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Abstract

We compute the reduced genus 1 Gromov-Witten invariants of Calabi-Yau hypersurfaces. As a
consequence, we confirm the 1993 Bershadsky-Cecotti-Ooguri-Vafa (BCOV) prediction for the
standard genus 1 GW-invariants of a quintic threefold. We combine constructions from a series
of previous papers with the classical localization theorem to relate the reduced genus 1 invariants
of a CY-hypersurface to previously computed integrals on moduli spaces of stable genus 0 maps
into projective space. The resulting, rather unwieldy, expressions for a genus 1 equivariant
generating function simplify drastically, using a regularity property of a genus 0 equivariant
generating function in half of the cases. Finally, by disregarding terms that cannot effect the
non-equivariant part of the former, we relate the answer to an explicit hypergeometric series in
a simple way. The approach described in this paper is systematic. It is directly applicable to
computing reduced genus 1 GW-invariants of other complete intersections and should apply to
higher-genus localization computations.
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0 Introduction

0.1 Mirror symmetry predictions for a quintic threefold

Gromov-Witten invariants of a smooth projective variety X are certain counts of curves in X. In
many cases, these invariants are known or conjectured to possess rather amazing structure which
is often completely unexpected from the classical point of view. For example, a generating func-
tion for the genus 0 GW-invariants solves a third-oder PDE in two variables. In the case of the
complex projective space P", the resulting PDE condition on the generating function is equivalent
to a recursion for counts of rational curves in P” and solves the classical problem of enumeration
of such curves in P"; see [RT, Section 10] and [KoM, Section 5].

The above mentioned PDE property! is just one type of structure of GW-invariants motivated
by their relation to string theory. The mirror symmetry principle of string theory predicts yet
another type of structure whenever X is a Calabi-Yau threefold. It relates GW-invariants of X
to an integral on the moduli space of Kahler structures of the “mirror” of X. In the case X is a
quintic threefold (degree 5 hypersurface in P*4), this integral was computed in [CaDGP], leading
to stunning predictions concerning the Gromov-Witten theory of X. These predictions have been
only partially verified.

For each pair of nonnegative integers (g,d), let Ny 4 denote the genus g degree d GW-invariant of
a quintic threefold X35; see equation (0.8) below. For ¢=0,1,..., we define a degree ¢ polynomial
I,(t) in t with coefficients in the power series in e’ by

7”5d

in(t) = wtz dt r 1 (5’LU—|—7") ) (01)
q=0

4(wr)> —wd)

For example,

(9] 9] 5d
t)=1+;edt%, L(t) = tlo(t Z < T Z;) (0.2)

d= r=d+1
Let
t)/Io(t) Vq=1,2,..., T = Ji(t). (0.3)
The mirror symmetry prediction of [CaDGP] for the genus 0 GW-invariants of X5 can be stated as
299 13" Noael = 2(h(0)(0) — B(0): (0.4
6 2

d=1

Tt is equivalent to the associativity of the multiplication in quantum cohomology.



see Appendix B for a comparison of statements of mirror symmetry. A prediction for the genus 1
GW-invariants of X5 was made in [BCOV], building up on [CaDGP]. Both of these predictions
date back to the early days of the Gromov-Witten theory. More recently, predictions for higher-
genus GW-invariants of X5 have been made; the approach of [HKIQ] generates mirror formulas for
GW-invariants of X5 up to genus 51.

While the ODE condition on GW-invariants mentioned above is proved directly, the mathematical
approach to the mirror principle has been to compute the relevant GW-invariants in each specific
case. However, this is rarely a simple task. The prediction for genus 0 invariants was confirmed
mathematically in the mid-1990s. The prediction for genus 1 invariants is verified in this paper.

Theorem 1 If Ny 4 denotes the degree d genus 1 Gromov- Witten invariant of a quintic threefold,

2 ilededT = %(J1 (t) —t) +In (Io(t)_62/3(1—55et)_1/6,]{ (t)_1>. (0.5)
d=1

This theorem is deduced from Theorem 2 in Subsection 0.3. An outline of this paper is contained
in the next subsection.

The author is very grateful to D. Zagier, for taking interest in the statements of and collaborating
on the proof of Propositions 3.1 and 3.2, to Jun Li, for bringing [BCOV] to the author’s attention
and collaborating on related work concerning genus 1 GW-invariants, to R. Pandharipande, for
generously sharing his expertise in the Gromov-Witten theory, and the referee, for suggestions on
improving the exposition. The author would also like to thank S. Katz, Y.-P. Lee, D. Maulik,
A. Mustata, A. Postnikov, and R. Vakil for many enlightening discussions.

0.2 Computing GW-invariants of hypersurfaces

One approach to computing GW-invariants of a projective hypersurface (and more generally, of
a complete intersection) is to relate them to GW-invariants of the ambient projective space as
follows. Whenever g, d, and k are nonnegative integers and X is a smooth subvariety of P", denote
by ﬁgk(X ,d) the moduli space of stable degree d maps into X from genus g curves with & marked
points; see [MirSym, Chapter 24]. Let 4 be the universal curve over 9, 1 (P",d), with structure

map 7 and evaluation map ev:
ev

U

b

My 1 (P, d).

]P)n

In other words, the fiber of 7 over [C, f] € 9, ,(P",d), where C is a nodal curve with & marked
points and f: C—P" is a stable morphism, is C/Aut(C, f), while

ev([C, f;2]) = f(2) it zeC.



A smooth degree a hypersurface X in P” is determined by a section s of Opn (a) which is transverse
to the zero set:

X =5710) for some s € H°(P"; Opn(a)).?
The section s induces a section § of the sheaf m.ev*Opn(a) — M, 1 (P", d) by
s(c. f]) =[50 f].
It is immediate that
My (X, d) = {[C, f1€My (P, d): fF(C)CX} =510). (0.6)

On the other hand, GW-invariants of X are defined by integration against the virtual fundamental
class (VFC) of M, (X, d) constructed in [BeFa], [FuO], and [LiT]:

CWXu(dsn) = (1, [My (X, )] Ve H* (My (X, d); Q). (0.7)

If X is a quintic threefold (or another Calabi-Yau threefold), the cycle [, (X, d)]"" is zero-
dimensional and its degree is denoted by N 4:

Ny = GWXo(d; 1) = (1, [DMy0(X, d)]""). (0.8)

In light of Poincare Duality, equations (0.6) and (0.7) suggest that GW;{k(d; 1) should be expressible
as an integral against 90, £ (P", d)]"" via some sort of euler class of the sheaf 7,ev*Opn (a), whenever

7 comes from ﬁ%k(]}’m, d). As can be easily seen from the definition of VFC, this is indeed the case
if g=0:

GW{ik(din) = (- e(mevOpn(a)), [Mor(P",d)]) V¥ neH* (Mo i(P",d); Q). (0.9)
The moduli space Mg 1 (P", d) is a smooth stack (orbifold) and
Teev* Opn(a) — My 1 (P", d)

is a locally free sheaf (vector bundle). Thus, the right-hand side of (0.9) can be computed via the
classical localization theorem of [ABo], though the complexity of this computation increases rapidly
with the degree d. Nevertheless, it has been completed in full generality in a number of different
of ways, verifying the genus 0 mirror symmetry prediction (0.4). At the end of this subsection
we briefly recall Givental’s approach [Gi] to dealing with this complexity and describe its inter-
play with our approach in genus 1; other proofs of (0.4) can be found in [Ber]|, [Gal, [Le], and [LLY].

The most algebraically natural generalization of (0.9) to positive genera fails. In the genus 1 case,
by [LiZ, Theorem 1.1J(, the most topologically natural analogue of (0.9) does hold for the reduced
GW-invariants GVV(l];lC defined in [Z1]:

GWYR (dsm) = (- e(meev*Opn(a)), [ 1 (P",d)]) ¥ ne H* My x(P",d);Q),  (0.10)

2In other words, s is a holomorphic section of v;:®%, where ~, — P™ is the tautological line bundle.



where ﬁ?,k(]}”", d) is the main component of 90 (P", d), i.e. the closure of the locus in 90, 4 (P", d)

consisting of maps from smooth domains. While ﬁ?k(]}’m, d) is not a smooth stack, it is an equi-
dimensional orbi-variety and has a well-defined fundamental class. While the sheaf

W*ev* O]]In (a) I ﬁ?,k (Pn, d)
is not locally free, it is shown in [Z2] that its euler class is well-defined. If

DPx

Vi mxev*Opn(a) (0.11)

l |

=0 /mn P a0 o
my (P, d) ——= 90y ,,(P", d)

is a desingularization of ﬁ(l]yk(]P’", d) and m,ev*Opn(a) (i.e. E/)Jvt(l)7k(]P’", d) is smooth, p is a birational
morphism, and V; is locally free), then

(n- e(meev* Opn(a)), [ (P, d)]) = (x*n - e(V1), [, (P", d)]) (0.12)

for all ne H *(ﬁ?k(ﬁ”",d); Q). A natural desingularization (0.11) that inherits every torus action
from P™ is constructed in [VaZ]. Thus, the classical localization theorem of [ABo] can be used to
compute the right-hand side of (0.10) via (0.12). On the other hand, by [Z1, Section 3|, the reduced
genus 1 GW-invariant differs from the standard one by a combination of genus 0 GW-invariants.
In particular, if X is a quintic threefold, by [Z1, Theorem 1.1]

1
Nia = GWip(di1) = Nig + 75 No, (0.13)
where Nlo’ 4 1s the reduced genus 1 degree d invariant GW(l]ié( (d;1) of X.

In this paper we compute the numbers GW(l]ié( (d;1) for a smooth degree n hypersurface X in P"~1,
with n>3. By (0.10), (0.12), and the divisor relation (see [MirSym, Section 26.3]),

dGWY 3 (di1) = (e(V1) eviH, [, (P"~1, d)]), (0.14)
where H € H2(P"!) is the hyperplane class and
Vi — 53%(1),1(]?”_17 d)
is the desingularization of the sheaf
eV Opn-1(n) — ﬁ?’k(]}”"_l, d)

constructed in [VaZ]. Analogously to [Gi], we package all reduced genus 1 GW-invariants (0.14)
of a degree n hypersurface X,, in P*~! into a generating function F; this is a power series with
coefficients in the equivariant cohomology of P"~!. In [Gi], an analogous power series provides a
convenient way to describe a degree-recursive feature of the genus 0 GW-invariants of X,,. The
resulting recursion, [MirSym, Lemma 30.1.1], has a “mystery correction term”, which is intrinsi-
cally determined by the recursion and another property of the genus 0 generating function called
polynomiality (see [MirSym, Section 30.2]). By applying the Atiyah-Bott localization theorem, we



relate F to the genus 0 generating functions (1.22)-(1.24). In the process, we encounter seemingly
unwieldy terms which turn out to be similar to the expressions encoded by the genus 0 “correction
term” cleverly avoided in [Gi]; the latter are all of the form (2.3). While none of these expressions
by itself determines any of our unwieldy terms, the entire series of expressions insures that the
relevant genus 0 generating function has the remarkably rigid structure of Definition 2.1, which
in turn determines all of our unwieldy terms via (2.4). This leads to Propositions 1.1 and 1.2,
which describe the contributions to F from the two different types of fixed loci in terms of known
integrals on ﬁo,z(]}’m_l, d). In Section 3, we use Lemma 3.3 to extract the non-equivariant part of
the expressions in Propositions 1.1 and 1.2, obtaining Theorem 3 on page 32. Theorem 2 in the
next subsection follows immediately from Theorem 3 and (1.15).

The approach of this paper to summing over all possible fixed loci involves breaking the graph
into trees at a special node. As such trees contribute to certain genus 0 integrals, the desired sum
is expressible in terms of these integrals. The same approach directly carries over to computing
reduced genus 1 GW-invariants of any complete intersection and should be applicable to localization
computations in higher genus.? In the latter case, there will be more “special” nodes, but their
number will be bounded above by the genus. Once the graphs are broken at the special nodes,
there will be a number of distinguished trees and an arbitrary number of “generic” trees. The
number of the former will again be bounded by the genus. On the other hand, it should be possible
to sum over all possibilities for the latter, using the regularity property of the relevant genus 0
integral described in Subsection 2.2.

0.3 Mirror symmetry formulas for projective CY-hypersurfaces

In this subsection we formulate a generalization of Theorem 1 to projective Calabi-Yau hyper-
surfaces of arbitrary dimensions; see Theorem 2 below. We then take a closer look at its low-
dimensional cases, comparing some of them with known results and others with the mirror sym-
metry predictions of [BCOV] and [KIPa).

