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1 Summary

Claim 1 ([FI, Proposition 3]) If N4 is the number of degree d rational curves through 3d—1
general points in P2, then
N,
lim & —0d
d—00 (3d—1)'

exists (and is nonzero).

Claim 1 is needed to establish [FI, Proposition 3], but is not proved in [FI]. It is shown in [FI] that
the numbers ¢ % are bounded (above and below away from 0), but not that they converge;

see Section 2 for details. Mathematica suggests that these numbers are increasing (after the first
few terms), but it is not clear how this can be proved.

Conjecture 2 ([FI, Footnote 2]|) If N, 4 is the number of degree d genus g curves through 3d—
1+g general points in P2, then
Ng.a

— abld1-50-9) (1 1
Ba—1gy Vo),

or some bER™ independent of g and for some a,€R™T.
g

The g=0 case of this conjecture is [FI, Proposition 3]. Along with the Eguchi-Hori-Xiong recursion
for Ny 4 (proved in [P]), it almost implies the g=1 case; see Section 3.

Proposition 3 If Claim 1 is true, then
: Nia : No.d
1 d ) — 1 d ) .
o0 \[ Bd)! ~ aee || (3d=1):

For P3, Mathematica suggests the following conjecture; it is based on the numbers up to d =200
(the computation of these numbers already takes a long time). As the convergence appears to be
very slow (for N4, it is still going noticeably even for d=1000), it is feasible that the limit below
is even independent of the slope chosen, but the numbers so far do not suggest this.




Conjecture 4 If Ny q(p) is the number of degree d rational curves through 2d—p points and 2p

lines in general position in P3, then
N d
hm ad O,Qd(ﬁ )
d—so0 ((2a+p)d)!

An upper bound on the sequences in Conjecture 4 can be obtained from a two-variable version of the
approach used in the proof of [FI, Proposition 3]; it also follows immediately from [Z, Theorem 1].
A lower bound appears more elusive, since the recursion of [RT, Theorem 10.4] for P? involves

exists for o, BEZL™T.

negative coefficients; see Section 4.

2  On the proof of [FI, Proposition 3]

Let n1,n9, ... be a sequence of numbers satisfying

ng=a Z N, Ny Vd> 2,

di+do=d
di,d2>1

for some a>0. The generating function
o0
o(g) =D nag’
d=1

then satisfies ®(q) = n1q + a®(q)?. Thus,

1-yT—damg 1 i<1/2>(_4amq)d:i (2d=2)! 41 4 4.

2a 24
d=1

2(q) = ! et g

di(d—1)!

d=1

the middle equality above is the Binomial Theorem.

Corollary 5 If ny,ne,... is a sequence of numbers satisfying

ng=a Z Mndlndz Vd > 2,

i, 1@
dy,d3>0

for some a>0 and f:ZT — R, then
(2d—2)! a9 !

Ng = ———

di(d—1)! f(d)



On the other hand, by Stirling’s formula [A, Theorem 15.19],

4 (1 + 1) - < (2d): < 746[ <1 + 1) (1)
vrd 4d ~(d)? T Vrd 8d)"
For each g€Z2% and d€Z™, let
Ngd = 7Ng’d
74T (3d—1+4g)!
By [RT, Theorem 10.4], the numbers ng 4 are described by
1
o1 = 5 no.d = Z f(dr, d2)no.q4,m0,ds where
di+do=d
di,do>1 (2)
f(d d ) _ dldg((3d1—2)(3d2—2)(d+2) + S(d—l)) _ d1d2(3d1d2(d+2) — 2d2)
Do 6(3d—3)(3d—2)(3d—1) 2(3d—3)(3d—2)(3d—1)
Since
1 didy(3d1—2)(3da—2)  did2(3d1—2)(3d2a—2)(d—1)
=1 - S f(d17d2)
54 d(3d—2) 6(3d—3)(3d—2)3d
didy - 3dida(d—%) _ 2 did3
— 23(3d-2)% 15 d?

Corollary 5 and (1) thus give

81\’ s 45 ( 4\ .
2= a2 < <2 =) a2,
5(27) R TG A

This shows that the numbers

b_ = liminf ¢ d by =1 g
Ullril& Imod an + imsup &/ngq

d—>o0

are between 1/27 and 4/15, but not that they are the same.

