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Abstract

In this paper we compute certain two-point integrals over a moduli space of stable maps into
projective space. Computation of one-point analogues of these integrals constitutes a proof of
mirror symmetry for genus-zero one-point Gromov-Witten invariants of projective hypersur-
faces. The integrals computed in this paper constitute a significant portion in the proof of
mirror symmetry for genus-one GW-invariants completed in a separate paper. These integrals
also provide explicit mirror formulas for genus-zero two-point GW-invariants of projective hy-
persurfaces. The approach described in this paper leads to a reconstruction algorithm for all
genus-zero GW-invariants of projective hypersurfaces.
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1 Introduction

1.1 Background and Motivation

The theory of Gromov-Witten invariants has been greatly influenced by its interactions with string
theory. In particular, the mirror symmetry principle has led to completely unexpected predictions
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concerning GW-invariants of Calabi-Yau manifolds. The original prediction of [CDGP] for the
genus-zero GW-invariants of a quintic threefold was verified about ten years ago in a variety of
ways in [Ber|, [Ga], [Gi], [Le], and [LLY]. The 1993 prediction of [BCOV] for the genus-one GW-
invariants of a quintic threefold is verified in [Z], using the results of this paper.

The proof of the genus-zero mirror symmetry for a projective hypersurface X essentially consists
of computing certain equivariant integrals on moduli spaces ﬁo,m(]P’”_l, d) of stable degree-d maps
from genus-zero curves with m marked points into P”~!. While the integrals appearing in Chap-
ters 29 and 30 of [MirSym)] are over M o(P" L, d), the integrands involve only one marked point.
For this reason, such integrals can be easily expressed in terms of integrals on ﬁo,l(]?””, d) and
determine genus-zero one-point GW-invariants of X; see (1.2) below. In this paper we compute
integrals on ﬁog(]?”*l,d) with integrands involving both marked points. These integrals in a
sense correspond to arithmetic genus one and indeed constitute a significant portion of the proof
of mirror symmetry for genus-one GW-invariants in [Z]. Theorem 1.1 also provides closed mirror
formulas for genus-zero two-point GW-invariants of X, including with descendants. At the end of
Subsection 1.3, we describe the issue arising for integrals with more marked points, a potential way
of addressing it, and a reconstruction algorithm for genus-zero GW-invariants of X with descen-
dants.

Let 4 be the universal curve over 9, (P" "1, d), with structure map 7 and evaluation map ev:

ev

b1

|-

ﬁoﬂn (]Pmi 1 , d) .

Pnfl

In other words, the fiber of m over [C, f] is the curve C with m marked points, while
ev([C, f;2]) = f(2) it zeC.

If a is a positive integer, the sheaf
TV  Opn-1(a) — Mo (P71, d)

is locally free. We denote the corresponding vector bundle by Vy.! Its euler class, e(Vy), relates
genus-zero GW-invariants of a degree-a hypersurface in P*~! to genus-zero GW-invariants of P"~!;
see Section 26.1 in [MirSym]. For each i=1,...,m, there is a well-defined bundle map

evi: Vo — ev; Opn-1(a), evi([C, £3€]) = [€(=:(C))],
where z;(C) is the ith marked of C. Since it is surjective, its kernel is again a vector bundle. Let
Vo = kerevy — Mo (P",d)  and Vi =kerévy — Mo (P, d),

whenever m>1 and m > 2, respectively.?

!The fiber of Vy over a point [C, f] €Mo,m (P""1, d) is H°(C; f*Opn-1(a))/Aut(C, f).
2In Chapters 29 and 30 of [MirSym], the roles of the marked points 1 and 2 in (1.2) are switched; the analogues
of Vo and Vj over Mo 2(P", d) are denoted by Eo,q and Ej 4, respectively.



The standard action of the n-torus T on P"~! induces T-actions on ﬁo,m(]?”*l,d), U Vo, Vi,
and V(; see Subsections 3.1 and 3.2 for details on equivariant cohomology. In particular, Vo, V|,
and V) have well-defined equivariant euler classes

e(Vo),e(V)),e(V)) € Hi(Mom(P" 1, d)).

These classes are related by

e(Vo) = aevi(z)e(Vy) = aevi(z)e(Vy), (1.1)
where z € HA(P"1) is the equivariant hyperplane class. For each i=1,2,...,m, there is also a

well-defined equivariant 1-class,
¥; € Hi (Mo, (P, d)),
the first chern of the vertical cotangent line bundle of $f pull-backed to Mg, (P" 1, d) by the section
Mom(P"1d) — 4, [Cf] — [C, f;2:(C)].

Since My, (P" 1, d) is a smooth stack (orbifold), there is an integration-along-the-fiber homomor-
phism

/_ : Hir (Mo, (P, d)) — Hi =~ Qla, ..., an).
%,M(Pn—ld)
For each i=1,2,...,n, let

¢i € Hy(P" 1) ~ Qz, 1, ..., an) /(x—a1) ... (x—ap)

be the equivariant Poincare dual of the ith fixed point P;€P"~!. Let

Qa = Q(ala cee 7an)
denote the field of fractions in aq,...,qa,. For a=1,2,... n, an explicit algebraic formula for
[e.e]
e(V))
Z(h,o,u) =1+ ud/ 0 eviey

(1.2)

e <h £yl [ ol%%) evwi) € (@l 1) [[4]]

= Joea@n-1a)

is confirmed in Chapters 29 and 30 of [MirSym]. The equality in (1.2) is a straightforward conse-
quence of the string relation for GW-invariants; see Section 26.3 in [MirSym)].

One of the ingredients in genus-one localization computations is a two-pointed version of (1.2):

~ a oy
ki

0o d e(Vo)evigievio; o
+;u /m,2<pn1,d> () (ha— o) © (@[t 5z ]) [[]]-

(1.3)




Note that the term of degree zero in u above is symmetric in (h1, ;) and (he, o), just as are the
positive-degree terms. In turn, Z(hy, hg, o, aj, u) can be determined from the power series

> evigptl
Zp(has,u) = ol +> /% I Vh) 5 ’ evigi € (@a[[h’l]]ﬂ[uﬂ (1.4)

d=1

with p=—1,0,...,n—1. The seemingly unfortunate choice of indexing is partly motivated by the
central role played by the power series Z(h, a;, u) defined in (1.2) and the simple relation

ZO(E') (07%) U) == aiz(h’) [e7%) U),
which follows from (1.1), along with (3.9), (3.4), and (3.5). As shown in this paper,

g(hl,ﬁg,ai,aj,u) = a4 Z (—1)TJTZp(ﬁ1,ai,u)Zq,l(hg,aj,u), (15)
h1+ho
p+qg+r=n—1
where oy, is the pth elementary symmetric polynomial in «aq,..., ay; see Theorem 1.1.

Remark 1: The right-hand side of (1.5) is in fact symmetric in (A1, ;) and (h2, o), because
Zn_l(h,ozi,u) —Glzn_g(h,ai,u)—{—...—i-( 1) onZ (h o, U ) =0. (1.6)

The reason for this relation is explained in Subsection 1.3.

Remark 2: We will see in Subsection 1.2 that the power series Z,(h, a;,u) can be represented by
elements of Qu(R)[[u]]. The relation (1.5) might then suggest that the corresponding element of
Qq(h1, ho)[[u]] representing Z(hy, he, ai, aj,u) has a simple pole at hy = —hy. In fact, there is no
pole at iy =—hg, except in degree zero. This is immediate from the localization formula (3.9); see
also Subsection 3.2.

The power series (1.4) encode genus-zero two-point GW-invariants of a degree-a hypersurface
in P*~! with constraints coming from P"~!. Thus, Theorem 1.1 provides mirror formulas for
such invariants; the coefficients @5’2 are “purely equivariant” and are irrelevant for this purpose.
In the table below, we give the first ten genus-zero two-point BPS numbers, defined from GW-
invariants by equation (2) in [KP], for the degree-6 hypersurface in P7. These numbers are integers
as predicted by Conjecture 1 in [KP]. In fact, we have used the first statement of Theorem 1.1,
along with a computer program, to confirm this conjecture for all degree-d two-point BPS counts

in a degree-n hypersurface X,, in P! with n<10 and d< 20.

degree d | BPS curve count through 2 codim-2 linear subspaces in X7
1707797

510787745643

222548537108926490

113635631482486991647224
63340724462384110502639024265
37325795060717360046547665187418254
22857028298936684292245509537579343818647
14395953469762596243721601709186933042635134584
9263611884884554518268724722981763557936573405648178
6062677702410680024315392235188823274104219383883410807999
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The explicit expressions of Section 29.1 in [MirSym] for the power series Z(h,;,u) have very
different forms for a <n and a =n. The a =n case is the most interesting one and corresponds
to Calabi-Yau hypersurfaces. As the power series Z (h, i, u) are central to our computation of
Z,(h,a,u) and Z(hy, hg, o, a5, u), for the purposes of the explicit expressions preceding Theo-
rem 1.1 in the next subsection we consider only the case a=n.? This is also the case used in [Z].