Let n be a positive integer. For each ¢=0,1,..., define Iy 4(¢) by

ifo,q(t)wq — ut i edtH H?i?d(nww) = R(w,1). (0.15)
q=0 d=0

1 (wr)r—wn)
Each Iy ,(t) is a degree-q polynomial in ¢ with coefficients that are power series in e; see (0.2) for
explicit formulas for I =1y and Iy =1 in the n=5 case. For p,q€ZT with ¢>p, let

Ipq(t) = %(M) (0.16)

Ip—l,p—l(t)

By the first statement of Proposition 3.1 below, each of the “diagonal” terms I, ,(t) is a power

series in e’ with constant term 1, whenever it is defined. Thus, the division in (0.16) is well-defined
for all p. Let

. [071(t)

[()70 (t) ’

3This is not to say that higher-genus GW-invariants of projective hypersurfaces are now easily computable. It is
far from clear at this point what integrals should be localized in higher genus. No higher-genus analogue of (0.10)
has been proved yet, though a conjectural version is stated in [LiZ, Subsection 1.1]. Even with such a higher-genus
hyperplane property, one would still need to either figure out how to apply the localization theorem in a singular
setting or construct a desingularization of the main component of 9, (P™, d).

(0.17)




By (i) of Proposition 3.1, the map t — T is a change of variables; it will be called the mirror map.

Let R(w,t)=R(w,t)/Ioo(t). Then, e **R(w,t) is a power series with e’-constant term 1 and

d

Dy R = 2L (1 (e Rew0))| )]

dw w=0

for all peZ™.

Theorem 2 For each n€Z™, the reduced genus 1 degree d Gromov- Witten invariants of a degree n
hypersurface X in P"~! are given by

S emawia ) = (e A gy L O g

et 48 24n2 24n
B ndin (1- n"et)—l—zn?’ﬂ%lnl »(t), if 2 fn;
ndln (1—pnet) + YU /2 (=220 1y ) f o
n—2
n o, (I4+w)" _
- pr—2-p -1 ) \(pP]
*241;:;( b ) (Pl Rl ),

where t and T are related by the mirror map (0.17).

If n=1, both sides of the formula in Theorem 2 vanish. If n=2, X is a pair of points in P!. In
this case, the right-hand side of the formula in Theorem 2 vanishes by (3.5). This is exactly as one
would expect, since there are no positive-degree maps from a curve to a point.

If n=3, X is a plane cubic, i.e. a 2-torus embedded as a degree 3 curve in P2. Thus, its degree d
GW-invariant is zero unless d is divisible by 3. Furthermore, its genus 1 degree 3r GW-invariant
is the number of r-fold (unramified) covers of a torus by a torus divided by r, the order of the
automorphism group of each such cover. Since the number o, of such covers is given by (B.12), it

follows that -
> eTGWY, Z In (1—e3T) (0.18)
d=1

On the other hand, Theorem 2 gives

D e TGWY (di1) =

1 1
(T—t) — oI (1—27¢") — 3 In Io(t), (0.19)
d=1

8

where Iy(t) and T are given by:
(3] 00 3d
_ at (30)! P 3
RS (- D!
d=1 d= =d+1

Since the standard and reduced (genus 1) invariants of a (complex) curves are the same if no
descendant classes are involved,

1 1
S(T—t) = 5 In (1-27¢") — - ln Io(t Zln e34T) (0.20)



by (0.18) and (0.19). We do not see a direct proof of (0.20) at this point.
If n=4, X is a quartic surface in P3, i.e. a K3. All its GW-invariants are known to be zero. With
n =4, we find that the two coefficients of (T'—t) in Theorem 2 add up to zero; the same is the

case for the two coefficients of In Iy o(t). Thus, the sum of the terms on the first two lines of the
right-hand side in the formula of Theorem 2 is zero. The remaining term is
1

244 21'{ } <IDZJ >w:0=é<J2(t)—§J1(t)2>.

Here are J;(t) and Ja(t) are the n=4 analogues of the functions in Subsection 0.1:

D L = wtz dt = I,(t)/To(t)
q=0

We note that

1. 4d(4w—|—7°)

Y(wtr)t—wt)’

(2206~ 30 ) 30 (B9 o)

(ﬂ - ) ( >—J1> Iy (t) = Ia(t) = 0.

The last equality above holds by the (n,p) = (4,1) case of (3.6). Since Ja(t) — $.J1(t)? is a power
series in e! with no e’-constant term, (0.21) implies that it is zero as expected.?

~

(0.21)

The n=>5 case of Theorem 2 implies Theorem 1. In this case, the power series Ig(t) and I71(¢)
in €' in the statement of Theorem 2 are Iy(t) and Jj(t) in the notation of Subsection 0.1. Thus,
the sum of the terms on the first two lines of the right-hand side in the formula of Theorem 2 is
precisely the right-hand side of (0.5) divided by 2. The remaining term in Theorem 2 is a sum
of two terms, one of which (the one corresponding to p =2) is easily seen to be zero. The other

term 1is
5 1 d? >
- .. - q
24 3| {dw} <ln OJQ(t)w>

q=

)
T2

1 o
-3 Z Nog ey
d=1

with Ji(t), J2(t), and J3(t) as in Subsection 0.1. The last equality in (0.22) is immediate from (0.4).
Theorem 1 thus follows from Theorem 3 and (0.13).

(06 = 2020) + 3007

w=0

(0.22)

If n=6, X is a sextic fourfold in P°. Theorem 2 in this case gives

s . 42 1
> e TGWT (di1) = —%(T t) + —3 In Iy(t) — In Jj (t) — 51 In(1—6%")
d=1

g g{asy (nnew)| v a{as) (X aew)

4For a surface X, the standard and reduced (genus 1) GW-invariants are the same if no descendant classes are
involved.

w=0




The terms on the second line above arise from the last term in the formula of Theorem 2. In the

n=3,4,5 cases, the latter is N
GWIh (1) — GWTy(d; 1).

We show in [Z5] that this is the case for all n. For n=6, Theorem 2 would then give

423
4

> eTGWT(di1) = 5 (T—t) +

1
-5 In Io(t) — In Jj(t) — — In(1—6%"),
d=1

24

confirming the mirror symmetry prediction of [KIPa, Section 6.1].°

1 Equivariant cohomology and stable maps

1.1 Definitions and notation

This subsection reviews the notion of equivariant cohomology and sets up related notation that will
be used throughout the rest of the paper. For the most part, our notation agrees with [MirSym,
Chapters 29,30]; the main difference is that we work with P"~! instead of P™.

We denote by T the n-torus (C*)" (or (S')"). It acts freely on ET=(C>)"—0 (or (5%°)"):
(eiel, ... ,ew”) (21 2n) = (ewlzl, .. ,ew”zn).
Thus, the classifying space for T and its group cohomology are given by
BT = ET/T = (P>)" and Hp = H*(BT;Q) = Qa, . .., ),

where a; =7} c1(v*) if
mi: (P)" — P and v — P

are the projection onto the i-th component and the tautological line bundle, respectively. Denote
by H7 the field of fractions of Hy:

Hr = Qa = Q(aq,...,ap).

A representation p of T, i.e. a linear action of T on C¥, induces a vector bundle over BT:
V, = ET xp CF.
If p is one-dimensional, we will call

a(Vy) = —ei(V,) € Hi C H

the weight of p. For example, «; is the weight of representation

m: T — C*, (ewl,...,ew") cz=e%2. (1.1)

"The variable t in [KIPa, (46)] is not the same as the variable ¢ in this paper; see Appendix B.



More generally, if a representation p of T on C* splits into one-dimensional representations with
weights (1, ..., 0k, we will call 31, ..., B the weights of p. In such a case,

e(Vp*) =01-... B (1.2)
We will call the representation p of T on C™ with weights o, ..., a;, the standard representation of T.
If T acts on a topological space M, let
Hi(M)= H*(BM;Q), where BM = ETx1M,

denote the corresponding equivariant cohomology of M. The projection map BM — BT induces
an action of H} on Hj(M). Let

Hy(M) = Hp(M) @ Hy.
If the T-action on M lifts to an action on a (complex) vector bundle V'— M then
BV = ETx7V
is a vector bundle over BM. Let
e(V)=e(BV)e Hy(M) C Hp(M)
denote the equivariant euler class of V.

Throughout the paper we work with the standard action of T on P"~!, i.e. the action induced by
the standard action p of T on C™:

(ewl, . ,ew”) ey z0) = [ewlzl, . ,ew”zn].
Since BP" ! = PV,
Hi(P" 1) = H*(PV,;Q) = Qz, a1, ..., an]/ (2" +c1(Vy)z" 4. 4en(V))),
where x=c;(7*) and ¥—PV,, is the tautological line bundle. Since
c(Vy)=1—=a1)...(1 —ay),
it follows that
Hi(P" Y = Q[z,a,... an]/(x—ar) ... (z—ay),

R (1.3)
HE(P ) = Qalz]/ (=) ... (z—ay).
The standard action of T on P*~! has n fixed points:
P, =[1,0,...,0], p,=]0,1,0,...,0], ... P,=10,...,0,1].
For each i=1,2,...,n, let
¢ = [[(x—w) € H3@" ). (1.4)

ki

10



By equation (1.10) below, ¢; is the equivariant Poincare dual of P;. We also note that §|pp, = Vx,,
where m; is as in (1.1). Thus, the restriction map on the equivariant cohomology induced by the
inclusion P;—P"~1 is given by

k=n
Hy(P" ") = Qlz,an,...,anl/ [[(x—cx) — HF(P) =Qlaa,...,an], & — i (15)
k=1
By (1.5),
n=0¢ Hi P — np,=0€ Hi Yi=1,2,...,n. (1.6)

The tautological line bundle v,,_1 — P"~! is a subbundle of P*»~! x C" preserved by the diagonal
action of T. Thus, the action of T on P"~! naturally lifts to an action on v,_; and

e(m-1)|p =i Vi=12..,n (1.7)

The T-action on P*~! also has a natural lift to the vector bundle TP"~! —P"~1 50 that there is
a short exact sequence

00— 1 @Y-1— 7 1 (Pn_l XC") — TP —0

of T-equivariant vector bundles on P"~1. By (1.2), (1.7), and (1.4),

e(TP* )|, = [[(ei—aw) = ¢ilp,  Vi=1,2,...,n. (1.8)
ki

If T acts smoothly on a smooth compact oriented manifold M, there is a well-defined integration-
along-the-fiber homomorphism

/ CHA(M) — H
M

for the fiber bundle BM — BT. The classical localization theorem of [ABo] relates it to inte-
gration along the fixed locus of the T-action. The latter is a union of smooth compact orientable
manifolds F; T acts on the normal bundle N'F of each F. Once an orientation of F' is chosen,
there is a well-defined integration-along-the-fiber homomorphism

/:H{;(F) . H
F

The localization theorem states that

_ nlr . .
/MH_ZF:/pe(NF) eHL Ve Hi(M), (1.9)

where the sum is taken over all components F' of the fixed locus of T. Part of the statement of (1.9)
is that e(N'F) is invertible in H%(F). In the case of the standard action of T on P"~!, (1.9) implies
that

W= [ e VneHHE), i=1,2,. . n; (1.10)
]mel

11



see also (1.8).

Finally, if f: M — M’ is a T-equivariant map between two compact oriented manifolds, there is
a well-defined pushforward homomorphism

for Hy (M) — Hp(M').

It is characterized by the property that
kit = [ n(eran) Ve Bz, o €O (111)

The homomorphism | oy of the previous paragraph corresponds to M’ being a point. It is immediate
from (1.11) that

L (frn)) = (Lm0’ Ve HR(M), o € HR(M'). (1.12)
1.2 Setup for localization computation on ﬁ?yl(Pn_l, d)

The standard T-action on P"~! (as well as any other action) induces T-actions on moduli spaces
of stable maps 9, x(P"~!, d) by composition on the right,

h-1C,fl=[Chof] VheT, [C,f]l€Myx(P",d),
and lifts to an action on ﬁ?k (P"=1,d). All the evaluation maps,

evi: Mg e (P2, d), MY, (P d) — P, [Coyn,.yyn /] — flyi),  i=1,2,....k,
are T-equivariant. These actions lift naturally to the tautological tangent line bundles
Li,...,Li, — M, ,(P" 1, d);
see [MirSym, Section 25.2]. Let
i = (L) € Hz (M (P, d)

denote the equivariant -class.
Via _the natural lift of the T-action to v,—1 — P! described in Subsection 1.1, the T-actions
on M, ,(P"1,d) and Dﬁ?7k(IP’"_l,d) lift to T-actions on the sheafs 7,ev*Opn-1(a) and the vector

bundle .
Vi — 93(?71 (P, d)

introduced in Subsection 0.2. We denote by
Vo — Mo (P, d)
the vector bundle corresponding to the locally free sheaf m.ev*Opn-1(n) on Mg x(P"1, d). Let
*@n

L= Tn—1 — Pt

be the vector bundle corresponding to the locally free sheaf Opn-1(n) — P"~'. For ¢ =0, 1, the
equivariant bundle map

F1:Vy o ovils  [Coyneensyin £ € — [E)],
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is surjective. Thus,
Vi =kerévp — Mo (P"Ld)  and V] =kerév, — MY (P d)
are equivariant vector bundles.® Furthermore,
e(Vy) = e(eviL) e(Vy) = nevi(x)e(V;), (1.13)
where .CCEH%(]P’TL_I) is the equivariant hyperplane class as in Subsection 1.1.

We denote by « the tuple (a1, ..., a,). With ev; 4 denoting the evaluation map on ﬁ?yl(]P’"_l, d),
let

Flo,x,u) Zu evygwe(V1)) € (H{T’_Q(P"_l))[[u]].

