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Abstract

Our previous paper introduces topological notions of normal crossings symplectic divisor and
variety and establishes that they are equivalent, in a suitable sense, to the desired geometric
notions. Friedman’s d-semistability condition is well-known to be an obstruction to the smootha-
bility of a normal crossings variety in a one-parameter family with a smooth total space in the
algebraic geometry category. We show that the direct analogue of this condition is the only ob-
struction to such smoothability in the symplectic topology category. Every smooth fiber of the
families of smoothings we describe provides a multifold analogue of the now classical (two-fold)
symplectic sum construction; we thus establish an old suggestion of Gromov in a strong form.
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1 Introduction

Flat one-parameter families of smoothings are an important tool in algebraic geometry and raise
considerable interest in related areas of symplectic topology. The Gross-Siebert program [11] for
a direct proof of mirror symmetry has highlighted in particular the significance of log smooth
degenerations to log smooth algebraic varieties. A central part of this program is the study of
Gromov-Witten invariants (which are fundamentally symplectic topology invariants) under such
degenerations. Such a study is undertaken from an algebro-geometric perspective in [1, 3, 12]. The
almost complex analogue of the log smooth category provided by the exploded manifold category
of [19] underlines a similar study of Gromov-Witten invariants in [20]. Log smooth varieties in-
clude varieties with normal crossings (or NC) singularities, i.e. singularities of the form z1. . .zN =0
in complex coordinates. Purely symplectic topology notions of an NC symplectic variety and of a
one-parameter family of smoothings of such a variety are introduced in [4] and in this paper, re-
spectively. It is straightforward to show that the direct analogue of the well-known triple point
condition of algebraic geometry is an obstruction for an NC symplectic variety to admit a one-
parameter family of smoothings. The main construction of this paper produces such a family for
every NC variety satisfying this direct analogue and thus establishes the necessity and sufficiency
of this condition. A non-central fiber of such a family is a representative of the deformation equiva-
lence class of the multifold symplectic sum construction on the central fiber envisioned in [10, p343].

For a symplectic submanifold V in a symplectic manifold (X,ω), the normal bundle

NXV ≡
TX|V
TV

≈ TV ω ≡
{
v∈TxX : x∈V, ω(v, w)=0 ∀w∈TxV

}
−→ V (1.1)

of V in X inherits a fiberwise symplectic form ω|NXV from ω. The space of complex structures
on the fibers of (1.1) compatible with (resp. tamed by) ω|NXV is non-empty and contractible;
we call such complex structures ω-compatible (resp. ω-tame). The now classical symplectic sum
construction, indicated in [10, p343] and carried out in [9, 14], smooths out the union of two
symplectic manifolds (X1, ω1) and (X2, ω2) glued along a common compact smooth symplectic
divisor V ≡X12 such that

c1(NX1X12) + c1(NX2X12) = 0 ∈ H2(X12;Z) (1.2)

into a new symplectic manifold (X#, ω#). From the complex geometry point of view, this construc-
tion replaces the nodal singularity z1z2=0 in Cn, i.e. the union of the two coordinate hyperplanes,
by a smoothing z1z2=λ with λ∈C∗.

In this paper, we describe a multifold version of the symplectic sum construction of [9, 14]; it in
particular smooths out the union of several symplectic manifolds identified along transversely inter-
secting smooth divisors with a single smoothing parameter λ. From the complex geometry point of
view, this construction replaces the singularity z1. . .zN =0 in Cn, i.e. the union of the N coordinate
hyperplanes, by a smoothing z1. . .zN =λ with λ∈C∗. An inverse degeneration construction, which
includes a multifold version of the symplectic cut procedure of [13], is described in [6]. The precise
relation between the smoothing/sum construction of the present paper and the degeneration/cut
construction of [6] is the subject of [7].

The topological restriction (1.2) is equivalent to the existence of an isomorphism

NX1X12 ⊗C NX2X12 ≈ X12×C (1.3)
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of complex line bundles over X12. The topological type of X# in [9] depends only on the homotopy
class of such an isomorphism. With such a choice fixed, the construction of [9] involves choosing an
ω1-compatible almost complex structure on NX1X12, an ω2-compatible almost complex structure
on NX2X12, and a representative for the above homotopy class. Because of these choices, the
resulting symplectic manifold (X#, ω#) is determined by (X1, ω1), (X2, ω2), and the choice of the
homotopy class only up to symplectic deformation equivalence. Since the symplectic deformations
of the tuple (

(X1, X2, X12), (ω1, ω2)
)

(1.4)

do not affect the deformation equivalence class of (X#, ω#), it would have been sufficient to carry
out the symplectic sum construction of [9] only on a path-connected set of representatives for each
deformation equivalence class of the tuples (1.4). This change in perspective turns out to be very
useful for smoothing out NC symplectic varieties, including unions of several symplectic manifolds
glued along transversally intersecting smooth divisors.

The one-parameter family z1. . .zN = λ of smoothings of the union of the N coordinate hyper-
planes CNi in CN involves compatible complex structures on CNi that preserve all coordinate sub-
spaces CNI (CN . For each i=1, . . . , N , the union of the codimension 2 coordinate subspaces CNij
with j 6= i is a simple crossings (or SC) Kähler divisor in CNi . Analogues of this notion and of the
related notion of an SC variety in the symplectic category are introduced in [4] and reviewed in
Section 2.1 of the present paper; see Definitions 2.1 and 2.5. In the terminology of Definition 2.5,
the tuple (1.4) is a 2-fold SC symplectic configuration and the tuple

(
X1∪X12X2, (ω1, ω2)

)
(1.5)

is the associated NC symplectic variety. As noted at the end of Section 2.1, an SC symplectic vari-
ety X∅ comes with a natural complex line bundle OX∂

(X∅) over its singular locus X∂ ; see (2.14).
We call it the normal bundle of X∂ in X∅; it reduces to the left-hand side of (1.3) in the setting of [9].
By Theorem 2.8, an SC symplectic variety X∅ is smoothable in a one-parameter family if and only
if the line bundle OX∂

(X∅) is trivial. Furthermore, the possible families of smoothings are again
classified by the homotopy classes of its trivializations. We give two examples in Section 2.3. In [5],
we extend Theorem 2.8 to arbitrary NC symplectic varieties and give more elaborate examples of
the associated smoothings.

Theorem 2.8 leads to and has further potential for very different applications in symplectic topol-
ogy. First and foremost, it includes a new surgery construction for symplectic manifolds and thus
opens the possibility of generating new symplectic manifolds. Furthermore, it fits naturally with
a decade-long program to develop decomposition formulas for Gromov-Witten invariants under
one-parameter families of almost Kähler (or projective) degenerations; approaches to this problem
appear in [1, 3, 12, 20]. An immediate consequence of Theorem 2.8, along with [4, Theorem 2.17],
is that the decomposition formulas arising from [20] include splitting formulas for Gromov-Witten
invariants of the N -fold symplectic sums of Theorem 2.8. Since the decomposition formulas of [20]
have connections with tropical geometry, Theorem 2.8 may have applications in this field as well.
It should also have applications in the theory of singularities, as an isolated singularity can often
be studied by smoothing it and then applying symplectic techniques as in [16, 23]. Theorem 2.8
provides a purely topological condition for the smoothability of a singularity symplectically after a
sequence of blowups that turns it into a simple crossings form (even though it may not be smooth-
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able algebraically).

Surgery constructions on 4-dimensional symplectic manifolds along pairwise positively intersecting
immersed surfaces are described in [25, 26]. While these are called N -fold symplectic sum con-
structions, this terminology agrees with ours (which is consistent with algebraic geometry and [10,
p343]) only for N=3. In particular, the setting of [26, Theorem 2.7] is a specialization of the N=3
case of the setting of our Theorem 2.8. The output of [26, Theorem 2.7] is then symplectically
deformation equivalent to the smooth fibers of the one-parameter family provided by Theorem 2.8.
The perspectives taken in [26] and the present paper are fundamentally different as well. The
viewpoint taken in the former is that of surgery on 4-dimensional manifolds; our viewpoint is that
of smoothing a variety in a one-dimensional family with a smooth total space. The configurations
in [26] with N≥4 correspond to varieties, such as

{
(x, y, z, w)∈C4 : xy=0, zw=0

}
, (1.6)

that do not even admit such smoothings. The total space of the natural one-parameter smoothing
of (1.6), i.e. with 0 replaced by λ∈C, is singular at the origin. On the other hand, the total space
of this family is smooth in the logarithmic category central to the mirror symmetry program of [11]
and in the exploded manifold category of [20]. Unfortunately, symplectic topology analogues of
the singularity described by (1.6) are yet to be defined.

Notions of symplectic regularizations for an SC divisor {Vi}i∈S in X and a configuration X are
introduced in [4, Sections 2.2,2,3] and recalled in Sections 3.1 and 3.2 of the present paper; see
Definitions 3.5 and 3.7. Such regularizations provide essential auxiliary data for the multifold sym-
plectic smoothing/sum construction of Theorem 2.8, just as they did in the N =2 case addressed
in [9, 14]. By [4, Theorem 2.17], the space Symp+(X) of symplectic structures on X is weakly
homotopy equivalent to the space Aux(X) of pairs consisting of a symplectic structure on X and
a compatible regularization. In Section 3.3, we show that a given trivialization of the complex
line bundle OX∂

(X∅) can be homotoped to be compatible with a given symplectic regularization
for X in a suitable sense and that any two compatible trivializations are homotopic to each other
through compatible trivializations. While the projection map from Aux(X) to Symp+(X) need not
be surjective in general (in contrast to the N=2 case), this is not an issue for typical applications
in symplectic topology.

In Section 4, we show that the triviality of OX∂
(X∅) is sufficient for the existence of a one-parameter

family of smoothings of the symplectic variety associated to an SC symplectic configuration, up to
symplectic deformation equivalence. By Proposition 5.1, this condition is necessary and in fact ev-
ery one-parameter family of smoothings determines a homotopy class of trivializations of OX∂

(X∅).
By Proposition 5.5, the homotopy class determined by a one-parameter family constructed as in
Section 4 is the homotopy class used in its construction. Appendix A collects some basic facts
concerning connections on vector bundles. Appendix B provides a more intrinsic perspective on
the smoothability criterion of Theorem 2.8.

We would like to thank E. Lerman for pointing out related literature and B. Parker and D. Sullivan
for related discussions.
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2 Main theorem

We begin by introducing the most commonly used notation. If N ∈Z≥0 and I⊂{1, . . . , N}, let

[N ] = {1, . . . , N}, CNI =
{
(z1, . . . , zN )∈Cn : zi=0 ∀ i∈I

}
.

Denote by P(N) the collection of subsets of [N ] and by P∗(N)⊂P(N) the collection of nonempty
subsets. If N −→V is a vector bundle, N ′⊂N , and V ′⊂V , we define

N ′|V ′ = N|V ′ ∩ N ′ . (2.1)

Let I=[0, 1].

2.1 Preliminaries

We first recall the notions of simple crossings (or SC) symplectic divisor and variety introduced,
described in more detail, and illustrated with examples in [4, Section 2.1]. We then define a natural
complex line bundle OX∂

(X∅) over the singular locus X∂ of an SC symplectic variety X∅.

Let X be a (smooth) manifold. For any submanifold V ⊂X, let

NXV ≡
TX|V
TV

−→ V

denote the normal bundle of V in X. For a collection {Vi}i∈S of submanifolds of X and I⊂S, let

VI ≡
⋂

i∈I

Vi ⊂ X .

Such a collection is called transverse if any subcollection {Vi}i∈I of these submanifolds intersects
transversely, i.e. the homomorphism

TxX ⊕
⊕

i∈I

TxVi −→
⊕

i∈I

TxX,
(
v, (vi)i∈I

)
−→ (v+vi)i∈I , (2.2)

is surjective for all x∈VI . Each subspace VI⊂X is then a submanifold ofX and the homomorphisms

NXVI −→
⊕

i∈I

NXVi
∣∣
VI

∀ I⊂S, NVI−i
VI −→ NXVi

∣∣
VI

∀ i∈I⊂S,

⊕

i∈I−I′

NVI−i
VI −→ NVI′VI ∀ I ′⊂I⊂S

(2.3)

induced by inclusions of the tangent bundles are isomorphisms.

If X is an oriented manifold, a transverse collection {Vi}i∈S of oriented submanifolds of X of even
codimensions induces an orientation of each submanifold VI ⊂X with |I| ≥ 2, which we call the
intersection orientation of VI . If VI is zero-dimensional, it is a discrete collection of points in X
and the homomorphism (2.2) is an isomorphism at each point x∈VI ; the intersection orientation
of VI at x∈VI then corresponds to a plus or minus sign, depending on whether this isomorphism
is orientation-preserving or orientation-reversing. For convenience, we call the original orientations
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of X=V∅ and Vi=V{i} the intersection orientations of these submanifolds VI of X with |I|<2.

Suppose (X,ω) is a symplectic manifold and {Vi}i∈S is a transverse collection of submanifolds
of X such that each VI is a symplectic submanifold of (X,ω). Each VI then carries an orientation
induced by ω|VI , which we will call the ω-orientation. If VI is zero-dimensional, it is automatically
a symplectic submanifold of (X,ω); the ω-orientation of VI at each point x∈VI corresponds to the
plus sign by definition. By the previous paragraph, the ω-orientations of X and Vi with i∈ I also
induce intersection orientations on all VI .

Definition 2.1. Let (X,ω) be a symplectic manifold. An SC symplectic divisor in (X,ω) is a
finite transverse collection {Vi}i∈S of closed submanifolds of X of codimension 2 such that VI is a
symplectic submanifold of (X,ω) for every I⊂S and the intersection and ω-orientations of VI agree.

The intersection and symplectic orientations of VI agree if |I|<2. Thus, an SC symplectic divisor
{Vi}i∈S with |S|=1 is a smooth symplectic divisor in the usual sense. If (X,ω) is a 4-dimensional
symplectic manifold, a finite transverse collection {Vi}i∈S of closed symplectic submanifolds of X
of codimension 2 is an SC symplectic divisor if all points of the pairwise intersections Vi1∩Vi2 with
i1 6= i2 are positive; these are the cases considered in [25, 26].

Definition 2.2. Let X be a manifold and {Vi}i∈S be a finite transverse collection of closed sub-
manifolds of X of codimension 2. A symplectic structure on {Vi}i∈S in X is a symplectic form ω
on X such that VI is a symplectic submanifold of (X,ω) for all I⊂S.

For X and {Vi}i∈S as in Definition 2.2, we denote by Symp(X, {Vi}i∈S) the space of all symplectic
structures on {Vi}i∈S in X and by

Symp+
(
X, {Vi}i∈S

)
⊂ Symp

(
X, {Vi}i∈S

)

the subspace of the symplectic forms ω such that {Vi}i∈S is an SC symplectic divisor in (X,ω).

Definition 2.3. Let N ∈Z+. An N -fold transverse configuration is a tuple {XI}I∈P∗(N) of manifolds
such that {Xij}j∈[N ]−i is a transverse collection of submanifolds of Xi for each i∈ [N ] and

X{ij1,...,ijk} ≡
k⋂

m=1

Xijm = Xij1...jk ∀ j1, . . . , jk ∈ [N ]−i.

Definition 2.4. Let N ∈Z+ and X≡{XI}I∈P∗(N) be an N -fold transverse configuration such that
Xij is a closed submanifold of Xi of codimension 2 for all i, j∈ [N ] distinct. A symplectic structure

on X is a tuple

(ωi)i∈[N ] ∈
N∏

i=1

Symp
(
Xi, {Xij}j∈[N ]−i

)

such that ωi1 |Xi1i2
=ωi2 |Xi1i2

for all i1, i2∈ [N ].

For an N -fold transverse configuration as in Definition 2.3, let

X∅ =

( N⊔

i=1

Xi

)/
∼, Xi ∋ x ∼ x ∈ Xj ∀ x ∈ Xij ⊂ Xi, Xj , i 6= j , (2.4)

X∂ ≡
⋃

I∈P(N),|I|=2

XI ⊂ X∅ . (2.5)
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Xi

Xj

Xk

Xik

Xij

Xjk

Xijk

Figure 1: A 3-fold simple crossings configuration and variety.

The SC variety X∅ associated to a 3-fold SC configuration is shown in Figure 1. For k∈Z≥0, we
call a tuple (ωi)i∈[N ] a k-form on X∅ if ωi is a k-form on Xi for each i∈ [N ] and

ωi
∣∣
Xij

= ωj
∣∣
Xij

∀ i, j∈ [N ].

For X as in Definition 2.4, let Symp(X) denote the space of all symplectic structures on X and

Symp+
(
X
)
= Symp

(
X
)
∩

N∏

i=1

Symp+
(
Xi, {Xij}j∈[N ]−i

)
. (2.6)

Thus, if (ωi)i∈[N ] is an element of Symp+(X), then {Xij}j∈[N ]−i is an SC symplectic divisor in
(Xi, ωi) for each i∈ [N ].

Definition 2.5. Let N ∈Z+. An N -fold simple crossings (or SC) symplectic configuration is a tuple

X =
(
(XI)I∈P∗(N), (ωi)i∈[N ]

)
(2.7)

such that {XI}I∈P∗(N) is an N -fold transverse configuration, Xij is a closed submanifold of Xi

of codimension 2 for all i, j ∈ [N ] distinct, and (ωi)i∈[N ] ∈ Symp+(X). The SC symplectic variety

associated to such a tuple X is the pair (X∅, (ωi)i∈[N ]).

Suppose (X,ω) is a compact symplectic manifold and V ⊂ X is a smooth symplectic divisor,
i.e. |S|=1 in the notation of Definition 2.1. Fix an identification Ψ of a tubular neighborhood Dǫ

XV
of V in NXV with a tubular neighborhood of V in X (i.e. a regularization of V in X in the sense
of Definition 3.1) and an ω-tame complex structure i on NXV . Let

OX(V ) =
(
Ψ−1 ∗π∗NXV

NXV |Ψ(Dǫ
XV ) ⊔ (X−V )×C

)/
∼−→ X, (2.8)

Ψ−1 ∗π∗NXV
NXV |Ψ(Dǫ

XV ) ∋
(
Ψ(v), v, cv

)
∼
(
Ψ(v), c

)
∈ (X−V )×C.

This is a complex line bundle over X with c1(OX(V ))=PDX([V ]X), where [V ]X is the homology
class in X represented by V . The space of pairs (Ψ, i) involved in explicitly constructing this line
bundle is contractible.

Suppose X is an SC symplectic configuration as in (2.7). If i, j, k∈ [N ] are distinct, the inclusion
(Xjk, Xijk)−→(Xj , Xij) induces an isomorphism

NXjk
Xijk≡

TXjk|Xijk

TXijk

≈
−→

TXj |Xijk

TXij |Xijk

≡NXj
Xij

∣∣
Xijk

(2.9)
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of rank 2 real vector bundles over Xijk; this is a special case of the second isomorphism in (2.3)
for X=Xj . Thus, the rank 2 real vector bundles NXj

Xij |Xijk
and NXk

Xik|Xijk
are canonically

identified with NXjk
Xijk. Let

Ψij;j : N
′
ij;j −→ Xj , i, j∈ [N ], i 6=j,

be a collection of identifications of tubular neighborhoods of Xij in NXj
Xij and in Xj so that

Ψij;j

∣∣
N ′

ij;j∩NXjk
Xijk

= Ψik;k

∣∣
N ′

ik;k∩NXjk
Xijk

(2.10)

for all i, j, k∈ [N ] with k, j 6= i.

Since the intersection and ωj-orientations of

Xijk = Xij ∩Xjk ⊂ Xj

agree, the isomorphism (2.9) is orientation-preserving with respect to the orientations induced
by (ωj |Xjk

)|NXjk
Xijk

and ωj |NXj
Xij

. Thus, we can choose a collection of ωj-tame complex struc-

tures iij;j on the vector bundles Nij;j so that

iij;j

∣∣
NXjk

Xijk
= iik;k

∣∣
NXjk

Xijk
(2.11)

for all i, j, k∈ [N ] with k, j 6= i.

For i, j∈ [N ] distinct, let OXj
(Xij) be the complex line bundle over Xj constructed as in (2.8) using

the identification Ψij;j and the complex structure iij;j . By (2.10) and (2.11), there are canonical
identifications

OXj
(Xij)

∣∣
Xjk

= OXjk
(Xijk) = OXk

(Xik)
∣∣
Xjk

(2.12)

for all i, j, k∈ [N ] with j, k 6= i. For each i∈ [N ],

OXc
i
(Xi) ≡

( ⊔

j∈[N ]−{i}

OXj
(Xij)

)/
∼−→ Xc

i ≡
⋃

j∈[N ]−{i}

Xj ⊂ X∅ , (2.13)

OXj
(Xij)

∣∣
Xjk

∋ u ∼ u ∈ OXk
(Xik)

∣∣
Xjk

∀ i, j, k∈ [N ], j, k 6= i,

is thus a well-defined complex line bundle. Let OX∂
(Xi)=OXc

i
(Xi)|X∂

.

We call the complex line bundle

OX∂
(X∅) ≡

N⊗

i=1

OX∂
(Xi) (2.14)

the normal bundle of the singular locus X∂ in X∅. The space of the collections of pairs (Ψij;j , iij;j)
involved in explicitly constructing this line bundle is contractible. By (2.12),

OX∂
(X∅)

∣∣
Xij

= NXi
Xij ⊗NXj

Xij ⊗
⊗

k∈[N ]−{i,j}

OXij
(Xijk) ∀ i, j∈ [N ], i 6=j.

In the N=2 case, this line bundle is the left-hand side of (1.3).
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2.2 Statement

We now describe the setup for our smoothing/sum construction in the symplectic topology category.
Theorem 2.8 provides a necessary and sufficient topological condition for when it can be carried
out.

Definition 2.6. If (Z, ωZ) is a symplectic manifold and ∆⊂C is a disk centered at the origin, a
smooth surjective map π : Z−→∆ is a nearly regular symplectic fibration if

• Z0≡π
−1(0)=X1∪. . .∪XN for some SC symplectic divisor {Xi}i∈[N ] in (Z, ωZ),

• π is a submersion outside of the submanifolds XI with |I|≥2,

• for every λ∈∆−{0}, the restriction ωλ of ωZ to Zλ ≡ π−1(λ) is nondegenerate.

Let (Z, ωZ), π, and XI be as above. For each I⊂ [N ], the derivatives of π along the normal bundles
NZXi of Xi in Z induce a homomorphism

DIπ :
⊗

i∈I

NZXi

∣∣
XI

−→ C (2.15)

that vanishes along XJ with I ( J ⊂ [N ]. If I = {i}, DIπ is the homomorphism induced by the
differential

dπ : TZ|XI
−→ T0C=C

of π; its restrictions to TXI and TZ|XJ
with I ( J ⊂ [N ] vanish. If I ⊂ [N ] is non-empty and

J=I⊔{j}, then DJ is the homomorphism induced by the differential of

d{DIπ} : TXI |XJ
−→ HomR

(⊗

i∈I

NZXi,C
)

via the natural identification NZXj |XJ
=NXI

XJ .

Definition 2.7. Let (X∅, (ωi)i∈[N ]) be the SC variety associated to an SC symplectic configura-
tion (2.7). A one-parameter family of smoothings of (X∅, (ωi)i∈[N ]) is a nearly regular symplectic
fibration as in Definition 2.6 with

XI =
⋂

i∈I

Xi ⊂ X∅=Z0 ⊂ Z ∀ I∈P∗(N)

such that the homomorphism

NZXi

∣∣
x
−→ C, vi −→ DIπ

(
(vj)j∈I

)
, (2.16)

is an orientation-preserving isomorphism for all i∈ I⊂ [N ], x∈XI with x 6∈XJ if I(J ⊂ [N ], and
vj∈NZXj |x−{0} for j∈I−{i}.

