componerts on which the map u is non-
constart. In the seconddiagram, the irreducible componerts of  are represened by lines, and
the integer next to ead componert shows the degreeof u on that componert. In both cases,we
indicate the marked points lying on the componert p only.

We de ne a partial ordering on the set Ao(d;J) by setting

° m%38:39) (m;Jp;Jdg) if % ;m® m; 38 Jp: (3.3)
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m=3; Jp =fj10
dy di;d2;d3>0
di+d+dz=d

0 jl 0 d3

Figure 11: A typical elemen of M. (P";d)

Similarly to Subsection2.2, this condition meansthat the elemers of M o. o(P"; d) can be obtained
from the elemerns of M o, (P";d) by moving more points onto the bubble componerts or combining
the bubble componerts; seeFigure 12. As in the g= 0 caseof Subsection2.2, the bubble componerts
are the componerts not cortaining the marked point 0.

Lemma 3.6 If 1; 22A0(d;J), 16 2 16 2, and 26 1, then

Mo, (P d)\ Mg, ,(P";d) Mg~ ,; »(P";d);
whee  ~( 1; 2)= max %2And;d): ° 15 5
If ~( 1; 2) is not de ned, Mo, ,(P";d) and M. ,(P";d) are disjoint.
For example, if 1 and » correspond to the two diagrams on the right side of Figure 12, then
~( 1; 2) correspondsto the diagram on the left side of Figure 12. Lemma 3.6 is immediate from

the de nition of the topology on M ¢4 ogt 3(P";d). It can also be easily deduced from [P, Sub-
sect. 3.2] by an argumert similar to the proof of Lemma 2.6.

If =(m;Jp;Jdg) is an elemen of Ap(d;J), let

_ Y G __
M g (P";d) Mo:fogt g, (P";di)  and
i2[m] di>G0;Ji Js
itM g (P";d) ! Moot 9, (P";di);  i2[m];
di>0J; Jg
j1
0 0 0

Figure 12: Examples of partial ordering (3.3)
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be as in Subsection1.2. Since ead of the spacesﬁo;fogtJi(P";di) is smooth and ead of the
evaluation maps o
evo: Mofogt g, (P";di) 1 P"

is a submersion,the spaceM g (P";d) is smooth. We denote by
‘M ofogtmtge M 8(P"d) ! Mo (P";d)  Mggsog s (P";d) (3.4)
the natural node-idertifying map. It descendgo an immersion
: Mofogtmptdr M 8(PY;d) Sm ! Mggog s (P";d):
Let o o o o
P; B:Mofogtmprar M :8(P":d) ! M gfogtmytss M ;8 (P";d)
be the natural projection maps.

Lemma 3.7 If d2 Z* and J is a nite set, the collections f g 54 ,(a) @and f g 2a4(a3) Of
immersions are properly self-intersecting. If 2 Ap(d;J) is asin (3.3),
M

[
Im® Mo. o(P";d) and N = pLi g Lo
0 i2[m]

If in addition %2 Ag(d;J), © ,and Yis asin (3.3), then

1 N1 n [ I'VE I'VE n
Mo, o(P";d) = M o M .g(P";d); where
2A0( ; 9
Ao( ; 9= = 1ptI0;flit i k2Kg)2Ao(m];Ip):jKj+jlpj=mP°

and Ag([m];Jp) and M o, are asin Subsetion 2.2. Finally, if 2Ag( ; 9 is asalove,
M

i2[m] 1p

The rst claim in the secondsertence and the claim of the third sertence in Lemma 3.7 follow
immediately from the de nition of the topology on M g ogt 3 (P";d). The remaining claims are also
restatemerts of standard facts in GW-theory; they all follow from the description of the tangert
bundle of M g gt 5 (P"; d) in [MirSym, (27.6)].

We nish this subsectionby describing a natural bundle section
Do2 Mofogt g (P";d); Hom(Lo; evyTP")

which plays a certral role in the rest of the paper. An elemen [b] 2 Wo;fogtJ(P”;d) consistsof a
prestable nodal curve with marked points andamapu: ! P". One of the marked points is
labeled by 0. We denoteit by xq(b). We de ne Dg by

DO b = dquo(b) . TXo(b) ! TeVo(b) pP":

If U I Mogogt3(P";d) is the universalcurveand ev: U ! P" is the natural evaluation map, then
Dojp is simply the restriction of devj,, ) to the vertical tangert bundle of U. The bundle sectionDg
vanishesidentically along the subvarieties M o. (P";d) with 2 Ao(d;J).
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Lemma 3.8 If d2Z* and J iia nite set, the section Dg is transverseto the zemw set on the
complement of the subvarietiesM o, (P";d) with 2 Ag(d;J). Furthermore, for every

(m;Jp;Js) 2 Ao(d;J);
the di er ential of Dy,
M o:N ! Hom(Lo;evgTP") = pLy geVpTP";

in the normal direction to the immersion  is given by

Mo . L,= pSi 8 iDo 8i2[m[
whee s; is the homomorphismde ned in Subsetion 2.2.
The rst claim of the lemma is an immediate consequencef the fact that

HY ; uTP" O( 22) =f0g

for every gerus-zerostable map ( ;u) and a smooth point z2 such that the restriction of u to
the irreducible componert of corntaining z is not constart. The secondstatemert of the lemma
follows from Theorem 2.8 in [Z1].

3.3 Initial Data

If @and J are nite setsand d is positive integer, let

MO;(@J)(Pn;d) = (h)|2@2 MO;ngtJ|(Pn;d|):d|22 ; d|:d; Ji=J;
2@ 12@ 12@ o
evo(h) = evo(ho) 81;12@ ;
n Y X s
Mo@)(Pid) = (B)2@2  Mofog g, (P";d):di2Z7; d=d  J=J;
2@ 2@ 2@

0
evo(h) = evo(ho) 81512 @ ;

where M g q; 5, (P"; d)) is the subset of Mo ogt 3, (P"; di) consisting of stable maps with smooth
domains. For ead |2 @ let

_ G _
1: Mo @) (P";d) ! M o: ogt 9, (P"; d)
d>0J, J
be the projection map. We put M
Fl@) = 1 Lo;
2@

whereLo ! Myggoqt 5, (P";d)) is the universaltangert line bundle for the marked point 0. In the
next subsection,we construct a blowup

0(@)’ Mog@)(P"id) ! PF(ay)
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of the projective bundle PFg;) over VO;(@J)(P”;d) and a line bundle
E ! Mo;(@J)(Pn;d):
We also describe a natural bundle section

Bian2 Moan(P"id):E 0:(@3) PFgy)EVTP"
where B
PFay) PF@) ! Moyas(P";d)
is the bundle projection map. This sectionis transverseto the zero set.

Similarly to Subsection 2.4, the smooth variety Mo;(@J)(P”;d) is obtained by blowing up the
subvarieties M 8;%(P”;d) de ned below and their proper transforms in an order consistent with a
natural partial ordering . The line bundle E is the sum of the tautological line bundle

@) ! PFa

and all exceptionaldivisors. The section @(@J) is induced from the sections | Do, with 12 @ where
Do is asin Subsection3.2.

If @J, and d are as above, let

n
Ao(@d;d) = ( Dizede : (15:)21(0;;)at Ao(di;dip); ( 1)i12@8 (0)12a:
X G 0]
d=d;J=Jgt Jip
2@ 2@

We de ne a partial ordering on Ag(@d;J) by setting

B (De@dd % ()iels) (3.5)

if 986 %and for every 12 @either %= |, ( ;) ( 1;;), or 2=0. If %2 Ap(@d;J) is asin (3.5),
we put
@%= 12@ 60 and @%= 2@ ;=0:
Here P and S stand for the subsetsof principal and secondaryelemers of @ respectively; seethe
next paragraph. Note that
B % =) @B @% @%H6; 8WA(@dJ); and

%= (m;Jd1:p)i2a@ %) (0)12@s (%) IB (3.6)
for somem; and J;.p. Choosean ordering < on Ao(@d;J) extending the partial ordering . We
denote the corresponding minimal and maximal elemen by %, and %ax, respectively. For every

%R Ao(@d;J), de ne
% 12 fOogt Apo(@d;J)

asin (2.7).
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If %2 Ap(@d;J) is asin (3.5), let

_ n Y X G
MooP";d) = (D)i2@2 Moy 9,5)(Phd):  di=d; Ji;g =JB;
12@ 12@ 12@ o

evo(h,)=evg(h,) 811;1:2@ Mg @s)(P";d):

With =P:;S, wede ne

M
F%: |L

F M, .
12@ (% O WosPria) (@) Mow(Pid)

Let
Mg;%(Pn;d):PF%P Mg;(@J)(Pn;d) PF(@u):

From Lemma 3.6, we immediately obtain
Lemma 3.9 If %;%2Ao(@d;J), %6 % %6 %, and %6 %, then

Mg;"/q(Pn;d)\ Mg;o/g(Pn;d) Mg;%%;%)(Pn;d);
where  %%:;%) = max W2 Aq(@d;J): %8 %% :

If %%; %) is not de ned, M., (P";d) and M, (P"; d) are disjoint.

With %as (3.6), let

G Y
% = MEdip g 0 @H= @D M Je(W=Js; and Gy= Sm;:
12@ (% 2@ (%

with ¥ 8;%, asin Subsection2.4, we denote by

0% W 8op  Mo@ @30 on (Pd) | MByP";d) 0@y (P": )

the natural node-idertifying map induced by the immersions ( .5, in (3.4). It descendsto an
immersion

0% W Gu Mo@ e on(Phid) Goo ! MG gy (P 0):
Let

P 8 MG Mo@maeon(Pid) 1 W 8oy :Mo@ 900 o (P": )

be the projection maps.

For the rest of this section, as well as for Section 4, we take

Mo@) = Mo@n (P d)i Moga) = Mo@n(Pd) Mgy = MG g (Pd) 8 (@J);
MGo= MOo(P"d) 8 RA(@d;J):
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Lemma 3.10 If @and J are nite setsand d2 Z*, the collections

f 0.9@en o(@dd) and  f oofora o(@dd)

of immersions are properly self-intersecting. If
% (M ;d1p)iza %) (0)2@s(%):ds 2 Ao(@d;J);

then

[

Im3 0:% M 8;0/9 and

9% %
M M M

N oo = pLogiy B @plo pEo B 1 Lo
12@ (%) i2[m, ] 12@s (%)

where Eg and Lo,y are asin Subsetions 2.4. If %% 2 Ao(@d;J), %is as (3.6), and % %, then
[ _
1§20 _ 0 .
0% M8 = N 3, Moi@ (%):3e (%))
2A o(%;%

where
n

AO(%,%: = @(%, I|,Pt‘]|,P1f||’kt J|’kk2K|g 12@b (%) ZAO(O/Q)
0

JKyj+jl.pj=m; 812 @ (%)
and Ao(%) and N1 8; are asin Subsetion 2.4. Finally, if 2A(%;% is as alove,

0% 1 o TMogs T MG Moa )95 %))
| M M

VM@B (% )38 (%))
= plogiy B gilo plogi e anto
12 (%) @» (% 12[m, ] 2@ (4 120m ] e

The normal bundle N . for the immersion o9, splits into horizontal and vertical bundles:

%

N, =N° N

0:% 0:% 0% *
It is immediate from the de nitions that
S M
N 0% — 0% (@) Fus = pEo & i Lo
12@s (%)

The horizontal normal bundle N ';/ is the pullback of the normal bundle for the node identifying
immersion '

Moy Mo@@)us@) | Mow(P";d) Moa)
induced by the immersions i) in (3.4) by the bundle projection map pf,,,. The normal
bundle for this immersion is the sum of componert-wise normal bundles given by Lemma 3.7. The
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remaining claims of Lemma 3.10 follow easily from the corresponding statemerts of Lemma 3.7
aswell.

