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1 Introduction

In this short note, we collect the basic facts of Riemannian geometry necessary for gluing pseu-
doholomorphic curves in symplectic geometry via the method of [LT]. Proofs of these facts are
omitted in [LT], but only an estimate similar to that of Proposition 2.11 seems to have a well-known
proof; see [F]. The estimates given here are actually sharper than needed in [LT] or even in [Z].
However, these sharpened estimates may help globalize the construction in [Z].

Section 2 collects various simple facts from Riemannian geometry to obtain a Poincare lemma for
vector fields along closed curves in Proposition 2.5 and an expansion for the ∂̄-operator in Propo-
sition 2.11. In Section 3, we refine, in the n=2 case, the proofs of Sobolev Embedding Theorems
given in [M] to obtain a C0-estimate in Proposition 3.7 and elliptic estimates for the ∂̄-operator in
Propositions 3.10 and 3.12 for vector fields along smooth maps into a compact manifold. The main
reason for collecting these five propositions here is to describe the dependence of the constants
involved on the underlying smooth map. This dependence of constants plays an important role in
the gluing constructions.

If u : D−→V is a smooth map, we write Γ(u) and Γ1(u) for Γ(D;u∗TV ) and Γ(D;T ∗D⊗u∗TV ),
respectively. We denote the subspace of compactly supported sections in Γ(u) by Γc(u).

2 Riemannian Geometry Estimates

2.1 Parallel Transport

Let (V, g,∇) be a compact Riemannian manifold, where g is a metric on V and ∇ is a connection
in TV , which is metric-compatible, but not necessarily torsion-free. Let T∇ denote the torsion
of ∇. If p∈V and X∈TpV , denote by expp X the exponential of X defined with respect to the
connection ∇ and by rV the injectivity radius of V defined with respect to the connection ∇ and
metric g; see [C]. If α : (a, b)−→ V is a piecewise smooth curve, let Πα : Tα(a)V −→ Tα(b)V denote
the parallel-transport map along α defined with respect to the connection ∇. If R=[a, b]×[c, d] is
a rectangle in R

2 and u : R −→ V is a smooth map, let

Π∂u : Tu(a,c)V −→ Tu(a,c)V
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be the parallel transport along u restricted to the boundary of R traversed in the positive direction.
Denote by ΠX the parallel-transport map along the geodesic γX : s−→ expp sX, where s ∈ [0, 1]. If

α is a smooth curve and ξ is a smooth vector field along α, we write D
dtξ for the covariant derivative

of ξ along α if the variable parameterizing α is t. More generally, if u : D−→V is any smooth map,
we define ∇ξ ∈ Γ1(u) as follows. If α : (−ε, ε)−→D is a smooth curve, let

{

∇ξ}α(0)

(

α′(0)
)

=
D

dt
(ξ ◦ α)

∣

∣

∣

t=0
.

Lemma 2.1 There exists a constant C∈R
+ such that for any smooth map u : R−→V ,

|Π∂u − I| ≤ C

∫

R
|us||ut|dsdt,

where the norm of (Π∂u−I)∈End(Tu(a,c)V ) is computed with respect to the metric g.

Proof: (1) Let R = [a, b]× [c, d] be as before. Choose an orthonormal frame {Xi} for Tu(a,c)V .
Extend each Xi to a vector field along t −→ u(a, t), where t ∈ [c, d], by parallel transport. Then
extend each Xi to a vector field along u : R−→V by parallel-transporting the vector Xi(a, t) along
the curves s−→u(s, t). By definition, D

dsXi = 0 on R. Let A be the matrix-valued function on R
such that

D

dt
Xi

∣

∣

∣

(s,t)
= Aik(s, t)Xk(s, t);

here and below we use the generalized Einstein summation convention. Note that Aij(a, t) = 0 and

〈

R(us, ut)Xi,Xj

〉

=
〈 D

ds

D

dt
Xi −

D

dt

D

ds
Xi,Xj

〉

=
〈( ∂

∂s
Aik

)

Xk,Xj

〉

=
∂

∂s
Aij .

(2.1)

where R denotes the Riemann curvature tensor of the connection of ∇. Since V is compact, it
follows that

|Aij(b, t)| ≤ C

∫ b

a
|us||ut|ds. (2.2)

(2) The parallel transport of Xi along the curves

τ −→ u(τ, c), τ −→ u(τ, d), τ −→ u(a, τ)

is Xi itself. Thus, it remains to estimate the parallel transport of each Xi along the curve
τ −→u(b, τ). Let hij be the SON -valued function on [c, d] such that

h(c) = I and
D

dt
hijXj

∣

∣

∣

(b,t)
= 0 ∀i, t.