1.2 Main Theorem

The essence of mirror symmetric predictions for Gromov-Witten invariants is that these invariants
(and relatedly Z(h,a;,u)) can be expressed in terms of certain hypergeometric series. In this sub-
section, we define these series and then express Z(h, a;,u), Z,(h, oy, u), and Z(hy, ho, a;, o, u) in
terms of them.

Let n be a positive integer. For each ¢=0,1,..., define Iy 4(¢) by

Z I07q(t)wq ewt Z dt H
q=0

Each Iy 4(t) is a degree-¢g polynomial in ¢ with coefficients that are power series in e’. For example,

= "d (nw+r)

1.7
| | - w+r) (L.7)

00 00 nd
t):1+;edt8!‘?rf and  I(t) = tIo(t) + ledtGZiZ} 3 ﬁ). (1.8)

r
d= r=d+1

For p,q€Z* with ¢>p, let

Ipq(t) = i(fpliq(t)). (1.9)

Ip-1p-1(t)
It is straightforward to check that each of the “diagonal” terms I, ,(t) is a power series in e’ with
constant term 1, whenever it is defined; see [ZaZ], for example. Thus, the division in (1.9) is
well-defined for all p. Let
. 1071(15)
C Ioo(t)
By (1.8), the map t — T is a change of variables; it will be called the mirror map. If p€ Z* and

Y(h,z,e) is a power series in e! with coefficients that are functions of a complex variable A and
possibly some other variable z, let

hod ho d
_ _—at/h xt/h t
DPY(h,x,t) = e {Ipm(t _}"'{Im —dt}(e V(h,z,€")). (1.11)

(1.10)

~—
QU
~

We define

r nd
Y(h,z,e') = Ioo(t) Z a - d (na+rh) € Qu(h,2)] /H (r—ay).

r 1 k 1(‘7: Oék-i-T‘h)

3In other words, one may to choose set a=mn for the rest of the paper. However, the statements of Lemmas 1.2
and 1.3 and their proofs are valid for all a. Therefore, the proofs of (1.5) and (1.6) are valid as well. The same is the
case with Theorem 1.1 if the power series J_1 and ) are chosen appropriately.



Expanding e”/"Y(h, z,e) as a power series in i, we obtain

co ,T=q

MYz, =2y ( cyl) (t)xw)hq, (1.12)
q=0 *r=0

where C'(gfq) (t) is a degree-r symmetric polynomial in oy, ..., q, with coefficients in Q[t][[e!]]. For

example,
(0) () o ar[((nd)! <=1
CN0 = Toa(®/Tuoft)  and 0 = ooy e (LY L) )
d=1 Vo=l

The main conclusion of Section 30.4 in [MirSym] is that the power series Z(h, a;,e’’) defined in (1.2)
is the evaluation of

k=n
Z(h,$,€T) — e(t—T)w/ﬁefC((),l)(t)/ﬁy(h’:E,et) c @a(h,$) Het“/ H(x_ak) (1‘14)
k=1

at x=qy, if T and t are related by the mirror map (1.10).
The power series Z,(h, o;,u) and g(hl,hg,ai,aj,u) defined in (1.4) and (1.3), respectively, are
also evaluations of certain power series

k=n

Z,(h,z,u) € Qq(h, x)[[uﬂ/ H(a:—ozk) and

k=1

k=n
Z(hy, by, w1, w2, u) € Qqlhy, i, 71, 72) HUH/ H(xl_ak)($2—ak)
k=1

that have a mirror transform shape analogous to (1.14). Let

DY (h,z,e!) = iedt 174" (na+rh)

iy p—"r—
d—0 H::I k:?(‘r_ak +rh)

k=n
€ Qa(ﬁ,$>[[€t”/ H(:E—ak.). (1.15)
k=1

Theorem 1.1 There exist C’;’fq) €Qq [[et]] , with p>r>1 and p—r>q>0, such that the coefficients
of the powers of et in égq) are degree-r symmetric polynomials and the power series defined in (1.4)

are given by

(1)
Z,(h, z, eT) = e(th)x/he_CO!ll (t)/hyp(h, z,el), where
r=ppr (1.16)
Vp(h,w,e') = DPY(hz,ef) + Y Y O 1D1Y(h, x, €"),
r=1 q=0

if T and t are related by the mirror map (1.10). Furthermore, the power series defined in (1.3) are
given by

Z(hy, hy, @1, T2, u) = > (—1)0rZp(he, 21, u) Zg-1 (ho, w2, 1) (1.17)

p+g+r=n—1



Remark: We note that by (1.16) and (1.17)

Z (1, ho, 1, w9, €T) = W= D@/hutaa/he) =COl OB+ )k o 2 o o), where
~ a
Y(hi, ha, w1, w2, u) = s > (=10 Yy(hy, w1, u) Vg1 (ha, w2, w).
! 2 p+g+r=n—1

In other words, Z is the same transform of Y in both (1, %) and (fig, z2) as Z and Z, are of )
and Y, in (R, x).

The only relevant property of the power series C‘,EQ for the purposes of the genus-one localization

computations in [Z] is that the e’-coefficients of @5’2 lie in the ideal generated by o1,...,0,—1 if
p<n—1. This is automatic in the case of Theorem 1.1, since each of these coefficients is a symmetric
polynomial in aq,...,a, of a positive degree » <n—1. The approach of [Z] suggests that these
coefficients are likely to be irrelevant in many other localization computations as well. Neverthe-
less, they are described inductively in this paper in the process of proving the first statement of
Theorem 1.1.

1.3 Outline of the Proof
The proof of (1.14) in Chapter 30 of [MirSym]| essentially consists of showing that

S1) Y(h,z,u) and Z(h,z,u) satisfy a certain recursion on the u-degree;

Yy
S2) Y(h,z,u) and Z(h,z,u) satisfy a certain self-polynomiality condition (SPC);

(S1)

(52)

(S3) the two sides of (1.14), viewed as a powers series in 2!, agree mod A~2;

(S4) if Y (h, x,u) satisfies the recursion and the SPC, so do certain transforms of Y (h, z, u);
(S5) if Y (R, x,u) satisfies the recursion and the SPC, it is determined by its “mod A2 part”.

For the purposes of these statements, in particular (S3) and (S5), we assume that

k=n
Y(h,z,u), Z(h,z,u),Y (h,x,u) € Qa(h,x)[[u]]/ H(a:—ozk).
k=1

For example, (S5) means

Y (hyo,u) 2 Y (hyo4,u) (mod h72) Vi=1,2,....n
— Y (h,a;,u) =Y (hoz,u) Vi=1,2,...,n.

The proof of (1.16) in this paper essentially consists of showing that
(M1) Yp(h,z,u) and Z,(h, z,u) satisfy the recursion (2.13);

(M2) (y(h,x,u),yp(h,x,u)) and (Z(ﬁ,x,u),Zp(h,x,u)) satisfy the mutual polynomiality condi-
tion (MPC) of Lemma 2.2;

(M3) the two sides of (1.16), viewed as a powers series in h~!, agree mod A~ 1;



(M4) if Z(h,x, u) satisfies (2.13) and the MPC with respect to Y (i, , u), the transforms of Z (h, =, u)
of Lemma 2.5 satisfy (2.13) and the MPC with respect to appropriate transforms of Y (h, z, u);

(M5) if the u-constant term of Y (h,z,u) is independent of A and nonzero and Z(h,z,u) satis-
fies (2.13) and the MPC with respect to Y (R, x,u), it is determined by its “mod A~! part”;
see Proposition 2.4.

The statements (M3) and (M5) should be interpreted analogously to (S3) and (S5). In other words,
the equalities are modulo H’,zjf(:z—ak), or equivalently after the evaluation at each z=a;. Simi-
larly, the requirement on the degree-zero term in Y (A, z,u) in (M5) means that it is nonzero even
after the evaluation at each z=q;.

The claims of (M1) and (M2) concerning Z,(h, z,u) are special cases of Lemmas 1.2 and 1.3 below,
since

V// * V// *
/_ e(hO)e—VQnevTCbi = h/— e(h()ﬂe"wi Ve Hp(P" ), deZY,  (1.18)
Mo 2 (Pr—1,d) D=1 Mo, 5 (=1,d) N1

by the string relation; see Section 26.3 in [MirSym)].

Lemma 1.2 For all m>3, n; € HEX(P"™ 1), and B; €Z™T, the power series Z, 3(h,x,u) defined by

0 V! b
Z,8(h,x,u) = Zud</ - ld% H (Q/)]ﬁJeV 773)) (1.19)

0 j=2
satisfies the recursion (2.13).

Lemma 1.3 For all m>3, n; EH%(]P’”_I), and B; €L, the power series fim_QZﬁ,g(h,x,u), with
Z,8(h,x,u) as in Lemma 1.2, satisfies the polynomial condition of Lemma 2.1 with respect to
Z(h,x,u).

Our proof of Lemma 1.2 is practically identical to the proof in Section 30.1 of [MirSym] that
Z(h, x,u) satisfies a certain recursion on the u-degree.* The proof of Lemma 1.3 is similar to the
proof in Section 30.2 of [MirSym)] that Z(h,x,u) satisfies the SPC. However, there are differences
in how the key idea for the setup used in [MirSym] is utilized. An explanation of the modifications
and a complete justification of their appropriateness are not very simple to state. In order to avoid
any confusion, we thus give a full account in Subsections 3.3 and 3.4. As it requires most of what
constitutes the proof of the recursivity relation (2.13), we give a proof of the latter in Subsection 3.2.