We call (the deformation equivalence class of) an SC symplectic variety (X∅, (ωi)i∈[N ]) smoothable

if some SC symplectic variety (X∅, (ω
′
i)i∈[N ]) deformation equivalent to (X∅, (ωi)i∈[N ]) admits a one-

parameter family of smoothings. Theorem 2.8 below provides a necessary and sufficient topological
condition for the smoothability of an SC symplectic variety.
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Theorem 2.8. Let X be an N -fold SC symplectic configuration as in (2.7). The associated SC
symplectic variety (X∅, (ωi)i∈[N ]) is smoothable if and only if the normal bundle OX∂

(X∅) of its
singular locus is trivializable. Furthermore, the germ of the deformation equivalence class of the
smoothing (Z, ωZ , π) provided by the proof of this statement is determined by a homotopy class of
trivializations of OX∂

(X∅). If in addition X∂ is compact, the deformation equivalence class of a
smooth fiber (Zλ, ωλ) is also determined by a homotopy class of these trivializations.

Remark 2.9. In a future paper, we expect to show that the deformation equivalence class of
any one-parameter family of smoothings of (X∅, (ωi)i∈[N ]) corresponds to a homotopy class of
trivializations of (2.14). This is equivalent to every such smoothing being equivalent to a smoothing
as constructed in Section 4.

By standard Čech cohomology considerations and (2.14), the complex line bundle OX∂
(X∅) is

trivializable if and only if
N∑

i=1

c1
(
OX∂

(Xi)
)
= 0 ∈ Ȟ2(X∂ ;Z) . (2.17)

By [24, Corollary 6.9.5], the Čech and singular cohomologies of X∂ (as well as of all other spaces
in this paper) are canonically isomorphic.

If N=1, (2.17) imposes no condition. In this case, we can take (Z, ωZ) to be the product symplectic
manifold (X1, ω1)×(∆, ωC), where ωC is the standard symplectic form on C. The N = 2 case of
Theorem 2.8 is the symplectic sum construction of [9, 14] for the SC symplectic variety (1.5). It
glues two symplectic manifolds (X1, ω1) and (X2, ω2) along normal circle bundles of a common
symplectic divisor (X12, ω12) if

c1
(
OX∂

(X1)
)
+ c1

(
OX∂

(X2)
)
≡ c1

(
NX1X12

)
+ c1

(
NX2X12

)

= 0 ∈ H2(X12;Z) ≡ H2(X∂ ;Z),

i.e. (1.2) is satisfied.

In general, the condition (2.17) implies that

c1
(
NXi

Xij

)
+ c1

(
NXj

Xij

)
+

∑

k∈[N ]−{i,j}

[
Xijk

]
Xij

= 0 ∀ i, j ∈ [N ], i 6= j. (2.18)

The latter implies the former if at most one of the restriction homomorphisms

H1(Xij ;Z) −→
⊕

k∈[N ]−{i,j}

H1(Xijk;Z), i, j ∈ [N ], i 6= j, (2.19)

is not surjective, but not in general; see Example 2.11. In the most basic case of the N =3 situ-
ation of Theorem 2.8 with Xij and Xik being symplectic surfaces in a 4-dimensional manifold Xi

intersecting transversely and positively at a single point, the conditions (2.17) and (2.18) reduce
to the simple condition on the self-intersection numbers of these surfaces stated in [26, Theorem 2.7].

The algebro-geometric analogue of (2.17),

OX∂
(X∅) ≈ OX∂

,
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is called d-semistability in [8, Definition (1.13)]. It is well-known to be an obstruction to the
existence of a one-parameter family of smoothings of X∅ in the algebraic geometry category; see
[8, Corollary (1.12)]. As shown in [22], it is not the only obstruction in the algebraic category, even
in the N=2 case. The algebro-geometric analogue of (2.18),

NXi
Xij ⊗NXj

Xij ⊗
⊗

k∈[N ]−{i,j}

OXij
(Xijk) ≈ OXij

∀ i, j ∈ [N ], i 6= j ,

is known as the triple point condition; see [21, Proposition 2.4.3].

As in the N=2 case of Theorem 2.8 addressed in [9], the construction of π : (Z, ωZ)−→∆ involves
some auxiliary data for X and a compatible choice of a trivialization of the complex line bun-
dle (2.14) in a given homotopy class. We call the former regularizations and recall their definition
in Sections 3.1 and 3.2. Proposition 3.9, proved in Section 3.3, ensures that each homotopy class
of trivializations of (2.14) contains a representative compatible with a given regularization for X.
The main part of the proof of Theorem 2.8 is carried out in Section 4, where the chosen auxiliary
data for X and a compatible trivialization of (2.14) are used to construct a one-parameter fam-
ily π : Z−→∆ of smoothings of (X∅, (ω

′
i)i∈[N ]). By Proposition 5.1 proved in Section 5.1, every

one-parameter family π : Z−→∆ of smoothings of (X∅, (ω
′
i)i∈[N ]) determines a homotopy class of

trivializations of (2.14). By Proposition 5.5 proved in Section 5.2, the homotopy class determined
by the family constructed in Section 4 is the homotopy class used to construct it.

2.3 Examples

We now give two examples. The first one describes a 3-fold case of Theorem 2.8. The second
example shows that condition (2.18) is in general weaker than condition (2.17).

Example 2.10 ([26, Example 2.8]). Let P̂2 be the blowup of P2 at a point p, E, L̄⊂ P̂2 be the
exceptional divisor and the proper transform of a line through p, respectively, and P =E∩L̄. We
take X1, X2, X3 = P̂2 and identify E ⊂X1 with L̄⊂X2, E ⊂X2 with L̄⊂X3, and E ⊂X3 with
L̄⊂X1; see Figure 2. By adjusting the size of the blowup as in [15, Section 7.1], we can ensure
that the identifications can be made symplectically. Since

〈
c1(NP̂2E), E

〉
= −1 and

〈
c1(NP̂2L̄), L̄

〉
= 0,

the resulting 3-fold configuration ((XI)I∈P∗(3), (ωi)i∈[3]) satisfies (2.18) for all i, j∈ [3] distinct. Since
all three homomorphisms (2.19) are surjective in this case, this configuration thus satisfies (2.17).
The singular locus X∂ of the NC symplectic variety X∅ to be smoothed out consists of 3 copies
of P1 with one point in common. Since X∂ is simply connected, there is only one homotopy class
of trivializations of (2.14). The symplectic deformation equivalence class (of a smooth fiber) of the
corresponding 3-fold symplectic sum is P2. This is illustrated in the second diagram in Figure 2
from the symplectic cut perspective of [6] applied in a toric setting (the big triangle corresponds
to P2).

Example 2.11. Let X1 = P3 with its standard symplectic form, X12 ≈ P2 be a linear subspace,
and X13⊂P3 be a cubic surface transverse to X12. The intersection X123 of X12 and X13 is then
a plane cubic, i.e. a genus 1 curve. For i=2, 3, define

L1i = NX1X1i ⊗OX1i(X123) ≈ OP3(4)
∣∣
X1i

−→ X1i ,

Xi = P
(
L1i⊕OX1i

)
, X∞

1i = P
(
L1i⊕0

)
≈ X1i ;

11



P̂2

P̂2

P̂2

E

L̄

L̄ E

E L̄

P

E
L̄

E L̄

E

L̄

Figure 2: The NC variety of Example 2.10 and a toric representation of the corresponding sym-
plectic sum.

see the left diagram in Figure 3. There are canonical isomorphisms

L12|X123 ≈
(
NX1X12⊗NX1X13

)
|X123 ≈

(
NX1X13⊗NX1X12

)
|X123 ≈ L13|X123 . (2.20)

The homotopy classes of all isomorphisms L12|X123 ≈ L13|X123 in the category of complex (not
holomorphic) line bundles correspond to the homotopy classes of continuous functions X123−→S1,
i.e. to the elements of

H1(X123;Z) ≈ Z2 .

Any such isomorphism ρ induces an identification

ψρ23 : P(L12⊕C)
∣∣
X123

−→ P(L13⊕C)
∣∣
X123

,

which can be assumed to be holomorphic by pushing the holomorphic structure forward; the zero
element of H1(X123;Z) corresponds to the identification induced by (2.20). The SC variety

Xρ
∅ = X1∪X2∪X3, X23 ≡ P(L12⊕OX12)

∣∣
X123

∼ψρ
23
P(L13⊕OX13)

∣∣
X123

,

is then Kähler and satisfies the vanishing condition in (2.18) over X12 and X13. If ρ corresponds to
a nonzero element of H1(X123;Z), then (2.17) is not satisfied over X12∪X13 because the connecting
homomorphism δ in the exact sequence

H1(X12;Z)⊕H1(X13;Z) −→ H1(X123;Z)
δ

−→ H2
(
X12∪X13;Z

)

is injective (X12 and X13 are simply connected). Let

X0
123 = P

(
0⊕OX123

)
, X∞

123 = P(L12⊕0)|X123 ⊂ P(L12⊕OX12)|X123 ,

and π : X23−→X123 be the projection map. Using

NXi
X23 = π∗NX1iX123 = π∗

(
OP3(7−2i)|X123

)
for i = 2, 3,

we find that

NX2X23 ⊗NX3X23 ⊗OX23(X123) = π∗
(
OP3(4)|X123

)
⊗OX23(X

∞
123) 6= OX23 .

In order to achieve (2.18) over all smooth strata of X∂ , we replace X2 by its blowup X̂2 along X
0
123;

see the right diagram in Figure 3. The proper transform of X23 is still X23, but its normal bundle
in X̂2 is

NX2X23 ⊗OX23(−X
0
123) = NX2X23 ⊗OX23(−X

∞
123)⊗ π∗

(
OP3(−4)|X123

)
.

Thus, the modified 3-fold SC symplectic configuration satisfies the vanishing condition in (2.18)
over all smooth strata of X∂ .
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P3
X2

X3

X13

X∞

13

P2X∞

12

X 23

X 23

X123

X∞

123

X0
123
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X13

X∞

13

P2X∞

12

X 23
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123

X0
123

Figure 3: The two NC varieties in Example 2.11.

3 Regularizations

In [4, Sections 2.2,2,3], we introduced notions of symplectic regularizations for an SC divisor {Vi}i∈S
in X and an SC configuration X; we recall them in Sections 3.1 and 3.2. Such regularizations
provide essential auxiliary data for the symplectic smoothing/sum construction of Theorem 2.8,
just as they did in the N=2 case addressed in [9, 14]. By [4, Theorem 2.17], the space Symp+(X)
defined in Section 2.1 is weakly homotopy equivalent to the space Aux(X) of pairs consisting of
an element of Symp+(X) and a compatible regularization. Proposition 3.9, which is established
in Section 3.3, adjusts this weak homotopy equivalence property to incorporate trivializations
of (2.14); see also (3.12) and Remark 3.12.

3.1 SC divisors

If B is a manifold, possibly with boundary, and k∈Z≥0, we call a family (ωt)t∈B of k-forms on X
smooth if the k-form ω̃ on B×X given by

ω̃(t,x)(v1, . . . , vk) =

{
ωt|x(v1, . . . , vk), if v1, . . .vk∈TxX;

0, if v1∈TtB;

is smooth. Smoothness for families of other objects is defined similarly.

We call π : (L, ρ,∇)−→V a Hermitian line bundle if V is a manifold, L−→V is a smooth complex
line bundle, ρ is a Hermitian metric on L, and ∇ is a ρ-compatible connection on L. We use the
same notation ρ to denote the square of the norm function on L and the Hermitian form on L
which is C-antilinear in the second input. Thus,

ρ(v) ≡ ρ(v, v), ρ(iv, w) = iρ(v, w) = −ρ(v, iw) ∀ (v, w)∈L×V L.

Let ρR denote the real part of ρ. Each triple (L, ρ,∇) as above induces a connection 1-form αρ,∇
on the principal S1-bundle SL of ρ-unit vectors; see Appendix A. Via the canonical retraction
L−V −→SL, αρ,∇ extends to a 1-form on L−V . A smooth map h : V ′−→V pulls back a Hermitian
line bundle (L, ρ,∇) over V to a Hermitian line bundle

h∗(L, ρ,∇) ≡ (h∗L, h∗ρ, h∗∇) −→ V ′.

A Riemannian metric on an oriented real vector bundle L−→V of rank 2 determines a complex
structure on the fibers of L. A Hermitian structure on an oriented real vector bundle L−→V of
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rank 2 is a pair (ρ,∇) such that (L, ρ,∇) is a Hermitian line bundle with the complex structure iρ

determined by the Riemannian metric ρR. If Ω is a fiberwise symplectic form on an oriented vector
bundle L−→V of rank 2, an Ω-compatible Hermitian structure on L is a Hermitian structure (ρ,∇)
on L such that Ω(·, iρ·) = ρR(·, ·).

If (Li, ρi,∇
(i))i∈I is a finite collection of Hermitian line bundles over a symplectic manifold (V, ω),

π : N ≡
⊕

i∈I

Li −→ V ,

and prI;I−i : N −→Li is the component projection map for each i∈I, then

ω̂•
(ρi,∇(i))i∈I

≡ π∗ω +
1

2

∑

i∈I

pr∗I;I−id
(
ρiαρi,∇(i)

)
(3.1)

is a well-defined closed 2-form on the total space of N ; it is nondegenerate on a neighborhood
of V in N . By (A.9), this definition agrees with [4, (2.10)] whenever (ρi,∇

(i)) is an Ωi-compatible
Hermitian structure on Li

If Ψ: V ′−→V is an embedding, I ′⊂I, (Li, ρi,∇
(i))i∈I is a finite collection of Hermitian line bundles

over V , and (L′
i, ρ

′
i,∇

′(i))i∈I′ is a finite collection of Hermitian line bundles over V ′, a vector bundle
homomorphism

Ψ̃:
⊕

i∈I′

L′
i −→

⊕

i∈I

Li

covering Ψ is a product Hermitian inclusion if

Ψ̃ : (L′
i, ρ

′
i,∇

′(i)) −→ Ψ∗(Li, ρi,∇
(i))

is an isomorphism of Hermitian line bundles over V ′ for every i∈ I ′. We call such a morphism a
product Hermitian isomorphism covering Ψ if |I ′|= |I|.

Definition 3.1. Let X be a manifold and V ⊂X be a submanifold with normal bundle NXV −→V .
A regularization for V in X is a diffeomorphism Ψ : N ′ −→X from a neighborhood of V in NXV
onto a neighborhood of V in X such that Ψ(x)=x and the isomorphism

NXV |x = T ver
x NXV −֒→ TxNXV

dxΨ−→ TxX −→
TxX

TxV
≡ NXV |x

is the identity for every x∈V .

If (X,ω) is a symplectic manifold and V is a symplectic submanifold in (X,ω), then ω induces a
fiberwise symplectic form ω|NXV on the normal bundle NXV of V in X via the isomorphism (1.1).
We denote the restriction of ω|NXV to a subbundle L⊂NXV by ω|L.

Definition 3.2. Let X be a manifold, V ⊂X be a submanifold, and

NXV =
⊕

i∈I

Li

be a fixed splitting into oriented rank 2 subbundles.
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(1) If ω is a symplectic form on X such that V is a symplectic submanifold and ω|Li
is nonde-

generate for every i∈ I, then an ω-regularization for V in X is a tuple ((ρi,∇(i))i∈I ,Ψ), where
(ρi,∇

(i)) is an ω|Li
-compatible Hermitian structure on Li for each i∈I and Ψ is a regularization

for V in X, such that
Ψ∗ω = ω̂•

(ρi,∇(i))i∈I

∣∣
Dom(Ψ)

.

(2) If B is a manifold, possibly with boundary, and (ωt)t∈B is a smooth family of symplectic forms
on X which restrict to symplectic forms on V , then an (ωt)t∈B-family of regularizations for V
in X is a smooth family of tuples

(Rt)t∈B ≡
(
(ρt;i,∇

(t;i))i∈I ,Ψt

)
t∈B

(3.2)

such that Rt is an ωt-regularization for V in X for each t∈B and

{
(t, v)∈B×NXV : v∈Dom(Ψt)

}
−→ X, (t, v) −→ Ψt(v),

is a smooth map from a neighborhood of B×V in B×NXV .

Suppose {Vi}i∈S is a transverse collection of codimension 2 submanifolds of X. For each I⊂S, the
last isomorphism in (2.3) with I ′=∅ provides a natural decomposition

πI : NXVI=
⊕

i∈I

NVI−i
VI −→ VI

of the normal bundle of VI in X into oriented rank 2 subbundles. We take this decomposition as
given for the purposes of applying Definition 3.2. If in addition I ′⊂I, let

πI;I′ : NI;I′ ≡
⊕

i∈I−I′

NVI−i
VI = NVI′

VI −→ VI .

There are canonical identifications

NI;I−I′ = NXVI′ |VI , NXVI = π∗I;I′NI;I−I′ = π∗I;I′NXVI′ ∀ I ′⊂I⊂ [N ]. (3.3)

The first equality in the second statement above is used in particular in (3.7).

Definition 3.3. Let X be a manifold and {Vi}i∈S be a transverse collection of submanifolds of X.
A system of regularizations for {Vi}i∈S in X is a tuple (ΨI)I⊂S , where ΨI is a regularization for VI
in X in the sense of Definition 3.1, such that

ΨI

(
NI;I′∩Dom(ΨI)

)
= VI′∩Im(ΨI) (3.4)

for all I ′⊂I⊂S.

Given a system of regularizations as in Definition 3.3 and I ′⊂I⊂S, let

N ′
I;I′ = NI;I′∩Dom(ΨI), ΨI;I′ ≡ ΨI

∣∣
N ′

I;I′
: N ′

I;I′ −→ VI′ .

The map ΨI;I′ is a regularization for VI in VI′ . As explained in [4, Section 2.2], ΨI determines an
isomorphism

DΨI;I′ : π
∗
I;I′NI;I−I′

∣∣
N ′

I;I′
−→ NXVI′

∣∣
VI′∩Im(ΨI)

(3.5)

15



of vector bundles covering ΨI;I′ and respecting the natural decompositions of NI;I−I′ =NXVI′ |VI
and NXVI′ . By the last assumption in Definition 3.1,

DΨI;I′
∣∣
π∗
I;I′

NI;I−I′ |VI
=id: NI;I−I′ −→ NXVI′ |VI (3.6)

under the canonical identification of NI;I−I′ with NXVI′ |VI .

Definition 3.4. Let X be a manifold and {Vi}i∈S be a transverse collection of submanifolds of X.
A regularization for {Vi}i∈S in X is a system of regularizations (ΨI)I⊂S for {Vi}i∈S in X such that

Dom(ΨI) = DΨ−1
I;I′

(
Dom(ΨI′)

)
, ΨI = ΨI′ ◦DΨI;I′ |Dom(ΨI) (3.7)

for all I ′⊂I⊂S.

If (ΨI)I⊂S is a regularization for {Vi}i∈S in X, then (3.6) and (3.7) imply that

N ′
I∪J ;I′∪J = N ′

I;I′
∣∣
VI∪J

, ΨI∪J ;I′∪J = ΨI;I′
∣∣
N ′

I∪J;I′∪J

,

DΨI∪J ;I′∪J

∣∣
π∗
I∪J;I′∪J

NI∪J;(I−I′)∪J |N′
I∪J;I′∪J

= DΨI;I′
∣∣
π∗
I;I′

NI;I−I′ |N′
I∪J;I′∪J

(3.8)

for all I ′⊂I⊂S and J⊂S−I. Furthermore,

ΨI;I′′ = ΨI′;I′′ ◦DΨI;I′
∣∣
N ′

I;I′′
, DΨI;I′′ = DΨI′;I′′ ◦DΨI;I′

∣∣
π∗
I;I′′

NI;I−I′′ |N′
I;I′′

(3.9)

for all I ′′⊂I ′⊂I⊂S.

Definition 3.5. Let X be a manifold and {Vi}i∈S be a finite transverse collection of closed sub-
manifolds of X of codimension 2.

(1) If ω ∈ Symp+(X, {Vi}i∈S), then an ω-regularization for {Vi}i∈S in X is a tuple

(RI)I⊂S ≡
(
(ρI;i,∇

(I;i))i∈I ,ΨI

)
I⊂S

(3.10)

such that RI is an ω-regularization for VI in X for each I ⊂ S, (ΨI)I⊂S is a regularization
for {Vi}i∈S in X, and the induced vector bundle isomorphisms (3.5) are product Hermitian
isomorphisms for all I ′⊂I⊂S.

(2) If B is a manifold, possibly with boundary, and (ωt)t∈B is a smooth family of symplectic forms
in Symp+(X, {Vi}i∈S), then an (ωt)t∈B-family of regularizations for {Vi}i∈S in X is a smooth
family of tuples

(Rt;I)t∈B,I⊂S ≡
(
(ρt;I;i,∇

(t;I;i))i∈I ,Ψt;I

)
t∈B,I⊂S

(3.11)

such that (Rt;I)I⊂S is an ωt-regularization for {Vi}i∈S in X for each t∈B and (Rt;I)t∈B is an
(ωt)t∈B-family of regularizations for VI in X for each I⊂S.

16



3.2 SC varieties

This section is the analogue of Section 3.1 for SC symplectic configurations, especially those sat-
isfying the topological condition (2.17). Definition 3.7(2) topologizes the set Ãux~(X) of triples
((ωi)i∈[N ],R,Φ) consisting of a symplectic structure (ωi)i∈[N ] on a transverse configuration X, an
(ωi)i∈[N ]-regularization R for X, and a compatible trivialization Φ of (2.14) in a homotopy class ~.
By Proposition 3.9 at the end of this section, the projection

Ãux~(X) −→ Symp+0 (X) ⊂ Symp+(X),
(
(ωi)i∈[N ],R,Φ

)
−→ (ωi)i∈[N ], (3.12)

to the space of SC symplectic configurations satisfying (2.17) induces isomorphisms on πk for all
k∈Z≥0−{1}.

Suppose {XI}I∈P∗(N) is a transverse configuration in the sense of Definition 2.3. For each I∈P∗(N)
with |I|≥2, let

πI : NXI ≡
⊕

i∈I

NXI−i
XI −→ XI .

If in addition I ′⊂I, let

πI;I′ : NI;I′ ≡
⊕

i∈I−I′

NXI−i
XI −→ XI .

By the last isomorphism in (2.3) with X=Xi for any i∈I ′ and {Vj}j∈S={Xij}j∈[N ]−i,

NI;I′ = NXI′
XI ∀ I ′⊂I⊂ [N ], I ′ 6=∅.

Similarly to (3.3), there are canonical identifications

NI;I−I′ = NXI′ |XI
, NXI = π∗I;I′NI;I−I′ = π∗I;I′NXI′ ∀ I ′⊂I⊂ [N ]; (3.13)

the first and last identities above hold if |I ′|≥2.

Definition 3.6. Let N ∈Z+ and X={XI}I∈P∗(N) be a transverse configuration. A regularization

for X is a tuple (ΨI;i)i∈I⊂[N ], where for each i∈ I fixed the tuple (ΨI;i)i∈I⊂[N ] is a regularization
for {Xij}j∈[N ]−i in Xi in the sense of Definition 3.4, such that

ΨI;i1

∣∣
NI;i1i2

∩Dom(ΨI;i1
)
= ΨI;i2

∣∣
NI;i1i2

∩Dom(ΨI;i2
)

(3.14)

for all i1, i2∈I⊂ [N ].