The second equation is equivalent to

h′
ij(t)Xj(b, t) + hij(t)Ajk(b, t)Xk(b, t) = 0 ⇐⇒ h′ = −hA(b, ·). (2.3)

Since Aij is always traceless by (2.1), equation (2.3) has a unique solution in SOn such that h(0)=I,
where n is the dimension of V . Furthermore, by (2.2)

∣

∣h(d) − I
∣

∣ ≤
∫ d

c
|h′(t)|dt ≤

∫ d

c
|h||A|dt ≤ n2

∫ d

c

∫ b

a
C|us||ut|dsdt. (2.4)

Since Π∂αXi =hij(d)Xj by the above, the lemma follows from equation (2.4).
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Corollary 2.2 There exists C∈R
+ such that for any closed curve α : [a, b]−→V ,

∣

∣Πα − I
∣

∣ ≤ C min
(

‖dα‖1, (b−a)‖dα‖2
2

)

.

Proof: Since the group SON is compact and ‖dα‖2
1 ≤ (b−a)‖dα‖2

2 by Holder’s inequality, it is
enough to assume that ‖dα‖1 ≤ 1

2rV . Then we can write

α(t) = expα(0) α̃(t), where |α̃(t)|α(0) < rV .

Define u : [0, 1]×[a, b]−→V by
u(s, t) = expα(0) sα̃(t).

Note that

us(s, t) = d expα(0)

∣

∣

sα̃(t)
α̃(t), =⇒ |us|(s,t) ≤ C‖dα‖1

ut(s, t) = sd expα(0)

∣

∣

sα̃(t)
(d expα(0) |α̃(t))

−1α′(t) =⇒ |ut|(s,t) ≤ C|dα|t.

Thus, by Lemma 2.1,

∣

∣Πα − I
∣

∣ =
∣

∣Π∂u − I
∣

∣ ≤ C

∫ b

a

∫ 1

0
|us||ut|dsdt

≤ C‖dα‖2
1 ≤ C(b−a)‖dα‖2

2.

Since ‖dα‖1 ≤ 1
2rV , it follows that |Πα−I|≤C ′‖dα‖1.

Corollary 2.3 There exist C,C ′∈R
+ such that for all smooth maps α, ξ: (−ε, ε)−→TpV ,

∣

∣

∣

∣

D

dt

(

Πα(t)ξ(t)
)∣

∣

∣

t=0
− Πα(0)ξ

′(0)

∣

∣

∣

∣

≤ C|α(0)||α′(0)||ξ(0)|.

Proof: Let R = [0, 1]×
[

0, 1
2ε

]

and define u : R −→ V by u(s, t) = expp sα(t). Let {Xi} be an
orthonormal basis for TpV . Extend each {Xi} to a vector field along u by parallel transport along
the geodesics s−→u(s, t). Write ξ(t)=f(t)Xi; then Πα(t)ξ(t)=f(t)Xi(1, t), and thus

D

dt

(

Πα(t)ξ(t)
)
∣

∣

∣

t=0
= f ′(0)Xi(1, t) + f(0)

D

dt
Xi(1, t)

∣

∣

∣

t=0

= Πα(0)ξ
′(0) + f(0)

D

dt
Xi(1, t)

∣

∣

∣

t=0
.

On the other hand, by the proof of Lemma 2.1,

∣

∣

∣

D

dt
Xi(1, t)

∣

∣

∣

t=0
≤ C

∫ 1

0
|us|(s,0)|ut|(s,0)ds ≤ C ′|α(0)||α′(0)|.

2.2 Poincare Lemmas

Lemma 2.4 If f : S1−→R
N is a smooth function such that

∫ 2π
0 f(θ)dθ=0,

∫ 2π

0
|f(θ)|2dθ ≤

∫ 2π

0
|f ′(θ)|2dθ.
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Proof: We can write f(θ) =
n<∞
∑

n>−∞
aneinθ. Since

∫ 2π
0 f(θ)dθ=0, a0 =0. Thus,

∫ 2π

0
|f(θ)|2dθ =

n<∞
∑

n>−∞

|an|2 ≤
n<∞
∑

n>−∞

|nan|2 =

∫ 2π

0
|f ′(θ)|2dθ.

Proposition 2.5 Let (V, g,∇) be a compact Riemannian manifold. There exists C∈R
+ such that

for any curve α : S1−→V and vector fields ξ1 and ξ2 along α,

∣

∣〈〈∇θξ1, ξ2〉〉
∣

∣ ≤ ‖∇θξ1‖2‖∇θξ2‖2 + C min
(

‖dα‖1, ‖dα‖2
2

)

‖ξ1‖2,1‖ξ2‖2,

where all the norms are computed with respect to the standard metric on S1.

Proof: (1) Identify Tα(0)V with R
N , preserving the metric. Given v∈Tα(0)V , let v(θ) denote the

parallel transport of v along the curve t −→ α(t) with 0 ≤ t ≤ θ. By Corollary 2.2, there exists
X∈so(Tα(0)V )=soN such that

|X| ≤ C min
(

‖dα‖1, ‖dα‖2
2

)

and v(2π) = {exp(X)} · v(0) = {exp(X)} · v

for all v∈Tα(0)V , where exp(X) is taken in SON =SO(Tα(0)V ).

(2) For any v∈Tα(0)V , let Ψθv denote the parallel transport of e−θX/2πv along the curve t−→α(t)

with 0≤ t≤θ. Then Ψ: S1×R
N −→α∗TV is a smooth isometry. Put

ξ̄2 =
1

2π

∫ 2π

0
{Ψ−1ξ2}(θ)dθ.