By (1.3),
Fla,z,u) = Folu)z" % + Filoa,u)z™ 3 + ... + Fp_ola,u)z?, (1.14)

for some power series Fy(u) in u and degree p homogeneous a-polynomials

Fpla,u) € Qllu)][ar, ..., o).

These polynomials must be symmetric in aq,...,a,. Note that by (0.14) and (1.12),

diT > e TGWIT (d; 1) = Fo(eh). (1.15)
d=1

Thus, our aim is to determine the power series Fo(u) in u defined by (1.14).

By (1.5), (1.10), and (1.11),

Fla, aj,u) = Fla,x,u) Z / ev1 dx€ Vl))qﬁ
Pn— 1

(1.16)
- Z / Vl)evl¢z
0 | (Pr—L,d)
for each i=1,2,...,n. By (1.6), the power series Fy(u) is completely determined by
f(a, a17u)7 s 7f(a7an7u) € Qa[[u]]v
where Q, is the ring Q(aq,...,a,) of rational fractions in aq,...,a,. We will apply the local-

ization formula (1.9) to the last expression in (1.16). In order to do so, we need to describe the

fixed loci of the T-action on ﬁ?’l(]}””_l,d) and for each fixed locus F' the corresponding triple
(F,e(V1)evidilp, NF) or another triple (F,n,N') such that

[ [ eerolr
o o) Jp T e(NE)

In [MirSym, Chapters 29,30], the analogues of Vo and V) over Mo 2(P", d) are denoted by Fo 4 and FEy.4, respec-
tively. However, E(’)yd is the kernel of the evaluation map at the second marked point.
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In one case in Subsection 1.4, choosing such a replacement turns out to be advantageous.

An element [C, f] of My 1 (P"1,d) is the equivalence class of a nodal genus 1 curve C with one
marked point and a stable degree d map f: C—P" 1. We denote by

€ n— a0 n—
Smlljlrl(ﬁb 1,d)C9371,1(IED L d)

the open subset of ﬁm(]}’m_l, d) consisting of the stable maps [C, f] that are not constant on the
principal, genus 1, component Cp of C.” By definition, Dﬁﬁﬁl (P"~1,d) is dense in ﬁ(l]yl(IP’"_l,d). Let

770 n— a0 n— € n—
893?171(IP> 1,d) = Sml,l(P 1,d) - Smll?lrl(ﬁb 1,d)-

The desingularization ﬁ%l(]?”_l, d) of ﬁ?l(]}”"_l, d) is obtained by blowing up along subvarieties
contained in 8%?71(19"_1@); see [VaZ, Subsection 1.2]. Thus,

ML (P d) < My, (P d)
is a dense open subset. Let

ome (Pt d) = Y, (P, d) — s (P, d).

Since each of the fixed loci of the T-action on ﬁ?l(ﬂ”"—l,d) is contained either in Dﬁ‘fﬂl (Pt d)
or in 8%?’1(]?”_1, d), each of the fixed loci of the T-action on ﬁ?yl(]P’"_l, d) is contained either in
szfffl (P"~1,d) or in 8%81(]}”"_1, d). Furthermore, the fixed loci contained in ,‘Jﬁfffl (P"~1 d) and the
corresponding triples (F,n, N'F) as in (1.9) are the same for the T-actions on iﬁ?,l(ﬂ”"_l,d) and
ﬁ%l(]?”_l, d). These loci and their total contribution to (1.16) are described in Subsection 1.3.

The fixed loci contained in 85/)37(1)71(]?”_1, d) and their total contribution to (1.16) are described in
Subsection 1.4 based on [VaZ, Subsection 1.4].%

Many expressions throughout the paper involve residues of rational functions in a complex vari-
able h. If f= f(h) is a rational function in & and hg € S?, we denote by Rp—p, f(h) the residue of
f(h)dh at h=hg:

R f() = 5 74 f(h)dh,

where the integral is taken over a positively oriented loop around &= hg containing no other singular
points of f. With this definition,

Rimoo f (1) = —Ryeo{w 2 f(w™)}.

If f involves variables other than h, Rp—p, f(h) will be a function of such variables. If f is a power
series in u with coefficients that are rational functions in A and possibly other variables, denote

"The connected curve C is nodal and has arithmetic genus 1. Thus, either one of the component of C is a smooth
torus or C contains a circle of one or more spheres (each irreducible component is a P* with exactly two nodes). In
the first case, Cp is the smooth torus; in the second, Cp is the circle of spheres.

8We will not describe /9271(1),1(1?"*1, d) in this paper as this is not necessary.
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by Rp—n, f(h) the power series in u obtained by replacing each of the coefficients by its residue at
h=ho. If hy,..., ks is a collection of points in S2, let

i=k
Rty f (1) = D R f.
=1

Finally, we will denote by Z* the set of non-negative integers and by [n], whenever n € ZT, the set
of positive integers not exceeding n:

zt={0,1,2,... }, n] ={1,2,...,n}.

1.3 Contributions from fixed loci, I

As described in detail in [MirSym, Section 27.3], the fixed loci of the T-action on 90, ,(P"~!, d)
are indexed by decorated graphs. A graph consists of a set Ver of vertices and a collection Edg of
edges, i.e. of two-element subsets of Ver.? In Figure 1, the vertices are represented by dots, while
each edge {v1,v2} is shown as the line segment between v; and ve. For the purposes of describing
the fixed loci of ﬁo,k(ﬂm_l,d) and m‘ﬁ(ﬂ””_l, d), it is sufficient to define a decorated graph as a
tuple

= (Ver,Edg;,u,D,n), (1.17)
where (Ver, Edg) is a graph and
w: Ver — [n], 0:Edg — Z", and #5:[k] — Ver
are maps such that
p(vr) # p(vz) i {vr, 02} € Edg. (1.18)

In Figure 1, the value of the map p on each vertex is indicated by the number next to the vertex.
Similarly, the value of the map 0 on each edge is indicated by the number next to the edge. The
only element of the set [k] =[1] is shown in bold face. It is linked by a line segment to its image
under 7. By (1.18), no two consecutive vertex labels are the same.

A graph (Ver,Edg) is a tree if it contains no loops, i.e. the set Edg contains no subset of the form

{{vl,vg},{vg,vg},...,{UN,vl}}, v1,...,uny € Ver, N>1.

For example, the graphs in Figure 2 are trees, while those in Figure 1 contain one loop each. Via
the construction of the next paragraph, decorated trees describe the fixed loci of 93207k([P’"_1,d),
while decorated graphs with exactly one loop describe the fixed loci of £m§ﬂ; (Pt d).

The fixed locus Zr of ﬁ%k(]}’m_l, d) corresponding to a decorated graph I' consists of the stable
maps f from a genus g nodal curve C; with £ marked points into P"~1 that satisfy the following
conditions. The components of C;y on which the map f is not constant are rational and correspond

°If g =0, Edg can be taken to be a subset of the set Sym?(Ver) of two-element subsets of Ver. For g >1, Edg
should be viewed as a map from a finite set Dom(Edg) to Sym?(Ver); this map may not be injective (i.e. there can be
multiple edges connecting a pair of vertices). In the latter case, e € Edg will mean that e is an element of Dom(Edg);
if v € Ver and e € Edg, v € e will mean that v is an element of the image of ¢ in Sym?(Ver); a map from Edg will
mean a map from Dom(Edg).
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Figure 1: A decorated graph of type A3 and a decorated graph of type Ass

to the edges of I'. Furthermore, if e={v1,vs} is an edge, the restriction of f to the component Cy .
corresponding to e is a degree d(e) cover of the line
1 n—1
Pu(vl),u(vz) cP
passing through the fixed points P,,,) and P,,). The map flc ;.o is ramified only over P,

and P,,,). In particular, f|c 1. 1s unique up to isomorphism. The remaining, contracted, compo-
nents of Cy are rational and indexed by the vertices v € Ver such that

val(v) = {ecEdg: vee}| + |{i€[k]: n(i)=v}| > 3.

The map [ takes such a component Cy, to the fixed point P, ). Thus,

Zr ~ Mp= H Mo va(w)»

vEVer

where Mggl denotes the moduli space of stable genus ¢’ curves with | marked points. For the
purposes of this definition, Mg ; and Mg are one-point spaces. For example, in the case of the
first diagram in Figure 1,

— = —2 =5 A -
Zl" ~ MF = M075 X M073 X M072 X MO,I ~ M0’5

is a fixed locus'® in zmgffl (P"=1,19), with n>4. Since n is fixed throughout the main computation
in the paper, each graph I' completely determines the ambient moduli space containing the fixed
locus Zr; it will be denoted by 9.

Suppose I' is a decorated graph as in (1.17) and has exactly one loop. By (1.4) and (1.5),

evidi| 7, = [T (e — aw) = Gy [ [ (i — o),
ki ki

where J; (1)) is the Kronecker delta function. Thus, by (1.9), ' does not contribute to (1.16)
unless u(n(1)) =i, i.e. the marked point of the map is taken to the point P; € P"~!. There are
two types of graphs that do (or may) contribute to (1.16); they will be called A; and flij—types.
In a graph of the A;-type, the marked point 1 is attached to some vertex v € Ver that lies inside
of the loop and is labeled 7. In a graph of the flij-type, the marked point 1 is attached to a
vertex that lies outside of the loop and is still labeled ¢, while the vertex vg of the loop which
is the closest to the marked point is labeled by some j € [n]. This vertex is thus mapped to the

Oafter dividing by the appropriate automorphism group; see [MirSym, Section 27.3]
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Figure 2: The strands of the second graph in Figure 1

point P; € P"~1. Examples of graphs of the two types, with i=3 and j =2, are depicted in Figure 1.

Whether a graph I' is of type A; or flij, it contains a distinguished vertex wg; it is indicated with
a thick dot in Figure 1. If we break I' at vy, keeping a copy of vy on each of the edges of I’
containing vg, and cap off each of the “loose” ends with a marked point attached to vg, we obtain
several decorated trees, which will be called the strands of I'. If e_, e, € Edg are the two edges in
the loop in I' joined at vg, the strands are naturally indexed by the set

Edg(vo) {eGEdg voee}/e ~ey

of edges leaving vy, with e_ and e, identified.!’ The distinguished strand T, . with two marked
points arising from the loop of I will be denoted by I'... There are also m >0 strands, I'y, ..., [y,
each of which has exactly one marked point. Finally, if I" is of type flij, there is also a second
distinguished strand with two marked points that contains the marked point 1 of I'. This strand
will be denoted by I'g. The strands of the second graph in Figure 1 are shown in Figure 2.

The strands of a one-loop decorated graph I' correspond to fixed loci of the T-action on ﬁo,k (Pt d),
with k=1,2 and d€Z". Furthermore,

Zr &~ MO,V&l(UO) X ZF;B = MO,V&](UO) X H ZI‘e, (119)
ecEdg(vo)

up to a quotient by a finite group, where B stands for the bubble components. If
Tp, B Zr — M val(ve)s ZTB and  7.: Zr;p — Zr,
are the projection maps, then

Vi|z, ~ @( b w;vg)) — e, = < I mre(vi) > (1.20)
ecEdg(vo) ecEdg(vo)

“Most” of the normal bundle of Zr in ﬁ%l(]?”_l, d) and 9y 1 (P, d), as described in [MirSym,
Section 27.4], also comes from the components of Zp in the following sense. The marked points on
MOW(UO) are naturally indexed by the set

Edg(vo) {eEEdg voee}

"By (1.18), e— #ey, i.e. there is no edge from vertex to itself.
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of the edges leaving vy, along with 1 if I" is of type A;. For each e€ Edg(vyp), let
L, — M paiwe)  and  he = e1(L)) € H* (M ai(uo)))

be the tautological tangent line bundle at the marked point corresponding to e and its first chern
class, respectively. Analogously, let

Le Lo, — Zr, and L. — Zr,, ec Edg(vo)—{e—,e4},

be the restrictions to Zr, and Zr, of the tautological line bundles on M . and ﬁpv at the marked
points corresponding to the edges leaving vg. Let

Ve = c1(Ly)

be the corresponding 1-classes. The normal bundle of Z~p in E/)JVT%k(]P’"_l, d) is then given by

N Zr L @mpmiL
R — ( | ) *NZ e |> P B''e-e
TP1 "2 N Fe) 57 Do) B
ecEdg(vo) e€Edg(vo)

where N Zr, — Zp, is the normal bundle of Zr, in Mp,. Thus,

e(NZF) N H e(,/\/'Zpe) H he—l/}e ) (121)

ecEdg(vo) e€Edg(vo)

where we omit the pullback maps 7}, 75, and 7.

By (1.20) and (1.21), Pevid
e(ly)evy i| Zr
e(./\er)

splits into factors coming from the strands of I' after integrating over the first factor in (1.19).
These factors are the contributions of Zr, to integrals over M, involving (V) and 9.. We will
next describe the total contribution of all graphs of types A; and A;; to (1.16) in terms of such
integrals.