Given a regularization as in Definition 3.6 and I ′⊂I⊂ [N ] with |I|≥2 and I ′ 6=∅, let

N ′
I;I′ =NI;I′∩Dom(ΨI;i), ΨI;I′ =ΨI;i|N ′

I;I′
: N ′

I;I′ −→ XI′ if i∈I ′; (3.15)

by (3.14), ΨI;I′(v) does not depend on the choice of i∈I ′. Let

DΨI;i;I′ : π
∗
I;I′NI;i∪(I−I′)

∣∣
N ′

I;I′
−→ NI′;i

∣∣
Im(ΨI;I′ )

(3.16)

be the associated vector bundle isomorphism as in (3.5). If |I ′| ≥ 2, we define an isomorphism of
split vector bundles

DΨI;I′ : π
∗
I;I′NI;I−I′

∣∣
N ′

I;I′
−→ NXI′

∣∣
Im(ΨI;I′ )

,

DΨI;I′
∣∣
π∗
I;I′

NI;i∪(I−I′)

∣∣
N′

I;I′

= DΨI;i;I′ ∀ i∈I ′;
(3.17)
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by (3.14), the last maps agree on the overlaps.

By (3.15)-(3.17) and (3.8),

N ′
I∪J ;I′∪J = N ′

I;I′
∣∣
XI∪J

, ΨI∪J ;I′∪J = ΨI;I′
∣∣
N ′

I∪J;I′∪J

,

DΨI∪J ;I′∪J

∣∣
π∗
I∪J;I′∪J

NI∪J;(I−I′)∪J |N′
I∪J;I′∪J

= DΨI;I′
∣∣
π∗
I;I′

NI;I−I′ |N′
I∪J;I′∪J

(3.18)

for all I ′⊂ I⊂ [N ] and J⊂ [N ]−I with |I|≥2 in all three cases, |I ′|≥1 in the first two cases, and
|I ′|≥2 in the last case. By (3.15), (3.17), and (3.9),

ΨI;I′′ = ΨI′;I′′ ◦DΨI;I′
∣∣
N ′

I;I′′
, DΨI;I′′ = DΨI′;I′′ ◦DΨI;I′

∣∣
π∗
I;I′′

NI;I−I′′ |N′
I;I′′

(3.19)

for all I ′′ ⊂ I ′ ⊂ I ⊂ [N ] with |I ′| ≥ 2 in both cases, |I ′′| ≥ 2 in the first case, and |I ′′| ≥ 2 in the
second case.

Definition 3.7. Let N ∈Z+ and X≡{XI}I∈P∗(N) be a transverse configuration.

(1) If (ωi)i∈[N ] is a symplectic structure onX in the sense of Definition 2.4, an (ωi)i∈[N ]-regularization

for X is a tuple
R ≡ (RI)I∈P∗(N) ≡

(
ρI;i,∇

(I;i),ΨI;i

)
i∈I⊂[N ]

(3.20)

such that (ΨI;i)i∈I⊂[N ] is a regularization for X in the sense of Definition 3.6 and for each
i∈ [N ] the tuple (

(ρI;j ,∇
(I;j))j∈I−i,ΨI;i

)
i∈I⊂[N ]

is an ωi-regularization for {Xij}j∈[N ]−i in Xi in the sense of Definition 3.5(1).

(2) If B is a smooth manifold, possibly with boundary, and (ωt;i)t∈B,i∈[N ] is a smooth family of
symplectic structures on X, then an (ωt;i)t∈B,i∈[N ]-family of regularizations for X is a family of
tuples

(Rt)t∈B ≡ (Rt;I)t∈B,I∈P∗(N) ≡
(
ρt;I;i,∇

(t;I;i),Ψt;I;i

)
t∈B,i∈I⊂[N ]

(3.21)

such that (Rt;I)I∈P∗(N) is an (ωt;i)i∈[N ]-regularization for X for each t∈B and for each i∈ [N ]
the tuple (

(ρt;I;j ,∇
(t;I;j))j∈I−i,Ψt;I;i

)
t∈B,i∈I⊂[N ]

is an (ωt;i)t∈B-family of regularizations for {Xij}j∈[N ]−i in Xi in the sense of Definition 3.5(2).

The assumptions in Definition 3.7(1) imply that the corresponding isomorphisms (3.17) are prod-
uct Hermitian isomorphisms covering the maps (3.15).

The precise definition of the total space of the complex line bundle OX∂
(X∅) in (2.14) depends on

the choices of identifications Ψij;j of neighborhoods of Xij in Xj and in Xj and of the ωj-tame
complex structures iij;j on (the fibers of) NXj

Xij that satisfy (2.10) and (2.11), respectively. For
a smooth family (X∅, ωt;i)t∈B,i∈[N ] of SC symplectic varieties as in Definition 2.5, such choices can
be made continuously with respect to t∈B. We then obtain a complex line bundle

πB;∂ : OB;X∂

(
X∅

)
≡
⋃

t∈B

{t}×Ot;X∂

(
X∅

)
−→ B×X∂ , (3.22)

18



where Ot;X∂
(X∅) −→ X∂ is the line bundle corresponding to the symplectic structure (ωt;i)i∈[N ]

on X∅.

If π : L−→M is a complex line bundle, we call a smooth map Φ: L−→C a trivialization of L if Φ
restricts to an isomorphism on each fiber of L. We call a family (~t)t∈B of homotopy classes of
trivializations of Ot;X∂

(X∅) continuous if for each t0 ∈B there exist a neighborhood U of t0 in B
and a trivialization Φ of OB;X∂

(X∅)|π−1
B;∂(U) such that the restriction of Φ to {t}×Ot;X∂

(X∅) lies

in ~t for every t∈U .

A regularization R for X as in Definition 3.7(1) specifies the identifications Ψij;j and complex
structures iij;j needed for the construction of the complex line bundles in (2.12) and (2.13). Given
a regularization R, we thus view the line bundles OXjk

(Xijk), OX∂
(Xi), and OX∂

(X∅) as explicitly
specified and denote them by OR;Xjk

(Xijk), OR;X∂
(Xi), and OR;X∂

(X∅), respectively. By (3.18),

OR;Xjk
(Xijk)

∣∣
Xjj′k

= OR;Xjj′k
(Xijj′k)

∣∣
Xjj′k

= OR;Xj′k
(Xij′k)

∣∣
Xjj′k

(3.23)

for all i, j, j′, k∈ [N ] with i, k 6= j, j′ and i 6=k. An (ωt;i)t∈B,i∈[N ]-family (Rt)t∈B of regularizations
for X completely specifies the complex line bundle (3.22).

Let sjk;i denote the standard section of the line bundle OR;Xjk
(Xijk):

sjk;i(x) =

{
(x, v, v) ∈ Ψ−1 ∗

ijk;jkπ
∗
ijk;jkNijk;jk , if x=Ψijk;jk(v);

(x, 1)∈(Xjk−Xijk)×C, if x∈Xjk−Xijk .
(3.24)

This section is well-defined on the overlap by definition of OR;Xjk
(Xijk); see (2.8). By (3.18),

sjk;i
∣∣
Xjj′k

= sj′k;i
∣∣
Xjj′k

∀ i, j, j′, k ∈ [N ], i, k 6= j, j′, i 6= k. (3.25)

If I⊂ [N ], j, k∈I are distinct, and i 6∈I, let

OR;XI
(Xi) = OR;Xjk

(Xijk)
∣∣
XI
, sI;i = sjk;i

∣∣
XI
.

By (3.23) and (3.25), OR;XI
(Xi) and sI;i are independent of the choice of j, k∈ I. By (3.24), sI;i

does not vanish outside of XI∪i⊂XI .

For every I⊂ [N ] with |I|≥2, define a smooth bundle map

ΠR;I : NXI ≡
⊕

i∈I

NXI−i
XI −→ OR;X∂

(X∅)
∣∣
XI

≡
⊗

i∈I

NXI−i
XI ⊗

⊗

i 6∈I

OR;XI
(Xi),

ΠR;I

(
(vI;i)i∈I

)
=
⊗

i∈I

vI;i ⊗
⊗

i 6∈I

sI;i(x) ∀ (vI;i)i∈I ∈ NXI

∣∣
x
, x∈XI . (3.26)

This map is surjective over the complement X⋆
I of the submanifolds XI′ ⊂XI with I ′)I.

Definition 3.8. Let X be an SC symplectic configuration as in (2.7) and R be a regularization
for X as in (3.20). A trivialization Φ of the complex line bundle OR;X∂

(X∅) over X∂ is R-compatible

if
Φ
(
ΠR;I′

(
DΨI;I′(vI;I′ , vI;I−I′)

))
= Φ

(
ΠR;I(vI;I′ , vI;I−I′)

)
(3.27)

for all (vI;I′ , vI;I−I′) ∈ π∗I;I′NI;I−I′
∣∣
N ′

I;I′
and I ′⊂I⊂ [N ] with |I ′|≥2.
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Let X≡{XI}I∈P∗(N) be an N -fold transverse configuration such that Xij is a closed submanifold
ofXi of codimension 2 for all i, j∈ [N ] distinct and (ωt;i)t∈B,i∈[N ] be a family of symplectic structures
on X. Suppose the tuples

(
R

(1)
t

)
t∈B

≡
(
ρt;I;i,∇

(t;I;i),Ψ
(1)
t;I;i

)
t∈B,i∈I⊂[N ]

,
(
R

(2)
t

)
t∈B

≡
(
ρt;I;i,∇

(t;I;i),Ψ
(2)
t;I;i

)
t∈B,i∈I⊂[N ]

are (ωt;i)t∈B,i∈[N ]-families of regularizations for X. We define

(
R

(1)
t

)
t∈B

∼=
(
R

(2)
t

)
t∈B

(3.28)

if the two families of regularizations agree on the level of germs, i.e. there exists an (ωt;i)t∈B,i∈[N ]-
family of regularizations as in (3.21) such that

Dom(Ψt;I;i) ⊂ Dom(Ψ
(1)
t;I;i),Dom(Ψ

(2)
t;I;i) Ψt;I;i = Ψ

(1)
t;I;i

∣∣
Dom(Ψt;I;i)

,Ψ
(2)
t;I;i

∣∣
Dom(Ψt;I;i)

(3.29)

for all t∈B and i∈I⊂ [N ].

A family (3.21) satisfying (3.29) provides a canonical identification of the line bundles (3.22) de-

termined by R
(1)
t and R

(2)
t . This identification is independent of the choice of a family (3.21)

satisfying (3.29). Thus, the line bundles (3.22) determined by (ωt;i)t∈B,i∈[N ]-families of regulariza-
tions for X satisfying (3.28) are canonically identified.

Proposition 3.9. Let N ∈Z+, X≡{XI}I∈P∗(N) be a transverse configuration such that Xij is a
closed submanifold of Xi of codimension 2 for all i, j ∈ [N ] distinct, and X∗

i ⊂Xi for each i∈ [N ]
be an open subset, possibly empty, such that X∗

i ∩XI=∅ for all i∈I⊂ [N ] with |I|=3. Suppose

• B is a compact manifold, possibly with non-empty boundary ∂B, such that the restriction homo-
morphism H1(B;Z)−→H1(∂B;Z) is surjective,

• N(∂B), N ′(∂B) are tubular neighborhoods of ∂B⊂B such that N ′(∂B)⊂N(∂B),

• (ωt;i)t∈B,i∈[N ] is a smooth family of elements of Symp+(X) such that the associated line bundle
OB;X∂

(X∅) is trivializable,

• (~t)t∈B is a continuous family of homotopy classes of trivializations of the line bundles Ot;X∂
(X∅)

determined by (ωt;i)i∈[N ] for all t∈B,

• (Rt)t∈N(∂B) is an (ωt;i)t∈N(∂B),i∈[N ]-family of regularizations for X, and

• (Φt)t∈N(∂B) is a smooth family of Rt-compatible trivializations of the complex line bundles
ORt;X∂

(X∅) in the homotopy class ~t.

Then there exist a smooth family (µt,τ ;i)t∈B,τ∈I,i∈[N ] of 1-forms on X∅, an (ωt,1;i)t∈B,i∈[N ]-family

(R̃t)t∈B of regularizations for X, and a smooth family (Φ̃t)t∈B of R̃t-compatible trivializations of
ORt;X∂

(X∅) in the homotopy class ~t such that
(
ωt,τ ;i≡ωt;i+dµt,τ ;i

)
i∈[N ]

∈ Symp+(X), µt,0;i = 0, supp
(
µ·,τ ;i

)
⊂
(
B−N ′(∂B)

)
×(Xi−X

∗
i )

for all t∈B, τ ∈I, and i∈ [N ], and
(
R̃t

)
t∈N ′(∂B)

∼=
(
Rt

)
t∈N ′(∂B)

,
(
Φ̃t
)
t∈N ′(∂B)

=
(
Φt
)
t∈N ′(∂B)

. (3.30)
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3.3 Existence of compatible isomorphisms

We prove Proposition 3.9 below by making trivializations of ORt;X∂
(X∅) Rt-compatible over neigh-

borhoods of the strata of X∅. This argument in a sense adapts the setup of the proof of [4, Theo-
rem 2.17] to deal with bundle trivializations. The key inductive step in this case is carried out by
Lemma 3.11.

Let X be an SC symplectic configuration as in (2.7), R be a regularization for X as in (3.20), and
W ⊂ X∂ . We call a trivialization Φ of OR;X∂

(X∅)|W R-compatible if (3.27) is satisfied whenever
vI;I′ ∈Ψ−1

I;I′(W )|XI∩W .

Proof of Proposition 3.9. With all references to the line bundle OX∂
(X∅) dropped, Proposi-

tion 3.9 is a special case of [4, Theorem 2.17]. Thus, we can assume that (Rt)t∈B is an (ωt;i)t∈B,i∈[N ]-
family of regularizations for X as in (3.21) and that OB;X∂

(X∅) is the line bundle as in (3.22)
constructed using this family of regularizations. By Lemma 3.10, we can assume that this line
bundle admits a trivialization

ΦB≡(Φt)t∈B : OB;X∂
(X∅) −→ C

so that Φt lies in ~t for every t ∈ B. In particular, this trivialization is Rt-compatible for every
t∈N(∂B). The above applications of [4, Theorem 2.17] and Lemma 3.10 require shrinking N(∂B)
slightly; so N(∂B) in the remainder of this proof corresponds to N ′(∂B) in the statement of the
proposition.

Below we deform ΦB to make its restriction to Ot;X∂
(X∅) compatible with a shrinking of Rt for all

t∈B. Fix a total order > on subsets I⊂ [N ] with |I|≥2 so that I >I∗ whenever I) I∗. We will
proceed inductively on the strata XI∗ of X∂ using the total order >.

Suppose I∗⊂ [N ] with |I∗|≥2, W> is a neighborhood of

X>
I∗ ≡

⋃

I>I∗

XI ⊂ X∂

in X∂ , and (Φ>t )t∈B is a smooth family of Rt-compatible trivializations of ORt;X∂
(X∅)|W> such that

(
Φ>t
)
t∈N(∂B)

=
(
Φt|W>

)
t∈N(∂B)

,
∣∣Φt(x)− Φ>t (x)

∣∣
t
<
∣∣Φt(x)

∣∣
t
∀x∈W>, t∈B. (3.31)

Let W ′ be a neighborhood of X>
I∗ ⊂X∂ such that W ′ ⊂W . We apply Lemma 3.11 below with

W =W> and Φ′
t=Φ>t . There thus exist a neighborhood WI∗ of XI∗ ⊂X∂ , an (ωt;i)t∈B,i∈[N ]-family

(R̃t)t∈B of regularizations for X, and a smooth family (Φ̃′
t)t∈B of R̃t-compatible trivializations of

ORt;X∂
(X∅)|W ′∪WI∗

satisfying the first condition in (3.30) and the two conditions in (3.31) with

Φ>t replaced by Φ≥
t ≡ Φ̃′

t and W
> by W≥≡W ′∪WI∗ .

By the downward induction on P∗(N) with respect to >, we thus obtain an (ωt;i)t∈B,i∈[N ]-family

(R̃t)t∈B of regularizations for X and a smooth family (Φ̃t)t∈B of R̃t-compatible trivializations of
ORt;X∂

(X∅) satisfying (3.30) such that

∣∣Φt(x)− Φ̃t(x)
∣∣
t
<
∣∣Φt(x)

∣∣
t
∀x∈X∂ , t∈B.
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This implies that

Φt;τ ≡(1−τ)Φt+τ Φ̃t : OR̃t;X∂
(X∅) −→ X∅×C, τ ∈I,

is a homotopy from Φt to Φ̃t through trivializations of O
R̃t;X∂

(X∅) for every t ∈ B. Thus, the

trivialization Φ̃t lies in the homotopy class ~t for every t∈B.

Lemma 3.10. Let N ′(∂B) ⊂ N(∂B) ⊂ B be as in Proposition 3.9, X be a CW complex, and
L−→B×X be a trivializable complex line bundle. Suppose

• (~t)t∈B is a continuous family of homotopy classes of trivializations of the complex line bundles
Lt≡L|{t}×X ,

• ΦN(∂B) is a trivialization of L|N(∂B)×X such that ΦN(∂B)|Lt lies in ~t for every t∈N(∂B).

Then there exists a trivialization ΦB of L so that ΦB|Lt lies in ~t for every t∈B and

ΦB|N ′(∂B) = ΦN(∂B)|N ′(∂B) . (3.32)

Proof. Let ηS1 ∈H1(S1;Z) be a generator. For any topological space Y , denote by [Y, S1] the set
of homotopy classes of continuous maps Y −→S1. If Y is a CW complex, then the map

[
Y, S1

]
−→ H1(Y ;Z),

[
f : Y −→S1

]
−→ f∗ηS1 , (3.33)

is a bijection.

We can assume that X is connected. Let πB : B×X−→B be the projection and

Φ′
B : L −→ C

be a trivialization of L. For each t ∈ B, denote by ~′t the homotopy class of maps f : X−→S1

such that the trivialization

Φ′
f : Lt −→ C, Φ′

f (v)=f(πL(v))Φ
′
B(v),

lies in ~t.

Since (~t)t∈B is a continuous family of homotopy classes, for each t0∈B there exist a contractible
neighborhood U of t0 in B and a continuous function FU : U×X −→ S1 such that FU |{t}×X lies
in ~′t for every t∈U . The class

ηU ≡ F ∗
UηS1 ∈ H1

(
U×X;Z

)

is then independent of the choice of U . These classes agree on the overlaps and thus determine
an element ηB ∈H1(B×X;Z). Since the map (3.33) is surjective, there exists a continuous map
F : B×X−→S1 such that ηB=F ∗ηS1 . Define

ΦF : L −→ C, Φ′
F (v) = F (πL(v))Φ

′
B(v) .

For each t∈B, the trivialization ΦF |Lt lies in ~t.
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Let FN(∂B) : N(∂B)×X−→C∗ be the continuous function so that

ΦN(∂B)(v) = FN(∂B)(πL(v))Φ
′
F ;2(v) ∀ v∈L|N(∂B)×X . (3.34)

For each t∈ ∂B, the restrictions of ΦN(∂B) and Φ′
F to Lt are homotopic. Thus, the restriction of

FN(∂B) to {t}×X with t∈∂B is null-homotopic. This implies that

F ∗
N(∂B)ηS1

∣∣
∂B×X

∈ H1
(
∂B;Z

)
⊗H0(X;Z

)
⊂ H1

(
∂B×X;Z

)
.

Since the restriction homomorphism H1(B;Z)−→H1(∂B;Z) is surjective and the map (3.33) is
bijective, there thus exists a continuous map f : B−→S1 such that

F ∗
N(∂B)ηS1

∣∣
∂B×X

=
(
f∗ηS1

∣∣
∂B

)
⊗1,

[
f ◦πB|∂B×X

]
=
[
FN(∂B)|∂B×X

]
∈
[
∂B×X,S1

]
.

Since N(∂B) is a tubular neighborhood of ∂B, the last equality above implies that there exists a
continuous function

G : B×X −→ S1 s.t. G(t, x) =

{
FN(∂B)(t, x), if t∈N ′(∂B);

f(t), if t 6∈N(∂B).
(3.35)

Define
ΦB : L −→ C, ΦB(v) = G(πL(v))Φ

′
F ;2(v) .

By the first case in (3.35) and (3.34), this trivialization of L satisfies (3.32). Since N(∂B) is
a tubular neighborhood of ∂B, this implies that the restrictions of ΦB and ΦN(∂B) to Lt are
homotopic for every t∈N(∂B). By the second case in (3.35), the restrictions of ΦB and Φ′

F to Lt
are homotopic for every t 6∈N(∂B) as trivializations of Lt. Thus, ΦB|Lt lies in ~t for every t∈B.

Lemma 3.11. Let X, B, and (ωt;i)t∈B,i∈[N ] be as in Proposition 3.9 and N(∂B) be a neighborhood
of ∂B⊂B. Suppose

• I∗∈P(N) and W,W ′⊂X∂ are open subsets such that

|I∗| ≥ 2, W ′ ⊂W, XI ⊂W ′ ∀ I∈P(N), I)I∗ , (3.36)

• (Rt)t∈B is an (ωt;i)t∈B,i∈[N ]-family of regularizations for X,

• (Φt)t∈B is a smooth family of trivializations of ORt;X∂
(X∅) over X∂ which are Rt-compatible for

t∈N(∂B),

• (Φ′
t)t∈B is a smooth family of Rt-compatible trivializations of ORt;X∂

(X∅)|W such that

(
Φt|W

)
t∈N(∂B)

=
(
Φ′
t

)
t∈N(∂B)

,
∣∣Φt(x)− Φ′

t(x)
∣∣
t
<
∣∣Φt(x)

∣∣
t

∀x∈W, t∈B. (3.37)

Then there exist a neighborhood WI∗ of XI∗ ⊂X∂, an (ωt;i)t∈B,i∈[N ]-family (R̃t)t∈B of regulariza-

tions for X, and a smooth family (Φ̃′
t)t∈B of R̃t-compatible trivializations of ORt;X∂

(X∅)|W ′∪WI∗

such that

(
R̃t

)
t∈B

∼=
(
Rt

)
t∈B

,
(
Φ̃′
t|W ′

)
t∈B

=
(
Φ′
t|W ′

)
t∈B

, (3.38)
(
Φt|W ′∪WI∗

)
t∈N(∂B)

=
(
Φ̃′
t

)
t∈N(∂B)

,
∣∣Φt(x)− Φ̃′

t(x)
∣∣ <

∣∣Φt(x)
∣∣ ∀x∈W ′∪WI∗ , t∈B, (3.39)
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Proof. Let (Rt)t∈B be as in (3.21). For each x∈X∂ and x∈W , let

Φt(x) =Φt|ORt;X∂
(X∅)|x : ORt;X∂

(X∅)|x −→ C and

Φ′
t(x) =Φ′

t|ORt;X∂
(X∅)|x : ORt;X∂

(X∅)|x −→ C ,

respectively.

