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Abstract

We exploit the geometric approach to the virtual fundamental class, due to Fukaya-Ono and
Li-Tian, to compare the virtual fundamental classes of stable maps to a symplectic manifold and
a symplectic submanifold whenever all constrained stable maps to the former are contained in
the latter to first order. Various special cases of the comparison theorem in this paper have long
been used in the algebraic category; some of them have also appeared in the symplectic setting.
Combined with the inherent flexibility of the symplectic category, the main theorem leads to a
confirmation of Pandharipande’s Gopakumar-Vafa prediction for GW-invariants of Fano classes
in 6-dimensional symplectic manifolds. The proof of the main theorem uses deformations of the
Cauchy-Riemann equation that respect the submanifold and Carleman’s Similarity Principle for
solutions of perturbed Cauchy-Riemann equations. In a forthcoming paper, we apply a similar
approach to relative Gromov-Witten invariants and the absolute/relative correspondence in
genus 0.
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1 Introduction

Gromov-Witten invariants are certain counts of pseudo-holomorphic curves in symplectic manifolds
that play prominent roles in symplectic topology, algebraic geometry, and string theory. These are
usually rational numbers, and their precise relations with some sort of integer enumerative counts
of curves are rarely clear. However, it is well-known that genus 0 GW-invariants of Fano manifolds
are precisely counts of rational curves; this observation is key to enumerating rational curves in
projective space in [14, Section 5] and [27, Section 10]. String theory predicts an amazing integral
structure for GW-invariants of Calabi-Yau threefolds. These predictions originate in [2], [6], and [7]
and are extended to all threefolds in [25].

GW-invariants of a symplectic manifold X are determined by the virtual fundamental class (VFC)
of the space of stable J-holomorphic maps to X. The main statement of this paper, Theorem 1.2,
compares the VFC for stable maps meeting specified constraints in the ambient manifold with the
VFC for stable maps to a submanifold containing the images of all such constrained maps to first
order. It leads immediately to Corollary 1.3, which in a way is a succinct re-formulation of the
main conclusion of [17], and with a bit more work to Theorem 1.4, which confirms the “Fano case”
of the Gopakumar-Vafa prediction of [25, Section 0.2]. Theorem 1.2 is obtained by deforming the
Cauchy-Riemann equation in two stages so that the first stage respects the submanifold. Carle-
man’s Similarity Principle is used to take advantage of properties of solutions of Cauchy-Riemann
equations that are preserved by a large class of perturbations of the equations. In a forthcoming
paper [33], we will apply similar geometric principle to study relative GW-invariants and the ab-
solute/relative correspondence in genus 0 with applications to birational geometry in the spirit of
Hu-Li-Ruan ([8], [9], [18]) and McDuff ([21]).

The author would like to thank R. Pandharipande for bringing the “Fano case” of the Gopakumar-
Vafa prediction to the author’s attention, D. McDuff for detailed comments and suggestions on
an earlier version of this paper, and T. Graber, T.-J. Li, D. Maulik, and Y. Ruan for related
discussions.

1.1 A comparison theorem for GW-invariants

We will denote by Z* the set of non-negative integers. Let (X, w) be a compact symplectic manifold.
If g€ Z*, S is a finite set, 3 € Ho(X;Z), and J is an w-tame® almost complex structure on X,
denote by ﬁg,S(X , B; J) the moduli space of equivalence classes of stable S-marked genus g degree (3
J-holomorphic maps to X. For each j€.5, there is a well-defined evaluation map

evj: M, (X, B;J) — X. (1.1)
As standard in GW-theory, we will denote by
by € H* (Mg 5(X, 5; 7))

the first chern class of the universal cotangent line bundle for the j-th marked point. The
space My s(X,0;J) carries a natural VFC, which is independent of J and will be denoted by
[M,.5(X, 3)]V""; see Section 3.1. If the (real) dimension of X is 2n, then

dim [Ty, 5(X, 8)]"" = 2((e1(TX), B) + (n—3)(1—g) + |S]). (1.2)

'an almost complex structure on (X, w) is w-tame if w(v, Jv) > 0 for all v€TX with v#£0




If J is regular?, then My s(X, B; J) is a topological manifold with a preferred choice of orientation
and

[Do.5(X, 3)]"" = [Mo,s(X, 3 .7)].