By Holder’s inequality and Lemma 2.4,

∣

∣〈〈∇θξ1, ξ2−Ψξ̄2〉〉
∣

∣ ≤ ‖∇θξ1‖2‖ξ2−Ψξ̄2‖2

= ‖∇θξ1‖2‖Ψ−1ξ2−ξ̄2‖2 ≤ ‖∇θξ1‖2‖dΨ−1ξ2‖2.
(2.5)

Note that

‖dΨ−1ξ2‖2 ≤ ‖∇θξ2‖2 + |X/2π|‖ξ2‖2

≤ ‖∇θξ2‖2 + C min
(

‖dα‖1, ‖dα‖2
2

)

‖ξ2‖2.
(2.6)

On the other hand, by integration by parts, we obtain

〈〈∇θξ1, ξ2−Ψξ̄2〉〉 = 〈〈∇θξ1, ξ2〉〉 + 〈〈ξ1,∇θΨξ̄2〉〉. (2.7)

Since Ψξ̄2 is the parallel transport of eθX/2π ξ̄2,

∣

∣〈〈ξ1,∇θΨξ̄2〉〉
∣

∣ ≤ ‖ξ1‖2‖∇θΨξ̄2‖2 = ‖ξ1‖2|X/2π|‖Ψξ̄2‖2

≤ C min
(

‖dα‖1, ‖dα‖2
2

)

‖ξ1‖2‖ξ2‖2.
(2.8)

The corollary follows from equations (2.5)-(2.8).

If R>r≥0, let BR,r =
{

x∈R
2 : r< |x|<R

}

and B̃R,r =
{

x∈R
2 : r≤|x|<R

}

. The following lemma
is used in the next section as well as in [Z].
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Lemma 2.6 For all p ≥ 1, there exists Cp ∈ R
+ such that for all R ∈ R

+, ε ∈ [0, 1
2 ), and

f ∈C∞
(

BR,εR; Rn
)

,
∫

BR,εR

f = 0 =⇒ ‖f‖C0 ≤ CpR
p−2

p ‖df‖p.

Proof: (1) We first assume that R=1. Suppose εk−→ε∈
[

0, 1
2

]

, fk∈C∞(B1,εk
; Rn),

∫

B1,εk

fk = 0, ‖fk‖C0 = 1, and ‖dfk‖p −→ 0.

By the Sobolev Embedding Theorem, fk converges to some f ∈ Lp(B1,ε; R
n) with respect to the

Lp-norm on compact subsets of B1,ε. Since ‖dfk‖p −→ 0, df = 0 and f ∈Lp
1(B1,ε; R

n). Since d is
elliptic, it follows that f is smooth and constant, and thus zero. However, this contradicts the fact
that ‖f‖C0 =1.
(2) Suppose R>0, f ∈C∞(BR,εR; Rn), and

∫

f =0. Let f̃ ∈C∞(B1,ε; R
n) be given by f̃(z)=f(Rz).

Then
∫

B1,ε
f̃ =0, and thus by (1),

‖f‖C0 = ‖f̃‖C0 ≤ Cp‖df̃‖p ≤ CpR
p−2

p ‖df‖p.

2.3 The Exponential Map and Differentiation

With notation as in Subsection 2.1, let

T̃V =
⋃

p∈V

T̃pV, where T̃pV =
{

X∈TpV : |X|≤ 1

2
rV

}

.

If α: (−ε, ε)−→V is a smooth curve and ξ is a vector fields along α such that ξ(0)∈ T̃ V , put

Φα(0)

(

ξ(0);α′(0),
D

ds
ξ
∣

∣

∣

s=0

)

= Π−1
ξ(0)

( d

ds
expα(s) ξ(s)

∣

∣

∣

s=0

)

.

Note that Φ is well-defined, i.e. its definition is dependent only on the vectors α′(0), ξ(0), and
D
dsξ(0)

∣

∣

s=0
, since Φ involves only first-order differentiation.

Lemma 2.7 There exists C∈R
+ such that for all p∈V , X∈ T̃pV , and Y,Z∈TpV ,

∣

∣

∣
Φp(X;Y,Z) −

(

Y +Z+T∇(Y,Z)
)

∣

∣

∣
≤ C

(

|X|2|Y |+|X||Z|
)

.

Proof: Let α : (−ε, ε)−→V be a smooth curve and ξ a smooth vector field along α such that

α(0) = p, α′(0) = Y, ξ(0) = X,
D

ds
ξ(s)

∣

∣

∣

s=0
= Z.

Put

FX,Y,Z(t) =
d

ds
expα(s) tξ(s)

∣

∣

∣

s=0
, HX,Y,Z(t) = ΠtX

(

Y +tZ+tT∇

(

Y,X)
)

.