Choose open subsets W ′′⊂W ′′′⊂X∂ such that

W ′ ⊂W ′′, W ′′ ⊂W ′′′, W ′′′ ⊂W. (3.40)

By (3.36) and [4, Lemma 5.8], we can shrink the domains of the maps Ψt;I;i so that

Ψ−1
t;I∗;∅

(
W ′) ⊂ NXI∗ |XI∗∩W ′′ , Ψt;I;∅

(
Dom

(
Ψt;I;∅|XI∩W ′)

)
⊂W ′′ ∀ I∈P∗(N), |I|≥2. (3.41)

Let ρ : XI∗ −→ [0, 1] a smooth function such that

ρ(x) =

{
1, if x∈XI∗∩W

′′′;

0, if x 6∈XI∗∩W.
(3.42)

Define

Φ̃t;I∗ : ORt;X∂
(X∅)|XI∗

−→ C,

Φ̃t;I∗(x) ≡ Φ̃t;I∗ |ORt;X∂
(X∅)|x ≡ ρ(x)Φ′

t(x) +
(
1−ρ(x)

)
Φt(x) ∀ x∈XI∗ , t∈B. (3.43)

By (3.43) and (3.42), (
Φ̃t;I∗ |XI∗∩W ′′′

)
t∈B

=
(
Φ′
t|XI∗∩W ′′′

)
t∈B

. (3.44)

By (3.43) and (3.37),

(
Φt|XI∗

)
t∈N(∂B)

=
(
Φ̃t;I∗

)
t∈N(∂B)

,
∣∣Φt(x)− Φ̃t;I∗(x)

∣∣ <
∣∣Φt(x)

∣∣ ∀x∈XI∗ , t∈B. (3.45)

In particular, Φ̃t;I∗(x) is a complex linear isomorphism for all x∈XI∗ and t∈B.

Since B is compact, there exists a neighborhood W ′
I∗ of XI∗ ⊂X∅ such that

B×W ′
I∗ ⊂

⋃

t∈B

{t}×Im
(
Ψt;I∗;∅

)
. (3.46)

Since W ′′⊂W ′′′ and XI⊂W
′ for all I∈P(N) with I)I∗, we can shrink W ′

I∗ so that

W ′′∩W ′
I∗ ⊂ Ψt;I∗;∅

(
Dom(Ψt;I∗;∅)|XI∗∩W ′′′

)
∀ t∈B, XI∩W

′
I∗ ⊂W ′′ I∈P(N), I)I∗. (3.47)

Let W ⋆
I∗ ⊂W

′
I∗ be the complement of the subspaces XI⊂X∅ with I⊂ [N ] such that I 6⊂I∗.

Fix t∈B and x∈W ⋆
I∗ . Let Ix⊂I

∗ be the largest subset such that x∈XIx . By (3.46),

x = Ψt;I∗;Ix(vI∗;Ix)
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for a unique vI∗;Ix ∈ NI∗;Ix ⊂ NXI∗ . Since W ′
I∗ ⊂ X∂ , |Ix| ≥ 2. Let x0 = πI∗(vI∗;Ix). By the

maximality of Ix, the bundle map ΠRt;Ix is surjective over x for every t∈B. Given v∈ORt;X∂
(X∅)|x,

choose
vI∗;I∗−Ix ∈ NI∗;I∗−Ix

∣∣
x0

s.t. v = ΠRt;Ix

(
DΨt;I∗;Ix(vI∗;Ix , vI∗;I∗−Ix)

)
.

Since DΨt;I∗;Ix is an isomorphism of split vector bundles,

ΠRt;I∗(vI∗;Ix , vI∗;I∗−Ix) ∈ ORt;X∂
(X∅)

∣∣
x0

is determined by v. Thus, the map

Φ̃t(x) : ORt;X∂
(X∅)

∣∣
x
−→ C,

{
Φ̃t(x)

}
(v) ≡ Φ̃t;I∗

(
ΠRt;I∗(vI∗;Ix , vI∗;I∗−Ix)

)
, (3.48)

is well-defined. Since x0∈X
⋆
I∗ and all components of vI∗;Ix are nonzero, this map is an isomorphism.

Since Φ̃t|X⋆
I∗
=Φ̃t;I∗ |X⋆

I∗
, (3.44) and (3.45) imply that

(
Φ̃t|X⋆

I∗
∩W ′′′

)
t∈B

=
(
Φ′
t|X⋆

I∗
∩W ′′′

)
t∈B

,
(
Φ̃t|X⋆

I∗

)
t∈N(∂B)

=
(
Φt|X⋆

I∗

)
t∈N(∂B)

. (3.49)

With x as above, suppose Ix⊂I
′⊂I∗ and x=Ψt;I′;Ix(vI′;Ix) for some

vI′;Ix ∈ NI′;Ix

∣∣
x′
, x′ = Ψt;I∗;I′(vI∗;I′) ∈W ⋆

I∗ , vI∗;I′ ∈ NI∗;I′ ⊂ NXI∗ .

By (3.7) with I = I∗ and the injectivity of Ψt;I∗;I′ , vI′;Ix = DΨt;I∗;I′(vI∗;Ix). By (3.48) and the
second statement in (3.19) with I ′′⊂I ′⊂I replaced by Ix⊂I

′⊂I∗,

{
Φ̃t(x)

}(
ΠRt;Ix

(
DΨt;I′;Ix(DΨt;I∗;I′(vI∗;Ix , vI∗;I∗−Ix))

))
=
{
Φ̃t;I∗(x0)

}(
ΠRt;I∗(vI∗;Ix , vI∗;I∗−Ix)

)

=
{
Φ̃t(x

′)
}(

ΠRt;I′(DΨt;I∗;I′(vI∗;Ix , vI∗;I∗−Ix))
)
.

Thus,

{
Φ̃t(ΨI;I′(vI;I′)

)}(
ΠRt;I′

(
DΨt;I;I′(vI;I′ , vI;I−I′)

))

=
{
Φ̃t
(
πI(vI;I′)

)}(
ΠRt;I

(
vI;I′ , vI;I−I′)

) (3.50)

∀ I ′⊂I⊂I∗, |I ′|≥2, (vI;I′ , vI;I−I′) ∈ π∗I;I′NI;I−I′ |Ψ−1
t;I;I′

(W ⋆
I∗

)|XI∩W⋆
I∗
.

We conclude that Φ̃t;2 satisfies (3.27) over W ⋆
I∗ whenever I ′⊂I⊂I∗.

By the Rt-compatibility of Φt for all t∈N(∂B) and the Rt-compatibility of Φ′
t for all t∈B,

Φt
(
ΠR;I

(
DΨI∗;I(v)

))
= Φt

(
ΠR;I∗(v)

)
∀ v∈π∗I∗;INI∗;I∗−I

∣∣
Dom(Ψt;I∗;I)

, t∈N(∂B),

Φ′
t

(
ΠR;I

(
DΨI∗;I(v)

))
= Φ′

t

(
ΠR;I∗(v)

)
∀ v∈π∗I∗;INI∗;I∗−I

∣∣
Ψ−1

t;I∗;I
(W )|XI∗∩W

, t∈B,

whenever I⊂I∗ and |I|≥2. Along with (3.48) and (3.49), these two statements imply that

(
Φ̃t|Ψt;I∗;∅(Dom(Ψt;I∗;∅)|XI∗∩W ′′′ )∩W ⋆

I∗

)
t∈B

=
(
Φ′
t|Ψt;I∗;∅(Dom(Ψt;I∗;∅)|XI∗∩W ′′′ )∩W ⋆

I∗

)
t∈B

, (3.51)
(
Φ̃t|Im(Ψt;I∗;∅)∩W

⋆
I∗

)
t∈N(∂B)

=
(
Φt|Im(Ψt;I∗;∅)∩W

⋆
I∗

)
t∈N(∂B)

.
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Combining these identities with the first assumption in (3.47) and with (3.46), we obtain

(
Φ̃t|W ′′∩W ⋆

I∗

)
t∈B

=
(
Φ′
t|W ′′∩W ⋆

I∗

)
t∈B

,
(
Φ̃t|W ⋆

I∗

)
t∈N(∂B)

=
(
Φt|W ⋆

I∗

)
t∈N(∂B)

. (3.52)

By the first identity in (3.52), the isomorphism

Φ̃′
t(x) : ORt;X∂

(X∅)|x −→ C, Φ̃′
t(x) =

{
Φ′
t(x), if x∈W ′′;

Φ̃t(x), if x∈W ⋆
I∗ ;

(3.53)

is well-defined for every t∈B. By the second assumption in (3.47), W ′′∪W ⋆
I∗ =W

′′∪W ′
I∗ . Let

Φ̃′
t : ORt;X∂

(X∅)|W ′′∪W ′
I∗

−→ C, Φ̃′
t(v) =

{
Φ̃′
t(π(v))

}
(v) . (3.54)

By the first case in (3.53), this trivialization satisfies the second condition in (3.38). By (3.53),
the first assumption in (3.37), and the second identity in (3.52), it also satisfies the first condition
in (3.39).

We next verify that the restriction of (3.54) to W ′∪W ′
I∗ is Rt-compatible. Suppose

t∈B, I ′ ⊂ I ⊂ [N ], |I ′| ≥ 2, x ∈
(
W ′∪W ′

I∗
)
∩XI ,(

vI;I′ , vI;I−I′
)
∈ π∗I;I′NI;I−I′

∣∣
x
, x′≡Ψt;I;I′(vI;I′) ∈W ′∪W ′

I∗ .

If x, x′∈W ′′ or x, x′∈W ⋆
I∗ , then

Φ̃′
t;2

(
ΠRt;I′

(
DΨt;I;I′(vI;I′ , vI;I−I′)

))
= Φ̃′

t;2

(
ΠRt;I(vI;I′ , vI;I−I′)

)
(3.55)

by the Rt-compatibility of Φ′
t in the first case and by (3.50) in the second case. If x ∈W ⋆

I∗ and
x′∈W ′, then (3.7) and the first assumption in (3.41) imply that

x′ ∈W ′∩Im
(
Ψt;I∗;∅

)
⊂ Ψt;I∗;∅

(
Dom

(
Ψt;I;∅

)∣∣
XI∗∩W ′′

)
, x ∈ Ψt;I∗;∅

(
Dom

(
Ψt;I;∅

)∣∣
X⋆

I∗
∩W ′′

)
∩W ⋆

I∗ .

The identity (3.55) in this case follows from (3.51) and the Rt-compatibility of Φ′
t. If x∈W ′ and

x′ ∈W ⋆
I∗ , then the second assumption in (3.41) implies that x′ ∈W ′′. The identity (3.55) in this

case follows from the Rt-compatibility of Φ′
t.

Along with Φ̃t;2|X⋆
I∗

= Φ̃t;I∗ |X⋆
I∗
, (3.53) and (3.44) imply that Φ̃′

t;2|XI∗
= Φ̃t;I∗ . By the second

statement in (3.45) and the compactness of B, there thus exists a neighborhood WI∗ of XI∗ ⊂W
′
I∗

such that ∣∣Φt;2(x)− Φ̃′
t;2(x)

∣∣ <
∣∣Φt;2(x)

∣∣ ∀x∈WI∗ , t∈B.

Combining this with the first case in (3.53) and the second assumption in (3.37), we conclude that
the isomorphism Φ̃′

t satisfies the second condition in (3.39).

Remark 3.12. Let Symp+~ (X) denote the space of pairs consisting of an element (ωi)i∈[N ] of
Symp+(X) and a trivialization Φ of the associated line bundle OX∂

(X∅) in a homotopy class ~. By
our proof of Proposition 3.9, the projection

Ãux~(X) −→ Symp+~ (X),
(
(ωi)i∈[N ],R,Φ

)
−→

(
(ωi)i∈[N ],Φ),

is a weak homotopy equivalence.
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4 Main construction

Let X be an SC symplectic configuration as in (2.7) which satisfies (2.17) and ~ be a homotopy
class of trivializations of the associated line bundle (2.14). By the B={pt} case of Proposition 3.9,
we can assume that this SC symplectic configuration admits a regularization R as in (3.20) and
an R-compatible trivialization Φ of the complex line bundle OR;X∂

(X∅) as in Definition 3.8.

In Section 4.1, we rescale the diffeomorphisms ΨI;i to increase their domains so that they contain
balls of size at least 2N in each fiber. In Section 4.2, we patch together open subsets of these domains
to form a smooth manifold Z ′ with a smooth map πC,ε : Z

′−→C. The latter is obtained by scaling
the trivialization Φ so that the restriction of πC,ε to the preimage of the ball of radius 1 in C forms
a nearly regular fibration with uniform smooth fiber so that the associated homomorphisms (2.16)

are isomorphisms. In Section 4.3, we construct a closed two-form ω̃
(ε)
C on Z ′ and show that its re-

striction to a neighborhood Z of X∅⊂Z ′ is symplectic and that the associated isomorphisms (2.16)
are orientation-preserving. If X∅ is compact, this implies that there exists a neighborhood ∆ of 0
in C such that Z|π−1

C,ε(∆) is a nearly regular symplectic fibration and its fibers are compact. As the

various pieces of Z ′ are patched together only along X∂ , the compactness of X∂ suffices for the
first conclusion; we comment in Remark 4.6 on obtaining this conclusion even if X∂ is not compact.

The construction in Sections 4.2 and 4.3 works on compact families of the relevant data on
(XI)I∈P∗(N). By the B = I case of Proposition 3.9, the deformation equivalence class of the
output of this construction is thus determined by the deformation equivalence class of the original
SC symplectic configuration X and the homotopy class ~ of trivializations of (2.14).

4.1 Setup and notation

We begin by setting up the relevant notation. We will need several smooth R+-valued functions on
the strata XI and their open subspaces. These will be denoted by ε or C with some decorations,
depending on whether the function should be sufficiently small or sufficiently large. The former
means that it is pointwise smaller than another pre-specified continuous function on the same space
or on a neighborhood of its closure; the meaning of sufficiently large is similar. If X∂ is compact,
such functions can be chosen to be constant.

For each I ∈P∗(N), let ωI =ωi|XI
for any i∈ I; this symplectic form on XI is independent of the

choice of i∈I. For i∈I⊂ [N ] with |I|≥2, let

ρI;i : NXI−i
XI −→ R (4.1)

be as in (3.20) and
αI;i ≡ αρI;i,∇(I;i) ∈ Γ(NXI−i

XI−XI ;T
∗NXI−i

XI

)
(4.2)

be the connection 1-form on NI;I−i=NXI−i
XI determined by the Hermitian structure (ρI;i,∇

(I;i)).

We also denote by

ρI;i : NXI −→ R and αI;i ∈ Γ(NXI−NI;i;T
∗NXI

)
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the function and the 1-form obtained by pulling back (4.1) and (4.2) by the projection map
prI;I−i : NXI−→NXI−i

XI . The 1-form ρI;iαI;i is then smooth on NXI . Define

ρI : NXI −→ R, ρI(v) = max
{
ρI;i(v) : i∈I

}
,

to be the square norm on NXI . Let

ω̂I ≡ ω̂•
(ρI;i,∇(I;i))i∈I

= π∗IωI +
1

2

∑

i∈I

d(ρI;iαI;i) = π∗IωI +
1

2

∑

i∈I

pr∗I;I−id(ρI;iαI;i)

be the closed 2-form on the total space of NXI as in (3.1).

For each I⊂ [N ] with |I|≥2, the homomorphism

Λtop
C NXI ≡

⊗

i∈I

NXI−i
XI −→ OR;X∂

(X∅)
∣∣
XI

≡ Λtop
C NXI ⊗

⊗

i 6∈I

OR;XI
(Xi),

w −→ w ⊗
⊗

i 6∈I

sI;i(x) ∀ w ∈ Λtop
C NXI

∣∣
x
, x∈XI , (4.3)

is an isomorphism over X⋆
I . Thus, there exists a smooth function CΦ;I : X

⋆
I −→R+ such that

∏

i∈I

ρI;i(v) = CΦ;I

(
πI(v)

)∣∣Φ
(
ΠR;I(v)

)∣∣2 ∀ v∈NXI

∣∣
X⋆

I

, (4.4)

where ΠR;I is the bundle map defined in (3.26); it is surjective over X⋆
I .

Given ε : X∅−→R+ and I⊂ [N ] with |I|≥2, we also denote by ε the composition

ε : NXI
πI−→ XI

ε
−→ R+ .

Define

NXI(ε) =
{
v∈NXI : ρI(v)<ε(v)

}
, NI;I′(ε) = NXI(ε)∩NI;I′ ∀ I ′⊂I ,

mε;I : NXI −→ NXI , mε;I(v) = ε(v)v ∀ v∈NXI .

For each i∈I, let

ρ
(ε)
I;i : NXI −→ R≥0, ρ

(ε)
I;i = m∗

ε;IρI;i = ε2ρI;i .

If ε|XI
is smooth, set

ω̂
(ε)
I = m∗

ε;I ω̂I = π∗ωI +
1

2

∑

i∈I

d(ρ
(ε)
I;iαI;i) . (4.5)

For I ′⊂I⊂ [N ] with |I|≥2 and I ′ 6=∅, let

N ′
I;I′ ⊂ NI;I′ ⊂ NXI , ΨI;I′ : N

′
I;I′ −→ XI′

be as in (3.15). If in addition |I ′|≥2, let

DΨI;I′ : π
∗
I;I′NI;I−I′

∣∣
N ′

I;I′
−→ NXI′

∣∣
Im(ΨI;I′ )
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be as in (3.17). Since DΨI;I′ is a product Hermitian isomorphism, (3.27) implies that

CΦ;I

(
πI(v)

)
= CΦ;I′

(
ΨI;I′(v)

)∏

i∈I−I′

ρI;i(v) ∀ v≡(vi)i∈I−I′ ∈N ′
I;I′
∣∣
X⋆

I

s.t. vi 6=0 ∀ i∈I−I ′, (4.6)

whenever I ′⊂I⊂ [N ] and |I ′|≥2.

As shown in the proof of [4, Lemma 5.8], there exists a continuous function ε : X∅−→R+ such that
ε|Xi

is smooth for all i∈ [N ],

NI;i(4Nε2) ⊂ N ′
I;i, ε

(
ΨI;i(v)

)
= ε(v) ∀ v∈NI;i(4

Nε2) (4.7)

for all i∈I⊂ [N ] with |I|≥2, and

ΨI1;i

(
NI1;i(4

Nε2)
)
∩ΨI2;i

(
NI2;i(4

Nε2)
)
= ΨI1∪I2;i

(
NI1∪I2;i(4

Nε2)
)

(4.8)

for all i∈ I1, I2⊂ [N ] with |I1|, |I2|≥2. Furthermore, ε can be chosen so that its restriction to X∂

is smaller than any given continuous function ε∂ : X∂−→R+.

For ε : X∅−→R+ as in (4.7) and i∈I⊂ [N ] with |I|≥2,

Ψ
(ε)
I;i :

(
NI;i(4

N ), ω̂
(ε)
I

)
−→ (Xi, ωi), Ψ

(ε)
I;i (v) = ΨI;i

(
mε;I(v)

)
, (4.9)

is a symplectomorphism onto a neighborhood of XI in Xi. Since these symplectomorphisms satisfy

the matching condition (3.14) with ΨI;i replaced by Ψ
(ε)
I;i , we can define smooth maps

Ψ
(ε)
I;I′ : NI;I′(4

N ) −→ XI′ , ∅ 6=I ′⊂I,

as in (3.15). By (4.6) and the second assumption in (4.7),

CΦ;I

(
πI(v)

)
= CΦ;I′

(
Ψ

(ε)
I;I′(v)

)
ε
(
Ψ

(ε)
I;I′(v)

)2|I−I′|∏

i∈I−I′

ρI;i(v) (4.10)

∀ v≡(vi)i∈I−I′ ∈NI;I′(4
Nε)

∣∣
X⋆

I

, I ′⊂I⊂ [N ] s.t. vi 6=0 ∀ i∈I−I ′, |I ′|≥2.

By (4.8),

Ψ
(ε)
I1;I′

(
NI1;I′(4

N )
)
∩Ψ

(ε)
I2;I′

(
NI2;I′(4

N )
)
= Ψ

(ε)
I1∪I2;I′

(
NI1∪I2;I′(4

N )
)

(4.11)

for all I ′⊂I1, I2⊂ [N ] with I ′ 6=∅ and |I1|, |I2|≥2.

For I ′⊂I with |I ′|≥2, define

DΨ
(ε)
I;I′ : π

∗
I;I′NI;I−I′

∣∣
NI;I′ (4

N )
−→ NXI′

∣∣
Im(Ψ

(ε)

I;I′
)

by (4.12)

DΨ
(ε)
I;I′

(
vI;I′ , vI;I−I′

)
= DΨI;I′

(
mε;I(vI;I′), vI;I−I′

)
∀
(
vI;I′ , vI;I−I′

)
∈ π∗I;I′NI;I−I′

∣∣
NI;I′ (4

N )
.

By the second assumption in (4.7),

ε◦DΨ
(ε)
I;I′ = ε◦ π∗I;I′πI;I−I′

∣∣
π∗
I;I′

NI;I−I′ |N
I;I′ (4

N )
,

mε;I′◦DΨ
(ε)
I;I′ = DΨ

(ε)
I;I′◦π

∗
I;I′mε;I

∣∣
π∗
I;I′

NI;I−I′ |N
I;I′ (4

N )
.

(4.13)
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Since DΨI;I′ lifts ΨI;I′ to a product Hermitian isomorphism with respect to the product Hermi-

tian structures (ρI;i,∇
(I;i))i∈I′ and (ρI′;i,∇

(I′;i))i∈I′ , DΨ
(ε)
I;I′ lifts Ψ

(ε)
I;I′ to a product Hermitian

isomorphism with respect to these structures. In particular,

DΨ
(ε)
I;I′

(
NXI(4

N )
)
= NXI′(4

N )
∣∣
Im(Ψ

(ε)

I;I′
)
.

By (4.13) and (3.19),

Ψ
(ε)
I;I′′ = Ψ

(ε)
I′;I′′◦DΨ

(ε)
I;I′

∣∣
NI;I′′ (4

N )
, DΨ

(ε)
I;I′′ = DΨ

(ε)
I′;I′′ ◦DΨ

(ε)
I;I′

∣∣
π∗
I;I′′

NI;I−I′′ |N
I;I′′ (4

N )
(4.14)

for all I ′′ ⊂ I ′ ⊂ I ⊂ [N ] with |I ′| ≥ 2 in both cases, |I ′′| ≥ 1 in the first case, and |I ′′| ≥ 2 in the
second case.

Let C : X∅−→R+ be a continuous function such that

C
(
ΨI;i(v)

)
= C

(
πI;i(v)

)
∀ v∈NI;i(4

Nε), i∈I⊂ [N ], |I|≥2. (4.15)

For I⊂ [N ] with |I|≥2, define

ΦC,ε;I : NXI −→ C, ΦC,ε;I(v) = C
(
πI(v)

)
ε
(
πI(v)

)|I|−1
Φ
(
ΠR;I(v)

)
∀ v∈NXI . (4.16)

By (4.4),

C
(
πI(v)

)2
ε(v)2(|I|−1)

∏

i∈I

ρI;i(v) = CΦ;I

(
πI(v)

)∣∣ΦC,ε;I(v)
∣∣2 ∀ v∈NXI

∣∣
X⋆

I

, (4.17)

whenever I⊂ [N ] and |I|≥2. By (4.15), (4.13), and (3.27),

ΦC,ε;I′◦DΨ
(ε)
I;I′ = ΦC,ε;I

∣∣
π∗
I;I′

NI;I−I′ |N
I;I′ (4

N )
(4.18)

for all I ′⊂I⊂ [N ] and |I ′|≥2.