We note that for every %2 Apo(@d;J),
G
Ao(%) = Ao(%; %:
% %
Furthermore, if %;% 2 Ao(@d;J) are suc that %;% %, then
12A0(%;%);  22A0(%:;%); 1 > =) % %:

Thus, we can choosean ordering < on Ao(% ) extending the partial ordering  of Subsection2.4
sud that
%< %,; 12 A0(%:;%); 22 A0(%; %) =) 1< 2

whenewer %; % 2 Ao(@d;J) are such that %;% %. In the next subsection,we will refer to the
blowup construction of Subsection2.4 corresponding to such an ordering.

Via the projection maps |, the bundle sectionsDg of Subsection3.2 induce a linear bundle map
D(@J) . F(@J) ! evoT pn
over VO;(@J). In turn, this homomorphisminducesa bundle section

B2 MG @)iEo ey TP" ; where Eo= (@) ! M§q):

PF(@J)

This section vanishesidentically on the subvarieties M 3., of M 3@ With % Ay(@d;J).

Lemma 3.11 The section By is transverseto the zem set on the complement of the subvarieties
M 8;% with % 2 Ao(@d;J). Furthermore, for every % 2 Ao(@d;J) asin Lemma 3.10, the di er-

ential of B,

rBoiNg, ' on Eo evTP" = pEy gevTP";

PF(@3)

in the normal direction to the immersion .9, iS given by

" Bo ploi)y s (I;i)LO: pSo(i) B (Do 812[m ] 12@(%);

and r |§0 N = pld BD(@(%);JB(%));

whee s,y is the homomorphismde ned in Subsetion 2.4.

This lemma follows immediately from Lemma 3.8.
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3.4 Inductiv e Construction

We are now ready to describe the inductive assumptionsfor our construction of the blowup
. Ynax . 0 0 . .
0(@J) - MO?E@J) MO;(@J)(Pn'd) : f"'o;(@J) MO;(@J)(Pn1d)'
Suppose¥? Ao(@d;J) and we have constructed

(11) a blowup o 1: M2 2

0
0(@) | MO;(@J) such that
preimage of the spacesi Jog With 98 % 1;

. %1 .
(12) aline bundle Eq, 1 J\Alo;(@”,
(13) a section By, 1 2 MO‘;’(@J);E% 1

% 1 IS an isomorphism outside of the

% 1 F,,:(@J)evoTP” .
For eath %> % 1, let
% 1 % 1,pn. % 1
Mow Moo P™d)  Mga,
0 . % 1
be the proper transform of M, in M 0@ We assumethat

(14) the section By, ; is transverseto the zero set on the complemern of the subvarieties v 00/"0/01
with % > % 1 and vanishesidentically alongthese subvarieties;
( fg % 1 . 0AOA- O o 1
VAN Ve 0;%% %)’ It %% %)>% 1,
0% 0% otherwise

(15)if %;% 2 Ao(@d;J) are suc that % 6 %, %6 %, %6 %, and % 1< %; %, then

1

where %%; %) is asin Lemma 3.10.

We also assumethat for all %2 Ao(@d;J) sud that %> % 1:
(16) the domain of the Gy, -invariant immersion o, 1.0, induced by o, iS

W1 % (% 1) =

o 0% Mo@ ()s (w): ~ where
< o008 o 108 on . IF9B2A0(@d;J)
(% 1= max 2Ag(%:®):%B % 1.8 % ; St 98 % LB %
-0 otherwise
(17) if B2 Ao(@d;J) is such that % 1<% %, then
[ 9 _
%1 _ 00(/01) .
%i;% f‘/|0;0/6> - 7 0;/ MO;(@(%);JB(%))v
2A o (% ;%)
S
(18) Im® o 1.9

% 1
% 1<% % M 009+ Where
) N‘/I w (% 1)
% 1:% - 0%

% 1
Mo @ (%)3s (%)) Cw ! M
is the immersion map induced by o, 1.9 .

0:(@d)
Furthermore, we assumethat

(19) the collections f o 1.9 9o 24 o(@d:3):%>% 1 ANA 9 1:96 Qo 124 o(@d:0);% >% 1 Of immersions
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are properly self-intersecting.

Finally, for all %2 Ap(@d;J) sudc that %> % 1:
(110) o 1:00E% 1= pE , (% 1), Where
. . % (% 1) I'VE % (% 1) I'VE
pi a1l 0:3/% Mo@ caye ey ! W 0;/0/9, ' Moy @ ()35 (%))

are the two projection maps;
(111) if % is asin Lemma 3.10, then the normal bundle for the immersion o, 1.9, IS given by

_ ? >
N%l;%_le;% MN%l;% M
pL o (% 1);(1ii) B (I;i)LO pE w (% 1) B 1 Lo
12@ (%) i2[m, ] 12@s (%)

whereL | (o 1):0:i) E o, (% 1) ! \7 o‘;’{;’/;% Y are the line bundles constructed in Subsection?2.4;

(112) the di erential of By, 1,

. n — n.
By 1Ny o ' wiw Ewi w1 prg,®T TP = pE (w1 BE€WTPY

in the normal direction to the immersion o, 1.9 iS given by

r Bo 1 PS ., (% 1:(i) B (:nPo 812[m ] 12@ (%)

pLoo (% i) B (iylo

and 1 By1y. = pid D@ )Js %)

% 1%

wheres (9 1):¢:i) IS the homomorphismde ned in Subsection2.4.

By the inductive assumption (I 4), the loci on which the sections By fail to be transverseto the
zero set shrink and evertually disappear. For eah % the behavior of By in the directions normal
to the \bad" locusis described by (1 12). By the inductive assumption (1 5), if % and % are non-
comparableelemerts of (Ao(@d;J); ), the proper transforms of M 8;% and M 8;% becomedisjoint
by the time either is ready to be blown up for any ordering < extending the partial ordering
Similarly to Subsections2.3 and 2.4, (15) will imply that the end result of the present blowup
construction is independert of the choice of an extension <. By (I 6), our blowup construction
modi es ead immersion o. by changing the rst factor of the domain accordingto the blowup
construction of Subsection2.4, until a proper transform of the imageof o, isto be blown up; see
below. By (I8), by the time this happensthe immersion . induced by o. transforms into an
embedding. Thus, all blowup loci are smooth.

We note that all of the assumptions(l 1)-(1 12) are satis ed if % 1 is replacedby 0. In particular,
(15) is a restatement of Lemma 3.9, while (14) and (I 12) are the two parts of Lemma 3.11. The
statemerts (1 7)-(1 11), with % 1 replacedby 0, are contained in Lemma 3.10.

If %2 Ao(@d;J) is as above, let
. % % 1
~y M M

(@) - 0(@J)
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be the blowup of M% L along M Zf’o/} which is a smooth subvariety by the inductive assump-

0;(@J)
tion (18). We denotethe exceptionaldivisor for this blowup by M %, If %> %let My, M ff?(@])
be the proper transform of M (% We put
Eoo= ~F% 1 O My,: (3.7)

The section ~8y 1 vanishesidentically along the divisor M Ef;’% Thus, it inducesa section

% . .
@%2 M(@J),E% % pF(@J)eVOTPn ,

where o= 91 ~%

The inductiv e assumptions(l 1)-(I 3), with % 1 replacedby % are clearly satis ed, while (1 5), (I 8),
and (1 9) follow from (2) of Lemma 3.3 and Corollary 3.4. On the other hand, by (I 6), the domain
of the immersion o, 1.051S
W% 1) — Ve .
N O;/% Mo(@ s () = 07 0% Mo(@ %e ()
where M g0, ! NI 0.0e is the blowup constructed in Subsection2.4. By (1 11), the normal bundle
for the immersion o, 1.9 1S given by

M M M
N o 106 = pL o 1:0i) B (Lo PE w1 B 1 Lo
IZ% (%i%\}lmq M 12@s(%
= pL B @plo pL B 1 Lo
2@ (% i2[m] 12@s(%

= pL BF@ @5 )

where L ! M g9, is the universal tangert line bundle constructed in Subsection2.4. We also
note that by (I 10),

n —_ n.
% 1.% E% 1 PF(@J)eVoTP - PL eVoTP .

B PF(@g (%95 (%)
By (1 12), the di erential of By, 1 in the normal direction to the immersion o, 1.94iS given by

rBy 1= pid D@ s n:
Thus, if
s 0 % %
0% PN 5 15 W 096 MO;(@(%;JB(%) L Mo Mo;(@a)
is the immersion induced by o, 1.05 then
witPo= 8802 Mow MGaopason %Fm% % prgs, T P"
- 0 . ny .
= WMow M@ s (@ PF (s (90 q (o9 EVOT )

Lemmas3.10and 3.11thus imply that the restriction of the section By, to the exceptional divisor
M &, is transverseto the zero set away from the subvarieties M %, with % > % Thus, by the
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inductive assumption (I 4) as stated above, (I 4) is satis ed with % 1 replacedby %

We now verify that the remaining inductive assumptionsare satis ed. If %< %, but %6 %,
w(®= (% 1) and Moo\ Moy = i
by de nition and by (I 5), respectively. It then follows that
o= w1 MEA\ME= MEARMEL 898 %
%:%E%= 9% 1.9 E% 1) N oo = Ny 1o and 1 Boy=r By 1

Thus, the inductive assumptions (I 6), (1 7), and (1 10)-(1 12), as stated above, imply the corre-
sponding statemerts with % 1 replacedby %

Supposethat % %. By (I 6) and (1) of Lemma 3.3, the domain of the immersion o induced by
the immersion o, 1.9 is the blowup of

w1 T
M o5, Moi@ (%):3s (%))

, —% 1 ,
along the preimageof M 0?% under o 1.9 IN

=1, % (% l) 've 0 v .
w(an) id: W Q% Mo@oo)aae) | M8 Moa m6)9a )

By (1 7), this preimageis
[ RO/ —
M o M o@ (%):3s (%))
2A (% ;%
By the last paragraph of Subsection2.4 and the secondparagraph after Lemma 3.10,
Mo OV P = 8 22A0(%:%; 16 o

Thus, by the construction of Subsection2.4, the blowup of 7 o‘;’{;’/;% Y along

[ W% (% 1)
0;
2A (% ;%

is 1 o‘;’{;’/;%, as neededfor the inductive statemert (16), with % 1 replaced by % For the same
reasons,(l 10), (2.13), and (3.7) imply that

_ %
%:%E%= o6 196 E% 1 96,040 M 0%

= PEL PO Mo = pE,
2A 0(% ;%

Thus, the inductiv e statemert (I 10), with % 1 replacedby % is satis ed. The assumption (I 7) is
chedked similarly, using (3) of Lemma 3.3.
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We next determine the normal bundle for the immersion o.9. The restrictions of the line bun-
dlesL , (% 1)) @and E (o 1y to the complemen of the exceptional divisors in 7 0‘;’{;’/(% Y are
o0 (% 1)L0;(|;i) and o (% 1) Eo, by the construction of Subsection2.4. Thus, by the last statemert

of Lemma 3.10, (I 11), and the inductive assumptions(l 1) above and in Subsection2.4,