Then,

FX,Y,Z(0) =
d

ds
α(s)

∣

∣

∣

s=0
= HX,Y,Z(0);

D

dt
FX,Y,Z(t)

∣

∣

∣

t=0
=

D

ds

d

dt
expα(s) tξ(s)

∣

∣

∣

t=0

∣

∣

∣

s=0
+ T∇

(

α′(0), ξ(0)
)

=
D

dt
HX,Y,Z(t)

∣

∣

∣

t=0
;
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see Corollary 2.3. Combining the last two equations, we obtain

∣

∣FX,Y,Z(t) − HX,Y,Z(t)
∣

∣ ≤ Cp(X,Y,Z)t2 ∀ t∈ [−1, 1], X, Y, Z∈TV,

where C is a smooth function on TV ⊕TV ⊕TV . Since

FX,Y,Z(t) = FtX,Y,tZ(1), HX,Y,Z(t)=HtX,Y,tZ(1),

the space {X ∈TV : |X|=1} is compact, and FX,Y,Z and HX,Y,Z are linear in (Y,Z), we conclude
that there exists C∈R

+ such that

∣

∣FX,Y,Z(1) − HX,Y,Z(1)
∣

∣ ≤ C
(

|X|2|Y |+|X||Z|
)

∀ X∈ T̃pV, Y, Z∈TpV, (2.9)

as claimed.

For any X,Y,Z∈TpV , let Φ̃p(X;Y,Z) = Φp(X;Y,Z) −
(

Y +Z+T∇(Y,Z)
)

.

Corollary 2.8 There exists C∈R
+ such that for all p∈V , X1,X2∈ T̃pV , and Y,Z1, Z2∈TpV ,

∣

∣

∣
Φ̃p(X1;Y,Z1)−Φ̃p(X2;Y,Z2)

∣

∣

∣

≤ C
(

(

(|X1| + |X2|)|Y |+|Z1|+|Z2|)|X1−X2| +
(

|X1|+|X2|
)

|Z1−Z2|
)

.

Proof: By the proof of Lemma 2.7, Φ̃=Φ̃1+Φ̃2, where

Φ̃1, Φ̃2 : T̃V −→ π∗
TV

(

T ∗V ⊗TV
)

are smooth sections such that

∣

∣Φ̃1(X; ·)
∣

∣ ≤ C1|X|2 and
∣

∣Φ̃2(X; ·)
∣

∣ ≤ C2|X| ∀ X∈ T̃ V.

Since the space T̃ V is compact,

∣

∣Φ̃1(X1; ·) − Φ̃1(X2; ·)
∣

∣ ≤ C ′
1

(

|X1|+|X2|
)

|X1−X2|,
∣

∣Φ̃2(X1; ·) − Φ̃2(X2; ·)
∣

∣ ≤ C ′
2|X1−X2|,

∀ X1,X2∈ T̃pV.

From the linearity of Φ̃1(X : ·) and Φ̃2(X : ·), we conclude that

∣

∣Φ̃1(X1;Y ) − Φ̃1(X2;Y )
∣

∣ ≤ C ′
1

(

|X1|+|X2|
)

|X1−X2||Y |,
∣

∣

∣
Φ̃2(X1;Z1) − Φ̃2(X2;Z2)

∣

∣

∣
≤ C ′

2|X1−X2||Z1| + C2|X2||Z1−Z2|.

2.4 Expansion of the ∂̄-Operator

Let (V, g, J) be a compact almost-complex manifold. Here J is a complex structure in TV , which
is orthogonal with respect to g. Then there exists a canonical connection ∇ in TV that commutes
with J . Explicitly, if ∇LC is the Levi-Civita connection of the metric g, for any X∈TpV and
ξ∈Γ(V ;TV ), let

∇Xξ =
1

2

(

∇LC
X ξ − J∇LC

X (JX)
)

.
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We will always associate this canonical connection with any given triple (V, g, J). This connection
agrees with the Levi-Civita connection if and only if (V, g, J) is Kahler.

Let (D, j) be any one-dimensional complex manifold. If u : D−→ V is a smooth map, we denote
by Λ0,1

J,jT
∗D⊗u∗TV −→D the bundle of (J, j)-antilinear homomorphisms from TD to u∗TV . Let

∂̄u =
1

2

(

du + J ◦ du ◦ j
)

∈ Γ0,1
J,j(u) ≡ Γ(D; Λ0,1

J,jT
∗D⊗u∗TV ).

If ξ∈Γ(u), we define ∂̄uξ,Duξ, Luξ, D̃uξ,Nuξ∈Γ0,1
J,j(u) by

{

∂̄uξ
}

z
(v) = Π−1

ξ(z)

(

∂̄{expu ξ}
∣

∣

z
v
)

, 2
{

Luξ
}

z
(v) = T∇

(

du|zv, ξ(z)
)

+ JT∇

(

du|zjv, ξ(z)
)

,

2Duξ = ∇ξ + J ◦ ∇ξ ◦ j D̃uξ = Duξ + Luξ, ∂̄uξ = ∂̄u + D̃uξ + Nuξ.

The operator D̃u : Γ(u)−→Γ0,1
J,j(u) is the linearization of the ∂̄-operator at u; see [MS]. What this

means is described in detail by Lemma 2.9 and Proposition 2.11 below.