If I={i} with i∈ [N ], let
ΦC,ε;I=π2 : NXI ≡ Xi×C −→ C (4.19)

be the projection to the second component. For I ′≡{i}(I⊂ [N ], define

DΨ
(ε)
I;I′ : π

∗
I;I′NI;I−I′

∣∣
NI;I′ (4

N )
≡π∗I;I′NXI−i

XI

∣∣
NI;I′ (4

N )
−→ NXI′

∣∣
Im(Ψ

(ε)

I;I′
)
, (4.20)

DΨ
(ε)
I;I′

(
(vI;j)j∈I−I′ , vI;i

)
=
(
Ψ

(ε)
I;I′

(
(vI;j)j∈I−I′

)
,ΦC,ε;I

(
(vI;j)j∈I

))
.

The restriction of this map to the subspace

{
((vI;j)j∈I−I′ , vI;i)∈π

∗
I;I′NI;I−I′ |NI;I′ (4

N )|X⋆
I

: vI;j 6=0 ∀ j∈I−I ′
}

(4.21)

is a diffeomorphism onto an open subspace of NXI′ =NXi.

For I={i}, let

DΨ
(ε)
I;I = id: π∗I;INI;∅

∣∣
NI;I(4N )

= NXI −→ NXI ;
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for I ⊂ [N ] with |I| ≥ 2, this is already the case by (3.17) and the I ′ = I case of (3.6). By (4.18),
(4.19), and (4.20),

ΦC,ε;I′◦DΨ
(ε)
I;I′ = ΦC,ε;I

∣∣
π∗
I;I′

NI;I−I′ |N
I;I′ (4

N )
(4.22)

for all I ′(I⊂ [N ] with I ′ 6=∅. By (4.14) and (4.18),

DΨ
(ε)
I;I′′ = DΨ

(ε)
I′;I′′ ◦DΨ

(ε)
I;I′

∣∣
π∗
I;I′′

NI;I−I′′ |N
I;I′′ (4

N )
(4.23)

for all I ′′⊂I ′⊂I⊂ [N ] with I ′′ 6=∅.

For ε : X∅−→R+ as in (4.7) and I∈P∗(N), let

X◦
I = XI;I = XI −

⋃

I(I′⊂[N ]

Ψ
(ε)
I′;I

(
NI′;I(2|I

′|−1)
)
; (4.24)

see the left diagram in Figure 4. Since DΨ
(ε)
I1∪I2;I1

is a product Hermitian isomorphism, (4.11) and
the first equality in (4.14) imply that

Ψ
(ε)
I1;I′

(
NI1;I′(2

|I1|)|X◦
I1

)
∩Ψ

(ε)
I2;I′

(
NI2;I′(2

|I2|)|X◦
I2

)
6= ∅ =⇒ I1⊃I2 or I1⊂I2 ,

Ψ
(ε)
I1;I′

(
NI1;I′(2

|I1|)|X◦
I1

)
∩Ψ

(ε)
I2;I′

(
NI2;I′(2

|I2|−1)
)
6= ∅ =⇒ I1⊃I2 ,

(4.25)

whenever I ′⊂I1, I2⊂ [N ] with I ′ 6=∅ and |I1|, |I2|≥2.

Let i∈ [N ]. By (4.11), the first identity in (4.14), and (4.10), the function

ε̂i : X
◦
i ∩

⋃

{i}(I⊂[N ]

Ψ
(ε)
I;i

(
NI;i(4

|I|)
)
−→ R+,

ε̂i
(
Ψ

(ε)
I;i (v)

)2
=
ε(v)2(|I|−1)

CΦ;I(πI(v))

∏

j∈I−i

ρI;j(v) ∀ v∈{Ψ
(ε)
I;i}

−1(X◦
i )∩NI;i(4

N ), {i}(I⊂ [N ],

is well-defined and smooth. Thus, there is a smooth function ε̃i : X
◦
i −→R+ such that

ε̃i
(
Ψ

(ε)
I;i (v)

)2
=
ε(v)2(|I|−1)

CΦ;I(πI(v))

∏

j∈I−i

ρI;j(v) ∀ v∈{Ψ
(ε)
I;i}

−1(X◦
i )∩NI;i(2

N ), {i}(I⊂ [N ].

By (4.17) and (4.15),

∣∣ΦC,ε;I(v)
∣∣2 = C

(
Ψ

(ε)
I;i ((vI;j)j∈I−i)

)2
ε̃i
(
Ψ

(ε)
I;i ((vI;j)j∈I−i)

)2
ρI;i(v) (4.26)

∀ v≡
(
(vI;j)j∈I−i, vI;i

)
∈π∗I;iNI;I−i

∣∣
{Ψ

(ε)
I;i}

−1(X◦
i )∩NI;i(2N )

, {i}(I⊂ [N ].

4.2 Construction of fibration

With C as in (4.15), define

ZI =

{
{vI ∈NXI |X◦

I
: ρI(vI)<2|I|}, if |I| ≥ 2;

{(x, λ)∈NXi|X◦
i
: |λ|2<2 C(x)2ε̃i(x)2}, if I={i}.

31



X◦

i

Xi;ijk

Xj

Xk

Xik

Xij

Xjk

Xijk
2 4 8

2
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8

Nijk;ij

Nijk;jk

Nik;i

Nik;k

Xik

Xik;i

Ψ
(ε)−1
ik;i (X◦

i )

Xijk
2 4

2
4

8

Figure 4: The subspaces X◦
i , Xi;ijk⊂Xi, and Xik;i⊂Nik;i appearing in the smoothing construction

for a triple configuration as in Figure 1; the numbers indicate the value of the square distance along
each axis in NXijk.

For I(I ′⊂ [N ] with I 6=∅, let

XI′;I = ZI′∩NI′;I , XI;I′ = Ψ
(ε)
I′;I

(
XI′;I

)
⊂ XI , (4.27)

ZI′;I =
{
v∈ZI′ : ρI′;i(v)<2|I| ∀ i∈I

}
−

⋃

I(J⊂I′

{
v∈ZI′ : ρI′;i(v)≤2|J |−1 ∀ i∈J−I

}
,

ZI;I′ = DΨ
(ε)
I′;I

(
ZI′;I

)
= ZI

∣∣
X◦

I∩XI;I′
. (4.28)

The first two subspaces above are illustrated in Figure 4. For |I| ≥ 2, the last equality in (4.28)

holds because DΨ
(ε)
I′;I is a product Hermitian isomorphism; for |I|=1, it holds by (4.20) and (4.26).

This crucial equality is used in the proof of Hausdorffness in Proposition 4.1 below.

Define

Z ′ =

( ⊔

I∈P∗(N)

ZI

)/
∼,

ZI′ ⊃ ZI′;I ∋ vI′ ∼ DΨ
(ε)
I′;I(vI′) ∈ ZI;I′ ⊂ ZI ∀ I(I ′⊂ [N ], I 6=∅. (4.29)

By the first statement in (4.25) and (4.23), ∼ is an equivalence relation. The restriction of the
quotient map

q :
⊔

I∈P∗(N)

ZI −→ Z ′ (4.30)

to each ZI is injective; we thus identify ZI with q(ZI) as sets. By Proposition 4.1 below, this
identification respects the smooth structures.

By (4.22) with I and I ′ interchanged, the map

πC,ε : Z
′ −→ C, πC,ε

(
q(v)

)
= ΦC,ε;I(v) ∀ v∈ZI , I∈P∗(N), (4.31)

is well-defined. It is continuous, since the maps ΦC,ε;I are continuous. For each i∈ [N ], the map

ιC,ε;i : Xi −→ Z ′, ιC,ε;i(x) =

{
q(x, 0), if x∈X◦

i ;

q(v), if x=Ψ
(ε)
I;i (v), v∈XI;i, i∈I⊂ [N ];

(4.32)
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is well-defined, injective, and continuous. Since ιC,ε;i|Xij
= ιC,ε;j |Xij

for all i, j ∈ [N ], we obtain an
injective continuous map

ιC,ε : X∅ −→ Z ′ . (4.33)

The image of this map is Z ′
0 ≡ π−1

C,ε(0). The substance of the last statement in Proposition 4.1 is

that the fibers Z ′
λ≡π

−1
C,ε(λ) are compact if X∅ is compact, C is sufficiently large, and |λ|<1.

Proposition 4.1. If ε|Xi
and C|Xi

are smooth for all i∈ [N ], then Z ′ is a Hausdorff topological
space with a smooth structure so that

(1) the restriction of (4.30) to each ZI is a diffeomorphism onto q(ZI);

(2) the map (4.31) is smooth on Z ′ and a submersion outside of ιC,ε(X∂);

(3) the maps (4.32) are smooth embeddings, their images form a transverse collection of closed
submanifolds of Z ′ of codimension 2, and the associated homomorphisms (2.16) are C-linear
isomorphisms.

If C is sufficiently large (depending on ε), every sequence v
(k)
I in ZI∩π

−1
C,ε(λ) with |λ|<1 and with

the sequence πI(v
(k)
I ) converging in XI has a limit point in Z ′.

Proof. For all I⊂ I ′⊂ [N ] with I 6=∅, the subspace ZI′;I ⊂NXI′ is open by definition. Since each

map DΨ
(ε)
I′;I is a diffeomorphism onto an open subspace of NXI , everywhere on its domain if |I|≥2

and on the subspace (4.21) with I and I ′ interchanged if |I|=1, the subspace ZI;I′ ⊂NXI is also
open. Since the identification maps are diffeomorphisms between open subspaces of manifolds, the
quotient map (4.30) is open. Assuming Z ′ is Hausdorff (as shown below), q thus induces a smooth
structure on Z ′. Since ΦC,ε;I : ZI −→C is a submersion outside of the subspaces ZI∩NI;I′ with
I ′⊂ I such that |I ′|≥ 2, the map (4.31) is a submersion outside of ιC,ε(X∂). The maps (4.32) are
smooth embeddings because their restrictions to the preimages of ZI correspond to the inclusions
of the hyperplane subbundles NI;i of NXI . For the same reason, their images form a transverse
collection of submanifolds of Z ′ of codimension 2. These submanifolds Xi are closed in Z ′ because
Xi is closed in X∅ and ιC,ε(X∅)=π

−1
C,ε(0) is closed in Z ′. For each I ∈ P∗(N), the homomorphism

DIπC,ε corresponds via the diffeomorphism q|ZI
to the linear map induced by ΦC,ε;I . Since Φ is a

C-linear isomorphism, the associated homomorphisms (2.16) with π=πC,ε are also C-isomorphisms.
This establishes (1)-(3).

Let [v], [w] ∈ Z ′ be distinct points and I, J ⊂ [N ] be the maximal subsets so that [v] lies in the
image of some v∈ZI under q and [w] lies in the image of some w∈ZJ ; I and J are well-defined by
the first statement in (4.25). If I=J , let V,W ⊂ZI be disjoint open subsets around v and w. Since
q is an open map which is injective on ZI , q(V ), q(W )⊂Z ′ are disjoint open subsets containing [v]
and [w], respectively. If I 6⊂ J and J 6⊂ I, then the open neighborhoods q(ZI), q(ZJ) ⊂ Z ′ of [v]
and [w], respectively, are disjoint by the first statement in (4.25).

Suppose I(J . Let δ>0 be such that

w ∈W ≡
{
vJ ∈ZJ : ρJ ;j(vJ)<2|J |−δ ∀ j∈J−I

}
.

Since v 6∈ZI;J (by the maximality assumption on I),

v ∈ V ≡ ZI −NXI

∣∣
Ψ

(ε)
J;I({vJ;I∈NJ;I : ρJ (vJ;I)≤2|J|−δ})
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by (4.28) with I ′ = J . Since (4.29) is an equivalence relation, q(V ), q(W )⊂Z ′ are disjoint open
subsets containing [v] and [w], respectively. Thus, Z ′ is Hausdorff.

We now verify the last claim. By (4.17), there exists a continuous function CΦ,ε : X∅−→R+ such that

C
(
πI(v)

)2∏

i∈I

ρI;i(v) ≤ CΦ,ε
(
πI(v)

)∣∣ΦC,ε;I(v)
∣∣2 ∀ v∈NXI

∣∣
X◦

I

, I⊂ [N ], |I|≥2; (4.34)

the function CΦ,ε depends on ε, but not on C. The inequality (4.34) provides a bound on the
product of the norms ρI;i(v) with i∈ I in terms of |λ|= |ΦC,ε;I(v)|; this bound becomes stronger
as C increases.

Suppose λ∈C∗, I∈P∗(N), and

v
(k)
I ≡

(
v
(k)
I;i

)
i∈I

∈ ZI∩Φ
−1
C,ε;I(λ) ⊂ NXI

πI−→ X◦
I ⊂ XI

is a sequence such that πI(v
(k)
I ) converges to a point xI ∈XI . A subsequence of v

(k)
I then converges

to some

vI ≡ (vI;i)i∈I ∈ NXI

∣∣
xI

s.t. ΦC,ε;I(vI) = λ, ρI;i(vI) ≤ 2|I| ∀ i∈I if |I|≥2.

If xI ∈X
◦
I and |I|= {i} for some i ∈ [N ], then vI = (xI , λ) ∈ ZI if |λ|< 1 and 2C2ε̃2i >1 (i.e. C is

sufficiently large). The sequence v
(k)
I then has a limit point in Z ′.

Suppose xI ∈X
◦
I and |I|≥2. Let J⊂I be a maximal subset such that ρI;i(vI)<2|J | for all i∈J . If

J 6=∅, define

xJ = Ψ
(ε)
I;J

(
(vI;i)i∈I−J

)
∈ XJ .

If xJ =Ψ
(ε)
I′;J(vI′) for some vI′ ∈NI′;J with J ( I ′ ⊂ [N ] and ρI′(vI′)≤ 2|I

′|−1, then I ⊃ I ′ by the
second statement in (4.25) with (I1, I2, I

′) replaced by (I, I ′, J). By the first identity in (4.14) and

DΨ
(ε)
I;I′ being a product Hermitian isomorphism,

vI′ = DΨ
(ε)
I;I′

(
(vI;i)i∈I−I′ , (vI;i)i∈I′−J

)
, ρI;i(vI) ≤ 2|I

′|−1 ∀ i∈I ′−J.

This would contradict maximality of J . Thus, xJ ∈X
◦
J . If J=∅, replace it with any single-element

subset of I and define xJ in the same way. As in the first case, xJ ∈X
◦
J . If |J |=1,

DΨ
(ε)
I;J(vI) = (xJ , λ) ∈ ZJ ,

as in the previous paragraph. If |J |≥2, DΨ
(ε)
I;J(vI) lies in ZJ as well, since DΨ

(ε)
I;J is a product Her-

mitian isomorphism and ρI;i(vI)<2|J | for all i∈J . It follows that DΨ
(ε)
I;J(v

(k)
I )∈ZJ for all k large

andDΨ
(ε)
I;J(vI) is a limit point of this set. Thus, DΨ

(ε)
I;J(vI) is a limit point of the sequence v

(k)
I in Z ′.

Suppose xI 6∈X
◦
I . Let I ′ ⊂ [N ] be the maximal subset so that I ′ ⊃ I and xI =Ψ

(ε)
I′;I(vI′) for some

vI′ ∈NI′;I with ρI′(vI′)=2|I
′|−1. By (4.24), (4.11), and the first identity in (4.14), I ′ is well-defined.

Furthermore,
ρI′;j(vI′) ≥ 2|I| ≥ 2 ∀ j∈I ′−I. (4.35)
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If πI′(vI′)=Ψ
(ε)
J ;I′(vJ) for some vJ ∈NJ ;I′ with I

′(J⊂ [N ] and ρJ(vJ)≤2|J |−1, then either

xI ∈ Ψ
(ε)
J ;I

(
NJ ;I(2

|J |−1)
)

or ρJ(vJ) = 2|J |−1 .

The first possibility would contradict to xI being in the closure of X◦
I ; the second possibility would

contradict the maximality of I ′. Thus, πI′(vI′)∈X
◦
I′ .

For all k∈Z+ sufficiently large (so that πI(v
(k)
I ) lies in XI;I′), let

v
(k)
I′ ≡

(
v
(k)
I′;I , v

(k)
I′;I′−I

)
=
{
DΨ

(ε)
I′;I

}−1(
v
(k)
I

)
∈ π∗I′;INI;I−I′

∣∣
NI′;I(2

|I′|)
.

Since πI(v
(k)
I ) converges to xI , the sequence v

(k)
I′;I converges to vI′ . If |I|≥2,

ρI′;i(v
(k)
I′ ) = ρI;i(v

(k)
I ) ≤ 2|I| < 2|I

′| ∀ i∈I;

thus, v
(k)
I′ has a limit point in ZI′ . If I={i},

2|I
′|−1C

(
πI′(v

(k)
I′ )
)2
ρI′;i(v

(k)
I′ ) ≤ C

(
πI′(v

(k)
I′ )
)2 ∏

j∈I′

ρI′;j(v
(k)
I′ ) ≤ CΦ,ε

(
πI(v

(k)
I′ )
)
|λ|2

by (4.35) and (4.34). Thus, the sequence v
(k)
I′ converges in ZI′ , provided

CΦ,ε(x)|λ|
2 < 2|I

′|−1C(x)2 · 2|I
′| ∀ x∈XI′ .

Therefore, the last claim of the proposition holds if C2>CΦ,ε.

4.3 Symplectic structure

We next define a closed 2-form ω̃
(ε)
C;I on ZI for each I ∈ P∗(N). Let η : R−→ [0, 1] be a smooth

function such that

η(r) =

{
0, if r ≤ 3

4 ;

1, if r ≥ 1.

For i∈I⊂ [N ] with |I|≥2, let ηI;i = η◦ρI;i : NXI−→R and

ω̃
(ε)
C;I =

(
π∗IωI +

1

2
d

(∑

i∈I

(
1−

∏

j∈I−{i}

ηI;j

)
ε2ρI;iαI;i +

(∑

i∈I

∏

j∈I−{i}

ηI;j

)
ε2Φ∗

C,ε;I

(
r2dθ

))
)∣∣∣∣

ZI

. (4.36)

For I={i}, define

ω̃
(ε)
C;I =

(
π∗1ωi +

1

2
d
(
ε2Φ∗

C,ε;I(r
2dθ)

))∣∣∣
ZI

=
(
π∗1ωi +

1

2
d
(
ε2π∗2(r

2dθ)
))∣∣∣

ZI

, (4.37)

where π1, π2 : Xi×C−→Xi,C are the two projections and (r, θ) are the polar coordinates on C.
Let ∆r⊂C denote the disk of radius r centered at the origin.

Lemma 4.2. If ε|Xi
and C|Xi

are smooth for all i∈ [N ] and C is sufficiently large (depending on ε),
then

ω̃
(ε)
C;I′

∣∣
Φ−1

C,ε;I′
(∆1)∩ZI′;I

=
{
DΨ

(ε)
I′;I

}∗
ω̃
(ε)
C;I

∣∣
Φ−1

C,ε;I′
(∆1)∩ZI′;I

(4.38)

for all I(I ′⊂ [N ] with I 6=∅.
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Proof. We show that the claim holds with C2 > 2NCΦ,ε, with CΦ,ε as in (4.34). This assumption
implies that

{
i∈I : ρI;i(vI)≤

3

4

}
6= ∅ ∀ vI ∈ZI∩Φ

−1
C,ε;I(∆1), I⊂N, |I|≥2 . (4.39)

In particular, there exists at most one i with a nonzero product in (4.36). By the definition of ZI′;I ,
ρI′;j≥2 on ZI′;I for all j∈I ′−I and so

ηI′;j
∣∣
ZI′;I

≡ 1 ∀ j∈I ′−I . (4.40)

By (4.39) and (4.40),

∑

i∈I′−I

ρI′;iαI′;i +
∑

i∈I

(
1−

∏

j∈I−{i}

ηI′;j

)
ρI′;iαI′;i =

∑

i∈I′

(
1−

∏

j∈I′−{i}

ηI′;j

)
ρI′;iαI′;i

and
∑

i∈I

∏

j∈I−{i}

ηI′;j =
∑

i∈I′

∏

j∈I′−{i}

ηI′;j

(4.41)

on Φ−1
C,ε;I′(∆1)∩ZI′;I .

By (4.9) with I replaced by I ′ and (4.5),

Ψ
(ε) ∗
I′;I ωI =

(
π∗I′;IωI′ +

1

2
d
∑

i∈I′−I

ε2ρI′;iαI′;i

)∣∣∣∣
NI′;I(4

N )

. (4.42)

Suppose |I|≥2. The product Hermitian isomorphism DΨ
(ε)
I′;I satisfies

πI ◦DΨ
(ε)
I′;I = Ψ

(ε)
I′;I ◦π

∗
I′;IπI′;I′−I

∣∣
π∗
I′;I

NI′;I′−I |N
I′;I (4

N )
.

Along with (4.42), this implies that

{
DΨ

(ε)
I′;I

}∗
π∗IωI =

(
π∗I′ωI′ +

1

2
d
∑

i∈I′−I

ε2ρI′;iαI′;i

)∣∣∣∣
π∗
I′;I

NI′;I′−I |NI′;I(4
N )

. (4.43)

Combining this with the second assumption in (4.7) with I replaced by I ′ and (4.22), we obtain

{
DΨ

(ε)
I′;I

}∗
ω̃
(ε)
C;I = π∗I′ωI′ +

1

2
d

(
∑

i∈I′−I

ε2ρI′;iαI′;i +
∑

i∈I

(
1−

∏

j∈I−{i}

ηI′;j

)
ε2ρI′;iαI′;i

+
∑

i∈I

( ∏

j∈I−{i}

ηI′;j

)
ε2Φ∗

C,ε;I′
(
r2dθ

)
)
.

(4.44)

By (4.41), the right-hand side of (4.44) equals the right-hand side of (4.36) with I replaced by I ′

on Φ−1
C,ε;I′(∆1)∩ZI′;I . By (4.20) and (4.42), (4.44) also holds if |I|=1. Thus, (4.38) holds in this

case as well.

By Lemma 4.2, the 2-forms ω̃
(ε)
C;I induce a closed 2-form ω̃

(ε)
C on Z ′. It remains to show that

its restrictions to a neighborhood Z of Z ′
0 in Z ′ and to the fibers Z ∩π−1

C,ε(λ) with λ ∈ C∗ are
nondegenerate. The next lemma, which follows immediately from Corollary A.3 and (4.16), is used
to verify that this is the case in the “middle” region of each domain.
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Lemma 4.3. For each I⊂ [N ] with |I|≥2, there exist fI ∈C
∞(X⋆

I ;R
+) and an R-valued 1-form µI

on X⋆
I such that

Φ∗
C,ε;Ir

2 =
(
Cε|I|−1

)2
fI
∏

i∈I

ρI;i, Φ∗
C,ε;Idθ =

∑

i∈I

αI;i + π∗IµI on NXI |X⋆
I

(4.45)

for all functions ε, C : X∅−→R+ that restrict to smooth functions on XI .

Proposition 4.4. Let ε, C : X∅−→R+ be as in (4.7) and (4.15). Suppose ε|Xi
, C|Xi

are smooth for
all i∈ [N ], ε is sufficiently small, and C is sufficiently large (depending on ε). Then there exists a

neighborhood Z of Z ′
0 in Z ′ such that the restrictions of ω̃

(ε)
C to Z and to Z∩π−1

C,ε(λ) with λ∈C∗

are nondegenerate.

Proof. We need to show that every x ∈ XI with I ∈ P∗(N) has a neighborhood Zx in Z ′ such

that the restrictions of ω̃
(ε)
C to Zx and to Zx∩π

−1
C,ε(λ) with λ∈C∗ are nondegenerate. Since XI is

contained in Z ′
0, it is sufficient to show that for each x∈X◦

I there exist a neighborhood Ux of x

in X◦
I and rx∈R+ such that the restrictions of ω̃

(ε)
C;I to ZI |Ux∩Φ

−1
C,ε;I(∆rx) and to ZI |Ux∩Φ

−1
C,ε;I(λ)

with λ∈∆rx are nondegenerate. Since the 2-form (4.37) and its restriction to a fiber of ΦC,ε;i are
symplectic over Xi×C (even if ε is not constant), it remains to consider the case |I|≥2.