€ H*(ZF)

For all 4,5=1,2,..., let

. Vo)
Z7(h,u) Z/ o h e evids: (1.22)

) - e(Vo) v, o
Z5(h,u) =h / ——>evipievadi; 1.23
j( ) ; mz(]}‘m*l’d) h_wl 1 2% ( )

~ - e(V))
Z5(hy, ho,u) = / 0 evipevsd;. 1.24

These generating functions have been explicitly computed; see Subsection 3.2. For the moment,
we simply note that

27,25 € QuM[[u]]  and  Z5 € Qalfir, fiz)[[u]].
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Thus, the fi-residues of these power series are well-defined. So is
mi(u) = Ruo{ n (142 (b, w) } € Qallul], (1.25)

since the degree-zero term of the power series Z(h,u) is 0. Let
Doy, u) = mhzo{h—le—m<u>/h(1+z;(h, u))} € Qul[u]]. (1.26)

By Lemma 2.3, e‘"i(“)/h(1+Zj‘(h, u)) is in fact holomorphic at h=0 and thus ®¢(c;,u) is simply
the value of this power series at A=0. Note that the degree-zero term of ®g(c;,u) is 1.

Remark: The star in Z, ij,

the u-constant term from certain natural power series Z;, Z;;, and Z-j; see [MirSym, Chapter 29|
and [Z4, Section 1.1].

and Z~Z*] indicates that these power series are obtained by removing

Proposition 1.1 (i) The total contribution A;(u) to (1.16) from all graphs of type A; is given by

1

A = Ftan)

9%1:0{9%2:0{e_m(")/hle_m(u)/h2 Z5 (I, ha, u)}}; (1.27)
(ii) The total contribution ftw(u) to (1.16) from all graphs of type Aij is

-'Zlij (u) _ Aj (u)

_ mmh;o{e—w)/hz;(h, u)}. (1.28)
G\

It is fairly straightforward to express A;(u) and A;;(u) in terms of sums of products of the residues

of 27, 27,

on S? then reduces the resulting expressions to sums of products of the residues of Z, Z}, and
ZVZ*J at h=0. However, the products will have either m+2 or m+3 factors, where m is the number
of strands of I with one marked point, and must be summed over all possible m. We are able to
sum over m because e‘"i(“)/h(1+Z;‘(h, u)) turns out to be holomorphic at A=0; see Lemmas 2.2

and 2.3. Proposition 1.1 is proved in Subsection 2.3.

and ZVZ*] at every possible he C*. A straightforward application of the Residue Theorem

1.4 Contributions from fixed loci, II

In this subsection we describe the contribution to (1.16) from the fixed loci of the T-action on
Dﬁ%l(]}”"_l, d) that are contained in 093??’1(19"_1, d). We begin by reviewing the description of such
loci and their normal bundles given in [VaZ, Subsection 1.4].

A rooted tree is a tree (i.e. a graph with no loops) with a distinguished vertex. A tuple
(Ver, Edg, vo; Ver ., Verg)

is a refined rooted tree if (Ver,Edg,vg) is a rooted tree, i.e. vy is the distinguished vertex of the
tree (Ver, Edg), and

Very,Verg C Ver—{vg}, Very #0, VeryNVero=10, {vg,v}€Edg VveVer,UVery.
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Figure 3: A refined decorated rooted tree and some of its strands

Given such a refined rooted tree, we put
Edg, = {{vo,v}: veVery} and Edg, = {{vo,v}: vE Verg}.

In the first diagram of Figure 3, the distinguished vertex vg is indicated by the thick dot. The
elements of Edg, and Edg, are shown as the thick solid lines and the thin dashed lines, respectively.

A refined decorated rooted tree is a tuple
r= (Ver,Edg, vo;Ver+,Ver0;u,D,n), (1.29)
where (Ver, Edg; vg; Ver, Verg) is a refined rooted tree and
p: Ver—Verg — [n], 0: Edg—Edg, — Z", and n:[k] — Ver

are maps such that

(i) p(v1)=p(ve) and d({vg,v1})=0({vg,v2}) for all vy, vy € Very;
(ii) if v1 € Very, vg € Ver—Verg— Very, and {vg,ve} € Edg, then

p(vr) # p(v2)  or d({vo,v1}) #0({vo, v2}); (1.30)
(iii) if {v1,v2} € Edg and ve & VergU{vp}, then

p(ve) #p(vr) if vy & Verg and p(v2) # p(vg) if v € Verp;

(iv) if vy € Verp, then {v;,ve} € Edg for some vg € Ver—{vp} and val(v;)>3.

In Figure 3, the value of the map u on each vertex, not in Verg, is indicated by the number next to
the vertex. Similarly, the value of the map 9 on each edge, not in Edg, is indicated by the number
next to the edge. The elements of the set [k] =[1] are shown in bold face. Each of them is linked
by a line segment to its image under 7. The first condition above implies that all of the thick edges
have the same labels, and so do their vertices, other than the root vg. By the second condition, the
set of thick edges is a maximal set of edges leaving vy which satisfies the first condition. By the
third condition, no two consecutive vertex labels are the same. The final condition implies that
there are at least two solid lines, at least one of which is an edge, leaving from every vertex which
is connected to the root by a dashed line.

Remark: In [VaZ, Subsection 1.4], refined decorated rooted trees are required to satisfy a fifth
condition, ZeeEng(e) > 2. If this condition is not satisfied (i.e. 9(e) =1 for the unique element

ec€Edg_ ), the locus Zp corresponding to I via the construction below will not contribute to (1.16);
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see also the next remark.

Let T be a refined decorated rooted tree as in (1.29). Breaking I' at vg, we split " into pieces I',
indexed by the set
Edg(vo) = {ecEdg: voce}

of the edges in T' leaving vg. If e Edg,, we will keep the vertex vg and the edge e and cap I', off
with a new marked point attached to vg, just as in Subsection 1.3. If e={vg,v} with v & Verg, we
remove vy and e from I',, cap it off with a new marked point attached to v, and assign the p-value
of vg to v. In either case, we denote the resulting decorated tree by I'. and call it a strand of I'; see
Figure 3 for two examples. If ve Very, let

W) = o) and (L) = o({un.u}).
By the requirement (i) on I', u(T") and 9(I") do not depend on the choice of v & Ver,..

Via the construction of Subsection 1.3, each strand I'. of I determines a T-fixed locus Zr, in a
moduli space Mr, of genus 0 stable maps. Let

zZrs= ][] 2r..
e€Edg(vo)
where B stands for the “bubble” components. Denote by
Te: Z1.:B — 2T, and Lo — Zr,

the natural projection map and the restriction to Zr, of the tautological tangent line bundle on

Mr, for the marked point corresponding to the attachment at vg. Let
LF:W:L6—>ZF;B ifeGEdg+, 1/)1"261([4;) EHz(ZF;B),

* * ~
Frip= @ miLe, Fp= P miL.. Zrp=Ph.p.
eckdg ecEdg(vo)—Edg

By the requirement (i) on I', L is well-defined as a T-equivariant line bundle and
gp;B ~ Zr.p X plEdg -1,

Let
my, Mot Zp — ZF,]P)|Edg+|_1

be the two projection maps. Up to a quotient by a finite group, the fixed locus of the T-action on
E)ﬁ(l) x(P", d) corresponding to I' (or its equivalent for our purposes; see the next remark) is

Zr = le,\val(voﬂ x Zrip & Ml,|val(vo)\ x Zp,p x PIVerl=1 (1.31)

where Mv1,\va1(v0)| is a certain blowup of the moduli space of genus 1 curves with |val(vg)| marked

points constructed in [VaZ, Subsection 2.3].!2 The only property of M |val(v)| Televant for the
purposes of this paper is (1.34) below. Denote by

TP, TR Zr — My |val(v)|> 2T:B

2 The blowups ﬂly(]“]) of Mi,n constructed in [VaZ] are indexed by ordered partitions (I, .J) of [N]. The only

cases encountered as components of the fixed loci of ﬁ?’l(]l’)"*l7 d) are |[J|=0, 1. In these two cases, the blowups are
the same, as are the universal tangent line bundles L appearing in the following paragraph.
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the projection maps.
The normal bundle of Zr in ﬁgk(]?”_l, d) (or its equivalent) is given by

NZr = w5 (N Zrp @ 1 (Lh @ Fp)omsy") [ (7 (L & Ty PP ©m377) )

(1.32)
orpLeTy(riLr@msy),

where v — PIVer+1=1 ig the tautological line bundle,

e(NZp.B) ( e(/\/Zp ) > 13
B) * 4 € Hi(2r.B), (1.33)
e(Tu(vo)]Pm 1) EEEld_gI(vO) e(Tu(vo)]P 1) T( r B)

and L — ./K/lv17|va1(v0)‘ is the universal tangent line bundle constructed in [VaZ, Subsection 2.3].
The only property of this line bundle relevant for our purposes is

~ —1)!
/ﬂ Jhalo)] — W if g1, 14 (1.34)

1,[val(vg)]|

where ¢ =¢; (IL*) is the universal ¢-class; see [Z3, Corollary 1.2].

The final piece of localization data we need to recall from [VaZ] is that

e(V1)| 3. = 75 (V0us/ ™1 (LE® Loywe)) ©7377), (1.35)
where
Vig= [ mre(vp).t? (1.36)
ecEdg(vo)

Remark: If 9(T') > 2, the pair (Z~F,N Z~p) described above is precisely the fixed locus corresponding
to I' and its normal bundle as described in [VaZ, Subsection 1.4]. If 9(T") =1, the actual fixed locus
corresponding to I' has PIVer+1=2 instead of PIVer+I=1 as the last factor in (1.31) and FY.p has an
extra component of Lp. Thus, by (1.32), the expression

/ (e(V1)evidi)|zr
Z e(J\/ZNF)

as described above agrees with the correct one, as the extra dimension in the last factor in (1.31)
is canceled by the extra factor of ¢;(7*) in the integrand.!®

BThe vector bundle N Zr.g — Zr,p is the normal bundle of Zr;g in the moduli space ﬁp;B of |Edg(vo)| tuples
of genus-zero stable maps that agree at a distinguished marked point of each element of the tuple.

1 This assumption on k implies that |J|=0,1; see Footnote 12.

5The vector bundle Vr.p is the analogue of the vector bundle V; for the moduli space Mr.5; see Footnote 13. Tt
is obtained by pulling £ back to the universal curve, then pushing down, and then taking the kernel of a natural
evaluation map.

If o(I') = 1, Lr is a direct summand in T),(,,)P""'. The extra factor of c1(y*) in the integrand comes from
the direct summand v* of the bundle 7} (L ®T},(v)P" ") @73~ in (1.32). This summand is canceled by the extra
summand of Lr in Ff p in [VaZ].
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Figure 4: Refined decorated rooted trees of types Bs and ng

We now consider the refined decorated rooted trees I' as in (1.29) that contribute to (1.16). As in
Subsection 1.3, T' does not contribute to (1.16) unless p(n(1)) =1, i.e. the marked point is mapped
to P, € P"~!. Similarly to Subsection 1.3, we group all graphs that contribute to (1.16) into two
types: B; and BZJ In the graphs of type B;, n(1)=wvy, i.e. the marked point 1 lies on the principal
contracted component of the domain of the maps (and is mapped to P;). In the graphs of type B,
n(1) #vp, i.e. the marked point 1 lies on one of the strands of I', while u(vg) = j; see Figure 4 for
examples. A graph of type B; has m > 1 strands with one marked point. On the other hand, a
graph of type Bij has a distinguished strand with two marked points and m >0 strands with one
marked point. In either case, the first factor in (1.31) is ./K/lVLmH.

By (1.35), (1.36), and (1.13),

e(V1)|Z~F = N0y (vy) l_I(W;;e(V{))/(nau(vO)—l—ibr—l—)\), (1.37)
ecEdg(vo

where A=c;(7*) and we omit the pullback maps 7} and 75. By (1.32) and (1.33),

e(Tuw)P" ™) e(7"®Lp@ TP ™) 1 (T P" ) 11 1 (1.38)

e(MZr) Yr+i+ A e(NZ2r,) Yr—et A

ecEdg(vo) ecEdg(vo)—Edg

Thus,
e(Vl)ev’{qﬁi |§F
e(N Zr)
splits into factors coming from the strands of I' after integrating over the first and last factors
in (1.31). These factors are the contributions of Zp, to integrals over My, involving e(Vy) and .

€ H*(Zr)

Proposition 1.2 (i) The total contribution B;(u) to (1.16) from all graphs of type B; is

k=n
noy; _(aj—ag+h) ZF(hu)
Bi(u) = —2Rn=0.00—na;{ =L L . 1.39
(u) = 51 Rn=occ, { (nos+h)R? 14+ Z; (2, u) (1.39)
(ii) The total contribution l’;’,j(u) to (1.16) from all graphs of type Bij 18
- 1 : k=n@, . _ n) Z5(h,u
Bij(u) = — e Rh=0,00 —noc:{Hk:l < akz—i_ ) 2 (* ) } (1.40)
[T)sj(cj—ay) 24 T (naj+h)h 1+Z5(2,u)
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The proof of this proposition turns out to be quite a bit simpler than that of Proposition 1.1. At an
early stage in the computation, Lemma 2.4 reduces a sum of m products of residues to the residue
of a product. The resulting products sum over m to the functions of & appearing in the statement
of Proposition 1.2. The residues of these functions on S?— {0, oo, —naj} are summed, using the
Residue Theorem on 52, to get B;(u) and B;j(u). Proposition 1.2 is proved in Subsection 2.3.