We are now able to justify (1.6). By (1.4),
Z,(h,x,u) = 2Pt (mod A~ 1).5 (1.20)
Along with (M5), these three properties of Z,(h, x,«) imply (1.6), since

Z (—1)'orZp—1(hyz,u) = Z (=1)"opa? (mod A1)

p+r=n p+r=n

*However, the coefficients C7 (d) in (2.13) are “shifts by one” of the coefficients in the recursion for Z(k, z,u).
5Such identities will be taken to mean that the two sides are equal if z is replaced with «; for every i=1,2, ..., n.



The last expression above vanishes at z=q; for all i=1,2,... ,n.

We will check by a direct computation that
YVoi(hyz,u) =D 1YV(hz,u0)
satisfies (2.13) and the MPC with respect to Y(h,x,u); see Subsection 2.3. By (1.15),
V_i(h,z,u) =21 (mod h_l).
Thus, the p=—1 case of (1.16) follows from (1.20), (M4), and (M5).

We could also verify directly that Vo (h, z, u) satisfies (2. 13) and the MPC with respect to Y(h, z, u).
Fortunately, this is an immediate consequence of parts (i) and (ii) of Lemma 2.5, since

Yo(h,z,et) =

Ioo

i)
{x—l—h }ylhxe
h

Thus, Yo(h, 2, u) satisfies the two properties because J_1 (
and (1.13),

,x,u) does. On the other hand, by (1.12)

Yo(h,z,u) = zY(h,x,u) = x (mod h_l).
Thus, the p=0 case of (1.16) also follows from (1.20), (M4), and (M5).

The differentiation transform (i) of Lemma 2.5 is the only one of the five “admissible” transforms
that has no analogue in Chapter 30 of [MirSym].% The admissibility of this transform, along with
that of (ii) of Lemma 2.5, implies that ), (h, z,u) defined by the second equation in (1.16) satisfies
the recursion (2.13) and the MPC of Lemma 2.2 with respect to Y(h,x,u), no matter what the

coefficients C‘,EQ (u) are. In light of (1.20), the p>1 cases of the first equation in (1.16) thus reduce
to showing there exist (Z’,§’"q) (u) such that

Vp(hy 2, u) = 2Pt (mod h_l). (1.21)

This is proved by induction, using (1.12) and (1.13); see Subsection 2.3.

The proof of (1.17) follows the same principle. By the string relation and (1.1),

> hahy Z/ e(Vg) R
Z h h i7 ', 5 i ).
(1, By 0, 0, 2, " hiths Mo, (P2, df ﬁ1—¢1)(ﬁ2—¢2)evl¢ evilar o)

Thus, by Lemmas 1.2 and 1.3, (A1 +hy) Z(hy, ha, 21, 29, u) satisfies the recursion (2.13) and the
MPC of Lemma 2.2 with respect to Z(h, z,u) for (h,z)=(h1, 1) and 29 =q; fixed. By symmetry,
it also satisfies the two properties for (h,z) = (ha,z2) and x; = «; fixed. It is then sufficient to
compare the two sides of (1.17) multiplied by %1 +he modulo hl_lz

~ e(\V
(P +h2) Z(h, B, i, o, u) & acy Z( D)"orajaf / O)eV1¢ZeV2¢J7
pgtr=n—1 Moo(ert) 2=
a Z Zy(hi, o, u) Z4—1(he, g, u _az Zq-1(h2, o, ).
p+q+r=n— 1 p+q+r=n—1

®The multiplication by A, i.e. transform (iii), is not explicitly mentioned in Chapter 30 of [MirSym], but its
admissibility is nearly immediate from the relevant definitions.



In order to see that the two resulting expressions are equal, we compare them modulo /g5 L

p+1 q e(Vo)evigievig; ~ p+1 q.
a - ~q (=1)"ora; " aj;
ptqtr=n— 1 DMo,2(P 1, d) 2~ V2 ptg+r=n—1

p+1 p+1 q
a g (=1)"ora; Zq,l(hg,aj, >q g .
p+q+r=n—1 p+q+r=n—1

From this we conclude that the two sides of (1.17) multiplied by A1+ A2 modulo h;l are equal.
Therefore, the two sides (1.17) are equal by (M5).

Central to this paper are the use of the transforms ©? in conjunction with part (i) of Lemma 2.5
and a desymmetrization of the approach of Chapter 30 of [MirSym] to obtain an explicit closed
formula for the integrals in (1.3). The transforms ©P, combined with the transforms (ii) and (iii) of
Lemma 2.5, make it possible to construct a power series Y(h, x,u), satisfying the recursion (2.13)
and the MPC with respect to Y(h, z,u), that agrees with a pre-specified a-symmetric element of
Qal][[u]] modulo A=, On the other hand, for the purposes of (M5), it is sufficient to assume that
the coefficient of each power of v in Y and Z is a sum of a power series in A~! and a polynomial
in A.7 Using (M5) and the last two parts of Lemma 2.5, a variety of integrals on Mg, (P7, d)
involving e(Vy) and products of 1/(h;—1;) can be reduced to integrals involving e(Vy) and powers
1)-classes, with each exponent bounded by m—3.

For example, suppose one would like to compute

Vo)evl ¢)Z1 ev2 ¢22 ev3¢23 .

(hy—1p1)(ha—2) (ha —)3)’

these integrals may be useful for localization computations in (arithmetic) genus two. By Lem-
mas 1.2 and 1.3 and part (iii) of Lemma 2.5, hlhghgé () satisfies the recursion and the MPC with
respect to Z for each (h,z)= (fs,xs). Thus, Z3) can be reconstructed® from the “mod hy' part
of hyhghz Z3),

2(3)(h17h?ah?)vaipaimaiga = / (122)
% B(Pn 1 d

~ > e(WVo)evioi, evidi,evio;
hihahs 2 (hy, hy, b, iy, vy, iy, 1) = by > / 1Tn "2 3T (1,23
1Rahs 27 (hn, Bz, g, 04 04y 0y w) = P Qd:O ToaPr-1,d)  (h1—11)(ha—1b2) 129

once one computes

B e(Vo)evi i, evio; evaa?
Z,(h 7h y Oy O, U) = / ) 2
p(Pa, o,y iy s iy Mos@r-1,a) (M=) (ha—1ha)

13

Similarly, hlhggp can be reconstructed from the its “mod Ay b part, if one can compute

e(WVo)evio;, evizPeviad
qu(h17 ai17 = / ) 1h “ 2 3 .
Mo, 3 (Bn—1,d) 1=¥1

"The same is the case with (S5). In fact, the condition on the middle term of the recursion used Chapter 30 of
[MirSym]| can also be relaxed as in Definition 2.3.
8From (1.23) and ¢;, =], (r—0viy), one obtains

ﬁlﬁ2ﬁ3§(3)(ﬁl,hg,hg,l‘1,l‘2,x3,u) :h1ﬁ2 Z (—l)rargp(hhhg,a:1,x2,u)2q(h3,x3,u).

pt+gt+r=n—1
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Unfortunately, the “mod k' part” of Z,,(h1,z,u) is not simple.

The above approach does, nevertheless, lead to a reconstruction theorem for e(Vy)-twisted GW-
invariants of P"~!, or equivalently for GW-invariants of projective hypersurfaces. The theorem
arising here is different from [LeP] and [P] for example, as the reduction is made to GW-invariants
with low powers of 1-classes and without increasing the number of marked points. Furthermore,
in may be possible to get a handle on the “components” of the “mod hfl part” of Z,4, i.e.

/_ evizlevizrieviaz”,
Mo, 3(Pr—1,d)

and Z,, itself through the approach of Subsections 2.4 and 2.5 in [Z]. Along with (2.13), this
approach leads to an explicit, but complicated, recursion for Z,, or (the components of its “mod
fir! part”).

2 Algebraic Observations

2.1 On Rigidity of Certain Polynomial Conditions

This subsection describes the extent of rigidity of power series with coefficients in rational functions
that satisfy a certain recursion and a polynomiality condition. It is the analogue of Section 30.3.

Denote by Z* the set of nonnegative integers and by [n], whenever n € ZT, the set of positive
number not exceeding n:

zt=1{0,1,2,...,}, [n] ={1,2,...,n}.

Whenever f is a function of w (and possibly of other variables) which is holomorphic at w=0 (for
a dense subspace of the other variables) and s€ Z*, let

Dy = +{ Y sl (21)

s! w=0

This is a function of the other variables if there are any.