For each i∈I with |I|≥2, let κI;i∈Ω2(TXI) be the curvature form of αI;i. Thus,

ω̂I = π∗IωI +
1

2

∑

i∈I

(
ρI;iπ

∗
IκI;i+pr∗I;I−i(dρI;i∧αI;i)

)
.

Let J̃I denote the almost complex structure on the total space of NXI −→ XI induced by an
ω-tame almost complex structure JI on XI via the product Hermitian structure (ρI;i,∇

(I;i))i∈I ;

see the paragraph above Lemma A.4. If ε as in (4.7) is sufficiently small, then ω̂I tames J̃I over

NXI(4
Nε2). Thus, ω̂

(ε)
I tames J̃ε;I≡m

∗
ε;I J̃I over NXI(4

N ).

Let λ∈C∗ and vI ∈ZI∩Φ
−1
C,ε;I(λ). Define

I0 =
{
i∈I : ρI;i(vI)≤

3

4

}
, I01 =

{
i∈I :

3

4
< ρI;i(vI)<1

}
, I1 =

{
i∈I : ρI;i(vI)≥1

}
.

If |λ|<1 and C2>2NCΦ,ε, with CΦ,ε as in (4.34), then I0 6=∅; see (4.39).

Suppose |I0|≥2. By (4.36), ω̃
(ε)
C;I at vI is then given by

ω̃
(ε)
C;I = π∗IωI +

1

2

∑

i∈I

d
(
ε2ρI;iαI;i

)
≡ ω̂

(ε)
I .

This form tames J̃ε;I on TvIZI and thus is nondegenerate on this space. By Corollary A.5, the
restriction of this form to TvIΦ

−1
C,ε;I(λ) is also nondegenerate if |λ| is sufficiently small (depending

only on πI(vI)).

Suppose |I0|=1 and I01=∅. By (4.36), ω̃
(ε)
C;I at vI is then given by

ω̃
(ε)
C;I = π∗IωI +

1

2
d
∑

i∈I1

ε2ρI;iαI;i + ε2Φ∗
C,ε;I

(
r2dθ

)
.

37



Along with (4.43) with I⊂I ′ replaced by I0⊂I, the second assumption in (4.7), (4.22) with I ′=I0,
and (4.19), this implies that

ω̃
(ε)
C;I

∣∣
vI

=

({
DΨ

(ε)
I;I0

}∗(
π∗1ωI0 +

1

2
d
(
ε2π∗2(r

2dθ)
)))

vI

.

This form is nondegenerate, since DΨ
(ε)
I;I0

is a diffeomorphism on a neighborhood of vI contained

in the set (4.21) with I ′= I0. By (4.22) with I ′= I0, the restriction of this form to TvIΦ
−1
C,ε;I(λ) is

also nondegenerate.

Suppose I0={i0} is a single-element set and I01 6=∅. By (4.36), ω̃
(ε)
C;I at vI is then given by

ω̃
(ε)
C;I = π∗IωI +

1

2
d

( ∑

i∈I01∪I1

ε2ρI;iαI;i +
(
1−

∏

i∈I01

ηI;i

)
ε2ρI;i0αI;i0 +

( ∏

i∈I01

ηI;i

)
ε2Φ∗

C,ε;I

(
r2dθ

))
.

Since DΨ
(ε)
I;I0∪I01

is a product Hermitian isomorphism, (4.43) with I ⊂ I ′ replaced by I0∪I01 ⊂ I,
the second assumption in (4.7), and (4.22) with I ′=I0∪I01 thus imply that

ω̃
(ε)
C;I

∣∣
vI

=
{
DΨ

(ε)
I;I0∪I01

}∗
(
π∗I0∪I01ωI0∪I01 +

1

2
d

( ∑

i∈I01

ρ
(ε)
I0∪I01;i

αI0∪I01;i

+
(
1−

∏

i∈I01

ηI0∪I01;i

)
ρ
(ε)
I0∪I01;i0

αI0∪I01;i0 +
( ∏

i∈I01

ηI0∪I01;i

)
ε2Φ∗

C,ε;I0∪I01

(
r2dθ

))
)

vI

.

Since DΨ
(ε)
I;I0∪I01

is a diffeomorphism satisfying (4.22) with I ′ = I0∪I01, we can therefore assume
that I1=∅.

With fI and µI as in Lemma 4.3, let

fC;I = C2fI , f̃I;i0 =
(
1−

∏

i∈I01

ηI;i

)
+ fC;I

( ∏

i∈I01

ηI;iρ
(ε)
I;i

)
, f̃I;i = fC;IηI;i

∏

j∈I01−i

ηI;jρ
(ε)
I;j ∀ i∈I01,

βI;i0 = d

(
fC;I
∏

i∈I01

ηI;iρ
(ε)
I;i −

∏

i∈I01

ηI;i

)
, µ̃I = fC;I

( ∏

i∈I01

ηI;iρ
(ε)
I;i

)
π∗IµI .

Fix a Riemannian metric on XI . Via the Hermitian data (ρI;i,∇
(I;i))i∈I , it lifts to a Riemannian

metric on NXI . By the first statement in (4.45) and the definition of I01, there exists a smooth
function CI : XI−→R+, dependent only on ε and C, such that

1

CI(πI(vI))
≤
∣∣f̃I;i0

∣∣
vI

≤ CI
(
πI(vI)

)
, (4.46)

ρ
(ε)
I;i0

(vI) ≤ CI
(
πI(vI)

)
|λ|2,

∣∣dρ(ε)I;i0
∣∣
vI
,
∣∣ρ(ε)I;i0αI;i0

∣∣
vI

≤ CI
(
πI(vI)

)
|λ|, (4.47)

∣∣dρ(ε)I;i
∣∣
vI
,
∣∣ρ(ε)I;iαI;i

∣∣
vI
,
∣∣βI;i0(vI)

∣∣,
∣∣f̃I;i(vI)

∣∣,
∣∣df̃I;i

∣∣
vI
,
∣∣µ̃I
∣∣
vI
,
∣∣dµ̃I

∣∣
vI

≤ CI
(
πI(vI)

)
; (4.48)

these bounds apply to any vI ∈ZI with I0={i0} and I1=∅.
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By (4.45),

( ∏

i∈I01

ηI;i

)
ε2Φ∗

C,ε;I

(
r2dθ

)
= fC;I

( ∏

i∈I01

ηI;iρ
(ε)
I;i

)(
ρ
(ε)
I;i0
αI;i0

)
+
∑

i∈I01

ρ
(ε)
I;i0
f̃I;i
(
ρ
(ε)
I;iαI;i

)
+ ρ

(ε)
I;i0
µ̃I .

Thus, ω̃
(ε)
C;I at vI is given by

ω̃
(ε)
C;I =π

∗
IωI +

1

2

∑

i∈I01

d(ρ
(ε)
I;iαI;i) +

1

2
f̃I;i0d(ρ

(ε)
I;i0
αI;i0)

+
1

2

∑

i∈I01

(
ρ
(ε)
I;i0
f̃I;id(ρ

(ε)
I;iαI;i) +

(
f̃I;idρ

(ε)
I;i0

+ ρ
(ε)
I;i0

df̃I;i
)
∧(ρ

(ε)
I;iαI;i)

)
(4.49)

+
1

2
βI;i0∧(ρ

(ε)
I;i0
αI;i0) +

1

2

(
dρ

(ε)
I;i0

∧µ̃I + ρ
(ε)
I;i0

dµ̃I
)
.

The 2-form ω̃
(ε)
top on the first line on the right-hand side of (4.49) is the pullback by mε;I of the

2-form

π∗IωI +
1

2

∑

i∈I01

d(ρI;iαI;i) +
1

2
f̃I;i0◦m

−1
ε;I d

(
ρI;i0αI;i0

)

at mε;I(vI). By the ω̂I -tameness of J̃I on NXI(4
N ) and (4.46), there exists a smooth function

εI;i0 : XI−→R+, dependent only on ε and C, so that this form tames J̃I on

{
v∈NXI(3

Nε2) : ρI;i0(v)≤εI;i0
(
πI(v)

)}
.

The 2-form ω̃
(ε)
top then tames J̃ε;I on

WI;i0 ≡
{
v∈NXI(3

N ) : ρ
(ε)
I;i0

(v)≤εI;i0
(
πI(v)

)}
.

By Corollary A.5, for every x∈X◦
I there exist a precompact neighborhood Ux and rx∈R+ such that

the restriction of ω̃
(ε)
top to TvΦ

−1
C,ε;I(λ) is nondegenerate for all v ∈WI;i0 |Ux

∩Φ−1
C,ε;I(λ) and λ∈∆rx .

There thus exists r′x ∈ (0, rx) such that the right-hand side of (4.49) is nondegenerate on TvZI
and on TvΦ

−1
C,ε;I(λ) for all v ∈WI;i0 |Ux

∩Φ−1
C,ε;I(∆r′x) and λ ∈ ∆r′x satisfying the bounds in (4.47)

and (4.48). We conclude that ω̃
(ε)
C;I |vI and the restriction ω̃

(ε)
C;I |vI to TvIΦ

−1
C,ε;I(λ) are nondegenerate

if λ∈∆r′x .

Corollary 4.5. Let ε, C : X−→R+ be as in (4.7) and (4.15). Suppose ε|Xi
, C|Xi

are smooth for all

i∈ [N ], ε is sufficiently small, and C is sufficiently large (depending on ε). Then ι∗C,ε;iω̃
(ε)
C =ωi for

all i∈ [N ] and {ιC,ε;i(Xi)}i∈[N ] is an SC symplectic divisor in (Z, ω̃
(ε)
C ) for some neighborhood Z

of Z ′
0 in Z ′. Furthermore, the associated homomorphisms (2.16) are orientation-preserving iso-

morphisms.

Proof. By the first case in (4.32) and (4.37),

ι∗C,ε;iω̃
(ε)
C

∣∣
X◦

i

= ωi|X◦
i

∀ i∈ [N ] .
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By the second in (4.32), (4.36), and the vanishing of ηI;i, ρI;iαI;i, and ΦC,ε;I along XI;i⊂NI;i,

{
Ψ

(ε)
I;i

}∗
ι∗C,ε;iω̃

(ε)
C |XI;i

=

(
π∗IωI +

1

2
d

( ∑

j∈I−i

ε2ρI;jαI;j

))∣∣∣∣
XI;i

∀ {i}(I⊂ [N ].

The first claim of the corollary now follows from (4.9).

By Proposition 4.1, {ιC,ε;i(Xi)}i∈[N ] is a transverse collection of closed submanifolds of Z ′ of codi-
mension 2. By Proposition 4.4 and the first claim of the corollary, the intersections of these

submanifolds are symplectic submanifolds of (Z, ω̃
(ε)
C ) for some neighborhood Z of Z ′

0 in Z ′. The
preimages of these intersections in ZI correspond to the intersections of the hyperplane subbundles

NI;i ⊂NXI on a neighborhood of X◦
I . These hyperplanes are ω̃

(ε)
C;I -orthogonal; see (5.34). Thus,

the symplectic orientations on neighborhoods of X◦
I in the corresponding subbundles NI;I′ ⊂NXI

are the same as the intersection orientations induced from the hyperplane subbundles NI;i⊂NXI .
This establishes the second claim of the corollary and implies the last one, in light of the last claim
of Proposition 4.1(3).

Remark 4.6. We believe that the dependence of the maximal norm rx for the acceptable values
of λ∈C on x in the proof of Proposition 4.4 can be dropped by constructing the trivializations
(Φ̃t)t∈B in Proposition 3.9 along with constructing the regularizations (Rt)t∈B in the proof of
[4, Theorem 2.17]. This would then lead to a fibration Z with uniform smooth fibers over a
neighborhood ∆ of 0 in C and remove the compactness assumption from the last statement of
Theorem 2.8.

5 The smoothability criterion

We show in Section 5.1 that a nearly regular symplectic fibration (Z, ωZ , π) as in Definition 2.6
determines a homotopy class of trivializations of the associated complex line bundle OZ(Z0); see
Proposition 5.1. If (Z, ωZ , π) is a one-parameter family of smoothings of an SC symplectic va-
riety (X∅, (ωi)i∈[N ]) as in Definition 2.5, this line bundle restricts to (2.14) over the singular lo-
cus X∂ . Proposition 5.1 then determines a homotopy class of trivializations of (2.14). In particular,
(2.17) is a necessary condition for an SC symplectic variety to be smoothable. By Proposition 5.5
proved in Section 5.2, the homotopy class of trivializations determined by a one-parameter fam-

ily (Z, ω̃
(ε)
C , πC,ε) of smoothings constructed in Section 4 is the homotopy class used to construct

this family.

Proposition 5.1 and its proof readily extend to families of nearly regular symplectic fibrations
parametrized by a manifold B. They endow a natural complex line bundle OB;Z(Z0) over the total
space of such a family with a canonical homotopy class of trivializations. Proposition 5.5 and its
proof extend directly to compact families of the relevant data on (XI)I∈P∗(N). They ensure that
the family of one-parameter families of smoothings then arising from the construction of Section 4
encodes the homotopy class of trivializations used to obtain this family.

5.1 The necessity of (2.17)

If V ⊂X is a smooth symplectic divisor, the line bundle OX(V ) has a canonical section sV with
zero set V ; it is described similarly to (3.24). Thus, any tensor product of such line bundles also
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has a canonical section; its zero set is the union of the associated symplectic divisors.

Proposition 5.1. Let (Z, ωZ , π) be a nearly regular symplectic fibration over ∆ as in Definition 2.6
and s∅ be the canonical section of the complex line bundle

OZ(Z0) ≡
⊗

i∈[N ]

OZ(Xi) −→ Z.

Then there exists a trivialization ΦZ of OZ(Z0) such that the smooth maps

ΦZ ◦s∅|Z−Z0 , π|Z−Z0 : Z−Z0 −→ C∗

are homotopic. Furthermore, any two such trivializations ΦZ are homotopic.

Lemma 5.2. Let (Z, ωZ , π) be as in Proposition 5.1 and Z0;∂⊂Z0 be the singular locus of Z0. If
Z0 is connected, there exists a smooth embedding (∆, 0) −֒→(C, 0) such that the linear map

Dπ : NZ

(
Z0−Z0;∂

)
−→ T0∆ ∼= T0C ∼= C (5.1)

induced by dπ is an orientation-preserving trivialization of NZ(Z0−Z0;∂).

Proof. Choose a point p ∈ Z0−Z0;∂ and a smooth embedding (∆, 0) −֒→ (C, 0) such that the
isomorphism

Dpπ : NZ(Z0−Z0;∂)
∣∣
p
−→ T0∆ ∼= T0C ∼= C

is orientation-preserving. Let Z+,Z− ⊂ Z −Z0;∂ be the subspaces of points x such that the
isomorphism

Dxπ : NZ

(
Zπ(x)−Z0;∂

)∣∣
x
−→ Tπ(x)∆ ∼= Tπ(x)C (5.2)

is orientation-preserving and orientation-reversing, respectively. By assumption, p∈Z+. Since Z0

is connected and Z0;∂ consists of codimension 4 submanifolds of Z, the complement Z∗ of Z0;∂ in
the topological component of Z containing Z0 is connected as well. Since the disjoint open subsets
Z+ and Z− cover Z∗, Z∗⊂Z+ and thus (5.2) is orientation-preserving for all x∈Z0−Z0;∂ .

Proof of Proposition 5.1. If s1 and s2 are non-vanishing sections of a complex line bundle L
over some space X, we write s1 ∼ s2 if s1 and s2 are homotopic through non-vanishing sections
of L. A trivialization Φ of L corresponds to a non-vanishing section of L. The equivalence classes
of non-vanishing sections of L correspond to the homotopy classes of trivializations of L. The first
claim of the proposition is equivalent to the existence of a non-vanishing section s of OZ(Z0) so
that the smooth maps

(s∅/s)|Z−Z0 , π|Z−Z0 : Z−Z0 −→ C∗ (5.3)

are homotopic.

We can assume that Z0 is connected. Let (∆, 0) −֒→(C, 0) be an embedding as in Lemma 5.2,

N = NZ(Z0−Z0;∂), Ni = NZXi ,

and U⊂Z be an open subset such that the inclusions

Z−U −→ Z−Z0;∂ and Z−(Z0∪U) −→ Z−Z0
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are homotopy equivalences. Denote by Ψ∆ : ∆̃−→∆ the canonical identification of a neighbor-
hood ∆̃ of 0 in T0∆=T0C with ∆⊂C and by i the standard complex structure on T0∆. Since the
restriction of (5.1) to each fiber of N is orientation-preserving, the complex structure ĩ≡{Dπ}∗i is
tamed by ωZ |N .

Let Ψi : N
′
i −→Z, with i∈ [N ], be regularizations of Xi in Z in the sense of Definition 3.1 such that

Im
(
Ψi|N ′

i |Xi−U

)
∩ Im

(
Ψj |N ′

j |Xj−U

)
= ∅ ∀ i, j∈ [N ], i 6=j,

π◦Ψi=Ψ∆◦Dπ
∣∣
N ′

i |q
: N ′

i |q −→ ∆⊂C ∀ q∈Xi−U. (5.4)

We can use these regularizations and the complex structure ĩ to construct the line bundles OZ(Xi)
as in (2.8). The canonical regularization Ψ∆ of 0 in C and the standard complex structure i on T0∆
similarly determine a line bundle O∆(0)−→∆. By (5.4), Dπ induces an isomorphism

Φ: OZ(Z0)
∣∣
Z−U

−→ π∗O∆(0)
∣∣
Z−U

,

[
x, c
]
−→

[
π(x), c

]
;[

Ψi(v), v, w
]
−→

[
π(Ψi(v)), Dπ(v), Dπ(w)

]
;

see (2.8) for the notation.

Let s0 be the canonical section of O∆(0) and s1 be the constant section 1 of O∆(0), i.e.

s1
(
Ψ∆(u)

)
=
[
Ψ∆(u), u, 1

]
∀u∈∆̃.

In particular, s0/s1 : ∆−→C is the inclusion map. They lift to sections π∗s0 and π∗s1 of π∗O∆(0)
so that

π∗s0/π
∗s1=π : Z −→ C. (5.5)

By (5.4),
s∅|Z−U = Φ−1◦π∗s0

∣∣
Z−U

. (5.6)

Since the inclusion Z−U −→ Z−Z0;∂ is a homotopy equivalence, there exists a non-vanishing
section s′ of OZ(Z0)|Z−Z0;∂

such that

s′|Z−U ∼ Φ−1◦π∗s1
∣∣
Z−U

. (5.7)

By Corollary 5.4(2) below, there exists a non-vanishing section s of OZ(Z0) so that

s|Z−Z0;∂
∼ s′. (5.8)

By (5.6), (5.8), (5.7), and (5.5),

(
s∅/s

)∣∣
Z−(Z0∪U)

∼ Φ−1◦π∗s0
/
Φ−1◦π∗s1

∣∣
Z−(Z0∪U)

= π
∣∣
Z−(Z0∪U)

.

Since the inclusion Z−(Z0∪U)−→Z−Z0 is a homotopy equivalence, the maps (5.3) are homotopic.
This establishes the first claim of the proposition.

The section s∅ of OZ(Z0) does not vanish on Z−Z0. If ΦZ and Φ′
Z are trivializations of OZ(Z0)

satisfying the homotopy condition in the proposition, then ΦZ |Z−Z0 and Φ′
Z |Z−Z0 are homotopic

trivializations of OZ(Z0)|Z−Z0 . By Corollary 5.4(1), ΦZ and Φ′
Z are thus homotopic trivializations

of OZ(Z0).
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It remains to establish the two statements of Corollary 5.4 used above.

Lemma 5.3. Let B be a paracompact topological space and (E, Ė)−→B be a relative bundle pair
with fiber pair (F, Ḟ ) in the sense of [24, Section 5.7]. If c∈Z+ and Hi(F, Ḟ ;Z)= 0 for all i< c,
then H i(E, Ė;Z)=0 for all i<c.

Proof. By our assumptions and the Kunneth formula [24, Theorem 5.3.10],

Hi

(
B×F,B×Ḟ ;Z

)
= 0 ∀ i<c.

By Mayer-Vietoris [24, Corollary 5.1.14] and induction, this implies that Hi(E, Ė;Z) = 0 for all
i < c if (E, Ė)−→B admits a finite trivializing open cover. Taking the direct limit over compact
subsets of B, we find that Hi(E, Ė;Z) = 0 for all i < c for any paracompact space B. The claim
now follows from the Universal Coefficients Theorem [18, Theorem 53.1].

Corollary 5.4. Suppose M is a manifold, π : L−→M is a Hermitian line bundle, and M ′⊂M is
the complement of closed submanifolds V1, · · · , Vℓ⊂M of real codimension c∈Z+ or higher.

(1) If c≥2, any two trivializations of L over M that restrict to homotopic trivializations of L|M ′

are homotopic as trivializations of L over M .

(2) If c≥3, every smooth trivialization of L|M ′ is homotopic through trivializations of L|M ′ to the
restriction of a smooth trivialization of L over M .

Proof. By induction, we can assume that ℓ=1 and V ≡V1 is a closed submanifold of M of codi-
mension c. By the Tubular Neighborhood Theorem [2, (12.11)] and excision [24, Corollary 4.6.5],

H i(M,M ′;Z) ≈ H i(NXV,NXV −V ;Z) ∀ i∈Z.

Since Hi(R
c,Rc−1)=0 for i<c,

H i(M,M ′;Z) ≈ H i(NXV,NXV −V ;Z) = 0 ∀ i≤c−1

by Lemma 5.3. By the cohomology long exact sequence for the pair (M,M ′), the sequences

0 −→ H i(M ;Z) −→ H i(M ′;Z) −→ 0, i≤c−2, 0 −→ Hc−1(M ;Z) −→ Hc−1(M ′;Z), (5.9)

where the second arrows are the restriction homomorphisms, are thus exact.

(1) Suppose c≥2. If Φ,Φ′ : L−→C are trivializations of L, there exists a smooth map f :M−→C∗

such that
Φ′(v) = f

(
π(x)

)
Φ(v) ∀ v∈L.

If Φ|M and Φ′|M ′ are homotopic, then f |M ′ is homotopic to the constant map. By the injectivity
of (3.33) with Y =M ′, f |M ′ then corresponds to the trivial element of H1(M ′;Z). By the H1

case of (5.9), f corresponds to the trivial element of H1(M ;Z) and so is homotopic to the identity.
Thus, Φ and Φ′ are homotopic as trivializations of L over M .

(2) Suppose c ≥ 3 and Φ : L|M ′ −→ C is a trivialization of L|M ′ . By the H2 case of (5.9) and
c1(L)|M ′ =0, c1(L)=0. Therefore, there exists a trivialization Φ′ : L−→C of L over M . Since Φ
and Φ′|M ′ are trivializations of L over M ′, there exists a smooth map f :M ′−→C∗ such that

Φ′(v) ≡ f
(
π(v)

)
Φ(v) ∀ v∈L|M ′ . (5.10)
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By the bijectivity of (3.33) and the i=1 case of (5.9), there exists a smooth map g :M−→C∗ such
that g|M ′ is homotopic to f . Define a trivialization of L by

Φ′′ : L−→C, Φ′′(v) = g
(
π(v)

)−1
Φ′(v).