2 Localization Computations

In Subsection 2.1 we give two equivalent characterizations of a property of power series in rational
functions that reduces infinite summations involving certain products of residues of such power
series to simple expressions. In Subsection 2.2, we dig deeper into Givental’s proof of (0.4) to show
that a certain generating function for genus 0 GW-invariants satisfies this property. We use these
observations to prove Proposition 1.1 in Subsection 2.3, along with Proposition 1.2.

2.1 Regularizable power series in rational functions

Definition 2.1 A power series Z* = Z*(h,u) € Qq(h)[[u]] is regularizable at h =0 if there exist
power series

n=n(u) € Qallu]]  and  Z*=Z"(h,u) € Qa(h)[[u]

with no degree-zero term such that Z* is reqular at h=0 and

1+ Z*(hyu) = e"/M(1 4 Z%(h,u)). (2.1)

If Z* is regularizable at h=0, Z* has no degree-zero term and the regularizing pair (, Z*) is unique.
It is determined by

n(u) = %ﬁzo{ In (14 Z2*(h,u)) } (2.2)

The logarithm above is a well-defined power series in w, since Z*(h, u) has no degree-zero term.

Lemma 2.2 Suppose Z*=Z*(h,u) € Qu(h)[[u]] has no degree-zero term.
(i) The power series Z* is reqularizable at h=0 if and only if for every a>0

> 1
Z m(m—1) _ Z

m=2

l

I
3

(=1
al!

mhzo{h—“lz*(h, u)}> — 4l mh;o{haﬂz*(h, u)}. (2.3)

~

1

m

S aj=m—2—a
=1

a;>0

(ii) If (n, Z*) is the regularizing pair for Z* at h=0, then for every a>0

[
m=01

l=m (_

1)@ o B u)?
mz (H al? S)%h:o{h Z(h,u)})—%. (2.4)

=1

aj=m—a
1
a;>0
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Note that the sums on the left-hand sides of (2.3) and (2.4) are finite in each u-degree, since Z*
has no degree-zero term.

Suppose (1, Z*) is the regularizing pair for Z* at A=0. Let

= Cqlu)h? (2.5)
q=0
be the Taylor series expansion for Z*(h,u) at A=0. If a €Z, then
e if a>0;
R0 {h* Z* (h, u) Z uC )+Q @ TE=T (2.6)
—i—ita p! 0, otherwise.
P,q=0

The identities (2.3) and (2.4) follow from (2.6) by a fairly direct computation; see Appendix A.

It remains to show that if Z* satisfies (2.3) for all a >0, then Z* admits a regularization. Since
Z*€Qq(h)[[u]], we can expand Z* at h=0 as

Z Z Cypahu’ = ZC where Cylu) = %ﬁzo{h_q_lz*(h, u)}

d=1g=—N, q4€Z
Claim: There exists n€ Qa[[u]] such that

Rp—0Z*(h,u) =0, where 1+ Z%(h,u) = e"(“)/h(l + Z*(h,u)).
Since Z* € Q4 (h)[[u]], we can expand Z* at h=0 as

- i i Cyah®u® =3 Co(u)h?,  where  Cylu) = %ﬁzo{h_q_lé*(h, u)},

d=1 q:—Nd qEZ

By assumption on 1, C_1(u)=0. Let
Zc )€ Qu(h)[[u]]  and 1+ Y*(hu) = "1+ Y ().
Since C_1(u)=0,

mﬁ;o{h—“y*(h, u)} - mﬁ;o{h—az*(h, u)} Va>0. (2.7)
Since Y* is holomorphic at A=0, Y* satisfies (2.3), with Z* replaced by Y*. Thus, for all a>0

a!mhzo{ha+1y*(h, u)} _ f: ﬁ Z <l=m (_aly)al mh:(]{h_aly*(h’ u)}>

1.

m=2 l=m =1
S aj=m—2—a
=1
a;>0
00 l=m
1 (=1~ _

_ _ odnazen, }
PESEED ( D, of (u)>
m=2 l=m =1

S aj=m—2—a
=1
a;>0

— al mﬁzo{rﬂﬂz*(ﬁ, u)} = alC_ys.
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Along with (2.7), this implies that Z*=Y*. Thus, Z*=)* is holomorphic at h=0.

Proof of the Claim: The required property of n is equivalent to

=% (=n)? ~

q=0 ¢

Since Cy € Qq[[u]] has no degree-zero term, this equation has a unique power-series solution
1€ Qq[[u]] with no degree-zero term.!'”

Remark: The identity (2.4) is valid as long as the residue of Z* at A vanishes, but Z* is not
necessarily holomorphic at A=0. In such a case, Z*(0,u) must be replaced by D‘iﬁzo{h_lz_*(fﬁ, u)}
on the right-hand side of (2.4). By the proof of the claim, this residue is completely determined
by Z*. The assumption that Z* is regularizable at =0 allows us to compute the sum in (2.4)
explicitly.

2.2 Regularizability of GW generating functions
Lemma 2.3 The power series 2= Z*(h,u) € Qq(h)[[u]] defined in (1.22) is regularizable at h=0.

Proof: We will verify that Z*= Z satisfies (2.3) for all a>0. By the string relation (see [MirSym,
Section 26.3]),

/
Z*(hyu) = / c0h) evig; = h Z] (h,u). (2.8)
%,1(11’”*1@) h_wl

By the same argument as in the proof of [MirSym, Lemma 30.11],

2 (hyu) = Qi(h,u) + ZZ R, oo {2 (hu)} (2.9)
d=1 j#i h— ]— -
for some Qi € Qqulh, B Hu]] A8

The middle term in (2.9) is the sum of contributions to Z/*(h,u) from the graphs I" with one
marked point such that the marked point is attached to a vertex vy of valence at least 3. Similarly
to Subsections 1.3 and 1.4, the vertex vg of I' must then be labeled i. An example of such a graph
is shown in Figure 5.

Let T' be a decorated tree with one marked point as in (1.17) that contributes to Q;(h,u), i.e
E=1, u(vg) =1, val(vy) >3, where vy =n(1).
As in Subsections 1.3 and 1.4, we break I' into strands I',, indexed by the set
Edg(vg) = {ecEdg: voce}
of the edges leaving from vg. In this case, there are

m = |Edg(vo)| > 2
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Figure 5: A decorated tree contributing to Q; (%, u), with i=2, and its strands

strands, each with exactly one marked point.

The fixed locus Zr corresponding to I', the restriction of e(V()) to Zr, and the euler class of the
normal bundle of Zr are given by

Zr = MO,|V&1(U0)‘ X H ZFe? e(V(/)) = H WZG(V(/)),

ecEdg(vo) ecEdg(vo) 510
e(Tuw)P" ) _ 11 < (TP > (210)
e(NZp) e€Edg(v0) e(./\/'Zpe) (he —F:¢1)

where he=cy(L.)e H *(M07|V31(UO)|) is the first chern class of the universal tangent line bundle for
the marked point corresponding to the edge e. By [MirSym, Section 27.2], if e={vq,v.}, then

« Ve —Qy(y, « Ve —Qy
1|z, = pve) —Fp(vo) _ Ppulve)

o) (e

(2.11)

Thus, by (2.10) and (1.8),

e(V))evig; (at1) (_pym a ac
[ e C;h z{ [, I

ae>0 vo)l ecEdg(vo)
ecEdg(vg)

() )} e

ecEdg(vo)
= ¥ < m=2 >(_1)ah—(a+1) 11 ((O‘u(ve)_o‘i>_(ae+l)/ 76(1)6)6'\7){(%).
at Z ae:m_2 a, (ae)eeEdg(vo) eEEdg(fUO) a(e) ZFE e(NZFe)
ecEdg(vg)

ae>0

The first equality holds after dividing the expressions on the right-hand side by the order of the
appropriate groups of symmetries; see [MirSym, Section 27.3]. This group is taken into account in
the next paragraph.

Y Take no=C_1, np= o (7"246’(1,1 for p>1. The sequence 7o, 11, - . . € Qo [[u]] converges, since it is constant
in degree d after the d-th term.

18The statement of [MirSym, Lemma 30.11] is made for a renormalized version of the power series Z; (A, u) and is
in fact sharper.
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We now sum up (2.12) over all possibilities for I'. By (2.9) and its proof, for every j € [n]—i and

deZr,
_(ae"l‘l) / *
aj— oy e(VO)evlqﬁ,_ (ae+1) 21+
Z( z > /zFeewzpe) oo { BV ()}

Le
w(ve)=3,0(e)=d

(2.13)
=R,_ojn {rr%z;(m u)}.19
Since A% Z/(h,u) has no residue at h=o00 by Lemma 3.4,

—ai\ T TV e(Vpevigy -
D) LSS R e i)

T. d=1 j#i (2.14)
_ —mﬁ;o{h—aezgk(h, u)}

by (2.13), the Residue Theorem on S?, and Lemma 3.4. By (2.12) and (2.14),

Z VO evio;
N 2r)

Zp
\Edg(vo)\—m
- Ly (2.15)
:Zh—<a+”{<—1>m—“ > < N ) Hmﬁzo{h—“ez:m,u)}}.
a=0 > ae=m—2—a % (ae)eeEdg(vo) ecEdg(vo)
ecEdg(vqg)
ae>0

Taking into account the group of symmetries, i.e. Sy, in the case of (2.15), and summing up over
all possible values of [Edg(vg)|, i.e. m>2, we obtain

> p-(a+1) 2 1 l=m
Qi(hu) = i Zm(m_l) > _o{h_‘”Zi*(h,u)}) (2.16)
a=0 m=2 I:Zmal:m—Q—a =1
! a;>0

On the other hand, by the Residue Theorem on S?, Lemma 3.4, and (2.8),

1
Zzh_ o Ry J"”{Zl* (hu)} = sz a'*ai{—zl*(z u)}
d=1 j#i d=1 j#i
_mz:ﬁp{hi Z/*(Z U)}
= Z/* FL ’LL Zh (a+1 {ZGZ£*(Z,U)}

— 2/ (B, ) Zh (a+D) g 0{h“+1z;(h,u)}.

19The proof is the same as the proof of (3.21) in [MirSym, Chapter 30]. If a graph I' contributes a factor of
li—(o; — o) /d to the denominator of Z;* (or of A~ (@e+V Z/*) then the marked point 1 is attached to a vertex of T'
of valence 2. Furthermore, if e is the unique element of Edg(wvo), then u(ve) =j and 9(e) =d; see [MirSym, Section
30.1] for more details. The second equality in (2.13) is immediate from (2.8).
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Comparing with (2.9), we conclude that
Qilhyu) =" h-<a+l>mhzo{ha+lz;(h, u)}. (2.17)
a=0
By (2.16) and (2.17), Z* satisfies (2.3) for all a>0.

2.3 Proofs of Propositions 1.1 and 1.2

In this subsection we prove Propositions 1.1 and 1.2. An argument nearly identical to part of the
proof of Lemma 2.2 leads to a long expression like (2.12). In the proof of the first proposition,
the Residue Theorem on S? reduces it to the form (2.15). We then use the second statement of
Lemma 2.2 to deal with the infinite summation. The situation in Proposition 1.2 is a bit different,
as the possible strands I'. of I' are not mutually independent due the requirements (i) and (ii)
on I' in Subsection 1.4. In this case, we will use Lemma 2.4 to reduce a product of residues to the
residue of a product; the resulting products are readily summable. The Residue Theorem on S? is
used at the last step. As the proof of Lemma 2.4 is completely straightforward, we relegate it to
Appendix A.

If f=f()\) is holomorphic at A=0 and m >0, let

1 dam

DY = — o V)|

m! d\™ A=0

Lemma 2.4 If (fo = fe(N)eer is a finite collection of functions with at most a simple pole at
A=0, then

9‘{,\:0{ er()\)} =) { [T =0 {r-V} 'DLEH_l( H(fe()\)—A_lm)\:(]{fe()\)})>}.

eclk ELCE\ecE e¢E

In the case of (i) of Proposition 1.1, equations (1.20) and (1.21) describe the splitting of the
integrand corresponding to each fixed locus Zr in the sense of (1.9) between the strands of T
Summing over all possible strands as in Subsection 2.2, we obtain

0 _1\a—+a .
A=Y ¥ (W;mm:om@zo{h;“h;“*Z@(hl,hz,m}
m=0 I=m

a_lay!
a_+ar+ Y. a;=m
=1 (2.18)

a4,a;>0
l=m a
< T1 (_all!) lmﬁzo{h—alzi*(h, u)}>

=1

This is the analogue of (2.16). In this case, we use Lemma 3.6, in addition to Lemma 3.4 and the
Residue Theorem on S2, to obtain (2.18) from the analogue of (2.12) for A;(u). The sum is taken
over every possible number m of strands with one marked point. The ends of the distinguished
strand I'y are ordered, accounting for the factor of 1/2 in (1.24). By Lemma 2.3, Z is regularizable
at h=0. Therefore, (ii) of Lemma 2.2 reduces the right-hand side of (2.18) to the right-hand side
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of (1.27).