Ml % (% 1) o
L Y Wy 0006 6 ))TMO;% L Moy(@ (%):35 (%))
; M 9 M M
i pLowes vy 8 giplbo pL @ 00 B (iylo
12@ (%) @p (% i2[m, ] 2@ (%2, ] 1

for all 2 Ao(%;% asin the statemert of Lemma 3.10. Let
lp( )= (1K) 12@(%;i211p

From Lemma 3.5, we then obtain

M M X
N oo = pL o @ 1::y B @ilo pO \7 o
12@p (%) i2[m,] 2A o(%:%;(1:)21p ()
M X
PE %1 B Lo pO I‘f/lo;
12@s (% 2A (%9
M M @s (%) MO( 0,9
- pL o opi) B Lo pE. o B Lo:
|2@>(%)i2[m|] 12@s (%)

The last equality above follows from (2.12) by the sameargumert asin the previous paragraph.
We have thus veri ed that the inductive assumption (I 11), with % 1 replacedby % is satis ed.
Finally, the inductive assumption (I 12) and the continuity of the two bundle sectionsinvolved in
the identity in (1 12), with % 1 replacedby % imply (1 12) with % 1 replacedby %

We concludethis construction after the blowup at the %,ax Step. Let

Cn g Y _ . _ .
MO;(@J)(Pn:d) = MO?E@J), E = Eofax ; B @) = Bota :

By the inductiv e assumption(l 4), applied with %1 replacedby %xnax, the sectionB(gy) is transverse
to the zeroset. As in the previous two subsections,the nal result of this blowup construction is
independen of the order < chosento extend the partial ordering on Ag(@d;J), ascanbe seen
from (15).

4 A Blowup of a Mo duli Space of Genus-One Maps

4.1 Idealized Blowups and Immersions

In this section we describe the main blowup construction of this paper. This is the sequettial
idealized blowup construction for M 14 (P"; d) with the initial data and the inductiv e step speci ed
in Subsections4.2 and 4.3, respectively. This construction is outlined in Subsections1.2 and 1.3.

In cortrast to the situations in Sections2 and 3, the variety M 1 (P";d) is singular. In order to

describe the structure of M 1, (P";d), we introduce the notion of idealized normal bunde for an
immersion. Recall that the domain of an immersion is assumedto be a smooth variety.
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De nition 4.1 SupmwseM is avariety and x : X I''M is animmersion. Anidealized normal
bundle for the immersion x is a vector bunde N ' over X suchthat N, Nd,

Remark: An idealized normal bundle is of course not unique; an idealized normal bundle plus
any other vector bundle is still an idealized normal bundle. If the image of x is an irreducible
componert of M, an idealized normal bundle of the smallestpossiblerank still neednot be unique;
it can be twisted by any divisor in X disjoint from the preimageunder x of the other componerts
of M. For eat of the immersions we encourter in the next subsection,there is a natural choice
for N ige. Theseidealizednormal bundlesalsotransform in a natural way under blowups and proper
immersions, as described in Lemma 4.3 below.

SupposeM is a variety, Z is a smooth subvariety of M, and N ig'e is an idealized normal bundle for
the embedding z of Z into M. Let

E. PN, BI;M

be the exceptional divisor for the blowup of M along Z. We denote by Bl igem the variety obtained
by identifying Blz M with
id id
Ef°® PN
along Ez. We will call
de.gldeM 1 M and  EF®  BIYeM

the idealized blowup of M along Z andthe idealized exceptional divisor for '@ re-
spectively. (Caution: the idealized exceptional divisor is not necessarilya divisor!) More generally,
we will call

MM

anidealized blowup of M if isacomposition of idealized blowups along smooth subvarieties.
In practice, idealized blowup is simply a corveniert term. In the inductive assumption (I 1) in
Subsection 4.3 below, it can be replaced by morphism of varieties, as the remaining inductive
assumptionsdescribe all the relevant properties of this morphism. Let

z | Ef®
be the tautological line bundle. Note that the normal bundle of E;  E¥ in
PrzM = BIz;M
iS zjg, . This obsenation implies the rst statemert of Lemma 4.3 below.

Our strategy is as follows. We begin with a spacewith a properly self-intersecting collection of
immersions, ead with an idealized normal bundle. Theseare the immersions  with 2 A1(d;k)
de ned in Subsection1.2; their imagesare the subvarieties M 1. (P";d) of M 1« (P";d). The ideal-
ized normal bundle for the immersion s the direct sum of the deformation spacesof the nodes
betweenthe contracted gerus-onecurve and the non-cortracted gerus-zerocurvesthat are identi-
ed by . At ead stage,one of our immersionsis an embedding, and we blow it up, replacing it
with its idealized exceptionaldivisor. The exceptionaldivisor of the blowup of the main component
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is the intersection of the new main componert with the idealized exceptional divisor. Then after
ead step, we have a new properly self-intersecting collection of immersions. Moreover, there is a
natural idealized normal bundle for ead of the proper transforms of the immersionswe have \y et
to blow up".

We now sa this more explicitly. Lemmas4.2 and 4.3 below are direct extensionsof Corollary 3.4
and Lemma 3.5. The rst lemma states that if we have a properly self-intersecting collection of
immersions, one of which is an embedding, then upon blowing up the embedding, we still have a
properly self-intersecting collection of immersions. It is immediate from the de nition of \prop erly
self-intersecting"”, by cheding in local coordinates.

The secondpart of the secondlemma follows from Lemma 3.5 with only one change. Instead of
N, = Li and Npr, = Li O( Eqy
i2l i2 1210
L
asin the statemert of Lemma 3.5, we are saying that if we have a natural inclusion N i21 Li,
then we get a natural inclusion

M O
NPI'Z X I—I O( Eo/t) :
i21 210

The vector bundles on the right are the original idealized normal bundle and the new idealized
normal bundle, respectively.

Lemma 4.2 SupwmseM is avariety, f :X | Mg isa properly self-intersecting collection
of immersions, and 2 A is such that is an emtedding. If N ide j5 an idealized normal bundle
for , then

Prim O oaf g[ Eide

is a properly self-intersecting collection of immersions into BI ',ﬂ? M.

Lemma 4.3 If M is a variety, Z is a smoth subvariety of M, and N ig'e is an idealized normal

bunde for 7, then
ide _

Eide
is an idealized normal bunde for the immersion Eide - Supmsein addition that x, A, Zy, and Ey
are asin Lemma3.5 and N ige is an idealized normal bundle for x . If there exist a splitting

e M
Nide =" ;1 oX
i21

and a subsetl o, 0f | for each %2 A suchthat (3.1) holds, then

ide M O
Nge = Li O( Eo)
i21 1210

is an idealized normal bunde for the immersion Prz x.
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De nition 4.4 SupmseM is a variety, x : X ! M is an immersion, M°is a subvarietyin M,
and TCM° TM is the tangent cone of M°in M (TCW0 not necessarily reduced). The subvariety
M° is proper relative to x if
dx TC XM= yTCM\ Imdx  xTM
and the map
0. . _ _
x TCMT] 1 g0, |deJTCX1(W) xTM=lmd x N%® (4.1)

induced by inclusions is injective, with its image being reduced.

The left-hand side of (4.1) denotesthe family of conesover Xl(VO) sud that for ead x 2 Xl(ﬁo)

—0. .
TCM —o, Imd .
X Jxl(MO) XJTcxl(MO) «

is the quotient by the minimal vector subspaceof Imd xjx = d x (TxX) containing the cone
Imdxj; o 1470 If TC Xl(VO) is a vector bundle, the two conditions in De nition 4.4 are
X X

_ M)
equivalert.

IF M°is a subvariety of M which is proper relative to an immersion x : X ! M, we denote by

— id
ijmo x TM=almd x N'°

the image of the homomorphism (4.1). We will call N T the normal cone of xj L)

) X

in M.

Lemma 4.5 Supmse M is a variety, x : X ! M is an immersion with an idealized normal

bunde N ige, M is a subvariety of M which is proper relative to x , and
z Z W)

is suchthat N o is the closure of N sojz in N ide

(1) If X is a smooth subvariety of M, then Pry M° is proper relative to the immersion  gee ,
Ede\ PryM°  Ex

is the closure of PN _ojz in E%, and
x M X
E;?ejpl'x Vo - XJE;ge\ PI’X VOI

(2) If Z is a smaooth subvariety of M disjoint from x(Z) and N ig'e is an idealized normal bun-

dle for 7, then Per0 is a proper subvariety of Bligeﬁ relative to the immersion Prz x and

Noo, o ipr, i 1S the closure of N cwodz in NpS

The rst part of (1) essetially follows from the universal property of blowing up: if M is blown
up along Z, then the proper transform of M in M (the scheme-theoretic closure of M° Zin
the blowup) is the blowup of M along M2\ Z, and the normal bundle to the exceptional divisor

in Bl_o M is the restriction of the normal bundle of the exceptional divisor in Bl M. The
statemert (1) is the etale-local version of this. Part (2) is clear by working in local coordinates.
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4.2 Preliminaries

In this subsection,we state a number of known facts concerningthe moduli spaceM 1 (P";d) that

insure that the inductiv e requiremerts of the next subsectionare satis ed at the initial stageof the

inductiv e construction. Lemmas 4.6-4.9, with the exception of one statemert, are well-known in

Gromov-Witten theory and are obtained similarly to Lemmas3.6 and 3.7. We show that the last

statemert of Lemma 4.7 is simply a reinterpretation of a standard fact concerningmoduli spaces
of stable maps.

Let (A1(d;k); ) bethe partially orderedset of triples describedin Subsectionl.2. It hasa unique
minimal elemen and a unique maximal elemer:

min = (155 ;[K]) and max = (d; [K];;):
Let < be an order on A1(d; k) extending the partial ordering . For every 2 A;(d;k), we de ne
12 fOogt A1(d;k)
asin (2.7). For ead elemert = (m;Jp;Jg) of A1(d;k), let
M3, M (Pd) Mgy Mu(P;d)

be the subvarieties de ned in Subsectionl.2.

Warning: Note that V‘;k denotesthe entire moduli spaceM 1. (P"; d) and not the main componert

Wg;k(P”;d). Similarly to Sections2 and 3, the superscript 0 indicates the Oth stagein the blowup
process.