Let @a be any field extension of Q, possibly Q, itself. Given
Y=Y (hz,u), Z=Z(h,x,u) € @a(h,x)[[u“,

we define

Py, z=Pyz(h,u,2) € Qa(R)[[u, 2]] by

e
Oy 7(h,u,z) = Z

— YV (h, o, ue™) Z(=h, a5, ). (2.2)
P [Tizi(ai—ar) ( )

Lemma 2.1 If Y, Z€Qq(h,z)[[u]], there exists a unique collection

(By,z:a= By, z:4(h, ) ye5+ C Qa(R)[€]

11



such that the Q-degree of Ey z.q4 is at most (d+1)n—1 for every d € Z* and

9
1 Ey.z.a(h, Q)
_ d Qz Y, Z;d\ Y,
@Y,Z(hy u, Z) = Z u <2—m (& =n Hr:d(ﬂ_a — h) dQ) s (23)
d=0 k=1 11lr=0 k=T

where each path integral is taken over a simple closed loop in C enclosing all points Q= ay~+rh with
k=1,...,n and r=0,1,...,d. The equality holds for a dense collection of complex parameters h.

Proof: 1t can be assumed that
ap+rh # ap+1r'h YV kK €n], r,r'€ZT, (r,k)#£ 0 k).
Note that for every i=1,...,n and d'=0,1,...,d,

r=d —1 r=d r=d
H(ai—i-d'h—ai—rh) H(ai—l—d'h—ai—rh) HH(ai—i-d'h—ak—rh)
r=0 r=d'+1 r=0 k#i
r=d—
d"hd(d d)\( d dl(HH Oék—i-?“h)(H —ak>< H H —Qp— rh>
r=1 k#i k#i r=1 k#i
= <H(ai_ak)> Qar (M, ;) Qa—a (— N, ),
ki
where
r=d k=n
v)=[[[[@—cr+rh)  VdeZ" (2.4)
r=1k=1
By the Residue Theorem,
2mi [jiyy 1(Q ap—rh)
_ z:d% (a;+d'R) EY,Z;d(ha ai+d/h) 95
—0i=1 Hk;éi(ai_ak))Qd’(ha ;) Qa—a (—h, o) (25)
B de ( > < (eh=) >Eyzvd(h it d'h)
— Hk# az_ak) Qa (hy o) Qa—ar (—h, ;) e
On the other hand, since Y, Z € Qu (h, z)[[u]],
Ny .q(h, o Nz.q(h, ;)
Y (h,z,u) Z vl aud and Z(h,xz,u) Z zalh, u? (2.6)

thaz

for unique Ny.4, Nz.q € Qu(h, ). By (2.2) and (2.6),

thaz

oo d'=di=n

NY;d’(hvai)> hz d/(NZ;d—d’(—h’Oéi)> d—d'
Pz (kv 2) Z Z Z Hk# o —ay) < Qua (h, a;) (we’™) Qua(—ha;) )"

d=0 d'=0 i=1
(T3 () (2.7)
N d= ¢ (z:o; Hk;éz o —ag) <Qd’(h,04i)Qd_d/(—ﬁ,ai)) '

X Ny;d/(ﬁ, ai)NZ;d,d/(—h, Oél)> .

12



By (2.5) and (2.7), (2.3) is satisfied if and only if
By z.q4(h,a;+d'h) = Ny.g(h, ) - Nzg—a(=h,e) Vi=1,...,n, d =0,....,d (2.8)
For a dense collection of complex parameters A, there exists a unique polynomial
By 7:4(5,9) € Qu(R)[©)]
of Q-degree at most (d+1)n—1 that satisfies (2.8).
Lemma 2.2 If Y, Z€Qu(h,z)[[u]] and (Ev,z:d)qez+ C Qa(h)[Q) are as in Lemma 2.1, then

Oy € Qullil[[u,2]] <= Evza€Qalh,Q VdeZ"

: : ) 2.9
o Bryae Qi) vieZt o ogy eQulil[ua]. O

Proof: The equivalence of the two middle statements in (2.9) follows from (2.8), which implies that
EZ,Y;d(hv Q) = EY,Z;d(_hv Q_dh)
On the other hand, by the Residue Theorem on S2,

0, if k < (d+1)n—1;
1, if k= (d+1)n—1; (2.10)
R (giiymir(h), i k> (d+1)n—1,

j{ QFdQ
2mi [0 T (Q—an— Tﬁ)

where R?€ Q,[h] is given by

d s 1
RS (h) - Dw r=d y1k=n
[T =0 TTe=i (1= (o +rh)w)

The path integral in (2.10) is again taken over a simple closed loop enclosing all points Q= +rh
with r<d. Write

VseZt.

0o oo (d+1)n—1
1
Oy z(h,u, z) = g g ang(h)zqud and Ey z.4(h,Q) E fas(h)Q°. (2.11)

By (2.3), (2.10), and (2.11),

(d+1)n— 1

i Z }’{ fds h) Q+sdQ
#alh 2mi [0 1= (Q—aw—rh)

=0

(d—l—l)n ) (2.12)

— Z Rq+s d+1n+1( )fds(a h)

s=max(0,(d+1)n—1—q)
Since R?€Q4[h), it follows that Faq €Q, (1] if fas cQ, [A] for all s. Conversely, since R4(h)=1,
Fu0,- - Fygarin-1 € Qal] = fa(astyn—ts- - fao € Qalh].

These observations imply the two remaining statements of Lemma 2.2.

13



Definition 2.3 Fori,j€[n] with i#j and deZ™, let

H?dgl (na; + (o —a;)/d)

dHr 1 k “1(ai—ag +r(aj—oy)/d)
(r,k)#(d,g)

CY(d) = € Qq.

We will call Z € Qu(h, z)[[u]] C-recursive if
oo, r=Ng
Z(hyai,u) =) < Z Zr >u +ZZ T wcﬂ dyulZ((aj—ay)/d,oj,u)  (2.13)
d—0 d=1 j#i
for every i €[n] and for some Ng€Z and Z[;de@a.";’
Proposition 2.4 Suppose
Y, Z € Qa(h,2)[[u]] € Qa(@) [17",u]] + Qa(@) ][ [u]
are such that Z is C-recursive, ®y, z € Qu[h][[u, 2]], and for every i€ [n]
Y(h, 5, fi) = fi (mod u)
for some flé@z Then,

Z(h,a;,u) =0 (mod A1) Vi€ [n] = Z(h,o,u) =0 Vie€n].

Remark 1: Suppose

Lo —Z( ZZT >

d=0

for some ZZ" de@a. In the statement of Proposition 2.4 and throughout the rest of the paper,
Zhonu) =3 < Z Ziah —r)ud (mod h™°),
d=0

i.e. we drop A~* and higher powers of A~!, instead of higher powers of A.

Remark 2: In contrast to the situation in [MirSym, Chapter 30], the assumptions of Proposi-
tion 2.4, i.e. recursivity and A-polynomiality with respect to Y, are both linear conditions on Z.
Consequently, the 2~ !-term of Z(h, a;,u) is no longer necessary to determine Z.

Proof: Suppose d>0 and we have shown that

Z(hya;,u) =0 (modwu?)  Vi=1,...,n. (2.14)

9The recursion (30.11) in [MirSym] is a renormalization of the recursion (2.13) with a slightly different coeffi-
cient C7(d).
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With notation as in (2.13) and by the last assumption on Z(h, a;,u), it follows that

r=Ny
Z(h, aj,u) = ¢ Z b ( modudH) Vi=1,...,n.

If Ny.a, Nz.a €Qu(h, x) are as in the proof of Lemma 2.1,

Nyo(h, ;) = fi  and  Nzga(h,a;) = {

by (2.6), (2.14), and (2.15). Since
EZ,y;d(h,Oéi—i-d/ﬁ) =0 Vd = 0,1,...,d—1,i=1,...,n

by (2.8) and (2.16) and EZy;de@a[h, Q] by Lemma 2.2,

d—1 j=n
Ezy.a(h,Q) = (H I (@—a;—dn) )-Rd(h,ﬂ)
=07=1
for some Rde@a[h, Q). Thus,
d—1 k=n ~
EZYd(h a;+dh) = < H H al—i-dﬁ —Q— d,ﬁ)> - Ry(h, a;j+dh) = hde(h)
=0 k=1

for some Ry€Qg[h]. On the other hand, by (2.8) and (2.16)

r=N,
Ezy.a(h,o;+dh) = Ng.a(h,a;) - fi = <d'hd H [(ci—ar+rh > Zdzg;dh—T
r=1k#i r=1
r=Nyg
<d| H H i—ap+rh ) ZZ{;dhd—T.
r=1k#i r=1

By (2.17) and (2.18),
Zig=0 Vr=1,...,Ng, i=1,...,n

Along with (2.15), this implies that (2.14) holds with d replaced by d+1.

2.2 Admissible Transforms

0, if d <d;
Qa(h, o) 0= Z0 A, if d'=d,

(2.15)

(2.16)

(2.17)

(2.18)

This subsection is the analogue of the beginning of Section 30.4 in [MirSym|. We describe trans-
forms of Y, Z € Q,(h, x) that preserve the polynomiality property of Lemma 2.2 and the recursivity
property of Definition 2.3. The statement of Lemma 2.5 is followed by complete proofs. The first

of the five transforms below has no analogue in [MirSym)].

Lemma 2.5 Suppose Y, Z € Qu(h,z)[[u]] are such that Z is C-recursive and ®y.z € Qu[h][[u, 2]].

