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1 Introduction

In this short note, we collect the basic facts of Riemannian geometry necessary for gluing pseu-
doholomorphic curves in symplectic geometry via the method of [LT]. Proofs of these facts are
omitted in [LT], but only an estimate similar to that of Proposition 2.11 seems to have a well-known
proof; see [F|. The estimates given here are actually sharper than needed in [LT] or even in [Z].
However, these sharpened estimates may help globalize the construction in [Z].

Section 2 collects various simple facts from Riemannian geometry to obtain a Poincare lemma for
vector fields along closed curves in Proposition 2.5 and an expansion for the d-operator in Propo-
sition 2.11. In Section 3, we refine, in the n=2 case, the proofs of Sobolev Embedding Theorems
given in [M] to obtain a C%-estimate in Proposition 3.7 and elliptic estimates for the d-operator in
Propositions 3.10 and 3.12 for vector fields along smooth maps into a compact manifold. The main
reason for collecting these five propositions here is to describe the dependence of the constants
involved on the underlying smooth map. This dependence of constants plays an important role in
the gluing constructions.

If u: D—V is a smooth map, we write ['(u) and I''(u) for I'(D;u*TV) and T'(D; T*DRu*TV),
respectively. We denote the subspace of compactly supported sections in I'(u) by T'c(u).

2 Riemannian Geometry Estimates

2.1 Parallel Transport

Let (V,g,V) be a compact Riemannian manifold, where g is a metric on V' and V is a connection
in TV, which is metric-compatible, but not necessarily torsion-free. Let Ty denote the torsion
of V. If peV and X €T,V denote by exp, X the exponential of X defined with respect to the
connection V and by ry the injectivity radius of V' defined with respect to the connection V and
metric g; see [C]. If a: (a,b) — V is a piecewise smooth curve, let I1,: Ty(q)V — T,5)V denote
the parallel-transport map along « defined with respect to the connection V. If R=[a,b]x [c,d] is
a rectangle in R? and u: R — V is a smooth map, let

oy Tu(a,c)V - Tu(a,c)v



be the parallel transport along u restricted to the boundary of R traversed in the positive direction.
Denote by IIx the parallel-transport map along the geodesic yx: s — exp, sX, where s € [0,1]. If
« is a smooth curve and £ is a smooth vector field along «, we write %E for the covariant derivative
of ¢ along « if the variable parameterizing « is t. More generally, if u: D —V is any smooth map,
we define V¢ € T(u) as follows. If a: (—¢, ) — D is a smooth curve, let

(V)0 (0'(0) = 2 (€0 a)

Lemma 2.1 There exists a constant C €R™ such that for any smooth map u: R—V,

t=0

Mgy — 1] < c/ (g e | s,
R

where the norm of (g, —1I) € End(T,4,)V) is computed with respect to the metric g.

Proof: (1) Let R = [a,b] x[c,d] be as before. Choose an orthonormal frame {X;} for T, V.
Extend each X; to a vector field along ¢t — u(a,t), where t € [¢,d], by parallel transport. Then
extend each X; to a vector field along u: R—V by parallel-transporting the vector X;(a,t) along
the curves s — u(s,t). By definition, %Xi =0 on R. Let A be the matrix-valued function on R
such that

D
—X; = Aj(s,t) Xp(s,t);
dt i (s,t) Zk(sa ) k(SJ )7
here and below we use the generalized Einstein summation convention. Note that A;;(a,t) = 0 and
DD DD
(R(us,u) Xy, Xj) = <%E i~ @EX“X»

5 (2.1)

0
()5 - S
where R denotes the Riemann curvature tensor of the connection of V. Since V is compact, it
follows that

b
A (8,0)] < € [ el (2.2)
(2) The parallel transport of X; along the curves
T — u(r,¢), T—u(r,d), T— ula,1)

is X; itself. Thus, it remains to estimate the parallel transport of each X; along the curve
T—u(b, 7). Let h;; be the SOn-valued function on [c,d] such that

D .
h(c)=1 and Ehinj b 0 Vi,t.