Let -
Fo(z) = > moae. (3)
d=1

By the above, there exists g €R such that this power series converges if Re z < x¢ and diverges if
Rez > z¢. Since ngq€R™ for all d, there is no neighborhood of z=x( on (all of) which this series
converges (otherwise, every point zy with Re zo=x¢ would have such a neighborhood). By (2),

(9+ 2F, — 3F)F' = 2Fy — 11F}, + 18FY + (Fy)*. (4)
Since 0 < Fy(z) < Fy(z) < F{/(z) < F}'(2) for all z€ (—o0, z9),

3F —2F) <9  V ze(—o00,). (5)



In particular, the series for Fy, Fj), and F}/ converge at z = x(, while the series for F}" does not
(otherwise, (4) could be used to compute all derivatives of Fyy at z=mx(). This implies that

In no,d — dln b+

lim sup

—4,-3].
. a7

According to [FI, pl6], this also implies that Fj admits an expansion around z=x¢ of the form

Fo(xo+2) :co+clz+62;2+)\z2+a+... (6)
for some a € (0, 1); this is justified in Section 5.! By (6) and (4),
((942¢1—3c2) — 3A(1+a)(24+a)z%) - Aa(l+a)(2+a)z* ! = 2¢y — 111 + 18¢o + 5 + o(1).
This gives
942¢1—3c; =0, 2a—1=0, —3 a(1+a)?(2+a)? = 2co—11c; +18co+c3. (7)

According to [FI, p17], this “corresponds to” the behavior in the g=0 case of Conjecture 2; this can
at most describe a suitable lim sup. The desired claim would follow from the following conjecture.

Conjecture 6 If the numbers ng q are given by (2), the numbers ¢/ngq are eventually increasing,
i.e. there exists d* € Z* such that

YMod < Yo dr1 Vd > d*.

Some thoughts on this conjecture are in Section 6.

3 Proof of Proposition 3

Let
oo
Fi(z) = an,ded".
d=1
By [P, (8)], d-1)d—2)
—-1)(d—2 1
nyg = Tno’d + >7d Z (3d%—2d1)d2n07d1n17d2 . (8)
di+do=d
di1,d2>1
This implies that
1
(9+2F) — 3F))F| = 3 (Fy' — 3Fy + 2Fp). (9)

By this identity and (5), the series for F} converges at z if Rez < xy and so

limsup ¢/ny g < limsup ¢/ng 4 -

d— o0 d—> o0

The opposite inequality follows directly from (8); it also holds for liminf. This establishes Propo-
sition 3.

!This is proved using the Frobenius method, as P. Sarnak suggested.



If the g=0 case of Conjecture 2 is true, (8) implies that

1 —dl
lim jnf 20d —dnb 3
d— 00 Ind 2

By (4) and Section 5, F; admits an expansion around z=zxg of the form
> a
Fi(zo+z) = 271 Zbdzd/2 with by = —4—; #0.
d=0
Thus, F} does not converge at z=x( and so

. Inngg —dlnb
limsup ——— > —1.
d—> 00 Ind

4 Comments on counts in P3

For each de€Z* and peZ=Y, let

_ Noa(p)
nO,d(p) - (2d—|—p)' :
By the recursion of [RT, Theorem 10.4],
(dg—dl)d%dg(ng—i-l)
n07d(0) = Z n0,dy (O)nU,dQ(l)’
Frd d(d—1)(2d—1)
dy,d2>1
d d3ds(2da+1)
1) = 1
n9,4(1) 2d+1n0,d(0)+ > d(2d—1)(2d+1)no’dl(o)no’d2( )
di+do=d
dy,d2>1
d

n0,d(p) = 2d+pn0’d(p_1) + > > f(di,da,pr,p2) noa (p1)no,g, (p2),

d1+da=d p1+p2=p
dy,d2>1 0<p;<2d;

1 dldz(d(4d1—1)(4d2—1) + 8d1dy — d)
2d) = = 2d—1
dll,d222_1

n0,d, (2d1)n0 4, (2d2),

where

(2d—1—p)!(2d1+p1)!(2d2+p2)! 2(2p—2 2(2p—2
dy,d = di—pida) | d —d .