Lemma 4.6 If 1= (m1;J1p;Jd1:e) and 2= (Mmy;J2.p;J2p) are elementsof Ai(d;k), 16 o,
16 ,,and -6 1, then

—0 —0 —0
My 1\ My 2 |\/|1;~( 1 2) where

~( 1; 2) = min(my;my); J1p\ Jop;Jis[ J2g -

With  asabove, we de ne
lp( )= @()=[m] Je( )= Jp; Jg( )= Js; G = Sp:
As in Subsectionl1.2, we denote by

.70 Ve 0 VR
o Muie(yie(y Mo@()ds()y ' My My
where  Mo@ ( )3s( ) = Mog@ (s ( ) (P d);
the natural node-idertifying map and by

. w0 v o
0 - Mugeyze(y Mo@Omacy G 1 Muk
the induced immersion. Let

VR o V0 W
P B8 My (yvey Mo@e(n ' Muae e niMoi@ ()a ()

be the two projection maps.
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Lemma 4.7 If d;n2Z* and k2 Z*, the collections f o, g 2a,(ax) @nd f o; g 24 ,(axx) Of immer-
sions are properly self-intersecting. If  =(m ;J5;Jg)2A1(d;k),

[ _

_ M
ImS o, Myo and NU = pLi 5 ilo
0 i2[m ]

is an idealized normal bunde for o
We deducethe last claim of this lemma from the deformation-obstruction exact sequence(24.2)
in [MirSym] as follows. Suppose
=0
[ ;ul= 0o [Pl [BiUuB]l 2My where
[ esul= [ iUl pm 2 Mog@( )as( )
By [MirSym, (24.2)], there exists a natural homomorphism
j ;U:Tﬁl;k(P”;d)[ o = Def( ;u) 1 Def() ;

where Def( ;u) and Def() denote the deformations of the stable-map pair ( ;u) and the defor-
mations of the curve (with its marked points), respectively. As [ ;u] is consideredasthe image
of[ p] [ B;us]under o ,therearem distinguished nodesof . Thesearethe nodesof that
do not correspond to either the nodesof p or the nodesof any of the curves  with 12 [m ]; see
Figure 13. Let

Def( p; 8) Def()

bethe deformationsof that do not smooth out the distinguished nodesof . Sincethe smoothing
of a given node of is parametrized by the tensor product of the tangert linesto the two branches
of at the node, we have an exact sequence

0 ! Def( p; 5) ! Def() "t NU 1 0

We denote by
Def pi( sius)  TMy(P"d) = Def( ;u)

the kernel of the map _
i j w:Def( ;u) 1 Nl

o [ el [ eusl

The spaceDef p;( g;ug) consistsof deformations of ( ;u) that do not smooth out the m
distinguished nodesof . Thus,

Def p;( B;ug) Def( p) Def( g;ug)
_ 0 : — : )
= TM 106 ) D el TMo@( )38 ( NI siusl:

The isomorphism from the right-hand side to the left-hand side is given by d o. . Thus, the
homomorphismj j ., inducesan injection
No g TCMuw(Phid) [y Imdo ! NE®

as needed.
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distinguished
nodes

Figure 13: A point in the domain of o, and its imagein M 1 (P";d)

Lemma 4.8 If d, n, k, and are asin Lemma4.7, 2A1(d;k) is as above, and , then
ol My = M. Mo@( yas( »:  Whee

2A ;
n p( ) o

Ap( ; ): = lpt Jp;flgt Jk1k2Kg 2A, |p( );Jp( ) :jKj+jij=m

and A1(Ip( );Jp( )) and M—c1>; M 1. are asin Subsetion 2.2. Furthermore, if 2Ap( ; )
is as alove,

M

—0 —0 _— _ .
0 MY Woa yue( y VE T M1 Mo@( yae( ) T pli g ilo
i2lp( ) Ip
Lemma 4.9 If d, n, k, , and are as alove, then
1 770 _ —0 [ — .
o My =Muu( ey Mos . whee
RAB(; )

As(; )= % ( Dizas():Jds 2A0 @( );diJs( ) : @A =m ;

and Ao(@ ( );d;Jg( ), @ (%N, and Mgy MoofP";d) are asin Subsetion 3.3. Furthermore, if
%2 Ag( ; ) is asalove,

M

—0 = 0 — .
O W20 puncy Mo ML T Mza(yupcy Mow = pLi 8 ilo
i2@r (%
where @ (% @ ( ) is asin Subsetion 3.3.
We note that for every 2 A4(d;k),
G
Aplp( )Jdp( ) = Ap( ;)
Furthermore, if 1; 22 A1(d;k) aresuch that 1; > , then
12Ap( ; 1); 22Ap( 5 2 1 2 =) 12
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Thus, we can choose an ordering < on A1(lp( );Jp( )) extending the partial ordering  of
Subsection2.3 sud that

1< 20 12Ap( ;5 1); 22Ap( ; 2) =) 1< 2
whenewer 1; 22 Ai(d;k) are such that 1; » . In the next subsection,we will refer to the
blowup construction of Subsection2.3 corresponding to suc an ordering.

Similarly, if 92 A1(d;k), G
Ao @( %:d;ds( 9 = As( % ):

0

Furthermore, if 1; 22A.(d;k) aresuchthat © 1; ,, then
%2As( % 1), %2As(% 2 % % =) 1 2

Thus, we can choosean ordering < on Ag(@ ( 9;d;Jg( 9) extending the partial ordering  of
Subsection3.3 suc that

1< 2 O/QZAB(O; l); O/QZAB(O; 2) :) %< %:;:

whenewer 1; 22 Aq(d;k) aresuch that © 1; 5. In the next subsection,we will refer to the

blowup construction of Subsection3.4 corresponding to such an ordering.
We denote by Vi’;(o) the main componert Wg;k(P”;d) of the moduli spaceM 1 (P";d). If 2
A1(d; k), we put

=0 —0 —0 —0
Z =y ! M 1;(0) 0; ! M1\ My,

z%= ' Myg\ My, Z° where My =My (Pd):

We denote by NZ° N 'dethe normal cone N o i for o izo i Wg.(o). lts structure is
' ; 1;(0) ’

described in Lemma 4.10 below. Let
Do 2 M e )ue() Mot@()e( )i HOMINGES pEg  gevTP")
be the sectionde ned by
Do; oL . iLo: p So;i B iDO; 8i2[m];

where sg; and Do are asin Subsections2.3 and 3.2, respectively.

Lemma 4.10 For all 2 A4(d;k), Vg;(o) is a proper subvariety of Vg;k relative to the immersions
o and o. . Furthermore,

Z%= b2M 11, (y3e() Moq@ ()0 ( ) - kerDo; jo8 fOg

and NZ° ;0= kerDo, -
Finally, Z° is the closure of Z© in M_g;(lp( y3e () Mo@( )ds( ) and NZ° is the closure of
NZ° ,,in Nide,
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This lemma s a consequenc®f [Z4, Theorem 2.3] and related results. In particular, the rst claim
in the secondsertence of Lemma 4.10is a special caseof the rst statemernt of [Z4, Theorem 2.3].
The secondclaim is nearly a special caseof the last statement of [Z4, Theorem 2.3], but some
additional commerts are required. [Z4, Theorem 2.3] by itself is a purely topological statemert, as
it describesthe topological structure of a neighborhood of ead stratum of . (70) in m‘j;(o). On
the other hand, by Subsection4.1in [Z2], N z° o iscortained in kerDo; . The secondclaim in the
secondsenience of Lemma 4.10 can then be obtained from a dimension court and a comparison
of the gluing construction used in the proof of [Z4, Theorem 2.3] with the analysis of limiting

behavior in [Z2, Subsect.4.1]. This comparisonimplies that the gluing parameter in the analytic
construction of [Z4] agreesto the rst two ordersin the zerolimit with the smoothing parameter

in algebraic geometry Thus, N z° ~0 Must be equalto kerD .o. Theseconsiderationsalsoimply

the rst claim of Lemma 4.10. Alternativ ely, supposethat d n. If the moduli spaceM_Ll); is
nonempty, then m n and thus for a Zariski open subsetZ .; of Z°

. =0 A _ =0 _ ,
1 dmNZ", L= 1= dimkerDo; . =) NZ", L= kerDo, L 4.2)

Since Do. is transverseto the zero set over Z 9, the secondclaim in the secondsertence of the
lemma follows from (4.2), if d n. The generalcasefollows from the obsenation that

My (Pd)= [ ;ul2My (P9 d):u() P
andthe d n case.

The rst claim in the last sertence of Lemma 4.10can be obtained by combining the rst statemert
of [Z4, Theorem 2.3], the m= 1 caseof [Z1, Theorem 2.8], and the Implicit Function Theorem. It
also follows immediately from the last claim of Lemma 4.10. The latter can be deducedfrom [Z4,

Theorem 2.3] asfollows. Suppose rst that m n. In this case,[Z1, Theorem 2.8] implies that z?°

admits a strati cation % G
Z =27 4t zZ .
2A

sud that Z .1 is a Zariski open subsetof Zo,
Z., 2% dmNZ,=1 8b2Z .
and  max dim NZ°jp:b2Z ;  codimeoZ ; 8 2A; (4.3)
seethe next paragraph. Let
2°=PNZ® PN

be the exceptional divisor for the blowup of Vg;(o) along Vg; . Sinceall irreducible componerts

of 29 must be of the same dimension, Z° must be the closure of Z%,0 by (4.3). This closure
property remainsvalid even if we do not assumethat m n for the following reason. Let pt2 P"*d
be any point not cortained in P". Let

:P"d fptg | P"
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be the corresponding linear projection. It inducesprojection maps

VL U2 Moy (PO d): ptei() ! Mgy (P";d)  and
'~ [ jupv]2 29(P" 9 d): ptea() I 29(P";d):

The latter map takes Z°(P"* %; d)jzo(pn+a.q) to Z2(P";d)jzo(pn.g). Sincethe closure of
EO(Pn-'-d; d)ij(pn+d;d)

cortains 2°(P"; d), it follows that sodoesthe closureof EO(P”;d)jzo(pn;d). This obsenation implies
the last claim of Lemma 4.10.

We conclude this subsectionby brie y describing the strati cation merntioned above. A stratum
M . of Wo;(@( ).Js () correspondsto atuple g ( B:)i2g, () Of dual graphs, all of which are
trees. The vertices of . correspond to the irreducible componerts of the domain of the stable
map b in the de nition of Vo;(@( ).Jg ( ) at the beginning of Subsection3.3. Each vertex v of

B is labeled by a nonnegative integer, which speci es the degreeof the stable map by on the
corresponding componert . There is an edgein g betweentwo verticesif and only if the two
corresponding componerts of the domain share a node. In addition, there are tails attached at
someverticesof g, which arelabeledby the indexing setfor marked points of the map by, i.e. J;.p
in the notation of Subsection3.3. Let v, be the vertex of g; to which the tail corresponding to
the marked point 0 is attached. If the degreeof v, is positive, let

1( B) i By) = fvia

Otherwise, denote by |( g) the set of positive-degreevertices of . that are not separated
from v, by a positive-degreevertex. Suppose

_ Y _
b (B2 ()2M 5 Mo@()s( )\ Mg, with  b=[u]
12@s ( )

asin the paragraph precedingLemma 3.8. If I12@( ) andv=v,, let
Im vab = Im DOjlq Im dU|jX0(h) Te\,o(b) P":

If visavertex of g dierent from v, , we denoteby Im D,j, the imageof df u;j , g at the node of
v corresponding to the edgeof g that leavesv on the unique path from v onv, in ;. Note
that if v2 |( g), the image of this node under u; is evp(b). We set

G
() = 1( B):
12@s ()

With b asabove, let
codmDjp= ( g) dimSpan ImDyjp:v2 (( g);12@&( ) :
For eath pair =( g; ), where 2Z* is sud that

max Lj (g)j n i (B (4.4)
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we put

Z .. = b2M , :codimDjy=
By the rst statemert of [Z4, Theorem 2.3],
. G -
Z°= Z;; where Z ., =Muy,()i() Zs;:

The disjoint union is taken over all pairs = ( ; ) asdescribed above. From transversality asin
the rst claim of Lemma 3.8, it is easyto seethat

codimy Z 4, = n ((e)i )
n (G (e)i X

seethe end of [Z5, Subsect.2.3], for example. The above inequality follows from the rst inequality
in (4.4). By (4.5),if m=j@( )j n,

codim-oZ - = codim Z .. + codim- M
z°% Mg< B Mo:(@s ( ):3g( )

(4.5)

B

. =0

C0d|me e
Lip()tdp() 0;(@ ()JIp ()

nj(e)it+ + j(s) j@&(C) n j@&()+l = &
On the other hand, by the last statemert of [Z4, Theorem 2.3],
max dm NZ%p:b2Z . = :
We concludethat
max dim NZ'jp:b2Z ;  codimeZ ; + L

The equality holds if and only if =1 and g is a tuple of one-\ertex graphs, i.e. the image of
M 11 ytde() M g under o iscontained in M ;. . This obsenation concludesthe proof of the
strati cation claim madein the previous paragraph.