Then,

(i) if u=et, Zz{x—i—h%}Z is C-recursive and CIDYZE@O[[ﬁ][[u, z)];
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(i) if f€Qalul, then fZ is C-recursive and ®y 7, ® ry 7 € Qull][[u, 2]];
(iii) if f€Qqlh], then Z=fZ is C-recursive and <I>Y7Z€Qa[h][[u,z]];
() if f€Qqu], £(0)=0, and Y =el/"Y | then Z=el/"Z is C-recursive and <I>Y7Z€Qa[h][[u,z]];

(v) if 9€Q[ull, 9(0)=0,
Y (h,x,u) = egﬁg(“)/hY(h,x,ueg(“)), and  Z(h,x,u) = e‘”g(“)/hZ(h,x,ueg(“)),

then Z is C-recursive and ®y 5 € Qalh)[[u, z]].
Remark: In fact, (ii) and (iii) are special cases of the admissible transform defined by f € Qq[h][[u]].

(i) The operator {ai—i—h%} preserves the structure of the first term on the right-hand side of (2.13).
The (d, j)-summand in the last term becomes

I (d)u? () u
@ﬁh%}(%ﬂ(arm)/d, a;‘ﬂ)) = %{ai—l—dh—i—h%}z((%_ai)/d, aj,u)
It |
— %Z((aj—ai)/d, aj,u) +dOY (d)u? Z (o — i) /d, aj, ). (2.19)

Since the last term in (2.19) does not depend on h and Z is C-recursive, it follows that Z is also
C-recursive. Since

d
<I>Z7y(h, u,z) = E@Z’Y(h’ U, z)

and @y 7 € Qa[h][[u, 2]], Py 7 € Qalh)[[u, z]] by the middle equivalence in Lemma 2.2.

(ii) Since Z is C-recursive and the multiplication by f preserves the structure of each of the terms
in (2.13), fZ is also C-recursive. Since @y yz=fPy,z and Py, z € Qu[][[u, 2]], Py, 1z € Qal[R][[u, 2]].
Similarly, since @z sy = fPzy, vz €Qalh][[u, z]] by Lemma 2.2.

(iii) It is sufficient to assume that f(%)=h. The multiplication by % preserves the structure of the
first term on the right-hand side of (2.13). The (d, j)-summand in the last term becomes
Y (d)u? c (dyud -
Zi_z aj— 0Oy d,Oé‘,U :Zi_Z aj— Oy d,Oé‘,U
B ajdaz (( J )/ J ) B— a]daz (( J )/ J ) (2‘20)
+ C'Z-j(d)udZ((aj—ai)/d, o, u).

h

Since the last term in (2.20) does not depend on A and Z is C-recursive, it follows that 7 is also
C-recursive. Since ®y 7z =—h®y,z and Py, z € Qu[A[[u, 2]], Py 7 € Qa[R][[u, 2]]-

(iv) Since f(0)=0, i.e. f contains no degree-0 term in u, the multiplication by e/(*)/? preserves the
structure of the first term on the right-hand side of (2.13). The (d, j)-summand in the last term
becomes

iy Cl(du

_ Qj—Oy
h d

J wt
Z((aj—ai)/d,aj,u) = %Z((aj_ai)/chaj’u)

h— Yz

J d
+ (S0 _ T/ -00/) G 5 (g —an)/d, ).

aj—0y
h— ==
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Since Z is C-recursive and

f)/h _ of(w)/((aj—ai)/d)  _
‘ hi aj—Q; S Qa[h, h_l][[u]]’
d

it follows that Z is C-recursive as well. On the other hand,
Op 7(hu,z) = e(f(uehz)*J”(U))/f'l(py,z(ﬁ7 u, z). (2.21)
Since @y 7 € Qa[h][[u, 2] and
(f (ue"™) = f(u)) /i € Qalh][[u, 2]],
(2.21) implies that ®y ;€ Qqa[h][[u, 2]] as well.

(v) Since g(0)=0, the operation of replacing u with ue9™® followed by multiplication by e®9(w)/"
preserves the structure of the first term on the right-hand side of (2.13). The (d, j)-summand in

the last term becomes

a;g(u)/h Czj (d)udedg(u)
6 7

_ oo
h d

I(d\ud
Z((aj—ai)/d, aj,u) = hc_i&Z((aj—ai)/d, aj,u)

aj—a;

J d
(el mrdat) _ o/ (egman/dla) % Z((aj—0u)/d, aj,1).
- d

Since Z is C-recursive and
elai/Ptd)g(u) _ (o /(0 —ai)/d))g(u) d

_ edz/(zfai)
h— St (aj+dh) —

z=ao;+dh

€ Qalh h][[u]],

Z=0g

it follows that Z is C-recursive as well. On the other hand,
Ry _
Py 7(hu,2) = (I)y,z(ﬁ, ued™, 2), where z =2+ M € Qlh, #] Hu]] (2.22)
Since ®y.z € Qqu[h][[u, 2]], (2.22) implies that @yzé@a[hmu, z]] as well.

2.3 Some Properties of Hypergeometric Series

In this subsection we verify the three claim concerning the power series YV, (h, z,u) made in Sub-
section 1.3:

(a) YV_1(h,x,u) satisfies the C-recursivity condition of Definition 2.3;
(b) y,y_, €QalA][[u, =]};

(c) there exist C’](fg as in Theorem 1.1 such that (1.21) is satisfied.
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Proof of (a): Note that

J
%JA ((aj—v)/d, o, u) :ReSZ:a]-—az{ y_ (z,ai,u)}
— & . —

Thus, by the Residue Theorem on S?

zzh_ DY (G0

1
—a;)/d, a],u) = —Reszhﬂom{hf)}_l(z,ai,u)}
d=1 j#i z

(2.23)
1
Y_1(h, a;,u) — Resz:O,oo{Eyl(zu Qs U)}
On the other hand, if V_.4 is the degree-d term of )_q,
1 -~ 1 r=nd-1 no;+rz _
Res.of oV ralevai ) b = S l{h Lo (et }e@a[ ]
B —2d ][5 Hk;ﬁi(ai—akJﬂz)
Reszoo{h_ Yo (z,ozi,U)} =1,
where D is as in (2.1). Thus, (2.23) implies that J_; satisfies the recursion (2.13)
Proof of (b): Let
r nd
h
R(h.z.,u) Zu (nx+rh)
IL= 1 k 1(33 ag+rh)

By (ii) of Lemma 2.5, it is sufficient to show that ®ry_, € Qu[h][[u, z]]. Note that
LR(% , ﬁZ)y (—h, o, u) = Res LR(E hZ)y (—h )
H(az_ak) , O, UE —1 s O, U) = T=0: =, , Ly, UE —1 , T, U .
ki [ (z—ax)

k=1
Thus, by the Residue Theorem on S?
el’Z
Pry ,(hu,z) = —Resg—no rR(h,x,uehz)y_l(—h,x,u)
[T (z—ax)
k=1

r=nd

d gz [I.=1" (ntrhw)
= (n—1+p)!D€”{ [T (1—axw) <Z I )

r=d y1k=n
1-— —rh
Kt =11lk= 1 (1= (o —rh)w)

<iud Hr =1 —rha) )}
= ILZILZ A (ar+rh)w)
The pth summand above is polynomial in h. Thus, ®ry_, € Q. [h][[u, 2]]

Proof of (c): Suppose peZ™, and we have constructed power series

Vo, V153 Vo1 € Qu(h, ) [[€']],
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satisfying the second equation in (1.16) and (1.21), so that

oo p—1+4q

et/h Y, 1 (h,x,et) = aP + Z < Sl )xp+q—T> h, (2.24)
r=0
where C’Ig )1 4(t) is a degree-r symmetric polynomial in v, ..., ay, with coefficients in Q[t][[e t]] such
that .
Coig(t) = Tprp10(0)/ Tp1 1 (1) (2:25)

This assumption is satisfied for p=1 by (1.12) and (1.13). Since Y,_1 € Qu(h, z)[[e']],

O () et+Qalle']l, OO () € Qulle]] Vr>1 =

90, ) € Qulle]) vr=o (2.26)

Thus,
h d
yp(hv €, et) = e—:Bt/FL—) % (e$t/hyp—1(h7 €T, et))

I
polt (2.27)

r=p
! fpi@ > (GO0 0) Yy, el) € Qi) 1]
o0 &

By (1.9), (2.24), and (2.25) are satisfied with p replaced by p+1 and

min(p,r)

1 d 1 d _
") d - S (Low (r—s)
Cp,q (t) Ip,p(t) dtcp—l,q-i-l(t) Ip,p(t) ~ (dtcp 1, 1( ))Cpfs,q(t)‘

In particular, ), satisfies (1.21). By (2.27), the coefficients C’S"Q) are inductively defined by

r—1

~(r 4 d ~0 r d ~(g—

(e = Ip(t) 1<%0,5_>1q Lig ()G g a(e f)—Z(dtqﬁS%l)c@ sfq)), (2.28)
1

where éz() )171) ;= —CZ()T_)M, ~;(;r—)1,—1 =0, C’g’)q =0 Vr<o.

Thus, by (2.26) and inductive assumptions, C,§ € Q4 [[e!]] is a degree-r symmetric polynomial in
at, ..., o, with coefficients in Q,[[e!]], as required.