By (5.10), Φ′′|M ′ is homotopic to Φ.

5.2 Equivalence of input and output trivializations

We now show that the complex line bundle (2.14) and its trivialization Φ used in the construction
of Section 4 extend over a neighborhood of Z ′

0≡ ιC,ε(X∅) in the space Z ′ constructed in Section 4.2.
Furthermore, these extensions can be chosen to lie in the homotopy class of trivializations deter-

mined as in Proposition 5.1 by the nearly regular symplectic fibration (Z, ω̃
(ε)
C , πC,ε) constructed

in Section 4. The proof of Propositions 5.5 below makes use of straightforward, though somewhat
technical, Lemmas 5.6 and 5.7; they are deferred to the end of this section.

Proposition 5.5. Suppose X is as in Theorem 2.8, Φ is a trivialization of the complex line bundle
OX∂

(X∅) as in the first paragraph of Section 4, ε and C are R+-valued functions on X∅ satisfying

the conditions of Propositions 4.4, and (Z, ω̃
(ε)
C , πC,ε) is the corresponding one-parameter family of

smoothings. Then there exists a complex line bundle OZ(Z0) with the canonical section s∅ and a
trivialization Φ̃C,ε such that the associated embedding (4.33) induces an isomorphism

dιC,ε|X∂
: OX∂

(X∅) −→ ι∗C,εOZ(Z0)|X∂
(5.11)

of complex line bundles over X∂ and

Φ̃C,ε◦s∅=πC,ε : Z −→ C, Φ̃C,ε◦dιC,ε|X∂
=Cε−1Φ: OX∂

(X∅) −→ C . (5.12)

We continue with the notation and setup of Section 4. For i ∈ [N ], let X◦
i ⊂Xi be as in (4.24),

Z ′
i⊂Z ′ be the image of Xi under the map ιC,ε;i in (4.32), and

πi=π{i} : NX∅
X{i}=NXi≡Xi×C −→ Xi

be the projection to the first coordinate. Denote by ρ{i};i and α{i};i the pullbacks of the function r
2

and the 1-form dθ, respectively, by the projection NXi−→C.

If in addition i∈I⊂ [N ], let

XI;i = ZI∩NI;i ⊂ Dom(Ψ
(ε)
I;i )
∣∣
X◦

I

⊂ NI;i and Xi;I = Ψ
(ε)
I;i

(
XI;i

)
⊂ Xi

be as in (4.27). Denote by

πI;i : NI;i −→ XI and prI;i : NXI=π
∗
I;iNXI−i

XI −→ NI;i

the projection maps (if I={i}, prI;i=πi). Let iI;i be the complex structure on the oriented rank 2

vector bundle NXI−i
XI determined by ρR

I;i if |I|≥2 and the standard complex structure if |I|=1.

For each i∈ [I], we will construct a complex line bundle and a smooth map,

πNZi
: NZi −→ Xi and Ψ′

i : N
′Zi −→ Z ′,
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respectively, so that the latter is a diffeomorphism from a neighborhood N ′Zi of Xi in NZi onto
an open neighborhood of Z ′

i in Z ′ and restricts to ιC,ε;i over Xi. Under the identification of NZi
with the vertical tangent subbundle of TNZi|Xi

, the homomorphism

Θi : NZi −→ NιC,ε;i≡
ι ∗C,ε;iTZ

′

dιC,ε;i(TXi)
= ι ∗C,ε;iNZ′Z ′

i≡ ι
∗
C,ε;i

TZ ′|Z′
i

TZ ′
i

,

Θi(v) =
[
dπNZi

(v)Ψ
′
i(v)

]
,

(5.13)

is an isomorphism of rank 2 real vector bundles over Xi such that

Ψi≡Ψ′
i◦Θ

−1
i : N ′

i ≡Θi

(
N ′Zi

)
−→ Z ′ (5.14)

is a regularization of Z ′
i in Z ′ in the sense of Definition 3.1. We will show that the complex

structure ii in the fibers of NZi is Θ
∗
i (ω̃

(ε)
C |NZ′Z′

i
)-compatible and that

ιC,ε;j(Ψij;j(v)) = Ψi

(
dπij;j(v)ιC,ε;j(v)

)
∈ Z ′

j ∀ v∈Nij;j(2ε
2), i, j∈ [N ], i 6=j. (5.15)

The pairs (Ψ′
i, ii) and (Ψi,Θi∗ii) determine complex line bundles O′

Z∗(Z ′
i) and OZ∗(Z ′

i), respec-
tively, over a neighborhood Z∗ of Z ′

0 in Z ′ as in (2.8). The maps (5.13) with i ∈ [N ] induce an
isomorphism

Θ: O′
Z∗(Z ′

0)≡
N⊗

i=1

O′
Z∗(Z ′

i) −→ OZ∗(Z ′
0)≡

N⊗

i=1

OZ∗(Z ′
i) (5.16)

of complex line bundles over Z∗. By (5.15), the differentials of the maps ιC,ε;j induce an isomorphism
as in (5.11) with Z0 replaced by Z ′

0. We will describe the line bundle O′
Z∗(Z ′

0) explicitly over

trivializing open sets and construct a section s′∅ and a trivialization Φ̃′
C,ε of this bundle so that

Φ̃′
C,ε◦s

′
∅=πC,ε : Z

∗ −→ C (5.17)

and s∅≡Θ◦s′∅ is the canonical section of OZ∗(Z0). By (5.17), the trivialization

Φ̃C,ε≡ Φ̃′
C,ε◦Θ

−1 : OZ∗(Z0) −→ C (5.18)

satisfies the first equality in (5.12). We conclude by establishing the second equality in (5.12).

For all i∈I(I ′⊂ [N ],

π∗I′;iNXI′−i
XI′
∣∣
NI′;i(4

N )
= π∗I′;iNI′;I′−i

∣∣
NI′;i(4

N )
⊂ π∗I′;INI′;I′−I

∣∣
NI′;I(4

N )
⊂ NXI′

under identifications as in the second equality in (3.13). Thus, the bundle homomorphism in (4.12)
if |I|≥2 and in (4.20) if |I|=1 with I and I ′ switched restricts to a bundle homomorphism

DΨ
(ε)
I′;I : π

∗
I′;iNXI′−i

XI′
∣∣
NI′;i(4

N )
−→ π∗I;iNXI−i

XI

∣∣
NI;i(4N )|

Im(Ψ
(ε)

I′;I
)

. (5.19)

If |I| ≥ 2 or I ′ = {i}, (5.19) is an isomorphism of Hermitian line bundles. If I = {i} and |I ′|≥2,
(5.19) restricts to an isomorphism of rank 2 vector bundles over the subspace (4.21) with I and I ′

45



interchanged; this subspace contains XI′;i.

For each i∈I, define

NZi =

( ⊔

i∈I⊂[N ]

π∗I;iNXI−i
XI

∣∣
XI;i

)/
∼ ,

π∗I′;iNXI′−i
XI′
∣∣
Ψ

(ε)−1

I′;i
(Xi;I∩Xi;I′ )

∋ v ∼ DΨ
(ε)
I′;I(v) ∈ π∗I;iNXI−i

XI

∣∣
Ψ

(ε)−1
I;i (Xi;I∩Xi;I′ )

∀ i∈I⊂I ′⊂ [N ].

By the first statement in (4.25) and (4.23), ∼ is an equivalence relation. By the first statement
in (4.14), the map

πNZi
: NZi −→ Xi=

⋃

i∈I⊂[N ]

Ψ
(ε)
I;i (XI;i), (5.20)

πNZi

(
[v]
)
= Ψ

(ε)
I;i

(
prI;i(v)

)
∀ v∈π∗I;iNXI−i

XI

∣∣
XI;i

, i∈I⊂ [N ],

is well-defined and determines a smooth rank 2 vector bundle. By Lemma 5.6 below, the complex
structures iI;i with i∈I induce a complex structure ii on the vector bundle (5.20).

For i∈I⊂ [N ], define

δI : X
◦
I −→ R+, δI(x) =

{
2, if |I|≥2;

2C(x)2ε̃i(x)
2, if I={i};

N ′Zi;I =
{
v∈π∗I;iNXI−i

XI |XI;i
: ρI;i(v)<δI(πI(v))

}
.

By (4.29) and Proposition 4.1, the map

Ψ′
i : N

′Zi≡

( ⊔

i∈I⊂[N ]

N ′Zi;I

)/
∼−→ Z ′=

( ⊔

I∈P∗(N)

ZI

)/
∼,

Ψ′
i

(
[v]
)
= q(v) ∈ q(ZI;i) ∀ v∈N ′Zi;I , i∈I⊂ [N ], (5.21)

is well-defined and smooth. By (4.32) and the first statement in (4.14),

Ψ′
i

(
[v]
)
= ιC,ε;j

(
Ψ

(ε)
ij;j

(
DΨ

(ε)
I;ij(v)

))
∀ v∈N ′Zi;I

∣∣
XI;i∩XI;j

, i, j∈I⊂ [N ], i 6=j. (5.22)

For I0⊂I⊂ [N ] with I0 6=∅, let

Z∗
I;I0 =

{
v∈ZI: ρI;i(v)<δI(πI(v)) ∀ i∈I0, ρI;i(v) 6=0 ∀ i∈I−I0

}
,

πOI;I0 : O
′
I;I0(Z

′
0)=

⊗

i∈I0

π∗INXI−i
XI

∣∣
Z∗

I;I0

−→ Z∗
I;I0 .

If |I|=1, then I0=I and Z∗
I;I0

=ZI . If I
′
0, I⊂I

′⊂ [N ] with I ′0 6=∅, then

ZI′;I∩Z
∗
I′;I′0

= ∅ if I ′0 6⊂I, DΨ
(ε)
I′;I

(
ZI′;I∩Z

∗
I′;I′0

∩Z∗
I′;I0

)
= ZI;I′∩Z

∗
I;I′0

∩Z∗
I;I0 if I ′0⊂I.

In the second case, the diffeomorphism

DΨ
(ε)
I′;I : ZI′;I∩Z

∗
I′;I′0

∩Z∗
I′;I0 −→ ZI;I′∩Z

∗
I;I′0

∩Z∗
I;I0
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lifts to a bundle isomorphism

DΨ
(ε)
I′;I : O

′
I′;I′0

(Z ′
0)
∣∣
ZI′;I∩Z

∗
I′;I′0

∩Z∗
I′;I0

−→ O′
I;I0(Z

′
0)
∣∣
ZI;I′∩Z

∗
I;I′0

∩Z∗
I;I0

s.t.

DΨ
(ε)
I′;I

(
(v′i)i∈I′ ,

⊗

i∈I′0−I0

v′i ⊗
⊗

i∈I′0∩I0

w′
i

)
=

(
(vi)i∈I ,

⊗

i∈I0−I′0

vi ⊗
⊗

i∈I′0∩I0

wi

)
if

DΨ
(ε)
I′;I

(
(v′i)i∈I′

)
= (vi)i∈I , DΨ

(ε)
I′;I

(
(v′i)i∈I′−I , (w

′
i)i∈I′0∩I0

)
= (wi)i∈I′0∩I0 ∈ NXI .

The union Z∗ of the open subsets q(Z∗
I;I0

)⊂Z ′ is a neighborhood of Z ′
0 in Z ′. Define

O′
Z∗(Z ′

0) =

( ⊔

I0⊂I⊂[N ]
I0 6=∅

O′
I;I0(Z

′
0)

)/
∼,

O′
I′;I′0

(Z ′
0)
∣∣
ZI′;I∩Z

∗
I′;I′0

∩Z∗
I′;I0

∋ u ∼ DΨ
(ε)
I′;I(u) ∈ O′

I;I0(Z
′
0)
∣∣
ZI;I∩Z∗

I;I′0
∩Z∗

I;I0

∀ I0, I
′
0 ⊂I⊂I

′.

By the first statement in (4.25) and (4.23), ∼ above is an equivalence relation. Furthermore,
the map

πOZ∗ : O′
Z∗(Z ′

0) −→ Z∗, πOZ∗

(
[u]
)
= q
(
πOI;I0(u)

)
, (5.23)

is well-defined and determines a smooth complex line bundle.

For I∈P∗(N), let ΦC,ε;I be as in (4.16) and (4.19). Define a smooth map

Φ̃′
C,ε : O

′
Z∗(Z ′

0) −→ C,

Φ̃′
C,ε

([
(vi)i∈I ,

⊗

i∈I0

wi
])

= ΦC,ε;I

(
(vi)i∈I−I0 , (wi)i∈I0

)
∀
(
(vi)i∈I ,

⊗

i∈I0

wi
)
∈O′

I;I0(Z
′
0) . (5.24)

By the first statement in (4.25) and (4.22), this map is well-defined. The restriction of Φ̃′
C,ε to each

fiber of (5.23) is an isomorphism because

vi 6= 0 ∀
(
(vi)i∈I ,

⊗

i∈I0

wi
)
∈O′

I;I0(Z
′
0), i∈I−I0,

and (4.3) is an isomorphism of complex line bundles over X◦
I ⊂ X⋆

I . Define a smooth section
of (5.23) by

s′∅
(
q
(
(vi)i∈I

))
=
[
(vi)i∈I ,

⊗

i∈I0

vi
]
∈ O′

I;I0(Z
′
0) ∀ (vi)i∈I ∈ Z∗

I;I0 , I0⊂I⊂ [N ], I0 6=∅. (5.25)

By (5.24) and (4.31), the section s′∅ and the trivialization Φ̃′
C,ε of (5.23) satisfy (5.17).

For i∈I⊂ [N ], let
Θ̃I;i : π

∗
I;iNXI−i

XI

∣∣
XI;i

−→ π∗I;iNXI

∣∣
XI;i

−→ TZI
∣∣
XI;i

(5.26)

denote the inclusion of π∗I;iNXI−i
XI as a subbundle of the restriction of the vertical tangent bun-

dle of the total space of the fibration πI : NXI −→ XI . Since the maps (4.12) and (4.20) are
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isomorphisms of split vector bundles,

Θ̃I;i

(
DΨ

(ε)
I′;I(v)

)
= d

Ψ
(ε)

I′;I
(πI′;i(v))

DΨ
(ε)
I′;I

(
Θ̃I′;i(v)

)
(5.27)

∀ v∈π∗I′;iNXI′−i
XI′
∣∣
Ψ

(ε)−1

I′;i
(Xi;I∩Xi;I′ )

, i∈I⊂I ′⊂ [N ].

By the first statement of Lemma 5.7 below, the composition

ΘI;i : π
∗
I;iNXI−i

XI

∣∣
XI;i

−→ TZI
∣∣
XI;i

−→
TZI |XI;i

TXI;i
=NZI

XI;i (5.28)

of Θ̃I;i with the quotient projection is an isomorphism of vector bundles over XI;i. By (5.27), the
isomorphisms (5.28) induce an isomorphism

Θi : NZi −→ NιC,ε;i≡
ι ∗C,ε;iTZ

′

dιC,ε;I(TXi)
,

Θi

(
[v]
)
=
[
Ψ

(ε)
I;i

(
prI;i(v)

)
, dprI;i(v)q

(
Θ̃I;i(v)

)]
∀ v∈π∗I;iNXI−i

XI

∣∣
XI;i

, i∈I⊂ [N ], (5.29)

of rank 2 real vector bundles over Xi. By (5.21), this isomorphism is described by the second
line in (5.13) and thus the map Ψi in (5.14) is a regularization of Z ′

i in Z ′. By the statement of

Lemma 5.7 below, the complex structure ii on the fibers of NZi is Θ
∗
i (ω̃

(ε)
C |NZ′Z′

i
)-compatible.

The complex line bundles OZ∗(Z ′
i) over Z

∗ as in (2.8) obtained from the identifications Ψi and the
complex structures Θi∗ii are given by

OZ∗(Z ′
i) =

(
Ψ−1 ∗
i π∗NZ′Z′

i
NZ′Z ′

i|Ψ′
i(N

′
i )
⊔ (Z∗−Z ′

i)×C
)/
∼−→ Z∗,

Ψ−1 ∗
i π∗NZ′Z′

i
NZ′Z ′

i|Ψi(N ′
i )
∋
(
Ψi(v), v, cv

)
∼
(
Ψi(v), c

)
∈
(
Z∗−Z ′

i

)
×C.

(5.30)

The isomorphisms Θi with i ∈ [N ] induce an isomorphism Θ as in (5.16). By (5.25) and (5.29),
s∅≡Θ◦s′∅ is the canonical section of OZ∗(Z ′

0). We define a trivialization ΦC,ε of OZ∗(Z ′
0) by (5.18).

Let i∈ [N ]. By (4.9) and the last condition in Definition 3.1,

[
dπij(v)Ψ

(ε)
ij;j(v)] = ε

(
πij(v)

)
v ∈ NXj

Xij=
TXj |Xij

TXij
∀ [v]∈NXj

Xij .

By (4.32) and the first statement in (4.14),

ιC,ε;j
(
Ψ

(ε)
ij;j

(
DΨ

(ε)
I;ij(v)

))
= q(v) ∈ Z ′

j ∀ v∈N ′Zi;I
∣∣
XI;i∩XI;j

, i, j∈I⊂ [N ], i 6=j.

Combining the last two statements with (5.29), we obtain

Θi

(
[v]
)
= ε
(
πij
(
DΨ

(ε)
I;ij(v)

))
d
πij(DΨ

(ε)
I;ij(v))

ιC,ε;j
(
DΨ

(ε)
I;ij(v)

)
∈ NZ′Z ′

i (5.31)

∀ v∈π∗I;ijNXI−i
XI

∣∣
XI;i∩XI;j

, i, j∈I⊂ [N ], i 6=j.

Along with (5.14), (5.22), and (4.9), this implies (5.15).
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Let j∈ [N ]−{i} and Z ′
ij= ιC,ε(Xij). By (5.30) and (5.15),

ι∗C,εOZ∗(Z ′
i)
∣∣
Xj

=
(
Ψ−1 ∗
ij;j {dπij;j(v)ιC,ε;j}

∗π∗NZ′Z′
i
NZ′Z ′

i|Ψij;j(Nij;j(2ε2)) ⊔ (Xj−Xij)×C
)/
∼,

(
Ψij;j(v), v, dιC,ε;j(v), c dιC,ε;j(v)

)
∼
(
Ψij;j(v), c

)
.

The line bundle OXj
(Xij) constructed using the identification Ψij;j |Nij;j(2ε2) is given by

OXj
(Xij) =

(
Ψ−1 ∗
ij;j π

∗
ij;jNij;j |Ψij;j(Nij;j(2ε2)) ⊔ (Xj−Xij)×C

)/
∼,

(
Ψij;j(v), v, cv

)
∼
(
Ψij;j(v), c

)
.

Thus, the isomorphism

dιC,ε;j : Nij;j=NXj
Xij −→

TZ ′
j |Z′

ij

TZ ′
ij

=
TZ ′|Z′

ij

TZ ′
i|Z′

ij

= NZ′Z ′
i

induces an isomorphism from OXj
(Xij) to ι

∗
C,εOZ∗(Z ′

i)|Xj
. If k∈ [N ]−{i}, then

dιC,ε;j |Xjk
=dιC,ε;k|Xjk

: OXjk
(Xijk)=OXj

(Xij)|Xjk
=OXk

(Xik)|Xjk
−→ ι∗C,εOZ∗(Z ′

i)|Xij
.

Thus, the differentials of the maps ιC,ε;j induce an isomorphism as in (5.11) with Z0 replaced by Z ′
0.

Let i, j∈ [N ] be distinct. An element of OX∂
(X∅)|x with x∈Xij is represented by a tensor product

w′
i⊗w

′
j⊗
⊗

k∈I′0

(x, v′k, w
′
k) with

I ′0⊂ [N ]−{i, j}, v′k∈Nijk;ij(2ε
2), x=Ψijk;ij(v

′
k), (v

′
k, w

′
k)∈π

∗
ijk;ijNijk;ij .

By (4.8) and the first statement in (3.19), such an element can be written as

(
x=ΨI;ij(v)=Ψ

(ε)
I;ij(ε(v)

−1v), v,
⊗

k∈I0

wk
)

with

I0 = {i, j}∪I ′0⊂I, v≡(vl)l∈I ∈mε;I(Z
∗
I;I0)∩NI;ij , (v, wk)∈π

∗
INXI−k

XI ,

w′
k = DΨI;ijk

(
(vl)l∈I−{i,j,k}, wk

)
= DΨ

(ε)
I;ijk

(
(ε(v)−1vl)l∈I−{i,j,k}, wk

)
∀ k∈I0.

With these identifications, the condition (3.27) becomes

Φ
(
ΨI;ij(v), v,

⊗

k∈I0

wk

)
= Φ

(
ΠR;I

(
(vk)k∈I−I0 , (wk)k∈I0

))
(5.32)

∀
(
v,
⊗

k∈I0

wk
)
∈ O′

I;I0(Z
′
0)
∣∣
mε;I(Z∗

I;I0
)∩NI;ij

, i, j∈I0⊂I⊂ [N ].

By (5.31), (4.9), and the second condition in (4.7), the isomorphism (5.11) satisfies

dιC,ε|Xij

([
ΨI;ij(v), v,

⊗

k∈I0

wk
])

= Θ
([
ε(v)−1v,

⊗

k∈I0

(
ε(v)−1wk

)])
∈ OZ∗(Z ′

i)

∀
(
v,
⊗

k∈I0

wk
)
∈ O′

I;I0(Z
′
0)
∣∣
mε;I(Z∗

I;I0
)∩NI;ij

, i, j∈I0⊂I⊂ [N ].
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Along with (5.18), (5.24), and (4.16), this implies that

Φ̃C,ε

(
dιC,ε|Xij

([
ΦI;ij(v), v,

⊗

k∈I0

wk
]))

= C
(
πI(v)

)
ε
(
πI(v)

)−1
Φ
(
ΠR;I

(
(vk)k∈I−I0 , (wk)k∈I0

))

∀
(
v,
⊗

k∈I0

wk
)
≡
(
(vk)k∈I ,

⊗

k∈I0

wk
)
∈ O′

I;I0(Z
′
0)
∣∣
mε;I(Z∗

I;I0
)∩NI;ij

, i, j∈I0⊂I⊂ [N ].

Combining this with (5.32), we obtain the second equality in (5.12).

It remains to establish the two lemmas used above.

Lemma 5.6. For all i∈ I( I ′⊂ [N ], the bundle homomorphism (5.19) is C-linear with respect to
the complex structures π ∗

I′;iiI′;i and π
∗
I;iiI;i.

Proof. If |I| ≥ 2, then the homomorphism (5.19) is an isomorphism intertwining the Hermitian
structures π ∗

I′;i(ρI′;i, αI′;i) and π ∗
I;i(ρI;i, αI;i). If I ′ = {i}, (5.19) is the identity. If I = {i} and

|I ′|≥2, the homomorphism (5.19) is given by

DΨ
(ε)
I′;I

(
(vj)j∈I′−i, vi

)
= C

(
πI
(
(vj)j∈I′

))
ε
(
πI
(
(vj)j∈I′−i)

)|I|−1
Φ
(
ΠR;I((vj)j∈I′)

)
.

Since Φ is a C-linear isomorphism and ΠR;I is a C-linear homomorphism in the vi-input, DΨ
(ε)
I′;I is

a C-linear homomorphism in this case as well.