4.3 Inductiv e Construction

This subsectionis the analogueof Subsection3.4 in the presen situation. Suppose 2 A 1(d;Kk)
and we have constructed . Y

(11) an idealized blowup 1My ! Mgy sud that 1 is an isomorphism outside of the
preimagesof the subvarieties ME; owith © 1;

(12) for eath 92 (0)gt A(d;k), a subvariety M. o of M 1" such that
1

[ — 1 VB — w9 0 LY -
M. o; 1My o =M. o 8 “2f(0)gt Ai(d;k);
QA 1 (d:k)

— 1 — 1
My =Myl

and Vl; Listhe proper transform of Vg; for =(0)andforall 2A4(d;k)suchthat > 1.
We assumethat
(13) forall 1; 22A1(d;K) such that 16 ,, 16 2, 26 1, and 1< 1; 2,
C
— — My, ifF~(C1 2> 1
Ml' ]:-L\ M]_' ;— 1L~( 1; 2) | ( l. 2)
’ ’ = otherwise
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where ~( 1; »2) isasin Lemma 4.6.

We also assumethat for every 2 A;(d;k) such that © 1:
(14) Vl; o is the image of a G o-invariant immersion

. %o( 1) o L
1o M a0 (9395 ) Mo;(o@( 935(9 | Muk:  where
%oof 1= M WAg( % ) ©° 1; if9 2Ay(dik) st © 1;
00 =
0; otherwise

%o( 1) %o( 1) . ; 0 .
_andfx/l 0@ ( 9:Js( %) M 0:(@ ( 95 ( o (P":0) is the blowup of M3 @ ( 0.3, ( o (P":d) constructed
in Subsection3.4;
(15)if  2A41(d;k) is suc that 1< and © , then

— 1 [ ¢ oo 2
11; o My =W L(p( 9390 (9 MO?"/oo( ) ;
®AB( % )
%o( 1) %o( 1) . . . %o( 1) . .
where M g Mo “(P";d) is the subvariety of f\/lo;(@( 5.3, ( o) described in Subsec-

tion 3.4;
(1 6) an idealized normal bundle for the immersion 3. o is given by

" _
N'el;o— L B %o 1) (@(93s(9;
where

o %o 1) g %o 1)
8 P Mo 90 Mo (amsco ! Moo 9909 Mo (95 o)

are the two projection maps and L ! 17 L(p( 935 ( 9) IS the universal tangert line bundle of
Subsection?2.3;
(I7)Z o 5 o(ﬁl;(ol)) is the closure of
[ g
1 1 %o( 1)
Zob Mye(ouecy  Byy 5O M o5
A g (@ ( %idig( 9
%o( 1)<%

. % 1
in ¥ 100009 Mers (o and

0;(@ ( 9:Js( )

NZ o N = Nide )

1 ijl;(o% 1, 0Z o
. e N |
is the normal conefor 1. ojM 1.y In M1, 7
(18) the immersion map

. %o( 1) — 1
1; 0. I\fllli(lp(0);JP(0)) fle;(@(O);JB(O)) Go I My

induced by 1. o is an embedding.
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Furthermore, we assumethat for every 2 Aj(d;k) such that >  1:
(19) the domain of the G -invariant immersion ;. inducedby o is

1

(¢ Vi .
8 Mo Yo )y Mo@( )as( ) where
< ol _ Cif 9 %2A4(dik
(p= M 2ARC 90 LT D R
: 0; otherwise

and M_l;(I(P( l));JP( y ! M_1;|P( )yt 3p( ) Is the blowup constructed in Subsection2.3;

(110)if %2 A4(d;k) issucdhthat 1< © | then
I _
1 1 _ (1 .
L MG o= M, Moi@ ( )as( )
2Ap( ;9

(111)if isasin Lemma4.7, an idealized normal bundle for the immersion ;. is given by

N ide — M L . Lo
T P ( Ly B i-0,

where

1)

. a ( Ve 1)
Pi B M 1o e ) Mo@( )ds( )

- ( v
DM ae¢ e i Mo@( )is( )

are the two projection mapsand L ( qy; ! M_l;ug,( l;;JP( y is the line bundle constructed in

Subsection?2.3;
112z *

the normal cone

1 s 1. L o— (1) —
1 (Ml;(o)) is the closure of Z© 'an;(lp( )30 () Mo@ ( )us( ) and

NZ ' N

1; jml;(o%
for 1 jZ Y is the closureof N Z° Lo in N
S ;
(|13) |mS 1; 1< © Ml; C])-1 where
g (D — .
Lo My e ) Mo@( )3 n G 1 Myl

is the immersion map induced by 1.

Finally, we assumethat

(114) the collectionsf  1; og oA ;(aiky @Nd f 1. og oo, (g:x) Of immersionsare properly self-
intersecting;

(115) for all °2 Ay(d;k), the subvariety Wl;(ol) of Wl;kl is proper relative to the immer-
sions j.oand . o

By the inductive assumption (1 3), if ; and , are non-comparableelemeris of (A 1(d;k); ), the

proper transforms of W{; , and V‘L , becomedisjoint by the time either is ready to be blown up
for any ordering < extending the partial ordering . Similarly to the three blowup constructions
encourtered previously, (I 3) will imply that the end result of the present blowup construction
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is independert of the choice of an extension<. By (19), our blowup construction modi es eadh
immersion o. by changing the rst factor of the domain according to the blowup construction
of Subsection2.3, until a proper transform of the image of . is to be blown up; seebelow.
By (1 11) and (I 13), in the process,the singular locusof o. disappearsand the rst componert
in every summand of N ig',e getstwisted to L. In particular, all blowup loci are smooth. On the
other hand, by the inductive assumptions(l 7) and (1 8), for © 1 the intersection of the proper
transform of W;(o) with the proper transform of the exceptional divisor Vl;o o is an embedding of a
subvariety of a smooth variety. The singular locus of this subvariety is annihilated by the time the
ertire blowup construction is complete, accordingto the inductive assumptions(l 7) above and the
inductive assumption (1 4) in Subsection3.4. Theseassumptionsimply that the proper transform

of Wg;(o) after the nal blowup stepis smooth.

We note that all of the assumptions(l 1)-(1 15) are satis ed if lis replacedby 0. In particular,
(13) is a restatement of Lemma 4.6, while (110)-(I115) are contained in Lemmas4.7, 4.8, and 4.10.

If 2A1(d;k) is asabove, let
— — 1
~ M 1k M 1k

be the idealized blowup of Wl;kl along M ;. ' which is a smooth subvariety by the inductive
assumption (I 13). We denote the idealized exceptional divisor,

ide - PN ide .
Ml; 1 1,

by M. . For eah %2f(0)gt (A1(d;k) f g), we denote by

_ _ 1 _
Ml; 0 BIV 1M l;k Ml;k

1

the proper transform of M ;. o.let = 4 ~.

The inductive assumptions(l 1) and (I 2), with 1 replacedby , are clearly satis ed, while (I 3),
(18) for 9% , and (1 13)-(1 15) follow from (2) of Lemma 3.3, Corollary 3.4, and Lemma 4.5. On
the other hand, by (1 9), the domain of the immersion 1. is

o (1 VB _ Ve .
M Le( )dr () IV|0;(@( ) () ~ W L(e( )3p () IV|0;(@( )JIs ()

By (111), the chosenidealized normal bundle for the immersion ;. is given by

_ M
NYe = pL ( ni B iLo= pL BF@()3e( )’ (4.6)
i2[m]
Thus, the domain of the immersion . inducedby 1. is

id _ 0 _ % () .
PN =M 100 390() MBa(yusy = M e )30 ( ) Mo;(@();JB())'

By the rst statemert of Lemma 4.3, an idealized normal bundle for the embedding ; is the
tautological line bundle over PN ¢ i.e.

ide — — .
N = pL 5 @)3e()= PL B w() @()Is():
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Thus, the inductive assumptions(l 4) and (I 6), with %= and 1 replacedby , are satis ed.
The sameis the casewith (I 8), sincethe map 1. is an embedding by (I 13).

We also note that by the rst statemert of Lemma 4.9, the inductive assumptions(l 1) and (I 2),
and the last statemernt of Lemma 3.3,

[

1 o 12 Ve
i My o= 7 L(p( )3 () M 0.9
®AB(; )
forall 2A4(d;k) sud that . In addition, by the last statemert of Lemma 4.9

— 1' N .
1 My, T M Lp()dpr () M 0,9 N |del;

T
M 10p()ap(n Mow

is a vector bundle for all %2 Ag( ; ) and

‘ M
R 1 _ i
Mo ()tap() Mow My, T Mayue( ey Mow = pLi g iLo
i2@r (%
Thus, by the rst equality in (4.6),
S TYIREE 3 PN Mow = oL+ L
m 1;(|P( );JP( ) Mo;% 1: 11(|P( )!‘]P( )) 0,/0 P B i 0
2@ (%
= pL BF%P:
It follows that
_ [
1 _
My = P pL g Foep M 10 yop(y Moo
RAB(; )
= M 300 )0 ( ) PFop
%’AT(; ) [
0 _ %() .
0/ Lp()JIp () f"'o;% = M L0p( )dp () f\/lo;% ;
WRAB( ; ) RAB(; )

as neededfor the inductive assumption (I 5) with 1replacedby and ©=

Furthermore, by (112), NZ ! is the closure of
=0
NZ kerDy.
z0 €rbo; M 1ip()tap() Moias ()ag( )
= L kerD .
P B (@( )vJB( )) Mo'(@a( );JB( )

in pL  gF@( )3s( ) WhereDg ( .35 ( ) IS the bundle homomorphism described in Subsec-
tion 3.3. Thus, by the rst statemert of Lemma 4.5,

z : 1(Ml;(o))
is the closure of

M 1;(|P( )?JP( )) b2 PF(@( );JB( ))jMo;(@B( )dg () : @Ob: O
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in ¥ 100 )0 () f\/lff,’((@)( )3a () The inductive assumption(17), with %= and 1 replaced

by , now follows from the rst statemert of Lemma 3.11.