3 Localization Computations

3.1 Equivariant Cohomology

In Subsection 3.2, we apply the classical localization theorem (3.9) with the standard action of the
n-torus T on P! and on My, (P" 1, d) to verify Lemma 1.2. In Subsection 3.3, we apply (3.9)
with an action of the (n+1)-torus

T=TxT!

on P 1 xP! and on a subspace of My, (P x P~ 1 (1,d)) to verify Lemma 1.3. The aim of this
subsection is to review the basics of equivariant cohomology and to set notation. Throughout this
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subsection, G denotes an m-torus, either (C*)™ or (S1)™.
The m-torus G acts freely on EG=(C>)™—0 (or (S°°)™):
(ewl, .. ,ewm) (21, ey 2m) = (ewlzl, . ,ewmzm).
Thus, the classifying space for G and its group cohomology are given by
BG = EG/G = (P™)™ and H{ = H*(BG;Q) = Qlau, . . ., i,

where o; =7} c1(v*) if
s (P)" — P and v — P

are the projection onto the ith component and the tautological line bundle, respectively. Denote
by H¢, the field of fractions of Hp:

He = Qa =Q(an, ..., o).

A representation p of G, i.e. a linear action of G on C*, induces a vector bundle over BG:
V, = EG x¢ CF.
If p is one-dimensional, we will call

a(Vy)=-a(V,) € H; C Hg

the weight of p. For example, «; is the weight of representation
mi: G — CF, (eigl,...,ewm) cz=¢%2. (3.1)

More generally, if a representation p of G' on C* splits into one-dimensional representations with
weights 01, ..., Ok, we will call 3y,..., B the weights of p. In such a case,

We will call the representation p of T on C™ with weights a4, ..., o, the standard representation
of T.

If G acts on a topological space M, let
Hi(M) = H*(BG;Q), where BM = EGxgM,

be the equivariant cohomology of M. The projection map BM — BG induces an action of H
on H}(M). Let
He(M) = Ho(M) ©y, He-

If the G-action on M lifts to an action on a (complex) vector bundle V— M, then

BV = EGxgV
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is a vector bundle over BM. Let
e(V)=e(BV)e HH(M) C Hi(M)
denote the equivariant euler class of V.

The standard action of T on P! is the action induced by the standard action p of T on C™:
(ewl, . ,ew") ey z0] = [ewlzl, . ,ew"zn}.
Since BP" ! = PV,
HiP" 1Y = H* (]P’Vp;(@) = Qlz,aq,... ,an]/(x"—kcl(vp)x"*l—i-. i .+cn(Vp)),
where x=c1(7*) and ¥— PV, is the tautological line bundle. Since
cVy)=10—-0)...(1 —ay),
it follows that
HiP" 1) = Qlz, 1, ...,an)/(x—a1) ... (x—an) and

* (mn—1 (33)
Hy(P" ) = Qalz]/(z—ov) ... (z—an).
The standard action of T on P*~! has n-fixed points:
P =[1,0,...,0], p,=]0,1,0,...,0], ... P,=10,...,0,1].
For each i=1,2,...,n, let
¢ = [[(x—on) € H3@* ). (3.4)

ki
By equation (3.10) below, ¢; is the equivariant Poincare dual of P;. We also note that §|gp, = V.,

where m; is as in (3.1). Thus, the restriction map on the equivariant cohomology induced by the
inclusion P; —P"~! is given by

k=n
Hy(P" ") =Qlz,an,...,anl/ [[(x—cx) — HF(P) =Qlaa,...,an], & — i (35)
k=1
By (3.5),
n=0¢eHiP" 1 — np=0€ Hf Yi=1,2,...,n. (3.6)

The tautological line bundle v,,_1 — P"~! is a subbundle of P! x C" preserved by the diagonal
action of T. Thus, the action of T on P"~! naturally lifts to an action on v,_; and

e(vi_1) p = Vi=1,2,...,n. (3.7)

Via the exact sequence

00— 1®Vn-1— Y 1® (]P’”_l XC”) — TPl 0
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of vector bundles on P"~!, T also lifts to an action on TP"~!. By (3.2) and (3.7),

e(TP" )|, = [[(i—aw) = ilp,  Vi=1,2,...,n. (3.8)
ki

If G acts smoothly on a smooth compact oriented manifold M, there is a well-defined integration-
along-the-fiber homomorphism

M

for the fiber bundle BM — BG. The classical localization theorem of [ABo] relates it to inte-
gration along the fixed locus of the G-action. The latter is a union of smooth compact orientable
manifolds ' and G acts on the normal bundle N'F of each F'. Once an orientation of F' is chosen,
there is a well-defined integration-along-the-fiber homomorphism

/ L HL(F) — HE.
F

The localization theorem states that

_ Y|p . .
/MQ/)_EFI/Fe(NF) eHL Ve HL(M), (3.9)

where the sum is taken over all components F of the fixed locus of G. Part of the statement of (3.9)
is that e(N'F) is invertible in H} (F). In the case of the standard action of T on P"~!, (3.9) implies
that

nlp, = / no; € Hr v T]EHTT(]P’TZ_I), 1=1,2,...,m; (3.10)
Ppn—1

see also (3.8).

Finally, if f: M — M’ is a G-equivariant map between two compact oriented manifolds, there is
a well-defined pushforward homomorphism

for HL(M) — HEL(M).

It is characterized by the property that
| go= [ nirw) Ve HaOn).0 € HoM), (311)

The homomorphism | Ay of the previous paragraph corresponds to M’ being a point. It is immediate
from (3.11) that

e (F) = (fe Ve Hg(M), v € HG(M'). (3.12)

3.2 Proof of Lemma 1.2

The standard T-action on P"~! (as well as any other action) induces T-actions on moduli spaces
of stable maps My ., (P~ 1, d) by composition on the right:

g-lC.f1=[C.gofl VgeT,[C [fl€MuP",d).
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Figure 1: Two graphs of type A;(j;d) C A; and a graph of type B;

All evaluation maps
ev;: ﬁ()’m(]l])n*l’ d) — ]P)n717 [C) Y1y Yk, f] B f(yl)7

are T-equivariant. Via the natural lift of the T-action to v _; —P"~! described in Subsection 3.1,
the T-action on My, (P"~1,d) lifts to T-actions on the vector bundles Vo, Vo, and V), as well as
on the universal tangent line bundles.

As described in detail in [MirSym, Section 27.3], the fixed loci of the T-action on Mg, (P" L, d)
are indexed by decorated graphs that have no loops. A graph consists of a set Ver of vertices
and a collection Edg of edges, i.e. of two-element subsets of Ver. A loop in a graph (Ver, Edg) is
a subset of Edg of the form

{{U1>U2}7{U27U3}7' . '7{1}]\77’01}}7 V1y.-.,UN GVGI', N>1.

Neither of the three graphs in Figure 1 has a loop. A decorated graph is a tuple

' = (Ver,Edg; u1,0,7), (3.13)
where (Ver, Edg) is a graph and
p: Ver — [n], 0:Edg — ZT, and n:[m] — Ver
are maps such that
p(vr) # p(v2) if {vr,v2} € Edg. (3.14)

In Figure 1, the values of the map p on some of the vertices are indicated by letters next to those
vertices. Similarly, the value of the map 0 on one of the edges is indicated by a letter next to
the edge. The three elements of the set [m]=[3] are shown in bold face. They are linked by line
segments to their images under 1. By (3.14), no two consecutive vertex labels are the same and
thus j#1.

The fixed locus Zr of ﬁo,m(]?”,d) corresponding to a decorated graph I' consists of the stable
maps f from a genus-zero nodal curve Cy with k marked points into P"~! that satisfy the following
conditions. The components of C; on which the map f is not constant are rational and correspond
to the edges of I'. Furthermore, if e={vi,v2} is an edge, the restriction of f to the component Cy .
corresponding to e is a degree-d(e) cover of the line

1 n—1
P (o) C P
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passing through the fixed points P,,,) and P,(,). The map ulc ;.. 1s ramified only over P, )
and P,,,). In particular, f|c ;. 1s unique up to isomorphism. The remaining, contracted, compo-
nents of Cy are indexed by the vertices v € Ver such that

val(v) = [{v' € Ver: {v,v'} €Edg}| + |{i€[m]: n(i)=v}| > 3.

The map f takes such a component Cy, to the fixed point p(v). Thus,

Zr~ MF = H ﬂO,vaul(v)7 (315)

vEVer

where WOJ denotes the moduli space of stable genus-zero curves with [ marked points. For the
purposes of this definition, Mg and My 2 are one-point spaces. For example, in the case of the
last diagram in Figure 1,

ZF ~ ./\/lp = ./\/lo75 ><./\/l073 ><./\/l072 X MO,I ~ M0,5
is a fixed locus!® in My 3(P"~L, d) for some d>9.