If a; €Z" and kj€ Ho(X;Z) for each j€ 3, let
X aj ey vir
((Taj/fj>j65)gﬁ = < H (wjjevj (PDX,‘ﬁj)), [Smg’g(X,ﬁ)] >7 (1.3)
jes

where PD xk; € H*(X;Z) is the Poincare dual of ; in X.> In order to avoid any sign ambiguities,
we define the number in (1.3) to be 0 if the dimension of ; is odd for some j. By (1.2), this
number is zero unless

Z(2aj +2n —dimk;) = 2((c1(TX), B) + (n—3)(1—g) + |S]). (1.4)
jeS

The number (1.3) can be expressed as an integral on a “smaller” moduli space as follows. Choose
cobordism representatives f;: M; — X for x;, with j€S.A Let

M e(X, 8;7) = { ([u], (wy)jes) € Mg,s(X, 8;T) x [ [My: evy(ul) = fi(w;) VieS}.  (1.5)
JjES

The space ﬁgyf(X ,3; J) of constrained stable maps also carries a virtual fundamental class and
((Ta]“] jES gﬁ <H¢] > gf X B; )]mr>'
jES

The subject of this subsection is a reduction of this GW-invariant of X to a combination of GW-
invariants for its submanifolds.

Definition 1.1 Let Y be a submanifold of X. A smooth map f: M — X intersects Y properly if
f~YY)C M is a smooth orientable even-dimensional submanifold of M and

dwf(Tw(f_l(Y))) = dw(TM) N Tf(w)Y
for every we f=H(Y).

If f: M — X intersects Y C X transversally and M, X, and Y are orientable of even total
dimension, then f intersects Y properly. However, a proper intersection need not be transverse.
For example, any two real lines in R™ intersect properly, but not transversally if n>3. Two curves
that are tangent to each other do not intersect properly.

Zan almost complex structure J is genus 0 regular if for every J-holomorphic map u: ¥ — X, where ¥ is a tree
of Riemann spheres, the linearization D, of the d;-operator at u is surjective

3In the description of Section 3.1, [ﬁgyg(X, 5)}”” is a homology class in an arbitrarily small neighborhood of
My,,s(X, B;J) in the space of equivalence classes of LP-maps to X; there are well-defined evaluation maps ev; and
cohomology classes 1; on this space as well.

4We can assume that this is possible, since each x; can be replaced by a multiple for our purposes.



If f: M — X intersects Y C X properly and NY — Y is the normal bundle of Y in X, the
homomorphisms

dY f: TuM — Np)Y, v — duf(v) + T, we fHY),

have constant rank; the kernel of d¥Y f is T,, (f~*(Y")). If M, X, and Y are oriented, an orientation
on f~}(Y) then induces an orientation on the vector bundle

N'Y = f*NY /(Imd™Y ) — f74(Y).

Let Y be a compact symplectic submanifold of X and
ty«: Ho(Y;Z) — H(X;7Z)

the homomorphism induced by the inclusion ty : Y — X. If By € Hy(Y;Z) and J is an w-tame
almost complex structure on X which preserves TY CT X |y, then ¢y induces an embedding

My,s(Y, By J) = Mgs(X, tyPy; J).
If fj: M; — X, j€ S, are smooth maps as above, let
My e (Y, Bys J) = {([u], (w))jes) € M e(X, ty«fy; J): [u] €My 5(Y, By; )}

If in addition u: ¥, — Y is a J-holomorphic map from a nodal Riemann surface (see Section 2.1),
let H,, denote the space of deformations of the complex structure on ¥,. The linearization of the
Oj-operator for maps to X,

D Huy & LY (S w'TX) — LP(S; TS0 @cu'TX), p>2,
induces a generalized Cauchy-Riemann operator
DY LX(2;u*NY) — LP(2; T* 8% @ cu* NY).
For each j€.5, define
&vjiker DYy — Ny by € — &(z(w) + Ty )Y,

where z;(u) € ¥y is the j-th marked point; this homomorphism is the composition of the differential
of the evaluation map (1.1) with the projection to the normal bundle.