The first recursion above holds for d>2, while the remaining ones are valid for all d>1; the third
recursion is valid if 0 <p<2d.

These recursions involve negative coefficients, even in the case of the first pair (which is a closed
pair of recursions). This makes obtaining a lower bound on the growth rather tricky.



5 On the existence of the expansion (6)

Suppose Fjy admits an expansion of the form

Fo(xo+z) = Zadzd/g. (10)
d=0
The differential equation (4) is equivalent to
ai,az3 =0, (942ay—6a4)as =0,
d+2)(d+4)(d+6 11(d+2 9(d+2)(d+4
(9+2a2—6a4)( )( 3 )( )ad+6 = Qad — (2)ad+2 + (;()ad+4
di+1)(d1+3)(d1+5)(d2+3
Z ( ! )( ! ?)); ! )( 2 )ad1+5(4ad2+3—3(d2—|—5)ad2+5)
ddll—t_jézzzod
di1+2)(d1+4)(da+2)(do+4
. (d1+2)(dy ié 2+2)(d2 )ad1+4ad2+4-
di+do=d
d1,da>0

The last equation holds for all d>0.

If Fi'(z) blows up as z— x¢ from the left, a5 #0. In this case, the last two conditions above are
equivalent to

675

9+21y—6as =0,  ———-aj =2ap — 11as + 3604 + 4a, (11)
45(d+2)(d+3)(d+5 15(d+3 11(d+2 9(d+2)(d+4
( )(32 ) )a5ad+5 = (8)a5ad+3 — 2aq + (2)ad+2 - (;()ad+4
di1+1)(d1+3)(d1+5)(d2+3
+ Z ( 1 )( 1 3)(2 1 )( 2 )ad1+5(4ad2+3_3(d2+5)ad2+5)
di+do=d (12)
dy,da>1
(d1 —|—2)(d1 —|—4)(d2+2)(d2+4)
> T dy +40dy+4 ;
di1+do=d
d1,d2>0

the last equation is valid for d>1. For any fixed ag and a9 such that
4a3 + 45a3 + 18ag + 567 # 0, (13)

these equations determine a4, two possible values for a5 € C*, and a4 for d > 6. In particular,

04l < Inas 51, where
H oY did;
ng = C(l + ’a5‘_ ) Fndln@ vd > 2

di+do=d
dy,d2>1

and n; and C are sufficiently large.? Thus, by Corollary 5 and (1), there exist A, C € R such that

lagl < C'AY(1+ |as| ) vdez*.

2Replace the defining equation for a4ys by the inequality for the absolute values; then replace this inequality, by
a recursion with increasing terms; then use the increasing property to obtain a simpler recursion for some G445 in
terms of g, +50d,+5 With di1+d2=d; finally change the index d+5 to d.



It follows that (10) defines a singular solution of (4) on a neighborhood of z=uz for any choice of
ap and ag such that (13) is satisfied.

If 4a% + 4bags 4 18ag + 567 >0, asqg € R and asq41 € iR for all d, as can be seen by induction from
the defining equation for ag.5 above. Thus, Fy(z) €R for x € (zo—J,19+3) for some € RT and
F'(x) e RY for all z € (xg—0d,x¢) for some §€ RT and one of the two possibilities for as. If in
addition 0<ag<ag<a4/2, then

0< Fy(z) < Fj(z) < Fj(z) < F'(x) Vo € (xg—0d,x0) (14)

for some § € (0,1). If Fy=Fy(z) is any solution of (4) with Rez < ¢ and |z—xz¢| <4 which is real
on (zg—9, xo) and satisfies (14), then 9+2F] — 3F} is a decreasing function on (zo—d, zg). We show
below that in fact there is at most one such solution Fy= Fy(z) with

3EFY (20) = 9+2F](z0) < o0}
this implies that the function (3) admits an expansion of the form (10) with a;,a3=0 and as#0.