We now verify Lemma 1.2. Let
j=m

n = H (@bfjevjnj). (3.16)
j=2
Suppose I' is a decorated graph as in (3.13) that contributes to (1.19), in the sense of the localization
formula (3.9). By (3.4) and (3.5),

evig; = H (O‘u(n(l)) - O‘k) = O u(n(1)) H(ai — ag),
ki ki

where &; ,(p1)) is the Kronecker delta function. Thus, by (3.9), ' does not contribute to (1.4)
unless p(n(1))=1, i.e. the marked point of the map is taken to the point P; €P"~1. There are two
types of graphs that do (or may) contribute to (1.4); they will be called A; and B;-types. In a
graph of the A;-type, the marked point 1 is attached to a vertex vy € Ver of valence two which is
labeled i. In a graph of the B;-type, the marked point 1 is attached to a vertex vg of valence at 3,
which is still labeled ¢. Examples of the two types are depicted in Figure 1.

Suppose I' is a graph of type B; and
ZF C ﬁO,m(IPm_la d)7

so that I' contributes to the coefficient of u? in (1.4). In this case, the restriction of 1; to Zr is

the pull-back of a t-class from the component M yai(y,) in the decomposition (3.15). Since the
T-action on the corresponding tautological line bundle is trivial,

Uilz. =0 Vk=>d+m>val(v) - 3.

Thus, T' contributes a polynomial in 2!, of degree at most d+m, to the coefficient of u? in (1.4).
Therefore, the contributions of the loci of type B; to (1.4) are accounted for by the middle term

after dividing by an appropriate automorphism group; see [MirSym, Section 27.3]
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Figure 2: A graph of type A7 (j;dp) and its two subgraphs

in (2.13).

A graph T" as in (3.13) of type A; has a unique vertex v joined to vg. Denote by A;(j;dp) the set of
all graphs I' of type A; such that p(v)=j and 9({vg,v})=dp, i.e. the unique vertex v of I' joined
to vg is mapped to P; €P"! and the edge {vg, v} corresponds to the do-fold cover of IP)%J- branched
only over P; and P;. By (3.14),

Ai=J UJAildo). (3.17)

do=1 j#i

Suppose I"€ A;(j;dy) and v is the unique vertex joined to vy by an edge. We break at v into two
graphs:

(i) T'g consisting of the vertices vy and v, the edge {vp, v}, and marked points 1 and 2 attached
to vg and v, respectively;

(ii) I'c consisting all vertices and edges of I', other than the vertex vy and the edge {vg,v}, with
a new marked point attached to v;

see Figure 2. Let d. denote the degree of T', i.e. the sum of all edge labels. By (3.15),

Zr =~ Zr, X 2r,. (3.18)
Denote by 79 and m. the two component projection maps.
By Section 27.4 in [MirSym],

1" kot Y/
VO‘ZF_T(OVO @ﬂ'c 0>

NZF * NZF * NZFC * * (319)
foper i) o () et i

A 7 J

where Ly — Zpr, and L1 — Zr, are the tautological tangent line bundles. Thus, by (3.8),
1,0 1"
D) _5(323) ).

e ! (3.20)

evl¢i|21‘

W*< evie; >7T*< evig; ) 1
e(Nzr) “\eWN2Zr,)/) "“\eWNZr,)) mici(La)—miehy
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By Sections 27.1 and 27.2 in [MirSym)], on Zr,

e(Vo) = H (nai + 17 az)v Y1 =c1(Lo) = 4%
r=0 dO dO
(3.21)
Y ai—ou 2 r=do o
- . 7 . 7
e(NZFO) - (—1) 0 H (TT0> H H (OzZ ap+r do )
=t r=0 k#i,j
Thus, using (3.8) and taking into the account the automorphism group, Zg4,, we obtain
e(Vy)evigi 1 .
B =, O (do)- 3.22
/ZF (h—wl)e(NZFo) h— Ot]d;oal % ( ) ( )

By (3.18), (3.21), and (3.22), the contribution of I" to (1.19) is

ydo+de / e(VY)evigm® 1
ZF h_djl ZF e(NZF)
) 3.23
B Ci](do)udo {udc/ e(Vé’)ev*{qunﬁ 1 } ( )
h— O‘Jd;oai 2z h—11 e(NZr,) h:o‘jd;o(’i '

We next sum (3.23) over I' € A;(j;dy). This is the same as summing the expression in the curly
brackets over all m-pointed graphs with the marked point 1 attached to a vertex v labeled j, i.e. all
graphs of types A; and Bj. By the localization formula (3.9), the sum of the terms in the curly
brackets over all such graphs I'; is Z, 5(h, oj,u). Thus,

Yevigin® 1 C (do)u
do-i—dc/ e(Vy)evidim _ Cildo =z o ‘
Z u _ - aj—oy 7775((05] al)/d0>ajvu)' (3.24)
€ A;(j3do) zo h=t lze(NZp)  p— 2

We conclude that 2, g(h,z,u) is C-recursive in the sense of Definition 2.3:

e the middle term in (2.13) consists of the contributions from the graphs of type Bj;

e the (dp, j)-summand in (2.13) consists of the contributions from the graphs of type A;(j;do).

3.3 Proof of Lemma 1.3

In this subsection we deduce Lemma 1.3 from Lemma 3.1, which is proved in the next subsec-
tion. The argument, in this subsection and the next one, is a modification on the proof of self-
polynomiality of Z in Section 30.2 of [MirSym].

We will denote the weight of the standard action of the one-torus T!' on C by h. Thus, by
Subsection 3.1,

Hr;f1 %Q[h], ;%Q[h,al,...,an] — H%%Qa(hj)

Throughout this subsection, V = C®C will denote the representation of T' with the weights 0
and —A. The induced action on PV has two fixed points:

q1 = [1’0]7 q2 = [07 1]'
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Let v1 — PV be the tautological line bundle. Then,

e()l, =0, e(),=-h eT,PV)="h e(T,PV)=—h (3.25)

For each d€Z™, the action of T on C*®Sym?V* induces an action on
X4 =P(C"®Sym?V*).
It has (d+1)n fixed points:
P(r)=[P® udfrvr}, i €[n], re{0}Uld],
if (u,v) are the standard coordinates on V and P; € C" is the ith coordinate vector (so that

[P]=P,cP" ). Let B
Q=e(y") € Hx (Xa)

denote the equivariant hyperplane class.

For all i€ [n] and r € {0}U]d],

s=d k=n
Qpe) =aitrh,  e(TpmXa) = { 1111 (Q—Oék—?”h)} M (3.26)
s=0 k=1 Q=a;+rh
(s,k)#(r:1)
Since
BX,=P(B(C"®SymV*)) — BT and
s=d k=n
c(B(C"@Sym?V*)) = [T [[ (1 - (aw+sh)) € H*(BT),
s=0 k=1
the 'ﬁ‘-equivariant cohomology of X4 is given by
- o B s=d k=n
HE(X4) = H*(BX2) = #°(BT) [0] / T] T] (2 - (ax+sh))
s=0 k=1
s=d k=n
zQ[Q,h,al,...,a}/HH(Q—ak—sh) (3.27)
s=0 k=1
s=d k=n
cQuln ) /T TT (@ - a5 = rh).
s=0 k=1

"' The weight (i.e. negative first chern class) of the T-action on the line P;(r) C C"®Sym?V* is ai+rh. The tangent
bundle of X4 at Pi(r) is the direct sum of the lines P;(r)*® Py (s) with (k, s)# (3, 7).
12The vector space C"®@Sym?V* is the direct sum of the one-dimensional representations Py (s) of T.
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There is a natural 'ﬁ‘—equivariant morphism
©: Mo, (PV xP" 1, (1,d)) — Xq.
A general element of b of Mg, (]P’V <Pt (1, d)) determines a map
(f.9): P! — (BV,P"),
up to an automorphism of the domain P!. Thus, the map
go f~L:PV — pn!t

is well-defined and determines an element O(b) € X4. The map O extends continuously over the
boundary of Mo, (PV xP"~1, (1,d)).* We denote the restriction of © to the smooth substack

Xg = {beM,, (PVXP" 1 (1,d)) : evi(b) Eqr xP" 1, eva(b) €qax P} (3.28)
of Mo,m (PV xP"~1, (1,d)) by 64, or simply by § whenever there is no ambiguity.
Let o o
7 Mo, (PV <P (1,d)) — Mo (P, d)
be the natural projection map.

Lemma 3.1 With Z, g as in Lemma 1.3 and ® as in (2.2),

(202, (B, ) — Z e (e TT (wPein) ) Tlevien).  (329)
=2 Jj=3

Similarly Section 30.2 in [MirSym)], this lemma implies that
(—h)m72fl>g,gm (hyu,z) € Qulh ]Hu ZH
for the following reason. With 1 as in (3.16), by (3.27)

e (w* () T[ v; (e(vi‘))) — Baz a(hO)
j=3

for some Ez z, .4 € Qalh, ] of Q-degree at most (d+1)n—1. Therefore, by Lemma 3.1, (3.12),
(3.9), and (3.26),

o0

(—h)m_Q@g,gW(h,u,z) = Zud/g 0. <7r* (e(Vé’)nﬂ) 1_—[ ev}f (e(*yf)))

d=0
r=d i=n Q
ZEzz Q)| p, )
d Qz [37]7
U Ez z, .a(h,Q) u
/xd 8,md Z ( Z(r)%d)

r=0 i=1

ol Tzilzz% QEZZB,,, (hQ)
k 1(9 o —sh) lo=a;+rh

1 2L

d=0 r=0 i=1 s 0
(s8,k)#(rsi)
s Ez h, Q
=Zud(i e 2201, ) dg>.
d=0 2mi Hs 0 k; 1(9 oy —sh)

13For a complete algebraic proof, see Lemma 2.6 in [LLY].
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Figure 3: A graph representing a fixed locus in Xg4; i#1, 3,4

In the last expression, the integral has the same meaning as in Lemma 2.1. We have thus shown
that Z,, g is polynomial with respect to Z, assuming Lemma 3.1.