We next verify that the inductive assumptions(l 4)-(1 7) hold for %<, with 1 replacedby
If 9% ,then
%0( ) = %0( 1) and Vl; %\ Vl; 1 =

by de nition and (I 3), respectively. It then follows that

— . ide _— ide
0= 1. 0; N;O—N Lo

18 2f(0)gt Aq(d:K):

and My o\ My =My o\ My,
Thus, the inductive assumptions(l 4)-(1 7), as stated above, imply the corresponding statemerts

with 1 replaced by

Supposethat © . By (14) and (1) of Lemma 3.3, the domain of the immersion . o induced

by 1. oisthe blowup of
%o( 1)
07 L(e( 939 ( 9 MO;(O@( 9:dg ( 9)

along the preimageof M ;. ' under 1 oin

. . %o( 1) 0 .
id gy - W L(p( 99p( Y f‘/Io;(@( 9:Jg ( 9) LW L(p( 93p( Y f"'0;(@( 9:Jg( 9)"

By (15), this preimageis
[ w
%o( 1) .
i/ Le( 93 ( 9) MO;"/OO .
A ()

By the inductive assumption (I 5) in Subsection3.4 and the secondparagraph after Lemma 4.9,

Mowl D\ fgel P=0 8% %2As( % ) %6 %:
. . %o( 1)
Thus, by the construction of Subsection3.4, the blowup of M 0:(@ ( 95 ( ) along
g
1%
RAR(9)
is f 0oL ) as neededfor the inductiv e statemert (I 4), with 1 replacedby . The in-

0@ ( 998 ( 9’
ductive requiremert (I 5) is obtained by the samereasoning,using the last statemert of Lemma 3.3.

SinceM ;. ' is not cortained in M. 5, the bundle homomorphism
L oTM, T N

0

must be surjectiveon every b erover 11; O(Vl; 1) by (1 14). Thus, the inductiv e assumption(l 6),
for 9< , continuesto hold. Furthermore, by (I 7) and the last statemert of Lemma 3.3,Z o is
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the closure of

[ .
1 %o( 1)
M 10009000 Bogt 10 M g0

A g (@ ( Nidig( 9
%o 1)<%

[ [ Y
— 1 % %o( )
=M L(e ( 93 ( 9) I§%o( 1)(0) Mo;% f"'o;%

RAR( 9 ) WA g (@ ( %iddp( 9
% o( )<%

. %o( ) . .
in ¥ 1009909 Moy 094 o)+ BY the construction of Subsection3.4,

I§%o( 1) g% o0) S % ~ @%o( ) fg% o) S £1% .
0@ ( 99p( 9  ®RAB(C)VO% 0@ ( 99p( 9% AR %)V O%

Since By, ) is transverseto the zero set outside of the subvarieties Y 00/‘;’0/00( ) with %> %o( ) by
the inductiv e requiremert (14) in Subsection3.4, we concludethat the rst part of the inductive
assumption (1 7), with 1 replaced by , is satised. The secondpart follows from the last
statemert of Lemma 4.5.

It remains to verify the inductive assumption (1 9)-(I1 12), with 1 replaced by . Suppose
2A1(d;K) issuchthat < . If 6 ,then
()= (1) and My \ My =3
by de nition and (I 3), respectively. It then follows that
- 1 . N ide - N ide .
' ! ; 1
and My \Myo=My '\ My o 8 %2f(0)gt Ay(d;k):

Thus, the inductive assumptions(l 9)-(1 12), as stated above, imply the corresponding statemerts
with 1 replaced by
Supposethat . By (19) and (1) of Lemma 3.3, the domain of the immersion . induced
by 1. isthe blowup of

M iaec e ) Mo@( )ie( )

along the preimage of Vl; ! under 1. In

(D

Msio( e ) Mo@( )3s( )
By (I 10), this preimageis
R
VI
2Ap( ;)

Mo@( )s( )-

By Lemma 2.6 and the paragraph after Lemma 4.6,
— 1 — 1
My Ay S Y= 8 4 22AR( 5 ) 18 2
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Thus, by the construction of Subsection2.3, the blowup of M_l;(,ﬁ( 1));JP( y along

[—(1)

M .
2Ap( )
is M_l;(li,() yJp( ) @S neededfor the inductive statemert (I 9), with 1 replacedby . The

inductive assumptions(l 10) and (I 11) are veri ed similarly, using the last statemert of Lemma 3.3
and Lemma 4.3. The argumert for (1 11) is nearly identical to the veri cation of the inductive
assumption (1 11) in Subsection3.4. Finally, the inductiv e requiremert (1 12), with 1 replaced
by , follows from the last statemert of Lemma 4.5, along with the assumptions(l 1) and (I 2).

We concludethis blowup construction after the ax step and put

?;k(Pn;d) = mlyn(m(a);’ and 2 (Pn’d) - Z max:

W
The inductive assumptions(l 1)-(1 8) imply that
=0

~ M (PYid) 1 My (P d)

is a desingularization as described in Subsection1.2. By (I 3), the nal result of this blowup
construction is independert of the choice of full ordering < extending the natural partial ordering
on A1(d; k).

5 Pro of of Theorem 1.2

5.1 Pushforw ards of Vector Bundles

In this section we prove Theorem 1.2 by lifting the construction of Section 4 from stable maps
into P" to stable maps into (the total spaceof) the line bundle L assaiated to the locally free
sheafOpn ().

Let :L ! P" bethe bundle projection map. We denote by M1 (L;d) the moduli spaceof
degreed stable maps from gerus-onecurveswith k marked points into L. The projection map
inducesa morphism,

p:My(L;d) ! Myk(Phd); [ ;ul ! [ ul

Sinceno b er of L cortains the image of a non-constart holomorphic map, the ghost componerts
of ( ; u) are preciselythe sameasthe ghost componerts of ( ;u). We note that

p X[ ;u) = HO(; uL) Aut( ;u):

In particular, pis abundle of vector spacesput of two possibleranks: da and dat+1. Let S| denote
the sheafof (holomorphic) sectionsof

— —0
M1k (L;d) 5o M 1, (P"; d):

P, (i) (P )
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Similarly, denoteby S; the sheafof sectionsof
p:~ My (L;d) ! M3 (P";0);

where ~: M %k(P”;d) ! Vg;k(P”;d) is the desingularization map of Theorem 1.1:

e Vl;k(L;d) Wl;k(L;d)
|" k
M9, (P"; d) ——— M1 (P"; d)

Lemma 5.1 With notation asin Theorem 1.2 and alove,
(1) the sheavesS,. and ev Opn(a) over Wg;k(P";d) are isomorphic;
(2) the sheavesS. and ~ ev Opn(a) over Y g;k(P”;d) are isomorphic.

Let U_ be the universal curve over M Lk(L;d)jmo (P d)’ with structure map | and evaluation
1k ’
map ev,. The projection map inducesa morphism p-on U_ sothat the diagram

W ~L pn

U

|

— N — 0
M l;k(le)Jm%k (P";d) M 1;k(Pn;d)

commutes. SupposeW Wg;k(P”;d) is an open subset.
() An elemen
s2 evOm(a) (W) H® Yw)evlL

inducesa morphisms: (W) ! L sothat ev= s In turn, sinducesmorphismsf g and 3 to

~ eV
(W) fs U ——

o |

W M l;k(L ; d)jﬁg;k (P":d)

sothat s=ev. f%. Then,
ev p fz= ey fg= s=ev: Yw) ! P =) p fs=idw;
since p fs=p fs . Thus, fs2S (W). It isimmediate that the map

ev Opn(a) (W) I S (W); s ! fg
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inducesa sheafhomomorphism.
(i) Converselylet 2S (W), i.e. :W ! My(L;d)isamorphismsuchthat p = idy. Since
U=py,

‘W) Uw = U

Thus, lifts to a morphism
~ fw)y= U U

Letg =ev. ~. Then,
g = eVp, ~=ev p ~=eV,

i.e.g 2HO( (W);ev L). It isimmediate that the map
SL(W) ! ev Opn (a) (W); g;
inducesa sheafhomomorphism. Furthermore,
., =S 8s2 ev Opn(a) (W) and fg = 8 2S5 (W):

Theseobsenations imply the rst statemert of Lemma 5.1. The secondclaim is proved similarly.

Let % o
M (L;d)  Mayk(L;d)
be the closure of the locus of maps from smooth domains. We show in Subsection5.4 that the
proper transform M‘f;k(L;d) of Vg;k(L;d) in
~Mik(L;d) ' MO (P";d)

is smooth. Similarly to the caseof M 2, (P"; d), the main stratum of M %, (L; d),

_ [
Mik(L'd) M]_’k(L,d) M%k(Pn;d) = M(]?,k(l—'d) p ! Im max ; ;
’ 2A 1(dik)

is smooth. On the other hand, by the inductive assumption (I 1) and the last paragraph of Sub-
section5.4, for eahr 2 A1(d;k)

qL;d)\ p tim

ax i

is the image of a smooth variety under the bundle homomorphism j . . lifting the embed-
ding of Subsection4.3. Thus,

max ;
ax

SV p tim

is a smooth subvariety of M‘f;k(L;d). As its normal conein M‘f;k(L;d) is a line bundle by the
inductive assumption (I 1) of Subsection5.4 for every 2 A;(d;k), we conclude that the ertire
spaceM g;k(L;d) is smooth. Furthermore, the b ersof

M L;d 1 MO (P )
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are vector spacesof the samerank and v g;k(L;d) cortains M %k(P”;d) asthe zerosection. Thus,
pis a vector bundle.

Lemma5.1and the previous paragraphimply (1) of Theorem 1.2. The secondclaim of this theorem
is obtained in the last paragraph of Subsection5.4. Finally, (3) of Theorem 1.2 follows from (4) of
Theorem 1.1 and the following lemma.

Lemma 5.2 Supmse ~: M 1| Misa morphism between varieties, U ! M is a at family of
curves,L ! Uis aline bunde,and : 0 ! M and® ! © are the pullbacksof U and L via ~:

/Le=~L/L

G=zeuU— U
J J
M — M

If the morphism ~ is surjective and its b ers are compact and connected, then

~ €= L:

Sincel is locally trivial, Lemma 5.2 follows from

In turn, this identit y follows from the fact that every holomorphic function on a compact connected
variety is constart. Thus, if W Uis any open subset and f~ is a holomorphic function on
~ Yfv) 8, then f~is constart on the b ersof ~, i.e. "= ~ f for someholomorphic function f

on .

5.2 Construction of Bundle Homomorphism

In this subsectionwe describe the surjective bundle homomorphism that appearsin the second
statemert of Theorem 1.2; seeProposition 5.5. The construction of this homomorphismis similar
to the construction of the homomorphism Bg;) in Subsections3.3 and 3.4.

Let L ! P" bealine bundle asin Subsection1.2. If J is a nite set, let
Vo= Mogoga(L;d) ! Mogogs(P";d)
be the corresponding cone. In particular, if [ ;u]2 Wo;fogt 3 (P";d), then
Vo = HO(; u L) Aut( ;u):
In this, gerus-zerm, case,this is a vector bundle of the expectedrank. Let

rY: (; ub) ' (; T ulL)
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be the pullback of the standard Hermitian connectionin L by u. We de ne

Do2 Moggogt3(P";d); Hom(Lo Vo;evl)
= Mogsogt 3 (P";d); Hom(L o; Hom(Vo; eVl ))
= Mosogt 3 (P"; d); Hom(Vo; Hom(L o; evgl))
by Do =r"jxw 8 2HO ulL);

wherexg( ;u)2 isthe markedpoint labeledby 0 asbefore. We note that D ¢ vanishesidentically
on the subvarieties Mo, (P";d) with 2 Ao(d;J) de ned in Subsection3.2.