The second equation is equivalent to
h;j(t)Xj(b, t) + hij(t)Ajk(b, t)Xk(b, t) =0<=h = —hA(b, ) (2.3)

Since A;; is always traceless by (2.1), equation (2.3) has a unique solution in SO,, such that h(0)=1,
where n is the dimension of V. Furthermore, by (2.2)

d d d rb
|h(d) — I §/|h’(t)|dt§/\h|\A|dt§n2//Olus\lut\dsdt. (2.4)

Since I1poX; =hi;(d)X; by the above, the lemma follows from equation (2.4).



Corollary 2.2 There exists C €RT such that for any closed curve a: [a,b]—V,
‘Ha — I‘ < C'min (Hda”l, (b—a)”da”%).

Proof: Since the group SOy is compact and |da||? < (b—a)||da||3 by Holder’s inequality, it is
enough to assume that ||de; < 3ry. Then we can write

a(t) = expq (o) a(t), where la(t)|a) <Tv-

Define u: [0,1] x [a,b] — V by
u(s,t) = expqg) Sa(t).
Note that
us(s,t) = dexpa(o) |sd(t)d(t)7 = |US|(s,t) < C||dally

ur(s,t) = sdexpao) | 5 (dexPa(o) law) ™'’ (t) = Jurlsp < Cldal.

Thus, by Lemma 2.1,

Mo — 1] = |Tou — 1] < C/I)/l\us\|ut|dsdt
< Cllda|? < C(b—aa)olldallg'
Since ||dal|; < 3rv, it follows that [II,—I|<C’||dal|;.
Corollary 2.3 There exist C,C’ €R™ such that for all smooth maps a, & (—e€,€) —T,V,
2 (16, ~ a0 0| < Cla@)i0))
t=0
Proof: Let R =1[0,1]x [0, 3¢] and define u: R — V by u(s,t) = exp, sa(t). Let {X;} be an

orthonormal basis for T,V. Extend each {X;} to a vector field along u by parallel transport along
the geodesics s —u(s,t). Write £(t) = f(t)X;; then IL,y&(t) = f(¢)Xi(1,t), and thus

D

D (Mawem)]_ = FOx0+ 702510

=0

= )¢ (0) + f(O)%Xi(lat)‘t

t=0

On the other hand, by the proof of Lemma 2.1,

D 1
x|, <€ [Tnleoluleods < Cla@)a'0).

t=

2.2 Poincare Lemmas

Lemma 2.4 If f: S'—RY is a smooth function such that f027rf(0)d9:0,

2 2
/ |f(9)|2d0§/ |£(0)2d6.
0 0



n<oo

Proof: We can write f(0) = 3. a,e™. Since f027rf(0)d9:0, ap=0. Thus,

n>—oo
21 n<oo n<oo o
/0 FOPB= 3 Jal?< S [nanf = /0 £(0)]2db.
n>—oo n>—oo

Proposition 2.5 Let (V,g,V) be a compact Riemannian manifold. There exists C €R™ such that
for any curve ac: S*—V and vector fields &1 and & along «,

[(Vecr, &2))| < IVoérll2lVoallz + O min (|ldalls, |da]3) € 2.1 ]1€]2,

where all the norms are computed with respect to the standard metric on S*.

Proof: (1) Identify T,V with RN preserving the metric. Given v € To)V, let v(0) denote the
parallel transport of v along the curve t — «(t) with 0 <t < 6. By Corollary 2.2, there exists
X €50(Ty0)V)=son such that

| X| < Cmin (||dally, [|dal3) and wv(27) = {exp(X)} - v(0) = {exp(X)} - v

for all veT,(g)V, where exp(X) is taken in SOn =SO(T,)V).
(2) For any v€T, )V, let ¥yv denote the parallel transport of e
with 0<t<6. Then U: ST xRN — o*TV is a smooth isometry. Put

—0X/27y along the curve t — a(t)

27
&=5- [ (v a)0)m.
T Jo

By Holder’s inequality and Lemma 2.4,

[(Vo&r, &a— V&N | < ([Vaéallo]léa— Va2

1 _ . (2.5)
= [Ve&ill2l[ @™ Ea—Eall2 < [[Ve&ill2l|d¥ ™ &2ol2-
Note that

[dU ™ & l2 < ([ Voballo + | X /2] |El2
< ||Ve&all2 + Cmin (||dal|y, [|da|3)]1E2-

On the other hand, by integration by parts, we obtain
(Vo1, &= V&) = (Volr, L)) + (&1, Vo UEr)). (2.7)

Since W&, is the parallel transport of X/ ey,

(&1, Vo¥&))| < ll&1ll2llVoWealla = l|&1]l2] X/ 27][[ &2l

| (2.8)
< Cmin (ldal]y, [dal3) & llo €2l

The corollary follows from equations (2.5)-(2.8).