In the case of (ii) of Proposition 1.1, the analogue of (2.18) is easily seen to be

~ B 1 >0 (—1)a7+a+ —Q— 3 —Q4 SFx
Aw(u)—mmzo Zl_ <mmhlzomm:0{h1 hy ij(hl,hz,u)}
k7éj a—+ay+ao+ li aj=m
=1
ag,a4,a;>0
(_1)[10 —ap z* T (_1)0,[ —ay 7%
X 9%:0{71 Zji(hau)}'lj o 9%:0{71 Zj(ﬁ,u)} :

In this case, Lemma 3.5 is used in addition to Lemmas 3.4 and 3.6 and the Residue Theorem
on S2. Lemmas 2.2 and 2.3 reduce the right-hand side of the above expression to the right-hand
side of (1.28).

In the case of (i) of Proposition 1.2, (1.37) and (1.38) describe the splitting of the integrand for
the fixed locus Zr between the strands of I'. Let

[L1pi(0i—ak+h)
(nai+h)(hi+1)

Edg_ = Edg(vo) —Edg,,  my=|Edg,|,  U(h¢)=—
The analogue of (2.12) is then

e(V)evidi _ (b ( e(Vé)eVT@')
/ér e(NZNF) //\71,va1(uo)XPm+1{ (5 9) H /ZFe e(NZFe)

eckdg

<1l </Zre( wig)(a(}gﬂﬁ}n:wrﬂl

ecEdg_

(2.19)

We now sum (2.19) over all possibilities for I'c with e € Edg_. In contrast to the three cases
encountered above, I, can be any graph with one marked point such that u(1) =4, as long as
the edge leaving the vertex (1) is not labeled d(I") or its other end is not labeled u(I'). This
restriction is due to (1.30). By (1.9) applied to the function Z/*(h,u) defined in (2.8), the sum over
such graphs I'¢ is

Z / VO evy (252
2, (h—1pe)e(NZr,)

(k(ve), a(e))i(ua“) (1))
V evio;
= Z*(h,u) — / 0)evig: (2.20)
7 ( ) Z ZFE _ NZFE)

(n(ve), ”(E)) (#(F> ()
1
P Rompr {207 (2,0) ],

since Yr = (a,r)—ai)/0(I"). The last equality uses (3.21) and (2.8). On the other hand, summing
over all possibilities for I'. with e€ Edg, , without changing (u(I'),9(I")), we obtain

e(V))ev (bl e
Z /ZF e(Vp)evidi 1 =Ry {2 (2,0) }, (2.21)

(n(ve), a(e)) (#(F) ()

= Zz,*(hv u) -
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also by (3.21) and (2.8).

By (2.20) and (2.21), the sum of the terms in (2.19) with Edg(vo), Edg,, and (u(T"),0(I")) fixed is

//\N/tl,val(w)x]?m+1{ H <9QZ:¢,F{ZZ(*(Z,U)})\I/(FL,1/))

ecEdg

< (zHt - o ze)

ecEdg_ h—”L/JF

-/ { [T (Femin{ 20w}

Ml,\val(vo)\ eEEdg+

h= A
vt (2.22)

><DT*‘1<W<¢F+A;&> Il(zfo¢p+xﬂo——A—%Rxww{2f<%1”}>>}'

ecEdg_

By the last expression in (2.22) and Lemmas 2.4 and 3.4, the sum of the terms in (2.19) with only
m=|Edg(vo)| and (u(T"),0(T")) fixed is

J;

B (V) T 200

1,|val(vg)] ecEdg(vo)
_ Eymml, P TR Hk#i(ai_ak—i—z)zl(*(zju)m (2.23)
24 =5m (noi+z)
—1)"m! [Tprzi(i—ar+2)
= a —o; 2, U .
24 p=—t) (na+2)2? !

The first equality above follows from (1.34), while the second one follows from (2.8).

Finally, taking into account (1.13) and the group of symmetries, i.e. S,,, and summing (2.23) over
all possible numbers of one-pointed strands, i.e. m > 1, and all possible values of (u(T"),d(T")), we
obtain

no; S m [lizi(ci—on+h) m
Bil) =5 oY Y (R, e 2 )

naj# d:iom:1 My —og+h)  ZF (R, u) (2:24)
_ 1 o =1\ — g 4 )
24 ;;mk%{ (na;+h)h3 1+z;(h,u)}'

The first claim of Proposition 1.2 now follows from the Residue Theorem on S? and Lemma 3.4.

The proof of (ii) of Proposition 1.2 is nearly identical. In the starting equation (2.19), i is replaced
by j and the entire expression is divided by [], y (aj—ag;). One of the strands now has two marked
points and there are m > 0 other strands. The two-pointed strand can appear as an element of
Edg, as well as of Edg_ and contributes to Z7;(h, u) instead of Z7(h,u). The number |val(vo)| is
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still m+1. Therefore, (2.24) becomes

~ B naj Hk;éj(aj_ak+h) ¥ m ook
Bij(u) = T (o —an) ZZZ h=2L “J{ (na;+h)h Zj(h,u) Zji(h’u)}

i l#j d=1m=0
_ najzzm - {Hiz?(aj—ak+h) 25 (h,u) }
k];[ aj—oy) = = (naj+h)h?  1+Z¥(hu) |
j

The second claim of Proposition 1.2 now follows from the Residue Theorem, along with Lemmas 3.4
and 3.5.

Remark: In (i) and (ii) of Proposition 1.1, |val(vg)|=m+3, where m is the number of one-pointed
strands. Of the extra 3, 2 comes from the distinguished strand I' .. The remaining 1 comes from the
marked point 1 that lies on the contracted component Cy,,, corresponding to the vertex vy in (i) and
from the second distinguished strand T'g in (ii). In (i) and (ii) of Proposition 1.2, |val(vg)|=m+1,
where m is again the number of one-pointed strands. The extra 1 comes from the marked point 1
that lies on Cy,, in (i) and from the two-pointed strand in (ii).

3 Algebraic computations

In this section we use Lemmas 3.3-3.6 to deduce the main theorem of this paper, Theorem 3 below,
from Propositions 1.1, 1.2, 3.1, and 3.2. Theorem 3 expresses the contribution from each of the two
types of T-fixed loci in smgl(]?"—l, d) to the generating function Fy(u) for the reduced genus 1 GW-
invariants of a degree n hypersurface in P"~! in terms of hypergeometric series. Along with (1.15),
it immediately implies Theorem 2. Propositions 3.1 and 3.2 describe the structure of the function
R=R(w,t) defined in (2.6) at w=0 and w =00, respectively; they are proved in [ZaZ]. Lemma 3.3
serves a tool for extracting the non-equivariant part of an equivariant cohomology class, while
Lemmas 3.4-3.6 recall the relevant information about genus 0 generating functions. Let

1(e') = Rp—o{ In R(h_l,t)} —t. (3.1)

Theorem 3 The generating function Fo(u) defined in (1.14) is given by

i (fl(et) + B(et)),

Ty _

where T and t are related by the mirror map (0.17) and

n—3
Ael) = %(7(71—2;211—1—1)#(615) — —(n—2)2(jn—5) In (1—nnet) — Z (n—;—p) In Ip,p(t)> (3.2)

p=0
~ (n=2)(n+1) 2t 1n (1 )—i-z(n 3/2%1111' »(t), if 2 fn;
T — (e") — ”4—_821D( ) Z(n 4)/2 (n— 2p)(n 2—2p) In1, ( ), i 2m;
B(e!) = <(n—2ién—|—1) + ! —2(in—2n)"> (T'—t) — %u(ef) + i In (1 —n"e") (3.3)

n?— —n)" T w)" =
+ L ;—47(11 ) InZpo(t) + — Z <DZ)_2_7’8::__TZ))> (DP In R(w, t))
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are T-integrals of the contributions of the effective fized loci of Subsection 1.3 and of the boundary
fized loci of Subsection 1.4, respectively.

The next two propositions, which are proved in [ZaZ], are used in the proof of Theorem 3 in
Subsection 3.3.

Proposition 3.1 (i) There exist I, €Q[[e!]] for p,r €Zt with r>p such that

Ip,q(t) = Z (q_r)!fpﬂ“(t) v p7q€Z+ thh qu

and the constant term of fp,r 1s 1 for r=p and is 0 for r>p.
(i) The power series I, in €' with p=0,1,...,n—1 satisfy

on()(t)flyl(t) . In_lyn_l(t)(l—n"et) = 1, (34)
Too(®)" i (t)" 2. Ty1 1 () (1—nmet) 02 = 1, (3.5)
Ip7p(t) = n—l—p,n—l—p(t) v pIO, 1, ‘e ,n—l. (36)

Proposition 3.2 For alln€Z™,

ple') = /:t (1—n"U?)L‘1/" “du € ot - Q[ (3.7)
The coefficients of the power series
Qhye') = e VPR 1) € Q(R)[[e]] (3.8)
are holomorphic at h=0. Furthermore,
Bo(e') = Q(0,¢') = (1—n"e!) ™" (3.9)
Dy (eh) = d%@(h, et)‘h:o - %((1%”&)‘“ - (1—n"et)_1>. (3.10)

Any one of the identities in (3.4)-(3.6) is implied by the others. We state them all for convenience.
A simple algorithm for determining all coefficients of the expansion of Q at h=0 is provided by
[ZaZ, Theorem 1.5]; these may be needed for computing higher-genus GW-invariants of projective
CY-hypersurfaces.

3.1 Linear independence in symmetric rational functions

In this subsection we prove a lemma showing that most terms appearing in our computation of
F(a,z,u) can be ignored if our only aim is to determine Fo(u).

For each pe|n], let o, be the p-th elementary symmetric polynomial in a;, ..., a,. Denote by
Q[a]®" = Qlav, ..., an]”" C Qla, ..., o)
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the subspace of symmetric polynomials, by

TcC Q[a]s"

the ideal generated by o1,...,0,-1, and by
Q[a]sn = Q[ah cee 70571]?’”, } i£k) - @a

a]7(aj_ak)‘.]7é

the subalgebra of symmetric rational functions in aq, ..., o, whose denominators are products of
aj and (a;—ay) with j#k. For each i=1,...,n, let

~‘ Sni — Sn 1
Qila] =t = Qlan, - anl( ooy © Qa

be the subalgebra consisting of rational functions symmetric in {ay: k#4} and with denominators
that are products of a; and (o; —ay) with k#i. Let

Ki = Span{I . Qi[a]s’“l, {1, a4, . .. ,a?_?’,a?_l} . @[a]s"} (3.11)

be the linear span (over Q) of Z - @i[a]s"*l and af'Q[a]Sn with p=0,1,...,n—-3,n—1. If f,9€Q,,
we will write

f=ig i f-geky (3.12)
Lemma 3.3 (i) The ideal T does not contain the product of any powers of oy, and
D= H —ozk
Jj#k
(ii) If n>2, the linear span of a?_2 is disjoint from IC;:

Span{a?‘z} NK; = {0} C Qq.

Proof: (i) Suppose me€ ZT. If ay, ..., a, are the n distinct roots of the polynomial ™ —1, then
o1(aq,...,0p), ... op—1(aq,...,an) =0, but on(ar,...,an)"D(aq, ... an)™ #0.
Thus, o' D™ ¢1.

(ii) Every polynomial in a, . . . , a,, which is symmetric in {ay: k#i} can be written as a polynomial
in ; with coefficients in Q[a]®". Thus, suppose
- 2
n—1 __ Zr 0 O‘Tfr ZZ 0 apgp + azngn
al = — — + —, (3.13)
" [ Tjops (i — ) o 1120 (0 — o)
where meZt, N=n(m+1)-2, f. €T, gpeQ[a]S"

Multiplying out the denominators, we obtain

atompm = ZofF —|—Za Gp + ' gn, where N =n(mn+1)-2, F. €T.
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It follows that

=n xn—l
> mxmi{T‘fﬁan}
i=1 f—1 (T—ay)
. - (3.14)
i=n 1 r=N n—2
= Z%x:al{T< Z gijr + Z{]j‘pgp + [L‘ngn> }
i=1 j—1 (T—ag) \ 125 p=0

By the Residue Theorem on S?, both sides of (3.14) equal to the negative of the residues of the
corresponding one-forms at x=o00. Thus,

r=K
1-oD™ = > Fr+01gs, where F. €T (3.15)

r=n—1
Note that F, € T because F, € Z. Thus, (3.15) contradicts the first statement of the lemma, and
(3.13) cannot hold.