Theorem 1.2 Suppose (X,w) is a compact symplectic manifold, g € Z+, S is a finite set, B €
Hy(X7Z), aj €Z* for each j€S, and fj: Mj— X is a cobordism representative for k;€ H.(X;7Z)
for each 7€ S. If J is an w-tame almost complex structure on X, Y is a compact almost complex
submanifold of (X, J), and By € Ho(Y;Z) are such that

(a) ty«(By)=p0 and f; intersects Y properly for each j€S;



(b) for every ([u], (w;)jes) Eﬁgyf(Y, By;J), the homomorphism
ker(DYY) — @D NP, Y, € — (,(8) + (Imdu, /7)) ,cs (1.6)
JjES
18 an isomorphism,
then

(1) the space M, ¢(Y, By;J) carries a natural VFC (dependent on the orientations of fj_l(Y));

(2) the vector spaces cok(Df}éZ) form a natural oriented vector orbi-bundle
cok (DY) — My ¢ (Y, By; J);

(3) My ¢(Y, By; J) is a union of connected components of M, ¢(X,B;J) and its contribution to
the number (1.3) is given by

Cye(Y, By) = < (cok(DYYV)) TT w5, [y (Y, By J)]”">. (1.7)

JjES

Example A Suppose (X, J) is a Calabi-Yau 3-fold and Y C X is a smooth isolated rational curve
with NY =~ O(—=1)®0O(—1). We can then apply Theorem 1.2 with S=0, ¢=0, and S=diy.([Y])
for any d € Z*. The assumption on the normal bundle implies that ker(Df]V;}:) is trivial and
thus Condition (b) is satisfied. The right-hand side of (1.7) is then the famous multiple-cover
contribution of 1/d* (]2],[24, Section 27.5]).

Example B If the image of each map f; in Theorem 1.2 lies in Y, the second part of Condition (a)
is automatically satisfied. Condition (b) is equivalent to the homomorphisms

@é{/j: ker(D]J\fz) — @sz(u)Y, (u,w) € My (X, 3 J),
jeSs JES

being isomorphisms. For example, this is the case if X =P" Y =P! c X, S ={1,2}, ¢ =0,
B=1ty«([Y]) is the homology class of a line, a1,a2=0, and fi, fo: pt— Y are maps to two distinct
points. In this particular case,

ﬁo,f(Xv /87 J) = ﬁo,f(x 6Y; J)a
where By =[Y], and cok(D%}?Y) is the zero vector bundle. Thus,
P P!
(ptapt)oﬁ = ((Ta] K‘j)jES) = CO f(Y ﬁY) ’mg,f(x ﬁY7 J)‘ = (pt’pt)oﬂy = 1a

as expected.’

®This is the number of lines through 2 points in P™. In this particular case, each operator D]J\Z is complex linear
and its zero-dimensional kernel is positively oriented. In general, this need not be the case; see [17, Sections 9,10] for
explicit sign computations.



Example C If each map f; in Theorem 1.2 is transverse to Y, the second part of Condition (a) is
again automatically satisfied. Condition (b) is equivalent to the injectivity of the operators D(]]VZ
whenever (u,w) € ﬁgi(X,ﬂ; J). For example, this is the case if X is the blowup of P", with
n > 2, at a point, Y ~P"! is the exceptional divisor, S = {1,2}, ¢ =0, By € Hy(Y;Z) is the
homology class of a line in the exceptional divisor, 8=1ty«(8y), a1,a2=0, and fi, fo: P! — X are
parametrizations of proper transforms of two distinct lines in P” passing through the center of the
blowup. In this particular case,

Moe(X, B;J) = Mog(Y, By; J)

and cok(DﬁV Y is the zero vector bundle. Thus, if £ denotes the homology class of f; and fs,

(ag)gfﬁ = ((Ta]"%j)jES)OX’ﬁ - CO,f(Y7 ﬁY) = i|ﬁg,f(ya ﬁY; J)‘ = (gm Y,gﬂ Y)OYﬂY = 1)
see Footnote 5.

Various special cases of Theorem 1.2, such as those in Examples A-C, are standard in the algebraic
setting and are used in [3], [13], and [25], for example. Some special cases of Theorem 1.2 have
appeared in the symplectic setting as well, including in [16], [23], and [29]. Examples B and C
generalize Example A in two opposite directions. Corollary 1.3 below, which applies this theorem
in the setting of [17], is yet another special case of Example C. The full statement of Theorem 1.2
mixes the two extreme cases of Examples B and C.

The striking conclusion of [17] is that all GW-invariants of a Kahler surface X of general type
localize to a canonical divisor. The situation is particularly beautiful if X admits a smooth canon-
ical divisor Kx. If X is minimal, the GW-invariants of X in degrees other than multiples of Kx
vanish. The GW-invariants of X in degrees Kx and 2Kx are computed in [12] via an algebraic
reformulation of [17] and shown to satisfy a conjecture of [19]. In the next paragraph we review
the relevant statements from [17].