Lemma 2.9 There exists a constant C∈R
+ dependent only on (V, g, J) such that for any smooth

map u : (D, j)−→V , z∈D, v∈TzD, and ξ1, ξ2∈Γ(u), with |ξ1|z, |ξ2|z ≤ 1
2rV ,

∣

∣

∣

{

Nuξ1

}

z
v −

{

Nuξ2

}

z
v
∣

∣

∣
≤ C

(

(∣

∣du|zv
∣

∣(|ξ1|z+|ξ2|z) + |∇ξ1(v)+∇ξ2(v)|
)∣

∣ξ1−ξ2|

+
(

|ξ1|z+|ξ2|z
)
∣

∣∇ξ1(v)−∇ξ2(v)
∣

∣

)

.

Furthermore, Nu0=0.

Proof: Since the connection ∇ commutes with J , so does the parallel transport Π. Thus, with
notation as in the previous subsection,

{Nξ
}

z
v = Φ̃

(

ξ(z); du|zv,∇ξ|zv
)

+ J
(

u(z)
)

Φ̃
(

ξ(z); du|zjv,∇ξ|zjv
)

.

The claim now follows from Corollary 2.8.

Definition 2.10 If C0∈R
+ and u : D−→V is a smooth map, norms ‖ · ‖p,1 and ‖ · ‖p on Γ(u) and

Γ1(u), respectively, are C0-admissible if for all ξ ∈ Γ(u), η ∈ Γ1(u), and any continuous function

f : D−→R,

‖∇ξ‖p ≤ ‖ξ‖p,1, ‖fη‖p ≤ ‖f‖C0‖η‖p, ‖ξ‖C0 ≤ C0‖ξ‖p,1.

Proposition 2.11 If (V, g, J) is a compact almost-complex manifold, there exists CV ∈C∞(R; R)
with the following property. Suppose (D, j) is a one-dimensional complex manifold, u : (D, j)−→V
is a smooth map, and ‖ · ‖p,1 and ‖ · ‖p are C0-admissible norms on Γ(u) and Γ1(u), respectively.

Then for all ξ1, ξ2∈Γ(u) such that ‖ξ1‖p,1, ‖ξ2‖p,1 < rV

2C0
,

∥

∥Nuξ1 − Nuξ2

∥

∥

p
≤ CV

(

C0+‖du‖p

)(

‖ξ1‖p,1+‖ξ2‖p,1

)

‖ξ1−ξ2‖p,1.

Furthermore, Nu0 = 0. If the geodesic ball of radius δ about u(z) in (V, g, J) is isomorphic to an

open subset of C
n and |ξ|z <δ, then {Nuξ}z =0.
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Proof: The first two statements follow from Lemma 2.9 and Definition 2.10. The last claim is clear
from the construction of Nu.

Remark: As the notation suggests, one possibility for the norms ‖ · ‖p,1 and ‖ · ‖p is the usual
Sobolev Lp

1 and Lp-norms with respect to some Riemannian metric on D, where p > 2. Another
natural possibility is the modified Sobolev norms of [LT], which are particularly suited for gluing
pseudoholomorphic curves. In Proposition 3.7 below, we will see that the constant C0 itself in
either of these two cases is a function of ‖du‖p only.

3 Sobolev and Elliptic Inequalities

3.1 Eucledian Case

Proofs of the next four statements are slight refinements of the proofs of similar statements in [M]
in the n=2 case.

Lemma 3.1 For any bounded convex domain D⊂R
2, f ∈C∞(D), and x∈D,

∣

∣fD − f(x)
∣

∣ ≤ 2r2
0

|D|

∫

D
|df |y|y−x|−1dy,

where 2r0 is the diameter of D, |D| is the area of D, and

fD =
1

|D|
(

∫

D
f(y)dy

)

is the average value of f on D.

Proof: For any y∈D,

f(y) − f(x) =

∫ 1

0

d

dt
f
(

x+t(y−x)
)

dt =

∫ 1

0
df |x+t(y−x)(y−x)dt.

Put g(z)= |df |z if z∈D and g(z)=0 otherwise. Then,

∣

∣fD − f(x)
∣

∣ ≤ 1

|D|

∫

y∈D
|f(y)−f(x)|dy ≤ 1

|D|

∫

y∈D

∫ ∞

0
g
(

x+t(y−x)
)

|y−x|dtdy.

Rewriting the last integral in polar coordinates (r, θ) centered at x, we obtain

∣

∣fD − f(x)
∣

∣ ≤ 1

|D|

∫ 2π

0

∫ 2r0

0

∫ ∞

0
g(tr, θ)r2dtdrdθ

=
1

|D|

∫ 2π

0

∫ 2r0

0

∫ ∞

0
g(t, θ)rdtdrdθ =

2r2
0

|D|

∫ 2π

0

∫ ∞

0
g(t, θ)dtdθ

=
2r2

0

|D|

∫

D
|df |y|y−x|−1dy.