If R>r>0, let BR7T:{xER2: r<|z| <R} and BR,T = {mERQ: r<|z| <R}. The following lemma
is used in the next section as well as in [Z].



Lemma 2.6 For all p > 1, there exists C,, € RT such that for all R € RT, e € [0,3), and
fecfoo (BR,ER;RH);

p=2
f=0 = |fllco < CpR 7 |ldf|.

BR,cr

Proof: (1) We first assume that R=1. Suppose e — €€ [0, %], [LeC®(By e ; R"),
[ =0 liles =1 and |dil — o
Bl,ek

By the Sobolev Embedding Theorem, fj converges to some f € LP(B; ;R") with respect to the
LP-norm on compact subsets of By .. Since ||dfx|, — 0, df =0 and f€L(B;;R™). Since d is
elliptic, it follows that f is smooth and constant, and thus zero. However, this contradicts the fact
that || f]|co=1.

(2) Suppose R>0, f€C™(Bpr,r;R"), and [f=0. Let f€C>®(B;;R") be given by f(z)=f(Rz).
Then fBLj:O, and thus by (1),

~ ~ p=2
[fllco = [Ifllco < Cplldflly < CpR 7 |[df [|p-

2.3 The Exponential Map and Differentiation
With notation as in Subsection 2.1, let
~ ~ ~ 1
TV = | J T,V, where T,V ={XeT,V:|X|< 57V}
peV

If oz (—€,€) — V is a smooth curve and € is a vector fields along « such that £(0) €TV, put
D
§

o (£0010' 0 7e]_,) =gy (75 et €69, )

Note that ® is well-defined, i.e. its definition is dependent only on the vectors o/(0), £(0), and

d—DS (0)|8:07 since ® involves only first-order differentiation.

Lemma 2.7 There exists C €R™ such that for all peV, XGTPV, and Y, Z€T,V,
(X;Y, 2) = (Y+2+Te(Y, 2))| < C(IXPIY | +|X]12]).

Proof: Let a:: (—e,e) — V be a smooth curve and ¢ a smooth vector field along « such that

D

a0)=p, dO)=Y, EO)=X, &) =2

s=0
Put p
Fxyz(t) = 75 XPa(s) te(s) Ly Hxyz(t) =ix (Y +tZ+tTy (Y, X)).
Then,
Fxy,z(0) = ia(s) = Hxy,7(0);
” ds s=0 ”
D Pxa]_ = 28 expo ()| |+ To(0/(0),60) = 2 Hyy s,



see Corollary 2.3. Combining the last two equations, we obtain
|Fxy,z(t) — Hxyz(t)| < Cp(X, Y, Z2)t* Vite[-1,1], X,Y,ZeTV,
where C' is a smooth function on TV@®TV HTV. Since
Fxyz(t) = Fixyz(1), Hxy,z(t)=Hix yz(1),

the space {X €TV |X|=1} is compact, and Fxy z and Hx y z are linear in (Y, Z), we conclude
that there exists C € R such that

|Fxy,z(1) — Hxy,z(1)| < C(IXPPIY|+]X]|Z]) VY XeT,V, Y.ZeT,V, (2.9)
as claimed.
For any X,Y,Z €T,V let i)p(X;Y, Z)=0,(X;Y, Z) - (Y—I—Z—I—TV(Y, Z))
Corollary 2.8 There exists C €RT such that for all peV, Xl,XQETpV, and Y, Zy,Z>€T,V,
By(X13Y, Z1)~Bp(Xa3 Y, Z)|

(X + [XaDIY | +|Z1[+]Z2D)| X1 = Xol + (1X1|+1Xa]) 1 21~ Zal).