Let (X, Jy) be a minimal Kahler surface of general type and « the real part of a non-zero holo-
morphic (2,0)-form such that D, =a~1(0) is smooth (and reduced). Since X is minimal, D, is
connected. With (-,-) denoting the Riemannian metric on X, define

Ko € T(X;Homg(TX,TX)), Rq €T'(Da;Hom(TDo®cNDq, ND,)), by
(v, Kqv2) = av1,v2) Yo, va€Tp X, z€X;

(1.8)
Ra(vi,v2) = Jo{ VKo }(v1) + Ty Do V1 €TpDq, va€T, X, z€X.

By [17, Lemmas 2.1 and 8.2], R, is well-defined. The almost complex structure J, on X described
in [17, Section 2] agrees with Jy along the smooth complex curve D,. By [17, Lemma 2.3], every
non-constant Jy-holomorphic map u: ¥, — X is in fact a Jp-holomorphic map to D, and so
lies in the homology class dD,, for some d € Z*. By [17, Section 8], the operator on the normal
bundle N D,, of D,, induced by the linearization of the 9, -operator for maps to X at such a map u
is given by

DYl =0y ND, + Ra(df,): LY (Su; u* N Do) — LP (Su; T*E0 @cu*N D), (1.9)

where 0, np, is the J-operator in the holomorphic bundle u*(N Dq, Jo) — %,. By [17, Proposi-
tion 8.6], Df}i [L‘* is injective. Corollary 1.3 below thus follows immediately from Theorem 1.2.
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Corollary 1.3 Suppose (X, Jy) is a minimal Kahler surface of general type, o is the real part of
a non-zero holomorphic (2,0)-form such that Do =a~1(0) is smooth, g€ ZT, d€Z*, S is a finite
set, So C S, aj € ZT for each j€ S, and k; € Ho(X;Z) for each j € Sy. If Ry is defined by (1.8),
then the cokernels of the operators (1.9) form a natural oriented vector orbi-bundle

cok (DY) — My 5(Da,dDy)

and

X
((Taj Kj )jESQ ’ (Taj 1)j€S*SZ)g,d]CX

— < H <C1(T*X),/<oj>) <e(<:ok(DéV)) H(eijDDa (pt)) H¢?j7 Wg,s(Da,dDa)]W>,

JES> JES> jES

1.2 The Fano case of the Gopakumar-Vafa prediction

GW-invariants are generally not integers. On the other hand, at least in the case of projective
3-folds (symplectic 6-manifolds), certain combinations of them are believed to be integers. Ide-
ally these combinations would be precisely counts of curves of fixed genus and degree and passing
through appropriate constraints. A projective 3-fold X is never ideal in this sense, but one might
hope that X becomes ideal if its Kahler complex structure is replaced with a generic almost com-
plex one. We show that this is indeed the case in the “Fano” case.

If (X,w) is a compact symplectic manifold, g € Z*, S is a finite set, 8 € Ha(X;Z), and J is an
w-tame almost complex structure on X, let

;,S(Xvﬂ; J) C ﬁg,s(X,ﬂ; J)

denote the subspace consisting of simple maps, i.e. J-holomorphic maps u: 3, — X such that X,
is a smooth (connected) Riemann surface and u~!(u(z))={z} for some z€X,. The last condition
implies that u does not factor through a d-fold cover ¥,, — X, with d>1; see [22, Section 2.5]. If
fj: M;— X, j€S, are smooth maps from compact oriented manifolds of even dimensions, let

X35 = (X 5:0) 1 (5,506, 5.) T 01 ).

jeSs

with 90, ¢(X, 8;J) defined by (1.5). If Dﬁ;f(X,ﬁ; J) is a finite set consisting of regular pairs
([u], (wj)jes), we will denote its signed cardinality by ngﬂ(J, f).

If the (real) dimension of X is 6, the expected dimension of the moduli space M, s(X, B;J) is
independent of the genus g¢; see (1.2). Thus, one can mix curve counts of different genera passing
through the same constraints. Furthermore, if 8 € Ho(X;Z) and (c1(TX), 3) < 0, all degree
GW-invariants are zero, since the moduli space of unmarked maps has negative dimension. This
leaves the “Calabi-Yau” case, (ci(TX), 3) =0, and the “Fano” case, (c;(TX),3)>0. If g, h€ Z™,
define C’,)Lfﬁ(g) €Q by

2h—2+(c1(TX),0)
) . (1.10)

= s (sin(t/2)
2, ol - ("3



Theorem 1.4 Suppose (X,w) is a compact symplectic 6-fold, 3 € Ho(X;Z), g€ZF, S is a finite
set, and rk; € H,(X;Z) for j€S are such that (1.4) is satisfied with a;=0. If (c1(TX), 3) >0,