Corollary 3.2 For any R>0 and p>2, there exists Cp∈C∞(R; R) such that

r∈
[

0,
1

2
R

]

, f ∈C∞(BR,r) =⇒ ‖f‖C0 ≤ Cp(R)‖f‖p,1.
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Proof: For any x∗∈BR,r, put

Dx∗ =
{

x∈BR,r : 〈x∗, |x∗|x−rx∗〉≥0
}

.

If x∗ 6=0, Dx∗ is the part of the annulus on the same side of the line 〈x∗, x−rx∗/|x∗|〉=0 as x∗. In
particular,

diam(Dx∗) ≤ 2R and |Dx∗ | ≥
(π

3
−
√

3

4

)

R2.

Thus, by the above lemma and Holder’s inequality,

|f(x∗)| ≤ 1

|Dx∗ |‖f‖1 + 8

∫

y∈Dx∗

|df |y|y−x|−1dy

≤ |Dx∗ |−
1

p ‖f‖p + 8
(

∫

y∈B2R(x)
|y−x|−

p

p−1

)
p−1

p ‖df‖p ≤ Cp(R)‖f‖p,1,

(3.1)

since p
p−1 <2.

Lemma 3.3 For any R>0 and r∈ [0, R),

f ∈C∞(BR,r), supp(f)⊂B̃R,r =⇒ ‖f‖2 ≤ ‖df‖1.

Proof: Such a function f can be viewed as a function on the complement of the ball B̄(0, r) in R
2.

Since f vanishes at infinity, for any (x, y)∈BR,r

f(x, y) =

{

∫ x
−∞ fs(s, y)ds, if x≤0;

−
∫ ∞
x fs(s, y)ds, if x≥0;

and f(x, y) =

{

∫ y
−∞ ft(x, t)dt, if y≤0;

−
∫ ∞
y ft(x, t)dt, if y≥0.

Taking the absolute value in these equations, we obtain

|f |(x,y) ≤
∫ ∞

−∞
|df |(s,y)ds and |f |(x,y) ≤

∫ ∞

−∞
|df |(x,t)dt, (3.2)

where we formally set f and df to be zero on the smaller disk. Multiplying the two inequalities in
(3.2) and integrating with respect to x and y, we conclude

∫ ∞

−∞

∫ ∞

−∞
|f |2(x,y)dxdy ≤

(

∫ ∞

−∞

∫ ∞

−∞
|df |(x,y)dxdy

)2
,

as claimed.

Corollary 3.4 For any R>0, p, q≥1 with 1− 2
p ≥ −2

q , there exists Cp,q∈C∞(R; R) such that

r∈ [0, R), f ∈C∞(BR,r), supp(f)⊂B̃R,r =⇒ ‖f‖q ≤ Cp,q(R)‖df‖p.

Proof: For ε>0, let hε = (f2+ε)
q

4 − ε
q

4 . By the above lemma and Holder’s inequality,

‖f‖q
q ≤

∥

∥hε+ε
q

4

∥

∥

2

2
≤ 2‖dhε‖2

1 + 2ε
q

2 πR2 = 2
∥

∥

q

2
(f2+ε)

q

4
−1fdf

∥

∥

2

1
+ 2ε

q

2 πR2

≤ q2
∥

∥(f2+ε)
q

4
− 1

2 df
∥

∥

2

1
+ 2ε

q

2 πR2 ≤ q2‖df‖2
p

∥

∥(f2+ε)
q−2

4

∥

∥

2
p

p−1

+ 2ε
q

2 πR2.
(3.3)

Note that

1 − 2

p
= −2

q
=⇒ q − 2

4

p

p − 1
=

q − 2

4

2q

q − 2
=

q

2
.

Thus, letting ε go to zero in (3.3), we obtain

‖f‖q
q ≤ q2‖df‖2

p‖f‖q−2
p =⇒ ‖f‖q ≤ q‖df‖p.

The case 1− 2
p > −2

q follows by Holder’s inequality.
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3.2 Vector Fields along Smooth Maps into Compact Manifolds

Let (V, g,∇) be a compact Riemannian manifold.

Lemma 3.5 For any R > 0 and p, q ≥ 1 with 1− 2
p ≥ −2

q , there exists Cp,q ∈C∞(R; R) such that

for any r∈ [0, R), u∈C∞(B̃R,r;V ), and ξ∈Γc(u),

‖ξ‖q ≤ Cp,q(R)
(

‖ξ‖p,1 + ‖ξdu‖p

)

.

Proof: (1) Let {Ui : i∈ [N ]} be a finite open cover of V such that the diameter of each set Ui is at
most 1

2rV . Let {Wi : i∈ [N ]} be an open cover of V such that W̄i ⊂Ui. Choose smooth functions
ηi : V −→ [0, 1] such that ηi = 1 on Wi and ηi = 0 outside of Ui. For each i∈ [N ], pick xi ∈Wi. If
z∈ B̃R,r and u(z)∈Ui, define ũi(z), ξi(z)∈Txi

V by

expxi
ũi(z) = u(z), |ũi(z)|<rV ; Πũi(z)ξi(z) = ξ(z).