Remark: The proof of (i) of Lemma 3.3 shows that its statement remains valid if n—2 is replaced
by any p=0,1,...,n—1, in the definition of I; and in the statement of (ii).
3.2 The genus 0 generating functions

By Subsections 1.2-1.4, the generating function F(a, a;, u) for the reduced genus 1 GW-invariants
of a degree n hypersurface in P"~! is given by

Flo,ai,u) = A;j(u) + Z_: ftw(u) + B;(u) + lg’ij(u); (3.16)
j=1

J

Il
—

see (1.16) for the definition of F(«, o, u). Propositions 1.1 and 1.2 express the four terms on the
right-hand side of (3.16) in terms of the generating functions for genus 0 GW-invariants defined
in (1.22)-(1.24). These functions have been previously computed in terms of hypergeometric series.
We describe them in this subsection. For the rest of Section 3, we assume that n > 2.

Let
1 & 1= (na+rh)
V(h,z,et) = el —— — =l — : (3.17)
Too(t) Z; L=} (I (e —antrh) — [Tzt (2 —a))
If peZ*, let
h d h d
V,(h,z, e :e_xt/h{ —}{——} "Iy (h, x, et)). 3.18
g ) I, ,(t) dt I () dt ( ( ) (3.18)
In particular,
Yo(h,z,e') = Y(h,z,e") and Vi(h,x,e) = ajﬂ + hi Y(h,z,e") (3.19)
) b b ) ) ) dT dT ) ) )

if T and t are related by the mirror transformation (0.17). Let
V(hi, hy,z,el) = x Z Vp(h1,z, €)Y, (ha, x,€") + DY (b, €)Vnoi1 (g, x,et). (3.20)

p+g=n—2
p,q>0
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Lemma 3.4 The power series Z}(h,u) is rational in h€ S% and vanishes to second order at h=oo.
It has simple poles at h=(a;j—y)/d, with j#i and d€Z™, and another pole at h=0. Furthermore,

Ry —ar)/al 27 (u) } = Z/ e(%) evl%, (3.21)

where the sum is taken over the two-pointed trees I' as in (1.17) such that the marked point 1 is
attached to a vertexr vo=n(1) of valence 2, u(vg) =1, u(v)=j for the unique vertex v adjacent to vy,
and 0({vg,v})=d. Finally, for all z=0, 00, —na; and a€Z,

a

%ﬁ:z{ nafj—i—h (1+27(h,e) - et=Ti/my (o, et))} € (T Qi[a)1)[[e']]. (3.22)

Lemma 3.5 The power series hZ;Z-(h, u) is rational in h€ S? and vanishes at h=o00. It has simple
poles at h=(oy—a;)/d, with 1#j and d€Z™, and another pole at h=0. Furthermore,

e(Vp) i
o)yl B2 ()} = Z/ 0 GX}?:V2¢ , (3.23)

where the sum is taken over the two-pointed trees I' as in (1.17) such that the marked point 1 is
attached to a vertex vo=n(1) of valence 2, u(vo) =74, p(v)=I for the unique vertex v adjacent to vy,
and 3({vo,v})=d. Finally, for all z=0,00, —na; and a€Z,

he " Ya
mﬁzz{m( i -2 +FLZ (h e ) Oé (t T) J/hyl(h Qaj,€e ))} € Kij[[et]], (324)
where Kij ={1,0q,... a3 a1 Qjlal Tt @ TP Qe

Lemma 3.6 The power series hlhggfi(hl, hg,u) is rational in hy € S? and vanishes at hy =00. It
has simple poles at hy = (aj—a;)/d, with j#i and d€Z™, and another pole at hy =0. Furthermore,

e(V))evigevio;
mhlz(a]‘—ai)/d{2h1h2 hl,hg, } Z/ h2_0¢2 1¢N;i) (3.25)

where the sum is taken over the two-pointed trees I' as in (1.17) such that the marked point 1 is
attached to a vertexr vo=n(1) of valence 2, u(vg) =1, u(v)=j for the unique vertex v adjacent to vy,
and d({vg,v})=d. The analogous statements hold for he. Finally, for all a1,a2€Z",

mhlzomhgzo{h‘p hg <2h1 o Z (R, eT)

3.26
e(t=T)ai(hy 475 ") - ( )

- ?(hl,hz,ai,et)>} € (Z-Qifa)®)[[e]-

h1+ho

All statements concerning rationality of Z* ; Z5;, and Z7 in these three lemmas refer to rationality

of the coefficients of the powers of €. Lemma 3.4 is proved in [MirSym, Chapter 30]; Lemmas 3.5
and 3.6 are proved in [Z4].2° For example, the conclusion of [MirSym, Section 30.4] is that

00 | r=d
1427 (h, eT) — ec(et)Ul/he(t—T)ai/hy(h, ai,et), where C(u) = — Zud<(nd) Z l>

N\n
d=1 (d) r=1 "

20Tn fact, Lemma 3.4 is essentially the main result of [MirSym, Chapter 30], while Lemmas 3.5 and 3.6 are essentially
the main results of [Z4].

36



This statement clearly implies (3.22), provided n >2 so that o; €Z.

The differences in (3.22), (3.24), and (3.26) are of course symmetric in the o’s in every appropriate
sense. For example, any of the differences in (3.22) is the evaluation at z=a; of a power series in
e! with coefficients in the rational functions in x, o1, ...,0,—1. This is immediate from the explicit

formulas for Z¥, 2%, and Z;; in [MirSym, Chapter 30] and in [Z4]. This symmetry is used in the

next subsection in the computation of the contributions of ftij and Bw

3.3 Proof of Theorem 3

We will use Lemma 3.3, along with Lemmas 3.4-3.6, to extract the coefficients of a?_2 from the
expressions of Propositions 1.1 and 1.2 modulo K;[[u]]. In the notation of Theorem 3, the two
coefficients are %A(et) and %B(et). Let =; be as in (3.12), with its meaning extended to power
series in e’ in the natural way.

We begin by defining the analogues of the power series Y(h, z,u) and Yp(h, x,u) without the o’s.
Let
=~ a_ L= (na+rh)

h,z,e) . 3.27
Y = IL=5 ((@+rh)m —am) (3.27)
If peZ™, let
h d h d
Y. ty —xt/h -\ - xt/ﬁY t ) D)

p(h,l’, € ) € Ip7p(t) dt _[171(t) dt (e (h7 :E7e )) (3 8)

Similarly to (3.19)
Yo(h,z,e') =Y (h,z,e") and Yi(h,x,e') = azﬂ + hi Y (h,x,e") (3.29)

0 ) ) ) ) 1 ) ) dT dT ) ) 7 *

if T and t are related by the mirror transformation (0.17). Let

Y (hyhy,wel) =2 Yyp(ha, o, e")Yy(hy, w,e') + 2~ VY, g (B, 2, €)Y (ho, 2 €f). (3.30)

p+q=n—2
P,q2>0
We note that
k=n k=n
< H(x—ak—l-rh) - H(:U—ak)> — ((z+rh)™ — ™) € Z[h, x]. (3.31)
k=1 k=1

It follows that

h® h®
mhzz{nai+hy(h’ ai,u)} — (%ﬁzzz{n$+hY(h,x,u)})

= %n:z{ " Y(h, ai,u)} —iﬁﬁ:z{iy(ﬁv ai,u)} € (I‘@i[a]s’rl) [[u]]

(3.32)

=0y

no;+h no;+h

for all a € Z, z=0,00,—na; and the corresponding 2z’ =0, 00, —nz. The equality in (3.32) holds
because the evaluation at z=q; of the residue of h*Y (h,z,u)/(nz+h) at h=2' is defined, i.e. the
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evaluation of Y (h, x,u) at x=cq; does not change the order of the pole of (the coefficient of each u?
in) Y (h,z,u). This is the reason we modify the denominators of [MirSym, Chapter 30] and of [Z4]
by subtracting off sz?(w—ak) This modification has no effect on the evaluation maps x — «;.

We now use Lemmas 3.4-3.6 and (3.32) to extract the “relevant” part from the expressions of
Proposition 1.1 and 1.2. If n;(u) and p(u) are as in (1.25) and (3.1), respectively, then

ni(el) — (t =T+ p(e"))a; € (T- @i[a]s’“l) [[¢']] (3.33)
by (3.22) and (3.32). Similarly, if ®¢(a;,u) and ®o(u) are as in (1.26) and (3.9), respectively, then

) eT . (I)O(et) . '()457“1 et
Do(ai,e) Tooleh) (Z-Qile]”"1) [[€']] (3.34)

by (3.22), (3.32), and (3.33). By (1.27), (3.26), (3.33), and (3.34),

Ai(eh) — A(eh)a? ™2 € (T- @i[a]s’“l) [Te']], (3.35)
where
Too(e!) er(E)(h +hg ")
(e') = 2y (! )mhl —0Rny—04 Iy thyt P~ Y (B, g, 1,€) . (3.36)
On the other hand, by (3.24), (3.32), and (3.33),
Rumo{e VM Z5 (R eT)} 2 (= 1+ A(e)afay, (3.37)
where
Ale') = D‘iﬁ:o{h_le_“(et)/hYl(h, 1, et)}
_ d(t—i—,u(et)) d ot
= Ry_ D Sl Sk Sar) — pu(e’)/h t 3.38
mm{h { = +th}(e Y(h1,e") (3.38)

d(t+u(t)) - d(t+p(e")) Do(e")
Ay ity = D 0l

The first equality in (3.38) follows from (3.29), the second from the holomorphicity statement of
Proposition 3.2, and the last from (3.27) and (3.9). By (1.28), (3.35), and (3.37),

J=n

= ; B ajA;(eh)
Z::A ( L+Al ));Hk;ﬁj(aj—ak)

ol (14 Al Zmz {—1 } (3.39)

p1 (2 —a)

Zn—l

= (- 1+ A(et))A(et)mFoo{T
p—1 (Z— )

} =al?(— 1+ A(e")) Aeh).
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The first equality above follows from the Residue Theorem on S2. Thus, by (3.35) and (3.38),

Jj=n t
T+ EZ: Aij(el) = a2 d(t;;(t)) i(?(f?t; Aleh), (3.40)

with A(e') defined by (3.36).

We next reduce the right-hand side of (3.36) to the explicit form of Theorem 3. Let

1

TACIIAO] Vp=0,1,.... (3.41)

L(e") = (1- n”et)l/n and fo(eh) =

By (3.8), (3.28), and (3.7),

e MRy (1, ety = Ip;(t){d(tt;(t)) n h%} N Ilj(t) {d(tZ?(t)) n h%} (Q(ﬁ,e )

:fp(et){l—i-hL( )d} fale ){1+hL( )jt}(%(()z,(i;))

for all p>0. Thus, by (3.9), (3.10), and the regularity statement of Proposition 3.2,
@I(JO)(et) = mhzo{h e Hle )/hY h,1,e") } H fr(€e); (3.42)

@(1)(et)59ih:0{h e He! /hY h,1, e }

et)<§fr( >< +p§p— A t)> (3.43)

r=

where ’ denotes the derivative with respect to t. Note that by (3.4) and (3.5),
@(0)1(et) =1 and @(1)1(et) = L(e")®(eh).

Thus, by (3.30), (3.42), and (3.43),

o—n(et) (At +hy Y (1) (0)
R, —0Rhn,— i, ho, 1, ol 0, ()0 ¢
h1=0 hz—O{ T (P 22) Y (h1,he, 1, €' }pﬂz% 2 () + 100,21 (€")
»,q>0 _2p_1 (344)
_ t t f/(et)
= L(e") (n®1(e) + DD (0—r)
p=0 r=0 Fr(€)

The last equality uses (3.6), followed by (3.4).

By (3.40), (3.36), (3.44), (0.17), (3.7), and (3.10), the contribution of the fixed loci of Proposition 1.1
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is

n—2)(n o - == /n— foeh)
2[1711(15)(( 231(1 - (L(e) t— L(e") )+Z< ; P> (et))

p=0

Ip
1 d [ (n—2)(n+1 . n—3 n1_
= 211’1(75)&<( gi i )<(t+u(e )) = (t—nlnL(e )+Z::< p) In f,(e ))

1d ((n=2)(n+1) . (n—2)(3n—5) o D n—1-p
_§ﬁ<Tu(e)—Tln(l—n ') — 0( 5 >lnlp,p(t)).

p=

The first equality above uses (3.41) and (3.7); the second one also uses (0.16) and (0.17). We have
now proved the first statement of Theorem 3; the second form of the expression in (3.2) is easily
obtainable from the first using (3.4)-(3.6).

We compute the contributions of the terms B;(u) and B;;(u) of Proposition 1.2 to Fo(u) similarly.
However, before proceeding, we observe that the a-free analogue of the term sz?(ai—ak +h) in
the numerators in (1.39) and (1.40) is (z+h)™ —2™. The reason is the r =1 case of (3.31) and
that subtracting off sz?(w—ak) from the numerators has no effect on the evaluation maps z — «;.