Proof: By the proof of Lemma 2.7, ®=®; +®,, where
D1, D: TV — 1, (T*VRTV)
are smooth sections such that
|21(X;)| < C1IX|? and  |Do(X;-)| < ColX| V XETV.

Since the space TV is compact,

D1 (X1;-) — D1(Xo; )| < O (|1 X1+ Xz]) | X1 — X 5
‘~1( 1) ~1( 25 )| < CL(IX1[+(Xa]) | X1 — Xal, Y Xy Xee TV
|P2(X1;) — Po(Xa; )| < Col X1 —Xo,

From the linearity of ®;(X : -) and ®5(X : -), we conclude that

|©1(X1;Y) — 1 (X3 V)| < O (1X0]+] Xa|) | X1 —Xal[Y],
‘<I>2 X1; Z1) — ®o(Xo; Zo) ‘ Co| X1 —Xo||Z1| + Ca| Xz|| 21— Za|.

2.4 Expansion of the J-Operator

Let (V,g,J) be a compact almost-complex manifold. Here J is a complex structure in 7'V, which
is orthogonal with respect to g. Then there exists a canonical connection V in TV that commutes
with J. Explicitly, if VX is the Levi-Civita connection of the metric g, for any X €1,V and
Ee(V;TV), let

Vyé = %(v&cg — JVkC (JX)).

6



We will always associate this canonical connection with any given triple (V, g, J). This connection
agrees with the Levi-Civita connection if and only if (V, g, J) is Kahler.

Let (D, j) be any one-dimensional complex manifold. If uw: D — V is a smooth map, we denote
by AOJ’;T*D®U*TV—>D the bundle of (J, j)-antilinear homomorphisms from 7D to u*TV. Let

Ou = < (du+Joduoj) € Ty (u) = T(D; Ay, T*DRuTV).

DN

If £€T(u), we define 0,&, Dy, Lu€, Dy&, NuE €T (u) by

{0u},(v) = Hgé> (0{exp, £}, v), 2{L.&},(v) = Ty (dul.v,£(2)) + JTy (dul.jv,£(2)),
2D, =VE+JoVEoj  Dyué = Dyé + L&, D = Ou + Dy + N,E.

The operator D, : I'(u) —>F3;(u) is the linearization of the d-operator at u; see [MS]. What this
means is described in detail by Lemma 2.9 and Proposition 2.11 below.

Lemma 2.9 There exists a constant C €RT dependent only on (V,g,J) such that for any smooth
map u: (D7]) —>V) ZED) UETZD; and 51752 EF(’LL), with |£1|Z7 |£2|z < %TV}

(Nt} o = {Vuga} o

< O ((|dul-v] (als +16ol) + VEL () + Vo)) |61~
(1] +|62l:) |96 (0) - VEa(0)] ).
Furthermore, N, 0=0.

Proof: Since the connection V commutes with J, so does the parallel transport II. Thus, with
notation as in the previous subsection,

{Nﬁ}zv = i’(&(z)v dulv, Vﬂzv) + J(u(z)) é(f(z), du). jv, vﬂzjv)-
The claim now follows from Corollary 2.8.

Definition 2.10 If Co R and u: D—V is a smooth map, norms || |p1 and |-, on T'(u) and
't (u), respectively, are Cy-admissible if for all € € T(u), n € 1 (u), and any continuous function
f:D—R,

I9€lp < 1€lpa 172l < I flcolinlls €llco < CollElpa.
Proposition 2.11 If (V,g,J) is a compact almost-complex manifold, there exists Cy € C*(R;R)
with the following property. Suppose (D, j) is a one-dimensional complex manifold, u:(D,j) —V

is a smooth map, and || - ||,1 and || - ||, are Co-admissible norms on I'(u) and I''(u), respectively.
Then for all &1,& €T (u) such that ||&1][p1, [|§2]p1 < 2%/0,

[Nu€t = Nual|,, < Cv (Co+lldullp) (I1llp,1+[1€2llp1) €1 —E2lp.1-

Furthermore, N,,0=0. If the geodesic ball of radius § about u(z) in (V,g,J) is isomorphic to an
open subset of C™ and |£|, <0, then {N,&},=0.



Proof: The first two statements follow from Lemma 2.9 and Definition 2.10. The last claim is clear
from the construction of N,,.