For any z∈BR,r, put ξ̃i(z)=ηi(u(z))ξi(z). Then ξ̃i∈C∞
c (B̃R,r;Txi

V ).
(2) By Corollary 3.4, there exists Cp,q(R)>0 such that

‖ξ‖Lq(u−1(Wi)) ≤ ‖ξ̃i‖q ≤ Cp,q(R)‖ξ̃i‖p,1 ≤ Cp,q(R)(‖ξ‖p + ‖dξ̃i‖p). (3.4)

Since dξ̃i = (dηi ◦ du)ξi + (η ◦ u)dξi on u−1(Ui) and vanishes outside of u−1(Ui),

‖dξ̃i‖p ≤ ‖dξi‖Lp(u−1(Ui)) + C‖ξidu‖p. (3.5)

On the other hand, by Corollary 2.3, if u(z)∈Ui

∣

∣

∣
∇ξ|z − Πũ(z) ◦ dξi|z

∣

∣

∣

z
≤ C|du|z|ξ|z. (3.6)

Combining equations (3.4)-(3.6), we obtain

‖ξ‖Lq(u−1(Wi)) ≤ Cp,q(R)
(

‖ξ‖p,1 + ‖ξdu‖p

)

.

The claim follows by summing the last inequality over all i.

Lemma 3.6 For any R > 0 and p > 2, there exists Cp ∈ C∞(R; R) such that for any r∈ [0, 1
2R],

u∈C∞(BR,r;V ), and ξ∈Γ(u),

‖ξ‖C0 ≤ Cp(R)
(

‖ξ‖p,1 + ‖ξdu‖p

)

.

Proof: With notation as above, by Corollary 3.2, there exists Cp(R) such that

‖ξ‖C0(u−1(Wi)) ≤ ‖ξ̃i‖C0 ≤ Cp(R)‖ξ̃i‖p,1 ≤ Cp(R)
(

‖ξ‖Lp(u−1(Ui)) + ‖dξ̃i‖p

)

.

As above, we obtain
‖dξ̃i‖p ≤ C

(

‖ξ‖p,1 + ‖ξdu‖p

)

,

and the claim follows.

10



Proposition 3.7 If (V, g,∇) is a compact Riemannian manifold and p>2, there exists

Cp∈C∞(R×R; R) such that for any R>0, r∈ [0, 1
2R], u∈C∞(BR,r;V ) and ξ∈Γc(u),

‖ξ‖C0 ≤ Cp

(

R, ‖du‖p

)

‖ξ‖p,1.

The same statement holds if BR,r is replaced by a fixed compact Riemann surface (Σ, gΣ).

Proof: By Lemma 3.6 applied with p̃ = p+2
2 and Holder’s inequality,

‖ξ‖C0 ≤ Cp̃(R)
(

‖ξ‖p̃,1 + ‖ξdu‖p̃

)

≤ C ′
p̃(R)

(

‖ξ‖p,1 + ‖du‖p‖ξ‖q1

)

, (3.7)

where q1 = 2p
p−2 . If q1≤p, then the proof is complete. Otherwise, apply Lemma 3.5 with p1 = 2q1

q1+2
and Holder’s inequality:

‖ξ‖q1
≤ Cp1,q1

(R)
(

‖ξ‖p1,1 + ‖ξdu‖p1

)

≤ C ′
p1,q1

(R)
(

‖ξ‖p,1 + ‖du‖p‖ξ‖q2

)

, (3.8)

where q2 = pp1

p−p1
. If q2 ≤ p, then the claim follows from equations (3.7) and (3.8). Otherwise, we

can continue and construct sequences {pi}, {qi}, {Ci} such that

pi =
2qi

qi + 2
, qi+1 =

ppi

p − pi
; (3.9)

‖ξ‖qi
≤ Ci(R)

(

‖ξ‖p,1 + ‖du‖p‖ξ‖qi+1

)

. (3.10)

Equation (3.9) implies that

qi+1 =
2pqi

pqi − 2(qi − p)
=⇒ if qi > 0, then qi+1 < qi.

Thus, if qi > 2 for all i, then the sequence {qi} must have a limit q ≥ 2. The limiting value
must satisfy

q =
2pq

pq − 2(q − p)
=⇒ (p − 2)q = 0 =⇒ q = 0,

since p > 2 by assumption. Thus, for N sufficiently large qN ≤ p and the first claim follows from
(3.7) and equations (3.10) with i running from 1 to N +1, where N is the smallest integer such
that qN ≤p. The second claim is easily obtained from the first.

3.3 Elliptic Estimates

If A1 =BR1,r1
and A2 =B̄R2,r2

are two annuli in R
2, we write A2 bδ A1 if R1−R2 >δ and r2−r1≥δ.