If @and J are nite sets,let

P@): Vi@ ! Moan(P";d)

be the vector bundle induced by L, where VO;(@J)(P”;d) is asin Subsection3.3. It is immediate

that M _

Vi@ = (i)i2@2 i Vo:evo( )= evo( o) 8i;i%2 @ = Mgy gy)(L;d):
i2@

Note that for every = (m;Jp;Jg)2A0(d;J),

Vo= gVimue) ' Mogogtmprse Moqmya)(P";d);

where is asin Subsection3.2.
Lemma 5.3 If d2Z*, J, L, and V, are as alove, the bunde homomorphism
Do2 Motogg(P";d); Hom(Vo; Ly evgl)

is surjective on the complementof the subvarietiesM o. (P";d) with 2 A(d;J). Furthermore, for
every
(m;Jp;Jdg) 2 Ag(d;J);

the di er ential of Dy,
rDo:N ! Hom(Vo;Lo ewl) = plo gHOM(V(m5):€VL);
in the normal direction to the immersion  is given by
r Do Loy LoT pSi g iDo 8i 2 [m];

whetre s; is the homomorphismde ned in Subsetion 2.2.

Lemma 5.3 can viewed as the analogueof Lemma 3.8 for vector bundle sections. The rst claim
of Lemma 5.3 is an immediate consequencef the fact that

HY :uL O( 22) =f0g

for every gerus-zerostable map ( ;u) and a smooth point z2 sud that the restriction of u to
the irreducible componert of containing z is not constart. The secondstatemert follows from
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[25, Lemma 4.2].

With notation asin Subsection3.3, let
D@)2 Mo g)(P";d); Hom(V(gy); HoOm(F gs); evl))
= Mg @u)(P";d); Hom(F(gy); Hom(V(qy); eVl ))
= Mo;(@J)(Pn;d); Hom(F(@J) V(@J);evoL)
be the homomorphism de ned by

i Do; ifj=1i; L
D — [ 8i;j2
(@) Lo Vo 0; otherwise; 2@

It inducesa section
B2 MS;(@J)(P”;d); Hom(' (@u); pFq,,HOM(V(@0): €Vl ))

= 8’(@J)(Pn’d),H0m( PF(@J)V(@J);EO F(@J)eVOL) .

This sectionvanishesidentically onthe subvarieties M 8;%(P” ; d) of Y 8;(@J)(Pn ;d) with 92 Ao(@d;J),
de ned in Subsection3.3.

Lemma 5.4 The bunde homomorphism

Bo2 M gy (P";d); Hom( e o), Via): Eo evol)

F@)
is surjective on the complementof the subvarietiesM 8;% (P"; d) with %2 Ao(@d;J). Furthermore,
for every % 2 Ag(@d;J) asin Lemma3.10, the di er ential of By,

rBorN,, ! gwHOm pe o Vias)iEo evoL

F@
= pEo  gHOM(V(@ (%):35 (%)) EVOL):

in the normal direction to the immersion ., iS given by

" Bo ploi)y B (I;i)LO: PSo(i) B (|;i)DO 8i2[m ], 12 @ (%);

and 1 Boy. = pid D@ w)e06);
whee sq, i) is the homomorphismde ned in Subsetion 2.4.

This lemma follows immediately from Lemma 5.3.

Prop osition 5.5 With notation as alove, there exists a surjective bundle homomorphism

8@ 2 Mo@) (P Hom( o@y) Py Vi@)i B  o(@) Pras)e¥ol)

such that
B =B : here
(@) PFas) 0 PF gy’ W
PFs) = PFa) MBodP"d) MG sy (P d); Mo @) (P™; 0):
%A o(@d;J)
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In fact, in the notation of Subsection 3.4, for every %2 f0gt Ao(@d;J) there exists a bundle
homomorphism

% . :
B2 Mo?(@JyHom( % PFg) V(@) B % PFg,,8V0L)
sud that
(i) the restrictions of Bey,and B to PF(O@J) agree;

(ii) Bois surjective outside of the subvarieties M %, with %> %
(iii) Bo,vanishesidentically on the subvarieties M g/‘;’% with % > %

(iv) for each % > % the dierential of Byin the normal direction to the immersion o0
is given asin the statemert of Lemma 5.4, but with sy replacedby s _ (op.(1:i)-
Similarly to the construction of the bundle sectionsBy,in Subsection3.4, we construct the bundle
homomorphisms B ¢, inductiv ely starting with B and twisting by the exceptional divisor at eah

step. The inductive assumptions(i)-(iv) are analogousto (I 3), (14), and (I 12) in Subsection3.4
and are veri ed similarly. Of course,we take

9(@3) = go/max:

5.3 Structure of the Cone V{,
In this subsectionwe describe the structure of the cone
Po: M yk(L;d) ! My (P d);
restating the primary structural result of [Z5].
For ead element = (m;Jp;Jg) of Ay(d;k), let
V& My (Lid) = pet My Ve Mi(Lid);
with Wg; ason page50. The subvarietiesM 1. (L;d) of M 1.«(L; d) canalsobe de ned analogously

to the subvarieties M. (P";d) of M 1.«(P"; d); seethe beginning of Subsection1.2. Similarly to
Subsection4.2, let

. —0
jo tMygoyecn V@Oivs(n ! OVE L Vi
be the natural node-idertifying immersion sothat the diagram

jOJ 0

Miae()ae(n V@230 Vi, Vik
id Po: lpo

—10 — 0; —0 —0

M %06 ()30 () Mo @ ( )98 ( ) M. M 1

commutes.

Lemma 5.6 If d;n2 Z" and k 2 Z*, the collection fjo, g 2a ,(ax) Of immersions is properly
self-intersecting. For every 2 A4(d;k),

Njig;e = id pO; N i(()i:e

is an idealized normal bundle for jo. .
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The di erential dpg of pp inducesa surjective linear map
Imdo. ! Imdy :
Sincethe b ersof pg are vector spaces,t follows that dpg inducesan injection
jo: TCVO Imdg, ! o TCMyy Imdg :

Thus, Lemma 5.6 follows from Lemma 4.7.

We denote by Vf;(o) the main componert Wg;k(L;d) of the moduli spaceM 1 (L;d). If 2Aq(d;k),
we put
Wo=jo ' Vig o Vi) V2
Note that .
id Po: WO = ZO 0;1 Ml;(O) .
Let NW©O Nj‘g;e be the normal coneN; VO for jo. jwo in Vf;(oy Its structure is described in
Lemma 5.7 below. Let

0 Ve . . ide .
Do 2 Mo e Mot@ ()35 ( 0iHOMC 8 Vi@ ( s ( )i HOMING®: pEo  gevoL)
— 390 IV . ide . .
= M)y Mo@( e nHOMNGE pEy  gHOM(V(@ ( )35 ( ))3€YL))
be the sectionde ned by
Do, = pSi g iDo;  8i2[m];

pLi g jLo
wheres; and Dg are asin Subsections2.2and 5.2, respectively. If 2 zV(g ( )35 ( ) Wewill view
Do. asahomomorphism

Do, :N¥® =N I pEy pgevwl

o; fid po: 9() fid  po; g():

Lemma 5.7 Forall 2A;(d;k), Vf;(o) is a proper subvariety of Vf;k relative to the immersion jo. .
The homomorphism

NwWC 1 fid py gNZ°
induced by dpg is injective. Furthermore,

WO 2 BV(@( ):Jg ( ))jzo:kerfDo; 6 fOg

AN 9Nz po: 9( )

and  NW° =ker D NS 8 2w°

NZO¢id po, o( )

Finally, W9 is the closure of W9, in Wj;(lp( y3e () Vi@ ( )ds( ) and NWP is the closure of
0 N ide

N W WOl in Njo; .

Sincethe b ersof pg arevector spacesthe rst two sertencesof this lemmafollow from Lemma4.10.
The middle claim of Lemma 5.7 is a restatement of [Z5, Lemma 3.4]. The remaining claims of the
lemma follow from [Z5, Lemma 3.4] by dimension courting, similarly to the argumert following
Lemma 4.10.

Remark: It may appear that the statemert of Lemma 5.7 depends on the choice of a hermitian

connection (or metric) in the line bundle L ! P". As explainedin detail in [Z5, Subsect.3.3], the
dependenceis only on the holomorphic structure of L, asthe caseshould be.
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5.4 Desingularization Construction

In this subsectionwe lift the inductive blowup construction of Subsection4.3 to the cone
—0
Po: VJ(.);k M 1;k:

For eahh 2Ai(d;k), let V,,, VP, bethe pullback of V2, to M :

Vl;k V?;k Vg;k
p Po
VE 0
M 1;k M 1:k
For eah 92 A1(d;k), let
Vl; 0= Vl;k M. o = ! Vg;k V&’A o :

The bundle homomorphismsj; o lift to bundle homomorphismsonto V,. o covering the immer-
sion . o of Subsection4.3:

jio

7 L(p ( 93 ( 9) % o( ) PF(@J)V(@( 938 ( 9) Vi o Vi
o .
' ‘id p;o ‘p
%o( ) ;0 — —
7 Le( 9:Jp( Y Mo;(@( 9:Js( 9) My o M1k
M of ) vV J ;o v v
L(p( 93p( 9 (@( 9:39s( Y 1 0 1k
0s -
> Jid lp; 0 Jp
o o) Ve ;0 — —
M1de(9uec Mo@(93:(9 Myoo My

The collectionf . og oy ,(g;x) Of immersionsis properly self-intersecting by the inductive assump-
tion (1 14) of Subsection4.3. Thus, by the sameargumern asin the paragraph following Lemma5.6,
sois the collection fj . og opa ,(dxx)- Furthermore,

Nj%,= id p,o N, (5.1)

is an idealized normal bundle for j . o. Thesetwo obsenations also follow from Lemma 5.6 by
induction using Lemmas4.2 and 4.3.

Lemma 5.8 If 2Ay(d;k), V,. *is a smth subvariety of V,, * and
p: Vl;k ! W1;k

is the idealized blowupof v, * alongV,. *.

Recall from Subsection4.3 that the immersion

1 Moy Mo@()se(y G ! My M 1k
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inducedby ;. is an embedding and

is the idealized blowup along M ;. ' Thus, the immersion

H . 1 1
i Mgy V@Oe(y G ! Vi Vik

induced by j 1. is alsoan embedding and V;. ! is a smooth subvariety of Vl;kl. Let

. 1
~ VoLV
be the idealized blowup along Vl;kl. Since
Njidel; = id P 1 Nidel;
and the linear map
i pTCvVutimd i ! 4 TCMy ' Imd g

induced by dp 1 isinjective, p ; lifts to a map p over the blowdown maps ~ :

\ Vl;kl

‘p Jp 1
Ve ~ — 1
Ml;k Ivll;k

Then p and the top arrow ~ factor through a morphism f to ~ Vl;kl:

V
/' ~

1 ~ 1

- Vl;k Vl;k

p
‘p Jp 1

Ve = 1

M 1;k M 1:k

We show in the next paragraph that f is an isomorphism. Since ~ Vl;klz Vi, this implies the
secondstatemert of Lemma 5.8.