Lemma 5.7. For all i ∈ I ⊂ [N ], the homomorphism (5.28) is an isomorphism of vector bun-

dles over XI;i. Furthermore, the restriction of π∗I;iiI;i to π
∗
I;iNXI−i

XI |XI;i
is a Θ ∗

I;i(ω̃
(ε)
C;I |NZI

XI;i
)-

compatible complex structure.

Proof. The first claim follows from the canonical decomposition

T
(
NXI

)∣∣
NI;i

= TNI;i ⊕ π ∗
I;iNXI−i

XI (5.33)

of vector bundles over NI;i. By (4.36) and (4.37),

ω̃
(ε)
C;I |TZI |XI;i

=

(
π∗I;iωI +

1

2
d
∑

j∈I−{i}

(
ε2ρI;jαI;j

)

+
1

2
d

((
1−

∏

j∈I−{i}

ηI;j

)
ε2ρI;iαI;i +

( ∏

j∈I−{i}

ηI;j

)
ε2Φ∗

C,ε;I

(
r2dθ

))
)∣∣∣∣
TZI |XI;i

.

Since ρI;i vanishes on NI;i and dρI;i vanishes on T (NXI)|NI;i
, Lemma 4.3 implies that there is a

smooth R+-valued function fC,ε;I on X⋆
I such that

ω̃
(ε)
C;I |TZI |XI;i

=

(
pr∗I;I−i

(
ω̂
(ε)
I |NI;i

)

+
ε2

2

((
1−

∏

j∈I−{i}

ηI;j

)
+ (fC,ε;I ◦πI)

∏

j∈I−{i}

ηI;jρI;j

)
d
(
ρI;iαI;i

)
)∣∣∣∣
TZI |XI;i

(5.34)
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if |I|=2. The same conclusion holds if I={i}.

By (5.34), the image of the inclusion (5.26) is the ω̃
(ε)
C;I -orthogonal complement of TXI;i in TZI |XI;i

.
Thus,

Θ ∗
I;i(ω̃

(ε)
C;I |NZI

XI;i
) = Θ̃ ∗

I;iω̃
(ε)
C;I

=
ε2

2

((
1−

∏

j∈I−{i}

ηI;j

)
+ (fC,ε;I ◦πI)

∏

j∈I−{i}

ηI;jρI;j

)
π∗I;id

(
ρI;iαI;i

) (5.35)

under the canonical identification of NXI−i
XI with the vertical tangent bundle of NXI−i

XI−→XI

along XI . By Definition 3.2(1) and (3.1), the complex structure iI;i is compatible with

ωi
∣∣
NXI−iXI

=
1

2
d
(
ρI;iαI;i

)∣∣
NXI−i

XI
(5.36)

under the identification of NXI−i
XI with the vertical tangent bundle of TNXI−i

XI along XI if
|I|≥2. If |I|=1, the complex structure iI;i is also compatible with (5.36). Along with (5.35), this
implies the second claim.

A Connections in vector bundles

This appendix contains a number of explicit computations involving connections in complex line
bundles. All of these computations are straightforward; we include them for the sake of complete-
ness.

Let π : L−→X be a complex line bundle and ζL be the radial vector field on the total space of L, i.e.

ζL(v) = (v, v) ∈ π∗L = TLver≡ker dπ −֒→ TL ∀ v∈L.

A connection ∇ in L and determines a horizontal tangent subbundle TLhor⊂TL and a splitting of
the exact sequence

0 −→ π∗L −→ TL
dπ
−→ π∗TX −→ 0

of vector bundles over L, i.e. a splitting

TL ≈ TLver ⊕ TLhor ≈ π∗L⊕ π∗TX (A.1)

such that the second isomorphism above is (id, dπ); see [27, Lemma 1.1].

If U⊂X is an open subset, a non-vanishing section ξ∈Γ(U ;L) induces a trivialization L|U ≈U×C

and
∇ξ = κξξ (A.2)

for some C-valued 1-form κξ ∈ Γ(U ;T ∗X⊗RC). If ζ ∈ Γ(U ;L) is another non-vanishing section,
then ζ=fξ for some f ∈C∞(U ;C∗) and

κζ = κξ + f−1df . (A.3)

With respect to the trivialization of L|U determined by ξ,

T(x,v)L
hor =

{
(ẋ,−κξ(ẋ)v) : ẋ∈TxX

}
⊂ TxX⊕C ∀ (x, v)∈U×C .
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This is consistent with (A.3) and shows that the C∗-action on L preserves the splitting (A.1).

If h : Y −→X is a smooth map, a connection ∇ in L induces a connection ∇h in the line bundle
h∗L−→Y . If U ⊂X is an open subset, ξ is a non-vanishing section of L|U , and κξ is as in (A.2),
then h∗ξ=ξ◦h is a non-vanishing section of h∗L over the open subset h−1(U)⊂Y and

∇h(h∗ξ) = κh∗ξ(h
∗ξ), where κh∗ξ = h∗κξ = κξ ◦ dh .

Let ξ∈Γ(U ;L) be as in (A.2). Denote by K the C-valued 1-form on L−X given in the corresponding
trivialization of L by

K(x,v)

(
ẋ, v̇
)
= −i

(
κξ(ẋ)+v

−1v̇
)

∀ (ẋ, v̇)∈T(x,v)(U×C), (x, v)∈U×C∗. (A.4)

By (A.3), K is well-defined (i.e. independent of the choice of ξ). It is preserved by the C∗-action
and satisfies

K
∣∣
TLhor|L−X

= 0, K
(
ζL(v)

)
= −i, K

(
d

dθ
eiθv

∣∣∣
θ=0

)
= K

(
iζL(v)

)
= 1 ∀ v∈L−X. (A.5)

The choice of the normalization for K is motivated by the last property above and by (A.7) below.

Given a Hermitian metric ρ on L, let SL⊂L denote the unit circle bundle. If ∇ is ρ-compatible,
ξ is a trivialization of L over an open subset U⊂X, |ξ|=1, and κξ is as in (A.2), then

T(x,v)(SL) =
{
(ẋ, cv) : ẋ∈TxX, c∈ iR

}
⊂ TxX⊕C ∀ (x, v)∈U×S1,

κξ(ẋ) + κξ(ẋ) = 0 ∀ ẋ∈TU . (A.6)

Thus, κξ take values in iR and the splitting (A.1) restricts to a splitting

T (SL) ≈ T (SL)ver ⊕ T (SL)hor, where

T (SL)ver = ker d
{
π|SL

}
= TLver ∩ T (SL) , T (SL)hor = TLhor

∣∣
SL
.

There is a unique R-valued connection 1-form α on SL such that

kerα = T (SL)hor , α

(
d

dθ
eiθv

∣∣∣
θ=0

)
= 1 ∀ v∈SL.

By the first and last statements in (A.5), it is given by the restriction of K to the tangent bundle
of SL. Via the retraction

L◦ ≡ L−V −→ SL, v −→
v

|v|
,

the 1-form α extends to a 1-form on L◦; we denote the resulting extension by α as well. By (A.5),

α = ReK . (A.7)

As in the main part of the paper, we will use the same notation ρ to denote the square of the norm
function on L and the Hermitian form on L.
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A connection ∇ in a vector bundle π : L−→X determines an extension Ω∇ of a fiberwise 2-form Ω
to a 2-form on the total space of L. If Ω is a fiberwise symplectic form on an oriented vector bundle
π : L−→X of rank 2 and (ρ,∇) is an Ω-compatible Hermitian structure on L, then

{
ιζLΩ∇

}
(iζL) = Ω(ζL, iζL) = ρR(ζL, ζL) = ρ(ζL, ζL). (A.8)

Since ιζLΩ∇ vanishes on TLhor and on ζL, (A.7), (A.5), and (A.8) give

ρα = ιζLΩ∇ . (A.9)

Lemma A.1. Suppose π : L−→X is a complex line bundle, (ρ,∇) is a Hermitian structure in L,
and α is the connection 1-form on L◦ determined by (ρ,∇).

(1) If (ρ′,∇′) is another Hermitian structure in L, there exist f ∈ C∞(X;R+) and an R-valued
1-form µiR on X such that

ρ′ = f−2ρ, ∇′ = ∇− f−1df + iµiR . (A.10)

(2) If ρ′ and ∇′ are given by (A.10), then (ρ′,∇′) is a Hermitian structure in L and the connection
1-form on L◦ determined by (ρ′,∇′) is given by

α′ = α+ π∗µiR . (A.11)

Proof. Since L is a complex line bundle, the first half of (1) is clear. If ∇′ is another connection
in L, then

∇′ = ∇+ µ

for some C-valued 1-form on X. Along with the compatibility condition on (ρ,∇) and (ρ′,∇′),
this implies the second half of (1) and the first half of (2). If ρ′ and ∇′ are given by (A.10) and
ξ∈Γ(U ;L) is a local section with ρ(ξ)=1, then ξ′≡fξ is a local section with ρ′(ξ′)=1 and

κ′ξ′ =
(
κξ−f

−1df+iµiR
)
+ f−1df = κξ+iµiR .

Along with (A.7) and (A.4), this implies the second half of (2).

If N ∈Z+ and Li−→X is a complex line bundle for each i=1, . . . , N , define

Π:
N⊕

i=1

Li −→
N⊗

i=1

Li by (v1, . . . , vN ) −→ v1⊗. . .⊗vN .

Lemma A.2. Let N ∈Z+ and X be a manifold. For each i∈ [N ], let (Li, ρi,∇
(i)) be a Hermitian

line bundle over X with induced connection 1-form αi on L
◦
i . Suppose

(π,Φ):
N⊗

i=1

(Li, ρi,∇
(i)) −→ (X×C, ρC,∇

C)

is an isomorphism with the trivial Hermitian line bundle,

πi : L
◦
1×X . . .×XL

◦
N −→ L◦

i

is the projection onto the i-th factor, and Φ̃=Φ◦Π. Then,

N∑

i=1

π∗i αi = Φ̃∗dθ ∈ Γ
(
L◦
1×X . . .×XL

◦
N ;T

∗(L◦
1×X . . .×XL

◦
N )
)
.
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Proof. For each i ∈ [N ], let ξi ∈ Γ(U ;Li) be such that |ξi|= 1. By choosing ξN suitably, we can
assume that

Φ(ξ1⊗. . .⊗ξN ) = 1 .

This implies that

0 = ∇
(
ξ1⊗. . .⊗ξN

)
=

( N∑

i=1

κξi

)
ξ1⊗. . .⊗ξN ,

Φ̃(x, v1, . . . , vN ) = v1. . .vN ∀ (x, v1, . . . , vN ) ∈ U×CN .

Combining this with (A.7) and (A.4), we find that

N∑

i=1

π∗i αi
∣∣
(x,v1,...,vN )

(
ẋ, v̇1, . . . , v̇N ) = Im

N∑

i=1

(
κξi(ẋ)+v

−1
i v̇i

)
= Im

N∑

i=1

v−1
i v̇i

= Im
({

d(x,v1,...,vN ) ln Φ̃
}(
ẋ, v̇1, . . . , v̇N )

)

=
{
Φ̃∗dθ

}∣∣
(x,v1,...,vN )

(
ẋ, v̇1, . . . , v̇N ),

as claimed.

Corollary A.3. Let N , X, (Li, ρi,∇(i)), and αi be as in Lemma A.2. If

(π,Φ):
N⊗

i=1

Li −→ X×C (A.12)

is an isomorphism of complex line bundles, there exist f ∈C∞(X;R+) and an R-valued 1-form µiR
on X such that

(π,Φ):

N⊗

i=1

(Li, ρi,∇
(i)) −→

(
X×C, f2ρC,∇

C+f−1df−iµiR
)

(A.13)

is an isomorphism of Hermitian line bundles. If (A.13) is an isomorphism of Hermitian line
bundles, then

π∗µiR +
N∑

i=1

π∗i αi = Φ̃∗dθ ∈ Γ
(
L◦
1×X . . .×XL

◦
N ;T

∗(L◦
1×X . . .×XL

◦
N )
)
.

Proof. The first claim of this corollary follows from Lemma A.1(1). The second claim is obtained
by applying Lemma A.2 with

(L1, ρ1,∇
(1)) replaced by (L1, f

−2ρ1,∇
(1)−f−1df+iµiR)

and then using (A.11); see Lemma A.1.

With N , X, (Li, ρi,∇
(i)), αi, and πi as in Lemma A.2, let

π : N =
N⊕

i=1

Li −→ X .
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A splitting of the exact sequence

0 −→ π∗N −→ TN
dπ
−→ π∗TX −→ 0 (A.14)

over L◦
1×X . . .×XL

◦
N is obtained by taking

TN hor =
N⋂

i=1

(
kerπ∗i αi ∩ kerπ∗i dρi

)
⊂ TN .

By (A.5), (A.4), and (A.6),

T(x,v1,...,vN )N
hor =

{
(ẋ,−κ

(1)
ξ1

(ẋ)v1, . . . ,−κ
(N)
ξN

(ẋ)vN ) : ẋ∈TxX
}
⊂ TxX×CN

∀ (x, v1, . . . , vN ) ∈ U×(C∗)N
(A.15)

in the trivialization induced by local sections ξi ∈Γ(U ;Li) with |ξi|=1. The above splitting thus
extends to a splitting

TN = TN ver ⊕ TN hor −→ N

of (A.14) over the entire total space N ; the latter restricts to the canonical splitting over X⊂N .
Via this splitting, the complex structure i on the fibers of π and an almost complex structure J
on X induce an almost complex structure J̃ on the total space of N .

Lemma A.4. If N , X, (Li, ρi,∇
(i)), αi, πi, and J̃ are as above and Φ is as in (A.12), then

there exists a continuous function CΦ : X −→ R+ with the following property. For every λ ∈ C∗,
v∈ Φ̃−1(λ), and v̇∈TvΦ̃

−1(λ), there exists ẇ∈TvN
ver such that

J̃ v̇ + ẇ ∈ TvΦ̃
−1(λ), |ẇ| ≤ CΦ

(
π(v)

)
|λ|1/N

∣∣dπv(v̇)
∣∣. (A.16)

Proof. Let v∈ Φ̃−1(λ), v̇∈TvN , and x=π(v). In a trivialization as in (A.15),

v = (x, v1, . . . , vN ), v̇ =
(
ẋ, v̇1−κ

(1)
ξ1

(ẋ)v1, . . . , v̇N − κ
(N)
ξN

(ẋ)vN
)

for some vi, v̇i∈C. Furthermore,

Φ̃(v) = f(x)v1 . . . vN , J̃ v̇ =
(
Jẋ, iv̇1−κ

(1)
ξ1

(Jẋ)v1, . . . , iv̇N − κ
(N)
ξN

(Jẋ)vN
)

for some f ∈C∞(U ;C∗) determined by the trivialization. Thus,

∣∣Φ̃(v)
∣∣ =

∣∣f(x)
∣∣ · |v1| . . . |vN | . (A.17)

If λ∈C∗ and (x, v)∈ Φ̃−1(λ), then vi 6=0 for all i. By symmetry and (A.17), we can assume that

|v1| ≤
∣∣Φ̃(v)

/
f(x)

∣∣1/N . (A.18)

Define

ẇ1 = i

(
dxf(ẋ)+i dxf(Jẋ)

f(x)
−

N∑

i=1

(
κ
(i)
ξi
(ẋ)+iκ

(i)
ξi
(Jẋ)

))
v1 ∈ C,

ẇ = (0, ẇ1, 0, . . . , 0) ∈ TxN .
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By (A.18), ẇ satisfies the second condition in (A.16). If v̇∈TvΦ̃
−1(λ), then

dxf(ẋ)

f(x)
+

N∑

i=1

v̇i−κ
(i)
ξi
(ẋ)vi

vi
= d(x,v)Φ̃(v̇) = 0,

d(x,v)Φ̃
(
J̃ v̇+ẇ

)
=

dxf(Jẋ)

f(x)
+

iv̇1−κ
(1)
ξ1

(Jẋ)v1+ẇ1

v1
+

N∑

i=2

iv̇i−κ
(i)
ξi
(Jẋ)vi

vi
= 0.

Thus, ẇ also satisfies the first condition in (A.16).

Corollary A.5. Suppose N , X, (Li, ρi,∇
(i)), αi, πi, J̃ , and Φ are as in Lemma A.4 and ω̃ is a

nondegenerate 2-form on a neighborhood N ′ of X in N taming J̃ . For every compact subset K
of N ′, there exists rK ∈ R+ such that the restriction of ω̃ to TvΦ̃

−1(λ) is nondegenerate for all
v∈ Φ̃−1(λ)∩K and λ∈C∗ with |λ|<rK .

Proof. Given v̇∈TvΦ̃
−1(λ), let ẇ∈TvN

ver be as in Lemma A.5. Thus,

∣∣ω̃
(
v̇, J̃ v̇+ẇ

)
−ω̃
(
v̇, J̃ v̇

)∣∣ ≤ CΦ
(
π(v)

)
|λ|1/N

∣∣dπv(v̇)
∣∣|v̇| ≤ C′

Φ

(
π(v)

)
r
1/N
K |v̇|2.

Since J̃ tames ω̃ over the compact set K, it follows that ω̃(v̇, J̃ v̇+ẇ) is nonzero if rK is sufficiently
small.

B The smoothability criterion revisited

The smoothability condition (2.17) is equivalent to the condition

N∑

i=1

c1
(
OXc

i
(Xi)

)∣∣
X∂

= 0 ∈ H2
(
X∂ ;Z

)
.

Proposition B.1 below provides a different description of the cohomology classes

PDXc
i

(
Xi

)
≡ c1

(
OXc

i
(Xi)

)
∈ H2(Xc

i ;Z), i∈ [N ].

It is more conceptual and less useful, but is more intrinsic. It is also more indicative of being
an obstruction to the existence of the smoothing, since the singular fiber X∅ of π : Z −→ ∆ is
homologous to a smooth one and the normal bundle to the latter is trivial.

Proposition B.1. Let (X∅, (ωi)i∈[N ]) be as SC symplectic variety as in Definition 2.5.

(1) For each i∈ [N ] and each connected component X ′
∂;i of X∂∩Xi, there exists a unique element

PDXc
i
(X ′

∂;i)∈H
2(Xc

i ;Z) such that

PDXc
i

(
X ′
∂;i

)∣∣
Xj

= PDXj

(
X ′
∂;i∩Xj

)
∈ H2(Xj ;Z) ∀ j ∈ [N ]−{i}, (B.1)

PDXc
i

(
X ′
∂;i

)
|Xc

i −X
′
∂;i

= 0 ∈ H2(Xc
i −X

′
∂;i;Z). (B.2)

(2) For each i∈ [N ],

c1
(
OXc

i
(Xi)

)
=
∑

X′
∂;i

PDXc
i

(
X ′
∂;i

)
∈ H2(Xc

i ;Z),

where the sum is taken over the connected components of X∂∩Xi.
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Proof. For all i, j∈ [N ] distinct, let Ψij;j and iij;j be as in (2.10) and (2.11), respectively. Restricting
the construction of (2.13) to each connected component X ′

∂;i of X∂∩Xi, we obtain a complex line
bundle OXc

i
(X ′

∂;i) over X
c
i such that

c1
(
OXc

i
(X ′

∂;i)
)∣∣
Xj

= c1
(
OXj

(X ′
∂;i∩Xj)

)
= PDXj

(
X ′
∂;i∩Xj

)
∀ j ∈ [N ]−{i}.

Thus, the cohomology class

PDXc
i

(
X ′
∂;i

)
≡ c1

(
OXc

i
(X ′

∂;i)
)
∈ H2(Xc

i ;Z)

satisfies (B.1). Since the restriction of OXc
i
(X ′

∂;i) to Xc
i −X

′
∂;i is a trivial line bundle, it also

satisfies (B.2). Along with Lemma B.2 below, this completes the proof of the first claim. It is
immediate that

OXc
i
(Xi) ≡

⊗

X′
∂;i

OXc
i
(X ′

∂;i) −→ Xc
i ,

where the tensor product is taken over the connected components of X∂ ∩Xi. This implies the
second claim.

Lemma B.2. Let (X∅, (ωi)i∈[N ]) be as as Proposition B.1 and i, j∈ [N ] be distinct. If X ′
∂;i⊂X∂∩Xi

is a connected component such that X ′
∂;i∩Xj 6=∅, then the homomorphism

H2(Xc
i ;Z) −→ H2(Xc

i −X
′
∂;i;Z)⊕H2(Xj ;Z), (B.3)

induced by the restriction homomorphisms, is injective.

Proof. The kernel of the first homomorphism in (B.3) is the image of the restriction homomorphism

H2
(
Xc
i , X

c
i −X

′
∂;i;Z

)
−→ H2(Xc

i ;Z) .

Thus, it is sufficient to show that the composition

H2
(
Xc
i , X

c
i −X

′
∂;i;Z

)
−→ H2(Xc

i ;Z) −→ H2(Xj ;Z) (B.4)

of the two restriction homomorphisms is injective.

With notation as in (2.10), let

DXk
(X ′

∂;i) = N ′
ik;i

∣∣
X′

∂;i∩Xk
∀ k∈ [N ]−i, DXc

i
(X ′

∂;i) =
⋃

k∈[N ]−i

DXk
(X ′

∂;i) .

We use the maps Ψik;k to identify these disk bundles with neighborhoods of X ′
∂;i∩Xk in Xk and of

X ′
∂;i in X

c
i . Since these disk bundles are oriented, there is a commutative diagram

H0(X ′
∂;i)

≈ //

��

H2
(
DXc

i
(X ′

∂;i), DXc
i
(X ′

∂;i)−X
′
∂;i

)

��

H2
(
Xc
i , X

c
i −X

′
∂;i

)

��

≈oo

H0
(
X ′
∂;i∩Xj

) ≈ // H2
(
DXj

(X ′
∂;i), DXj

(X ′
∂;i)−X

′
∂;i∩Xj

)
H2
(
Xj , Xj−X

′
∂;i∩Xj

)≈oo
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where the vertical arrows are the restriction homomorphisms, the right horizontal arrows are the
excision isomorphisms [24, Corollary 4.6.5], and the left horizontal arrows are the Thom isomor-
phisms [17, Theorem 10.4] for the disk bundle DXc

i
(X ′

∂;i)−→X ′
∂;i and its restriction to X ′

∂;i∩Xj .

They send the unit 1 in H0(X ′
∂;i;Z) and H

0
(
X ′
∂;i∩Xj ;Z

)
to the Thom class ui for DXc

i
(X ′

∂;i) and
its restriction ui|X′

∂;i∩Xj
, respectively. Let

u′i|X′
∂;i∩Xj

∈ H2
(
Xj , Xj−X

′
∂;i∩Xj ;Z

)

denote the element corresponding to ui|X′
∂;i∩Xj

under the excision isomorphism. By [17, Exer-

cise 11-C], the restriction of u′i|X′
∂;i∩Xj

to Xj is PDXj
(X ′

∂;i∩Xj). Since X ′
∂;i∩Xj is a symplectic

submanifold of Xj ,

〈
ωn−1PDXj

(X ′
∂;i∩Xj), Xj

〉
=
〈
ωn−1, X ′

∂;i∩Xj

〉
6= 0

if 2n=dimRXj . Thus, PDXj
(X ′

∂;i∩Xj) 6=0 and the composition

H2
(
Xc
i , X

c
i −X

′
∂;i;Z

)
−→ H2

(
Xj , Xj−X

′
∂;i∩Xj ;Z

)
−→ H2(Xj ;Z)

of the two restriction homomorphisms is nonzero even after tensoring withQ. SinceH0(X ′
∂;i;Z)=Z,

it follows that this composition is injective. Therefore, the composition (B.4) is also injective, as
needed.
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