Remark: As the notation suggests, one possibility for the norms || - ||,1 and || - ||, is the usual
Sobolev LY and LP-norms with respect to some Riemannian metric on D, where p > 2. Another
natural possibility is the modified Sobolev norms of [LT], which are particularly suited for gluing
pseudoholomorphic curves. In Proposition 3.7 below, we will see that the constant Cj itself in
either of these two cases is a function of ||dul|, only.

3 Sobolev and Elliptic Inequalities

3.1 Eucledian Case

Proofs of the next four statements are slight refinements of the proofs of similar statements in [M]
in the n=2 case.

Lemma 3.1 For any bounded convex domain DCR?, f€C>®(D), and z€D,
22 _
fo= 5@ < 72 [ Jarlyly—aldy,
Dl Jp
where 2rq is the diameter of D, |D| is the area of D, and

o= 57 ( [ 1))

1s the average value of f on D.

Proof: For any yeD,

1 1
f0) = 1@) = [ Gr @ttt = [ dflosigeno=a)ar

Put g(z)=|df|, if z€D and g(z) =0 otherwise. Then,

1 1 o0
o $@| < 57 | 150 5@y < /y N /0 g(w+t(y—)) |y —|dtdy.

Rewriting the last integral in polar coordinates (r, ) centered at z, we obtain
1 27 p2rg oo
|fo— f(z)] < —= / / / g(tr, 0)r’dtdrdd
Dl Jo Jo Jo

1 27 p2rg oo 2r8 2T oo
S t,0)rdtdrdd = 220 / / t,0)dtdo
|D|/0/0/og() o )y Jo 900

2
_ 2rg

= df|yly—=|"tdy.
2 [yl

Corollary 3.2 For any R>0 and p>2, there exists C, € C*°(R;R) such that

1
rel0,5R], feC™(Bry) = |fllco < Cp(R)IflIp1-



Proof: For any z* € B, put
Dy« = {x€Bpy: (2%, [z*|x—rz*) >0},
If 2*#£0, D, is the part of the annulus on the same side of the line (z*,z—ra*/|z*|) =0 as z*. In
particular,
V3

diam(D,+) < 2R and  [Dye| > (5_7>R2_

Thus, by the above lemma and Holder’s inequality,

@< g+ [ larlly=al ™y
yEDz*
(3.1)
< |D:c* -

p—1

S N e R PG T
YyEB2R(z)

since 1% <2.

Lemma 3.3 For any R>0 and r€[0, R),

f€C®(Bgr,), supp(f)CBr, = |fl2<|df]x.

Proof: Such a function f can be viewed as a function on the complement of the ball B(0,7) in R2.
Since f vanishes at infinity, for any (z,y) € Br,

S Sesoy)ds, i <0 _ Vs filw tat, ity <0;
Jwy) = {— [ fs(s,y)ds, if 2>0; and flz.y) = —fyoo fi(z, t)dt, if y>0.

Taking the absolute value in these equations, we obtain

umws/ meMam.m@w§/|#mma (3.2)

where we formally set f and df to be zero on the smaller disk. Multiplying the two inequalities in
(3.2) and integrating with respect to z and y, we conclude

0o oo 0o oo 2
[ istpdedy < ([ [ dldody)

, there exists Cp, € C*°(R;R) such that

as claimed.

Corollary 3.4 For any R>0, p,q>1 with 1—

2 S
p —
€[0,R), feC>®(Bg,), supp(f)

CBRr = fllg < Cpa(R)df -
Proof: For €>0, let he = (f 2—|—6)% — et By the above lemma and Holder’s inequality,

1112 < || he +ei H2 < 2||dhe|]? + 2627 R? = ZH (f2+e)i ]Lfde1 + 237 R?

(3.3)
< P||(f2+e 2 df||S + 2e37R? < 2|ldf 2| (f2+e) —H +2¢im 2,
Note that 5 ) ) -
_ 2 =2 p _q—-2 2 _gq
I=0=70 = T -1 142 72

Thus, letting € go to zero in (3.3), we obtain

A1 < larlzN IR = 1Fllg < glldf[lp.
The case 1—% > —% follows by Holder’s inequality.