Lemma 3.8 For any δ>0, p≥1, and open annulus A1, there exists Cδ,p(A1)>0 such that for any

annulus A2 bδ A1 and f ∈C∞(A1; C
n),

‖f‖Lp
1
(A2) ≤ Cp(A1)

(

‖∂̄f‖p + ‖df‖2 + ‖f‖1

)

,

where the norms are taken with respect to the standard metric on R
2.
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Proof: We can assume that A2 is the maximal annulus such that A2 bδ A1. Let η : A1−→ [0, 1] be a
compactly supported smooth function such that η|A2

=1. By the usual elliptic inequalities for S2,

‖df‖Lp(A2) ≤ ‖d(ηf)‖p ≤ Cp(A1)
(

‖∂̄(ηf)‖p+‖ηf‖p

)

≤ Cp(A1)
(

‖∂̄f‖p+‖(dη)f‖p+‖ηf‖p

)

.
(3.11)

By Corollary 3.4,

‖ηf‖p ≤ Cp(A1)
(

‖df‖2 + ‖(dη)f‖2 + ‖ηf‖2

)

≤ C ′
p(A1)

(

‖df‖2 + ‖df‖1 + ‖(∇2η)f‖1 + ‖(dη)f‖1 + ‖ηf‖1

)

≤ Cδ,p(A1)
(

‖df‖2 + ‖f‖1

)

.

(3.12)

Similarly,
‖(dη)f‖p ≤ Cδ,p(A1)

(

‖df‖2 + ‖f‖1

)

. (3.13)

The claim follows by plugging (3.12) and (3.13) into (3.11).

Corollary 3.9 For any δ >0, p≥1, and open annulus A1, there exists Cδ,p(A1)>0 such that for

any annulus A2 bδ A1, and f ∈C∞(A1; C
n),

‖df‖Lp(A2) ≤ Cp(A1)
(

‖∂̄f‖p + ‖df‖2

)

.

Proof: Let f̄ = 1
|A1|

∫

A1
f , where |A1| is the area of A1. By Lemma 3.8,

‖df‖Lp(A2) = ‖d(f−f̄)‖Lp(A2) ≤ Cp(A1)
(

‖∂̄(f−f̄)‖p + ‖d(f−f̄)‖2 + ‖f−f̄‖1

)

= Cp(A1)
(

‖∂̄f‖p + ‖df‖2 + ‖f−f̄‖1

)

.
(3.14)

The claim follows by applying Lemma 2.6 or its proof, depending on A1, to A1 and f−f̄ with p=2
to the last term in (3.14).

Proposition 3.10 If (V, g, J) is a compact almost complex manifold, for any δ > 0, p ≥ 1, and

open annulus A1, there exists Cδ,p(A1) such that for any annulus A2 bδ A1, smooth function

u : A1−→V and ξ∈Γ(u),

‖∇ξ‖Lp(A2) ≤ Cδ,p(A1)
(

‖Duξ‖p + ‖∇ξ‖2 + ‖ξdu‖p

)

,

where the norms are taken with respect to the standard metric on R
2.

Proof: We continue with the notation of the proof of Lemma 3.8. By Corollary 3.9,

‖dξ̃i‖Lp(A2) ≤ Cδ,p(A1)
(

‖∂̄ξ̃i‖p + ‖dξ̃i‖2

)

≤ C ′
δ,p(A1)

(

‖∂̄ξi‖Lp(u−1

i (Ui))
+ ‖dξi‖L2(u−1

i (Ui))
+ ‖ξdu‖p

) (3.15)

If u(z)∈Ui, by Corollary 2.3,
∣

∣∇ξ − Πũi(z)dξi

∣

∣

z
≤ C|du|z|ξ|z . (3.16)

Since ∇J =0 and ∂̄j ξ̃i = (∂̄j(ηi ◦ u))ξi + ηi∂̄jξi on u−1(Ui), it follows from (3.15) and (3.16) that

‖∇ξ‖Lp(A2∩u−1

i (Wi))
≤ ‖dξ̃i‖p + C‖ξdu‖p

≤ Cp,j(A1)
(

‖Du,jξ‖p + ‖∇ξ‖2 + ‖ξdu‖p

)

.
(3.17)

The claim is obtained by summing the last equation over all i.
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Lemma 3.11 For any p≥1 and open ball B⊂R
2, there exists CB,p∈C∞(R; R) such that for any

u∈C∞(B;V ) and ξ∈Γc(u),

‖ξ‖p,1 ≤ CB,p(‖du‖p)
(

‖Duξ‖p + ‖ξ‖p

)

,

where the norms are taken with respect to the standard metric on R
2.

Proof: By an argument nearly identical to the proof of Proposition 3.10, for all p ≥ 1,

‖ξ‖p,1 ≤ CB,p

(

‖Duξ‖p + ‖ξ‖p + ‖ξdu‖p

)

. (3.18)

On the other hand, by Proposition 3.7, for all p>2,

‖ξ‖C0 ≤ CB,p(‖du‖p)‖ξ‖p. (3.19)

The claim is obtained from (3.18) and (3.19) by taking a sequence (pi, qi) as in the proof of
Proposition 3.7.

Proposition 3.12 If (V, g, J) is a compact almost complex manifold, for any p > 2 and compact

Riemann surface (Σ, gΣ), there exists Cp∈C∞(R; R) such that for any u∈C∞(BR,r;V ) and ξ∈Γ(u),

‖ξ‖p,1 ≤ Cp

(

‖du‖p)(‖Duξ‖p + ‖ξ‖p

)

.

Proof: This statement is immediate from Lemma 3.11.
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