Suppose F' and G are solutions of (4) satisfying (14) with Fp replaced by F' and G such that
F(z*) = G(z"), F'(z*) = G'(z), F'"(x*) < G"(z*)

for some x* € (xg—1,z¢); this implies that F"(z*) <G" (x*). If F"(x) <G"(z) for all z € (z*,2’)
and some ' € (x*, z¢), then

.'E/

O S G/(x/) —F/(.T/) :/ (G//(x)_F//(x))dx S (G/I(x/)_F/I(x/))(x/_x*) S G”(.’If/)—F”(xl).

xT*

It follows that
F(x) < G(z), F(z)<G'(z), F'(z)<G'(x), F"(z)<G"(x) Vaxe(a*x); (15)

the first three inequalities also hold for x =z if F,G, F',G’, F",G" are continuous at x =1z from
the left.

For any § €ER™ and y=(y1,...,yn) €C", let

Bs(y) = {(y’l,...,y;)G(C”: lyi—yi| <6 Vi:1,2,...,n}, B(ISR{(y) = Bs(y) NR".

Suppose ag, az €R are such that

9
0 <ap<a <15, 4a3 + 45a5 + 18ag + 567 > 0.

Choose 6 €(0,1) such that for all (af, ay) € Bs(ag, az)

9
0 < Reaj < Red} <

o0 Re (45 +45a5+18ay+567) > 0,



the series F in (10) converges whenever its coefficients are given by (11) and (12) with a;,a3=0
and (ao, a2) replaced by (g, a3), and the corresponding function F, ., satisfies (14) if (ag, a5) €R.
In particular,

3 1

/ !/ /!
Zlirg; F / ( ) - aO’ Zlirflxo Fa{),aQ( ) - a27 ZILI?IO Fa07a2( ) + 3 27 (16)
= 9+ 2F(;6,a’2(37) - SF(Q%VG,Q(:E) >0 if (af, ah) ER?, xe(mo— J,z0). (17)
By (15) and (16), the restriction of the map
®: Bs(zo, ag, az) — C3, (2, aq,ah) — (Z,Faéwa (2), F‘;oﬂb( 2)),

to B(Ig&(xo,ao,ag) is an injective map to R3. Since ® is a holomorphic map, the differential of
® is nonsingular at (xg, ag,a2) by the Weierestrass Preparation Theorem [GH, p8]. Thus, ® is
biholomorphic onto an open neighborhood V;, of (z9, ag, az) in C? if § €R* is sufficiently small by
the Inverse Function Theorem [GH, p18]. Its inverse is given by

V;to — Bé($07a07a2)7 (z,af),aé) — (zj\I](z,aE)?aé)),

for some holomorphic map ¥: V,, — C2. Let &' €R" be such that By (7o, ag, az) C Va,-

Suppose Fy=Fp(z) is any solution of (4) defined for z € Bs(xo) with Re z <z( such that Fy(z)€R
for all x € (xg— 0, x0), (14) is satisfied, and

3 1
lim Fy(xz) =agp, lim  Fj(z) = az, lim F(z) ==+ Zasg, lim F})'(z) = c0.

T—"x0 T—"1x0 T—"1x0 2 3 T—" 120
If * € (xg—0', zo) is sufficiently close to xg, then
(ag, ay) = (Fo(a*), Fy(«*)) € Byi(ao, az).
If F\’Ij(z*y%,ag)(:c*) < F{/(x*), choose y €RTNBy,_4+(0) so that

Fy (" +y) < F(a").

(@*+y,a),05)
Since (4) is a homogeneous differential equation, the function
{z€Bs(z0—y): Rez <zo—y} — C, G(2) = Fy(ayy,ap.ay) (2 +Y),
is a solution of (4) satisfying
Ga*) =ah = Bo(@*),  G@*)=dy=Fja"),  G"(2") = Fuge pya (@ +9) < F(a").

Furthermore, G is real on (zg—y—9d, zo—y) and satisfies (14) with Fy replaced by G and zg by z¢—y,
and G"'(z) — 00 as © —> x9—y from the left. However, this is impossible, since

G"(x) <Fy'(x)  Vre(a" zo—y)
according to (15). If F\’Ij(l,* a, a2)( x*) > Fy/(z*), choose y ERTN B, (5_5)(0) so that

1/

W —y.apay) (T —Y) > Fy (27).