3.2 Vector Fields along Smooth Maps into Compact Manifolds
Let (V,g,V) be a compact Riemannian manifold.

Lemma 3.5 For any R>0 and p,q>1 with 1—
for any r€[0,R), u€C®(Bgr,; V), and £ €T(u),

1€llg < Cpg(R)(1€llp,1 + [1€dull,).

Proof: (1) Let {U;: i €[N]} be a finite open cover of V' such that the diameter of each set U; is at
most 7. Let {W;:i€[N]} be an open cover of V such that W; C U;. Choose smooth functions
n;: V. —10,1] such that n; =1 on W; and n; =0 outside of U;. For each i€ [N], pick z; e W;. If
2€ Br, and u(z) €U;, define i;(2), & (2) €T,V by

% > —%, there exists Cp 4 € C(R;R) such that

expy, Ui(2) = u(z), |wi(z)|<rv; Hg&(2) = £(2).

For any z€ Br,,, put &(2)=mn;(u(2))&(2). Then &€ C®(Br,; Ty, V).
(2) By Corollary 3.4, there exists Cp 4(R) >0 such that

€]l Loqu-1wiy) < N€illg < Cpa(B)IIEillp1 < Cpg(R)UEN, + lldilly)- (34)
Since d&; = (dn; o du)&; + (o w)dé; on v~ (U;) and vanishes outside of v~ (U;),
1d€illy < 1€l o w1y + Cll&idullp. (3.5)

On the other hand, by Corollary 2.3, if u(z) € U;

VE|. — () 0 déil

< Cldul.[é].. (3.6)

Combining equations (3.4)-(3.6), we obtain

€1l wiy) < Cpg(BR) (IIEllp.1 + l1€dullp).

The claim follows by summing the last inequality over all 3.

Lemma 3.6 For any R>0 and p > 2, there exists C, € C*°(R;R) such that for any r€|0, %R],
ueC>®(Bry; V), and £€T'(u),

€llco < Co(R) (II€llp,r + lIEdullp)-
Proof: With notation as above, by Corollary 3.2, there exists C,(R) such that
I€lloo 1wy < l€illoo < Co(B)illpr < Cp(RY (€]l Lo 1wy + ldillp)-

As above, we obtain )
ldillp < C(l€llp1 + llgdull,),

and the claim follows.

10



Proposition 3.7 If (V,g,V) is a compact Riemannian manifold and p>2, there exists
Cp e C*(RxR;R) such that for any R>0, re€|0, %R], ueC>®(Bry; V) and €T (u),

€llco < Cp (R, lldullp) 1€]lp,1-

The same statement holds if Br, is replaced by a fixred compact Riemann surface (X, gx).

Proof: By Lemma 3.6 applied with p = 7’%2 and Holder’s inequality,
1€lco < Co(R)([I€ll1 + 16dullz) < CHER)(IIEllp + dullplllq, ) (3.7)
where ¢ = pQTp2' If ¢1 <p, then the proof is complete. Otherwise, apply Lemma 3.5 with p; = 522
and Holder’s inequality:
€llas < Cprar (B)([I€llps1 + [1€dullpy) < Cpy g (R)([€llp + dullp€llqs) (3.8)
where ¢o = p’f’;l. If g <p, then the claim follows from equations (3.7) and (3.8). Otherwise, we

can continue and construct sequences {p;}, {g;},{C;} such that

2qi PP
o g = : 3.9
Pi= g 1= (3.9)
1€llg; < Ci(R) (N1€llp,1 + Ndullpl€llg ) - (3.10)
Equation (3.9) implies that
git1 = _ = if ¢; > 0, then ¢;41 < ¢;.
pgi — 2(qi — p)

Thus, if ¢; > 2 for all i, then the sequence {¢;} must have a limit ¢ > 2. The limiting value
must satisfy
_ 2pq
pqg —2(q —p)
since p > 2 by assumption. Thus, for N sufficiently large gy < p and the first claim follows from
(3.7) and equations (3.10) with ¢ running from 1 to N+1, where N is the smallest integer such
that gy <p. The second claim is easily obtained from the first.

= (p—2)g=0=¢q¢=0,

3.3 Elliptic Estimates

If Ay=BRg, , and A :BRM2 are two annuli in R?, we write Ay €5 A; if Ri—Ro > and ro—r1>4.