(1) there exists a dense open subset Jreg(g,B) of the space of smooth w-tame almost complex
structures on X such that for all h<g:

o the moduli space M} o(X, B J) consists of regular maps;

e for a generic choice of pseudocycle representatives® f;: M; — X for k;, m;’f(x,ﬁ; J)
is a finite set of regqular pairs ([u], (w;)jes) such that u is an embedding;

(2) the numbers E,)fﬁ(f, J), with h<g, are independent of the choice of J € Jreg(g, ) and f; and
can thus be denoted E,fﬁ((/-ij)jes);

(3) if Cog(h) is defined by (1.10),

h=g
((53)se8)0 5= 2 Citala—h)Eils((55)jes). (1.11)
h=0

For ¢=0,1, (1.11) gives

((k7)es)p 5 = Eoa((57)jes)
2 — (1 (TX), ) (1.12)

((k))es)) 5 = Es((55)jes) + 51 Egis((%))jes)-

The first identity expresses the well-known fact that the genus 0 GW-invariants of a Fano mani-
fold are enumerative. The second identity in (1.12) is the n =3 case of the relation between the
standard genus 1 GW-invariants and the reduced genus 1 GW-invariants constructed in [32] for all
symplectic manifolds.

By the proof of [22, Theorem 3.1.5], for a generic almost complex structure J on X all moduli
spaces My (X, B'; J) are smooth and of the expected dimension, (¢1(TX), #’). In particular,

(@(TX),8) <0 = M g(X,0:7),Ms(X,55T) = 0. (1.13)
By a similar argument, for a generic J on X the evaluation maps
evy,evy: Sﬁ;{l’?}(X,ﬁ; J)— X
are transverse, while the bundle section
01X 8:) — Li@eviTX,  [u] — dul,, (),

where Ly — 2t {1}(X, B; J) is the universal tangent line bundle at the marked point and z; (u) €,
is the marked point of u, is transverse to the zero set. Thus,

Qﬁ;fgg(X’ﬁ; J) = {[U] EWT;’S(X,ﬁ; J): w is not an embedding}

6 After replacing &, by a multiple, M; can be taken to be a smooth compact manifold.



is the image of a smooth map from a smooth manifold of (real) dimension two less than the
dimension of M, 5(X, B;J). Thus, for a generic choice of pseudocycle representatives f;: M; — X
for x;, i)ﬁ;f(X ,3;J) is a O0-dimensional oriented sub-manifold of

(5 (X, B5.T) — (X, B5.7)) x [] M

jES

We next show that D ¢(X, 3;J) is a finite set. If not, there is a sequence ([u,], (wr;)jes) in
,‘Jﬁ;f(X , 3; J) converging to some
([u]7(w])j65) Eﬁg,f(—X7ﬂ;J)_ ;,f(Xaﬁ; '])

The image of u is a connected .J-holomorphic curve in X of genus h < g with k£ > 1 irreducible
components of degrees (31, ..., O € Ho(X;Z) such that

difr+...+dp0r =0 for some di,...,d, € Z".

By (1.13), (c1(T'X), 8;) >0 for all i=1,..., k. Thus,

i=k
D {el(TX), 3;) < (el (TX), B).

i=1

The dimension-counting argument of [22, Section 6.6] then shows that k=1 and d; =1. It then
follows that the image of u is an irreducible J-holomorphic curve of degree § and genus h < g that
meets each of the maps f; with j€S.

While degree 3 genus h < g J-holomorphic curves meeting the maps f; can certainly exist for a
generic J, they cannot be limits of other degree § curves meeting the maps f; by the v, =0 case
of Proposition 3.2 for the following reason. If

([u], (wj)jes) € Mye(X, B;J) — M (X, 3; ),

the domain of u consists of two or more irreducible components. Furthermore, by the previous
paragraph, the restriction of u to all components, except for one, is constant; let u.g denote the
effective part of u, i.e. the non-constant restriction. The domain ¥, _; of u.g is a smooth curve of
genus h < g with distinct points (z;(ues));jes that are mapped to (ev;(u))jes by ueg. Thus,