By (1.39), (3.22), and (3.32),
Bi(e!) =; a2 B(eh), where

1+h)" —1 ED/hy (B 1, et) — 1
B(e!) = —mﬁ_OOO n (1+h) - — h( )t .
24 (n+h)h et=T)/hY (B 1, et)

On the other hand, by (1.40), (3.22), (3.24), (3.32), and (3.29),

~ najag 2

Bij(e") =i —

R o [ Lo+ —af DRy, (B 0y, ) — ay
24 ]}z (0 —aw) " TV (nag )RS et /hY (b oy, et)

___mafTapt (L +h)"—1 {1+ Ao} (DY (B 1,et)) — 1
T Uy (ag—a) T (k3 e@=/RY (b1, €t

a2t

_ %Y _ d
N Hk#(aj—ak)( B( ) * dTB( ))
where
B(e') = Bo(e') + Boo(e') + Bn(e"),

Bu(e!) = —;—4%2{% i (=T 1, ) } (3.45)

Thus, applying the Residue Theorem on S? as in (3.39), we obtain

Bi(e") + ) Bij(e!) = a2 B(e"). (3.46)
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It remains to compute the three residues Bz(et). For z=—n, the pole is simple. Since
e’hY (B 1,et) = R(h1,t) and R(—n~1t) = e_t/”/fovo(t)

with R as in Subsection 0.3, we obtain

Boyel) =~ (1_7;): -1 (t_T _ 1n10,0(t)>. (3.47)

The residue at z=0 is computed using Proposition 3.2:

_ n <(n 2)(n+1)

Bo(et) = 24 o (t—T—i—,u(et)) + In <I>0(et) —In on()(et)> . (348)

Finally, note that

_ t)
ey (w,1,et) = R(w,t) =1 + Tw +E — i,
( ) (-] 100(75)

Thus,

Boo(eh) = %mwzo{%( —Tw + lnR(w,t))}

- %{ —TD3 ( (izg;) + DZ’_2<81_:207; In R(w,t)> } (3.49)
n—2

(
= % Z (Dw P ((i_{_nl)) (D In R(w, t)).
p=2

The remaining statement of Theorem 3 is obtained by adding up (3.47)-(3.49).

A Some combinatorics

This appendix contains the computational steps omitted in the proof of Lemma 2.2, as well as the
proof of Lemma 2.4.

Lemma A.1 For all >0, N>0, and q1,...,qn >0,

s -

Ti=y Ai=b =1
B =0
For all >0 and a>1,
szo b)a+b  (a+q)

For all ¢>0 and a,s>0,

i(—nb(z{) :ﬁ(r+b) = (~1)%s! <s“ ) (A.3)
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Proof: (1) Each summand on the left side of (A.1) is the total number of ways to choose 3; elements
from a gj-element set for [=1,..., N. Thus, the number on the left side of (A.1) is the number of
ways to choose bzztjlv 0; elements from a set with E%Zf{ q; elements.

(2) The identity (A.2) is satisfied for ¢=0. Suppose (A.2) holds for all a>1 and some ¢>0. Then,

> () R () ()

b=0 b=0
D) o (2D (g
B g a+b (b) C Satlb <b>
~ (a—=1)!¢! alg (a—=1)!(g+1)!
" (atq)!  (atl+q)! (atgrD)!

as needed.

(3) With ¢, a, and s as in (A.3),

i(—l)b@) T+ = {%}s<i(_1)b<z>xa+b>

b=0 r=a—s+1 b=0 =1
S S((l—ﬂf)qﬂ?“) = (7)(-1g “
dx z=1 q (a—s+q)!’
as claimed.
For each k€Z, let
(k] ={leZ":1<I<k}
as before. If a=(a1,...,ax) is a tuple of nonnegative integers, define

i=k i=k
\a!zZai, a!:Hai!, S(a):{(i,j):jzl,...,a,-; izl,...,k}.
i=1 i=1

If b is an integer, possibly negative, let

loa|+D0Y) loa| + b
ab ) \ai,...,apb)
Denote by (Z*)? the 0-dimensional lattice.
Proof of (2.3): Suppose k€ Z*, a€(ZT)¥, and g€ (Z*)* is a tuple of distinct nonnegative integers.

With C; as in (2.5), we will compare the coefficients of

i=k
cg =Tl s
i=1
on the two sides of (2.3). By (2.6), for each 3€ (Z)5(®) and every choice of k distinguished disjoint
subsets of [a+2+[f] of cardinalities a1,. .., ag, the term CZ' appears in the m=a+2+|3| summand
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on the left side of (2.3) with the coefficient

—1)Bij qi+1-0Bi,; a+2+a-q .
el ] <( Dot >:77 11 (_1)ﬁi,j<q2+1>,21 (A4)

;! i+1—05; )] 1)l 5
(.))ES(@) B 2 (q + B ,j) (@H’ ) (i./)ES(a) B JJ
where
i=k i=k
a'qzzai% and  (¢+1)I* :H((Qi+1)!)al-
i=1 i=1

Since the number of above choices is

( a+2+|p| >
a,a+2+ 8=l )’

it follows that the coefficient of C* on the left-hand side of (2.3) is

a+2+a-q 1 2 i

. a+2+|0| > Biy (41

_1) % . (A5)
1)la Z 2 1 < 2 — H ( i,J

(4+1) Be(Z+)S(@) (a+2+[B)(a+1+]5]) \e, a+2+|6]—|of (i.7)€S(a) 7

If k=0 and thus (Z1)%(® = {0}, this expression reduces to a!n®2/(a+2)!. By (2.6), this is the
term on the right-hand side of (2.3) that does not involve any C,. If k>1, (A.5) becomes

et 22 1y (a g+ Ia!> 1 (a+2+Db)!
(g+1)*al &= b (a+2+b)(a+1+b) (a+2+b—|a|)!

pet2 L if [of=1;
—al—— x ,
(a+|ql+2)! 0, if|a|>2;

by Lemma A.1. By (2.6), this is also the coefficient of C¢' on right-hand side of (2.3).

Proof of (2.4): The coefficient of C¢' in the m =a+|3| summand on the left side of (2.4) is again
given by the first expression in (A.4). Thus, the coefficient of C¢' on the left-hand side of (2.4) is

e, 5 abata) JL0RC) e

Be(Z+)S(@ (4,5)€S(cx)

If k=0, this expression reduces to n®. If k>1, (A.6) becomes

ataq X . ! if 1ol =0:
n bl q+ |a]> (a+D)! lal. a 1, if |¢|=0;
N1 T x
(g+1)!la! b:O( ) ( b (a+b—|af)! (=" 0, if|q|>1;

by Lemma A.1, as required.
Proof of Lemma 2.J: For each e€ E, let

Te = mA:O{f@()‘)}v ge(A) = fe(N) — red !, he(A) = Afe(A) = re + Age(A).

2n the first product, the (i, j)-factor is defined to be zero if 3; ; > (gi+1)
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Since f. has at most a simple pole at A=0, g. and h, are holomorphic at A=0 and
DIth, =Dlrge YV j.>0.
Since [],cpfe(A) has a pole of order at most |E| at A=0,

([} - o L) o { [} o

eek eek > je=|E|-1e€E
e€E

= { HTG < D]e+1 > }
eEE+ > Je —|E+| 1 egE
6€E+
= { HTG Z < Dg\ege> }
6€E+ : 6€E+
{ 'D'EH ! < H.ge> }7
e€E+ edE

as claimed.

B Comparison of mirror symmetry formulations

In this appendix we compare a number of mirror symmetry formulations for genus 0 and genus 1
curves in a quintic threefold. In all cases, the predictions are of the form

Fg™(T) = Fy(t),

where ¢g=0, 1, F, ;Op (T") is a generating function for the genus ¢ GW-invariants of a quintic threefold
(related to an A-model correlation function), Fy(t) is an explicit function of ¢ (related to a B-model
correlation function), and 7= 7 (t) for some function J (called a mirror transformation).

In [CaDGP], the variables on the B-side and A-side are ¢ and ¢, respectively. Let

—~

5d)!
(dh)?

(54) 7

3
=

I

+
NE

a
Il

1

this is equation (3.8) in [CaDGP]| with n replaced by d. The mirror transformation is defined by
equation (5.9):

[e9) 5d
tzj(l/})z—%{ln 5ep) — d; (;m%)}

The mirror symmetry prediction for genus 0 curves is given in [CaDGP] in equation (5.13):
i 2midt 2 3
¢ 59 5 /di
’ @ it o (—) : B.1
~I—;no,d 1 — e2midt (1—¢5)w8(¢) <2m d (B.1)

44




where ng 4 is the genus 0 degree d instanton number of a quintic. These numbers are related to
the genus 0 GW-invariants by the formula

(B.2)

n 00 0

Od

N()d = Z ! < ZNQddg d—
dida= =1

The right-hand side of (B.1) replaces the function k44 appearing in [CaDGP, (5.13)], using [CaDGP,
(5.11)] and the following two lines.

In [CoKa, Chapter 2], the B-side variable is x and the variables on A-side are s and g=e®. Let

wo() =14 D s (o) nle) = wola +5Z —2)'( Y o).
d=1 r=d+1

These equations are (2.23) and (2.24) in [CoKa]. The mirror transformation is given by
s = =uyi(z /yo and q=e° = e (@)/v@) (B.3)

The mirror symmetry prediction for genus 0 curves is given in [CoKa] in equation (2.26):

oo d 3
q ) qdz
5 & = =—). B.4
The relation with variables in [CaDGP] is
—(5¢) 75, s = 2mit, q =’ (B.5)

With these identifications, yo(z) =wo(¢), J(x) of [CoKa] is J(¢) of [CaDGP] times 27i, and the
right-hand sides of (B.1) and (B.4) are the same.

In [MirSym, Chapters 29,30], the variables on the B and A sides are ¢ and 7. The mirror trans-
formation is given by

T =J(t) = J(t) = Li(t)/Io(t)

where I, and J; are as in (0.1) and (0.3). The mirror symmetry prediction for genus 0 curves is
formulated in [MirSym, (29.2)] as

s H? s O (H+kd)T .
T J d H*. B.6
* 5 d§=:1 ;: H+kd)? Z o (B.6)
Using (B.2), (B.6) can be re-written as
=2 i H2 0 i=3 i
Z il ZNO d(d—2H)e (Ht+d)T Z Ji(t)H mod H?. (B.7)
=0 d=1 i=0

The relation (0.4) is obtained by extracting the H? and H3-terms from (B.7); it is the statement
of [MirSym, Exercise 29.2.2], minus a typo. The relation with variables in [CoKa] is

r=—c, s=T, and q=c¢T. (B.8)
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With these identifications, I;(t) = y;(z) and J(t) of [MirSym] is precisely J(z) of [CoKal. It is
shown at the very end of [CoKa, Chapter 2] that the third derivative of the right-hand side of (0.4)
with respect to s=T is the right-hand side of (B.4). We note that throughout Section 2.6 of [CoKa)

(in contrast to Section 2.4),
5 q /dx 3
Y(g) = ——2 (£(22)) .
9= 5w (5(@)

The relation between x and ¢ is described in the previous paragraph. In Section 2.5, this function Y
is called the normalized Yukawa coupling regarded as a function of q.

As in [CaDGP], the B-side and A-side variables in [BCOV] are ¢ and t. However, they are now
related by the mirror transformation

t=J() = {1n<5¢ fj o 5 %)} _—

d:l r=d+1

with 7" as in [MirSym, Chapters 29,30]. This is contrary to the suggestion in the paper that ¢ and
t are related in the same way as in [CaDGP]. Let

Aw) = ()" e () (B9)

see equation (23) in [BCOV]. The mirror symmetry prediction for genus 1 curves is given in
[BCOV] in equation (24):

d1d2 1 qd
-2 Z ny dldldg prITE ~ % anddl_ - = O F1 (), (B.10)
dioda=1 d=1

where g=e~" and ny 4 is the genus 1 degree-d instanton number of the quintic. These numbers are
related to the genus 1 GW-invariants by the formula

g 1 1
Nia= Y. n 1d1d2+ﬁ > n0.d1 -
dida=d dida—=d 2

s (B.11)

[e.e]
= ZNdeq andldldz gz 122 0.44

d=1 dy,do=1

where o, is the number of degree r unramified connected covers of a smooth genus 1 surface or
equivalently of subgroups of Z? of index r. Since this number is the same as the sum of positive

integer divisors of r,
T

Zarq _Z qqu (B.12)

r=1

This identity implies equivalence of the two equalities in (B.11).

Integrating both sides of (B.10) with respect to ¢ and using (B.11), we find that (B.10) is equiva-

lent to

46



for some constant C. This equality should be interpreted by moving 25¢/6 to the right-hand side
and expanding as a power series in ¢ at ¢ = 0. The relation between the variables in [BCOV]
and [CoKal is

= —(5h) 7, s=—t, and ¢q=q.

Thus, (B.13) is equivalent to

— d
'——s+zzN1dq <m-25/6yo<w>-62/3(1+5%) 1/6(§d—j)>, (B.14)

with ¢g=e*® and s and x related by the mirror transformation (B.3). In the notation of [MirSym)],
i.e. with identifications (B.8), (B.14) becomes

25
6

25

c" - T+2ZN1de :—Ft—kln<Io(t)_62/3(1—55et) Yo gy~ > (B.15)

It is straightforward to see that C”=0. Thus, (B.10) and (B.15) are equivalent to (0.5).

Remark: The conventions used in [K1Pa] to formulate a mirror symmetry prediction for the genus 1
GW-invariants of a sextic fourfold are the same as in [BCOV], except 5 above is replaced by 6
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