3.4 Proof of Lemma 3.1

In this subsection we use the localization formula (3.9) to prove Lemma 3.1. We show that each
fixed locus of the T-action on X, contributing to the right-hand side of (3.29) corresponds to a
pair (I'1,I's) of a graphs, with I'; and I's contributing to Z(%, o, u) and (—h)™ 22, 3(h, ai;, u),
respectively, for some i€ [n].

Similarly to Subsection 3.2, the fixed loci of the T-action on Mo.m (]P’VX]P’”_I, (d, d)) correspond to
decorated graphs I' with m marked points and no loops. Each edge should be labeled by a pair of
integers, indicating the degrees of the corresponding maps in PV and in P"~!. Each vertex should
be labeled either (1, ) or (2,j) for some j € [n], indicating the fixed point, (¢1, P;j) or (g2, P;), to
which the vertex is mapped. No two consecutive vertex labels are the same, but if two consecutive
vertex labels differ in the kth component, with £ =1,2, the kth component of the label for edge
connecting them must be nonzero.

The situation for the T-action on
Xg C Mo (PVXP" 1 (1,4d))

is simpler, however. There is a unique edge of positive PV-degree. We draw it as a thick horizontal
line. The first component of all other edge labels must be 0; so we drop it. The first components of
the vertex labels change only when the thick edge is crossed. Thus, we drop the first components
of the vertex labels as well, with the convention that these components are 1 on the left side of the
thick edge and 2 on the right. In particular, the vertices to the left of the thick edge (including
the left endpoint) lie in g3 x P"~! and the vertices to its right lie in go x P*~!. Thus, by (3.28),
the marked point 1 is attached to a vertex to the left of the thick edge and the marked point 2 is
attached to a vertex to the right. Furthermore, by the first identity in (3.25), such a graph will not
contribute to the right-hand side of (3.29) unless the remaining marked points are also attached
to vertices to the right of the thick edge. Finally, both vertices of the thick edge have the same
(remaining, second) label i € [n]. Let A; denote the set of graphs as above so that the two endpoints
of the thick edge are labeled ¢; see Figure 3.

If I'e A;, we break it into three sub-graphs:

(i) Ty consisting of all vertices and edges of I' to the left of the thick edge, including its left
vertex vy, and a new marked point 2 attached to vq;
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Figure 4: The three sub-graphs of the graph in Figure 3

(ii) Ty consisting of the thick edge, its two vertices v; and vy, and new marked points 1 and 2
attached to v1 and vg, respectively;

(iii) 'y consisting of all vertices and edges of T' to the right of the thick edge, including its right
vertex vo, and a new marked point 1 attached to vo;

see Figure 4. The fixed locus in X4 corresponding to I' is then
2r = Zr, X 2r, X 2Zr,. (3.30)

The middle term is a single point. Let w1, mg, and 7o denote the three component projection maps.
Denote by dy and ds be the degrees of 'y and I's, i.e.

ZF1 C ﬁog(ﬂm_l, dl), ZF2 C ﬁ07m(Pn_1, dg).

The exceptional case for the first statement is d; =0, in which case the corresponding moduli space
does not exist.

Suppose I'€ A;, di and dy are as above, and d; >0. Similarly to (3.19),

VY| 7, = TV @ TV,
NZp *<NZF1 >@ *<NZF2

TPZ‘ ]:P)nfl =m TPZ ]P)nfl T2 TPZ ]P)nfl

. . (3.31)
> @i Ly@myLly ®myLle @ msla,

where N Zp — Zp is the normal bundle of Zp in ¥4 and Ly — Zr,, L1, Ly — Zp,, and L1 — Zp,
are the tautological tangent line bundles. We note that

Ly =T,P' and Ly=T,P" on Zr,.

Thus, by (3.31), (3.8), and (3.25),

™ (e(V)n’) 1__[ evi(e(v")) L mre(Vy) - w3 (e(Vo )’ (=h)™ %), (3.32)
=3 r

[Tjzi(ci—a) «f evad; L evioi 1 1

et () i)

e(Nzp) ! 2\e(N2r,)) h—nitn (—h) —mhn’

e(/\/ZpO )

The map 6 takes the locus Zr to a fixed point Py(r) €X,. It is immediate that k=1. By continuity
considerations, r=d;. Thus, by the first identity in (3.26),

0*Q|ZF = oy +dih.
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Combining (3.30) and (3.32) with this observation, we obtain

/ (07 Q)z (e(V(/)/)nﬁ) H;z? evj(e(ry*)) |z _ (—pym? e
Zr e(NZr) Hk;ﬁi(ai_ak)

ane [ eVo)evigi 1 e(V{)n’ 1
8 {e /zpl h—y  lzr e(N2Zr,) }{ /2p2 (=h)—t1lzr, e(N Zr,) }

We note that this identity remains valid for d; =0 if we set the term in the first curly brackets to 1
for d1 =0.

(e 794

(3.33)

We now sum up (3.33), multiplied by u® % over all I' € A;. This is the same as summing over all
pairs (I';,T'3) of graphs such that

(1) T’y is a 2-pointed graph of a degree di > 0 such that the marked point 2 is attached to the
vertex labeled i;

(2) T'y is an m-pointed graph of a degree ds >0 such that the marked point 1 is attached to the
vertex labeled 1.

By the localization formula (3.9),

* [ee]) 17
§ dy dihz e(V(l)/)eV2¢i 1 . § : / e(VO) *
u e = ue EeVoQ;
T, { /ZF h—1y Zr, e(NZFl ] Mo, 2(Pr—1,d) h—1)g 20

=1 —I—Z uel / T a1 ﬁ( ¢)1 Vipi = Z(ﬁ, ai,uehz);

(3.34)
S ut /e(vo)nﬁevlqm L iud / e(Vy)n’evig;
= zp, (Zh)=t1 lzr, e(NZr,) = T mEnra) (Zh)=
na( = hyai,u).
Finally, by (3.9), (3.33), and (3.34),
0"z * V” I — (_p)m2 «— e Z(B. . ue™) Z — . v
€ , O, UE N , O, U
/. U 2 My 2 ) Zns( = e

as claimed in (3.29).

Department of Mathematics, SUNY Stony Brook, NY 11794-3651
azinger@math.sunysb.edu

References

[ABo] M. Atiyah and R. Bott, The Moment Map and Equivariant Cohomology, Topology 23 (1984),
1-28.

31



[BCOV] M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa, Holomorphic Anomalies in Topological
Field Theories, Nucl. Phys. B405 (1993), 279-304.

[Ber] A. Bertram, Another Way to Enumerate Rational Curves with Torus Actions, Invent. Math.
142 (2000), no. 3, 487-512.

[CDGP]| P. Candelas, X. de la Ossa, P. Green, L. Parkes, A Pair of Calabi-Yau Manifolds as an
Ezactly Soluble Superconformal Theory, Nuclear Phys. B359 (1991), 21-74.

[Ga] A.Gathmann, Absolute and Relative Gromov- Witten Invariants of Very Ample Hypersurfaces,
Duke Math. J. 115 (2002), no. 2, 171-203.

[Gi] A. Givental, The Mirror Formula for Quintic Threefolds, Amer. Math. Soc. Transl. Ser. 2,
196 (1999).

[KP] A. Klemm and R. Pandharipande, FEnumerative Geometry of Calabi-Yau 4-Folds,
math/0702189.

[Le] Y. P. Lee, Quantum Lefschetz Hyperplane Theorem, Invent. Math. 145 (2001), no. 1, 121-149.

[LeP] Y. P. Lee and R. Pandharipande, A Reconstruction Theorem in Quantum Cohomology and
Quantum K-Theory, Amer. J. Math. 126 (2004), no. 6, 1367-1379.

[LLY] B. Lian, K. Liu, and S.T. Yau, Mirror Principle I, Asian J. of Math. 1, no. 4 (1997), 729-763.

[MirSym| K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil, and
E. Zaslow, Mirror Symmetry, Clay Math. Inst., Amer. Math. Soc., 2003.

[P] R. Pandharipande, Intersections of Q-divisors on Kontsevich’s Moduli Space M o, (P",d) and
Enumerative Geometry, Trans. Amer. Math. Soc. 351 (1999), no. 4, 1481-1505.

[ZaZ] D. Zagier and A. Zinger, Some Properties of Hypergeometric Series Associated with Mirror
Symmetry, in preparation.

[Z] A. Zinger, The Reduced Genus-One Gromov-Witten Invariants of Calabi-Yau Hypersurfaces,
math/0705.2397.

32