8



The function
{z€Bs(z0+y): Rez <zo+y} — C, G(2) = Fy(ar—y,ap.ay) (2 =),
is a solution of (4) satisfying
G(a") =ap = Fo(z"),  G'(a") =ay=Fy(a"),  G"(@") = Fy@—yapa (@™ —y) > Fy'(").

Furthermore, G is real on (xo+y—9, zo+y) and satisfies (14) with Fy replaced by G and zg by zo+y.
However, this is impossible, since F}"(z) — 00 as x — x¢, while

G"(z) > FJ'(x)  Vze(z*, z0)
according to (15). Finally, suppose Fé’(x*):F\’If(x o a,)(:c*). Since
1&g

9+ 2Fy (z*) — 3Fy, (z*) >0

7a67a/2) (x*,a{),aé)

by (17), the differential equation (4) with Fy replaced by G has a unique solution satisfying
G(z0) = aj), G'(z0) = db, G" (z0) = F\'Iﬁ(L%,aé)(x*).

Thus, Fo=Fy(y+ a).a,)- By the limiting conditions on Fy and F{ above, ¥(z*, ap, ab) = (ao, a2), as
required.

For the purposes of Section 3, we note that
> d+3
94 2F} (wo+2) — 3EY (zo+2) = 22 Z T(4ad+3 — 3(d+5)aqss) 2.
d=0

In particular, the coefficient of the leading term above is —45a5/4 # 0.

6 Some thoughts on Conjecture 6

The property of Conjecture 6 appears to be independent of the exact nature of f(dy,ds). In the
given case, it looks like d3d3/d?. What seems to matter is that the degree of the polynomial on
top in each variable separately (2 in this case) is at least as large as the degree of the polynomial
in d at the bottom.

For example, if

drdb
f(dl)d2) =a Clik2 )
for a € RT and k € RZ°, then
 (2d-2)! 1 J
= d!(d—1)!ﬁ(”1a) '

Thus, the eventually increasing property in this case is equivalent to

2d—2 d—1 2d d
> Inr— > Inr—Ina—klnd > Inr— > Inr—Ina— kln(d+1)
r=d+1 r=1 r=d+2 r=1 %
Vd>d
d < d+1 N



This is equivalent to

2d—2 d—1
1
dIn(d+1) + Z lnr—zmr—lna—&—k(dln(l—&—g)—lnd) <dIn(2d — 1)+ dIn?2. (18)
r=d+1 r=2

Since In z is an increasing function,

2d—2 _
Z Inr < /2d 1 Inz=(xlnz — x)‘mil = (2d—1)In(2d—1) — (d+1)In(d+1) — (d—2),

r=d+1 d+1 d+1
d—1 d—1 1
Zlnr>/ lnx:(:cln:c—a:)‘ = (d—1)In(d—1) — (d—2).
r=2 1

Thus, the left-hand side of (18) is bounded by
(2d—1)In(2d—1) — (d—1)In(d—1) — In(d+1) — Ina — k(Ind — 1)

<dln(2d—1)+ (d—1)In2+ (d—1)In (1 + 2(dl—1)) —In(d+1) —Ina

<dln(2d—1) + (d—1)In2 + % —1In(d+1) —Ina < dIn(2d—1) + dIn2 — In(d+1) — Ina.

For d sufficiently large, the combination of the last two terms is negative, which establishes the
claim in this case.

It seems that the dependence of the property of Conjecture 6 only on the asymptotic behavior of
f(di,d2) may be related to the following statement. Let p(q) € ¢R[q] be a polynomial with positive
coefficients and vanishing constant term. Define the numbers ng by

>t =3 a0 (@)
=1 =1

It appears that the numbers @&n, are eventually increasing. In other words, this property is
invariants under the change of variables,

g — (1+p(a))q

if p(q) is a polynomial with positive coefficients and vanishing constant term. For the asymptotic
behavior conclusion, p(q) would perhaps need to be a power series with coefficients declining suffi-
ciently quickly (perhaps a convergent one?)
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