Lemma 3.8 For any 6 >0, p>1, and open annulus Ay, there exists Cs (A1) >0 such that for any
annulus Ay €5 Ay and fe€C®(A1;C™),

£l e ) < Cp(AL) (101 llp + df 12 + 11£11),

where the norms are taken with respect to the standard metric on R2.

11



Proof: We can assume that As is the maximal annulus such that Ay €5 A;. Let n: A —[0,1] be a
compactly supported smooth function such that 5|4, =1. By the usual elliptic inequalities for S2,

ldf 1l (az) < APy < ColAD) (100 lp+Inf,) 3.11)
< Cp(A) (10£ 11+ () £ 1+ £ 1l,)- '

By Corollary 3.4,
Infllp < Cp(Ar) (ldf 12 + [l (dn) fll2 + [Inf]]2)
< Cp(AD) (lldf |2 + lldf [+ + 1) Flla + [ (dn) 1l + [l f 1) (3.12)
< Csp(An) (lldf ll2 + 11 f111)-

Similarly,
I(dn) fllp < Csp(Ar) (ldfll2 + 1£1I1)- (3.13)
The claim follows by plugging (3.12) and (3.13) into (3.11).

Corollary 3.9 For any § >0, p>1, and open annulus Ay, there exists Csp(A1) >0 such that for
any annulus Ay €5 A1, and feC®(A1;C"),

1df [l Lr(a2) < Cp(A1) (10F1lp + lldf |I2).-
Proof: Let f = |A—11| fAlf’ where |A;| is the area of A;. By Lemma 3.8,
ldf [l Lo a) = ld(f = Dl Lo a5y < CplAD)10Cf = Pllp + 1d(f = Hllz + 1 = Fllr)
= Cp(A) (101 llp + lldf Iz + 11.f = fll1)-

The claim follows by applying Lemma 2.6 or its proof, depending on A;, to A; and f—f with p=2
to the last term in (3.14).

(3.14)

Proposition 3.10 If (V,g,J) is a compact almost complex manifold, for any § >0, p>1, and
open annulus Ay, there exists Csp(Ar) such that for any annulus Ay €5 Ay, smooth function
u: Ay —V and £€T(u),

V€l Lr(as) < Cs.p(A1) (1 Duéllp + V€2 + [1Edullp),
where the norms are taken with respect to the standard metric on R?.

Proof: We continue with the notation of the proof of Lemma 3.8. By Corollary 3.9,

14| Lo (45) < Cisp(A1) (110&]1p + lldEi12)
< O (AN (106l o0y + 1860l 210y + 1Eull)
If u(z) € U;, by Corollary 2.3,

(3.15)

|VE — g, ydéi|, < Cldul.[€].. (3.16)
Since VJ =0 and 9;& = (9;(n; o u))& + n;:0;& on u™(Uy), it follows from (3.15) and (3.16) that

IVEl Lo ayra iy < Nillp + Cllédully
< Cp (A1) (1D jéllp + V€2 + lI€dullp)-

The claim is obtained by summing the last equation over all 7.

(3.17)
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Lemma 3.11 For any p>1 and open ball BCR?, there exists Cpp€C>®(R;R) such that for any
ueC>®(B;V) and £€T . (u),

I€llp1 < Crplldullp) (1Dullp + 1€lp)

where the norms are taken with respect to the standard metric on R?.

Proof: By an argument nearly identical to the proof of Proposition 3.10, for all p > 1,

”f”p,l < OB,p(HDufup + Hf”p + HdeHp) (3.18)

On the other hand, by Proposition 3.7, for all p>2,

€llco < CB,p(Hdqu)”fup- (3.19)

The claim is obtained from (3.18) and (3.19) by taking a sequence (p;,q;) as in the proof of
Proposition 3.7.

Proposition 3.12 If (V,g,J) is a compact almost complex manifold, for any p>2 and compact
Riemann surface (3, gs.), there ezists Cp, € C*°(R; R) such that for any ue C*°(Bpr,; V) and €T (u),

I€llp,1 < Cp(lldullp) (1 Duglly + 11€]lp)-

Proof: This statement is immediate from Lemma 3.11.
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