By construction, the maps
Ve o 1 . 1
~ My ! Mgy and ~ 1V Vg,
are isomorphismson the complemeris of the idealized exceptional divisors

My, E®*, My and Vv, E*, Vv
. 1
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Thus,f:V ! ~ Vi is an isomorphism over the complemert of M ;. in My,. In particular, f is
linear on all b ersof p. Furthermore,

~V1;k1m; - (‘;v)2PN|\i7di s Vi O)=p )

On the other hand, since
ide _ ide
NVl; 1= P 1NV1; '

by (5.1), we have
V. = p lPNliAi’i L= ()2 vyt PNI\i/Tdi poav)=~()

Thus, the restriction of f to Vi must interchangev and 7, i.e. it is a vector bundle isomorphism
over M1, Finally, My, * is a smooth subvariety of V,, * and

T My \ Ve & = TMy, "= TCM '\ TV b Tevg, b

Thus, similarly to (1) of Lemma 3.3, the proper transform of Vl;kl in V is the blowup of Vl;kl
along

M\ vy b= My
i.e. V cortains M 1, asthe zerosection. The map f must be the identity on M ;.. Sincef is alin-
earisomorphismon all b ersof p by the above, it then follows that f is anisomorphismeverywhere.

Remark: If V, ! is a vector bundle over Vl;kl, the secondstatemert of Lemma 5.8 applies to

standard blowups of Vl;kl and Vl;k1 as well. Howewer, the secondstatemert doesnot generally
apply to standard blowups in the setting of Lemma 5.8, as the analogueof the morphism f may
not be surjective.

By the inductive assumption (I 1) of Subsection 4.3, the projection map is an isomorphism
outside of the subvarieties V,. o with © . We denote by

Vi Vi

the proper transform of Vf;(oy For eath 92 A1(d;k), let

Wo=] ;10 Vig = J ;10 Vl;(O)\ Vi o
By the inductiv e assumption (I 15) of Subsection4.3, M ;. is a proper subvariety of M ;,, with re-

spectto the immersion . o. Thus, by the sameargumert asin the paragraphfollowing Lemma5.7,
the subvariety V1;(0) of V. is proper with respect to the immersionj . o. Furthermore, if

NW .o NW;, g N /e

V1.0 Io

denotesthe normal conefor j o jw ,in V then the homomorphism

1;(0)’

NWo I fid p.ogNZ o,
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induced by dp is injective. Thesetwo obsenations alsofollow from Lemma 5.7 by induction using
Lemma 4.5.

If %2 Aq(d:K), let
EOO;B = @0 1(0)\ PF(IP( 0);JP( 0)) MO;(@B( )dB ( )):

By the inductive assumptions(l 7) in Subsection4.3 and (1 4) in Subsection3.4,

Z o ;10 V1;(0)

is the closureof M 1, ( 9.5, 9 2%g in

%o( )
W L(p( 9;3p( 9) MO;(@( 998 ( 9)

forall 2Aq(k;d) suc that °©

Suppose 2f0g[ Ai(d;k) and 92 A1(d;k). We claim that
(11)if © , then W , is the closure of

W g0 03ec ) kerBoizo Mo 9ua( ) PRy, Vi@ ( 93e( 9

M 2000 9900 900 ) PRy VU@ ( 93 ( )

il’l N:/I 1;(1p( O);Jp( 0)) %o( ) PF(@J)V(@( O);JB( 0)) and

- id
NW o= N9

(12)if % ,then W ,and NW , are the closuresof

0: —0 o o)
Whizo, M 1ae(93:( 9 Vi@ 995 M 10p( 0909 Vi@ ( 938 ( 9)
and  NW% o5 Ndwog,o  Nipte Ny
0] ’ 0 ! !

ide

INM 10090 Vi@ 9:3s( 9 andin NP, respectively.

If =0, the assumption (I 1) is trivially satis ed, while (I 2) constitutes part of Lemma5.7. Sup-
pose 2 Ai(d;k) and the two assumptionshold with  replaced by 1. By Lemma5.8, Vg, is

the idealized blowup of Vl;kl along V. 1. Thus, by the last statemert of Lemma 4.5 both of the
inductiv e assumptionscortinue to hold for %

On the other hand, let

Z 8= b2Moa( )us( ) KerD@( )35( )80
0 _ ; . .
Wi = 2Vi@ (s ( iz o *KerfD(@ ()38 () kerbigy( yuy( yin 4 (1097  and
0 _ . . o . .
NWog = () 2Whg; 2kefDo Gyepe 0oy o P 1 F@Ous( )
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By the inductive assumption (I 12) in Subsection4.3,

j— 1 _
Z N Wagehse(n Mo@Ose(y = Maga(yaecy Z 8 and

0; _ .
N'Z 0 Lip()Ip(NZ B pL skerD ( )as( )"

By the inductive assumption (I 2) above, Lemma 5.7, and the inductive assumption (I 11) in Sub-
section4.3,W 1and NW 1 arethe closuresof

0 - i
W 70 = 2 BV(@( ):Jg ( ))jzo.kerfDo; gNZOjfid 0. g()@ng

0 = () o . de 1 id
and  NWZo = (i) 2W° 500 2kerfDo; gz, Njde N de

in M 30030 () Vi@ () ( y andin
. _
N, = pL  BP 1 F@()ds():

As before,

pi B (3 () Vi@ ()ds( ) M 200 ()0 ()i Vi@ () ()

are the projections onto the principle and bubble components. The bundle homomorphismss; and
s; of Subsection2.3 agreeon

M Lo ()3r () M uteOar( )M 100 (o )

The homomorphisms; is anisomorphismfrom C; to E over 1 L(1p ( ):dp ( ))» @nd both line bundles
are isomorphicto L. It followsthat W tand NW ! arethe closuresof

7 L0e (e () W and pL sNW%
in M 300 ye( ) Vi@ (s ( y andin
N, = pL 8P 1 F@()us( )
Thus, by the rst statemert of Lemma 4.5,
Wt Vi
is the closure of
Popl gNWo% =W yq.(yaecy PNWo = Muyao(yun(y kerBoieo
PN/ = M 500 (e () Pra, Vi@ ()38 ( )

i.e.the rst part of the inductive assumption(l 1) for %= s satis ed. Furthermore, by the second
part of (1) of Lemma 4.5,

— ide
w Nj:

NW = 1y = id p; 4 1y, = id p; N w



We have thus veri ed the secondpart of the inductive assumption (1 1) for %=

Sincethe immersions . o with ©

tion 4.3, so are the immersions

are embeddingsby the inductive assumption (I 8) in Subsec-

o Mo 00009 wea() PR V@ 93s( ) G0 ! Vio Vi

induced by j . o. In particular, all of the morphisms

j max ; O m L(p( 9;3p( 9) 0;(@( 935( 9) PF(@J)V(@( 9:ds( 9) Go
LoVm V= ~ Mog(L;d)
are embeddings. On the other hand, by the inductive assumption (I 1),
W 0 w g‘ax J m::lx; 0 Mgrk(L’d) J m::lx; 0 Vl;r(ng;

is the closure of
a0 90009 KerBolao, M 1ap( 99209 0@ ( 99 ( %) PR @ (95 (9
By Proposition 5.5 and the inductive assumption (I 8) in Subsection4.3, this closureis
7 Lp( 93 ( ) KerBuo(oup( o)e 05’ where
205 = B1( 03, 0(0)

Sincethe bundle section B, ( 0.5, ( o) is transverseto the zeroset, 2 og is a smooth subvariety
of Mo, ( 935 0y (P";d) and

Wot WMaygpcoucy 2o
is a smooth vector bundle by Proposition 5.5. We concludethat
fa(Lid)\ v

is a smooth subvariety of M g;k(L;d) for all %2 Ay (k;d). Its normal coneis a line bundle by the
inductive assumption (I 1).

A Most Frequently Used Symbols and Notation

d degreeof stable mapsto P"

k number of marked points for gerus-onestable maps

n dimension of projective space,P"

C.Q the setsof rational numbers, of complex numbers

VAVARY Al the setsof integers, of positive integers, of nonnegative integers
K] f1;:::;kg
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% (N:J) tautological line bundles on PFy, PF @)

Sj natural pairing of L; with E on M 1, and with Lo on M g0t | ; p25

S i pairing of L ; with E on M_l;(l 3y induced by si, 2A4(1;J3); p28

S nondegeneratepairing of C; with E on 7 1;(1;) induced by s;; p28

S (i) pairing of L . (;;j with E on 17 o inducedby s, 2Ao(%; Subs.2.4

Susi) nondegeneratepairing of L) with E on 7 0% induced by s;; p31

Ag(l), Ag(1;3) collections of subvarieties of M ¢, of M g1 3; p24, p26

Ao(% collection of subvarieties of PFo, %= (11;3))12@; P30

Ag(d; k) collection of subvarieties of Vg;k(P”;d); p5, p34

Ao(@d;J) collection of subvarieties of PF(g;); p38

Do, Do \deriv atives" of maps at the Oth marked point; p36, p67

D(@s): D(a) \sums" of various Dg, Dg; p41, p68

By, Bos, bundle maps over M (()/g@J) induced by D(@gy), D(@s): P44, p69

E Hodge line bundle of holomorphic di erentials on M 1.5

E,E line bundleson M 1., 5y, M 1.5y, 2A1(1;3), or M g0, M 006 2 A1(%, OF
M 0:(@1)" Mo.@i)(P";d), 2A1(@d;J), obtained from E, or o Or (@y;
p28, p31, p44

Fo F(@) natural vector bundles over M g9, M o,(@3)(P"; d); p29, p37

Foswp , Foss subbundlesof Fas, 72 Ao(@d;J); p39

G symmetry group of the immersions , . ; p9

Im$ singular locus of immersion ; p32

Lj tangert line bundle for j th marked point over M g3 or Mg (P";d), j 2J

L.,C line bundleson M_l;(,;J), \7] 1(133) obtained from Li; 2 A1((1;J); p28

L . aiys Eqriy line bundleson M o4, M 005 2 Ao(%, obtained from | L;; p31

L universal tangert line bundle on M 1.5y, ¥ 006 p26, p30

L the line bundle assaiated to the sheafOpn (), a> 0

M g Deligne-Mumford moduli spaceof stable gerus-g curveswith marked

points indexed by the setJ

M g smooth subvariety of M g3, 2Ag(J); p24
M M exceptional divisor in M_l;(I .3y, proper transform of M1 ,; 2A(;d),
> ; p28

M 133y M 1)  -stageand nal blowupsof M 3¢5, 2Aq(1;J); Subs.2.3

M M 5 the \curv e part” of M1. (P";d) and its (nal) blowup, 2 A;(d;k); p8

M 0.9 moduli spaceof tuples of gerus-zerocurves;p29

g N, smooth subvariety of PFo, exceptional divisor in M 4, 2 Ao(%; p30

M 606 M1 0% -stageand nal blowups of PFy, 2 Ag(%; Subs.2.4

Wg;J (P";d) moduli spaceof gerus-g degreed stable mapsto P" with marked points
indexed by the setJ

My (P";d) subvariety in M 1.« (P";d), 2Ao(d;k), or Mg (P";d), 2A4(d;J); p6, p34

M .g(P";d) the \map part" of Mg (P";d); p8, p35
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Mo (@) (P"; d) moduli spaceof @tuples of stable maps; p37
Mo, M, subvariety in PF (@), its proper transform in M ((]/"@J), %% 2 Ao(@d;J),
% > % p39, p42

v Z?(@J), %stage blowup of PF g3y, 92 Ao(@J; d); p42

&%;k —s.tageldeallzed b|0ﬁup of M1« (P";d), 2f0gt Ai(d;k); p50, p56
M1 (P";d) main componert of M 1. (P"; d); p2

Y 9. (P";d) desingularization of Wg;k(P”;d) constructed in this paper; p7

N normal conefor immersion ; p32

N ide idealized normal bundle for for immersion ; De n. 4.1
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