([uen], (wy)jes) € M (X, B; J);

by the previous paragraph, ueg is an embedding onto a smooth J-holomorphic curve Y of genus h
degree B meeting the maps f;. Since the total evaluation map

eVEHer c MG (X, 65 ) — X5
jeS
is transverse to f,

ker( DJU ) — @N}cj(w ) & — (&(zj(uer)) + T, ()Y + (Im dwjfj))jes’ (1.14)
JjeS



is surjective; see Section 1.1 for the notation. Since ueg is a regular map,
dimker(DYY ) =ind(DYY) ) =2((c1(NY),Y) + 2(1-h)) = 2(c1(TX), B)
_ : ‘ . i ]
= (4—dim M;) <> dim NP Y
jes jes

the second-to-last equality holds by (1.4). Thus, the homomorphism in (1.14) is an isomorphism.
On the other hand, D]JVB: is the restriction of the operator @, Df,vi to

LA(Su;u*NY) C @ L (Su; uf NY),
7

where {X;} are the irreducible components of ¥ and u; :u\guﬂ.. If w; is a constant map, then Df}f{l
is the usual d-operator on the space of functions on ¥, with values in Ny )Y =~ C2. Since %,
is a connected nodal Riemann containing 3, , as a component, u|s, , =ueg, and u is constant on

each of the irreducible components of 3, —%,_, it follows that the projection homomorphism

NY NY
ker DJ;’u, — ker Dj;ueffa § - §|E“eff7

is an isomorphism. Thus, the homomorphism

fA
ker(DYY) — @Nf;(wj)Y, & — (£(25(w) + T, w;)Y + (Im dwjfj))jes,
jes
is an isomorphism, since the homomorphism (1.14) is. Therefore, by Proposition 3.2 there is no
sequence in

mg,f<X7ﬁ; J) _ﬁg,f(y; [Y]7 J) 2 m;,f(Xaﬁ; J)

converging to ([u], (w;)jes)-

We have thus shown that 97 (X, 3;J) is a compact oriented O-dimensional manifold and its
signed cardinality Ej(ﬁ(f ,J) is well-defined. The independence of Egﬁ(f ,J) of the choices of J

and f; follows from (1.11), with Eﬁﬁ((/@j)jeg) replaced by E,)Lfﬁ(f, J). In turn, this identity follows
from Theorem 1.2 and the proof of [25, Theorem 3]. Let Y be a degree 3 J-holomorphic curve
of genus h < g meeting each f;. By the above, the assumptions of Theorem 1.2 are satisfied. By
definition (see Section 2.4), the orbi-bundle cok(D}Y) is dual to the bundle ker((D}Y)*) of kernels
of the dual operators (DYY)*. For each

([u], (wj)jes) € Mee(Y, [YV];J) C My (X, B; J),

the operator (Df,\[Z)* is the natural extension of the operator @AD{,VZZ)* to (1,0)-forms on ¥, with

poles at the nodes such that the residues at each node sum up to 0. Since (D(J]V}ZCH)* is injective by
the regularity of ueg, the projection

n— @ ..

Zu;ifzueﬁ'

to the contracted components is injective. Since (Df}?;)* = 0* if w; is constant, the image of this
homomorphism is determined by Y, and is independent of Df}(iﬁ (as long as Df}(iﬁ is surjective).

10



Thus, cok(DY?Y) is isomorphic to the restriction to 9%, ¢(Y, [Y];J) of the obstruction bundle in

[25, Section 3], i.e. the bundle of cokernels of the operators DY} as above, but for a holomorphic
vector bundle NY. Thus,

Cg,f(Y, By) = < Cok D H¢jj’ r% ]Uir>

jes (1.15)

= Cjr3(g—h) sgn([ueq], (w;)jes)
by (1.7) and [25, Theorem 3]. Since

h=g
M e(X,8:7) = | | | ] M ¢(Tm u, [Imu]; J),
h=0 ([ul,(w)) e )EM, ¢(X,B:7)

the identity (1.11) follows from (1.15).

Theorem 1.4 confirms (in strong form) the Fano case of [26, Conjecture 2(i)], i.e. that the numbers
E}‘fﬁ((/ﬁj)jes) defined from GW-invariants by (1.11) are integers. The Calabi-Yau case is funda-
mentally more difficult as it involves multiple covers of curves.” On the other hand, it might be
possible to approach [26, Conjecture 2(ii)], i.e. that Eiﬁ((ﬁj)jes) =0 for a fixed [ and all sufficiently
large g if X is projective, by studying possible limits of Ji;-holomorphic curves with J; € Jreg(g, 3)
as J; approaches the standard complex structure on X and P and using the Castelnuovo bound
1, pl16].

An algebro-geometric approach to Theorem 1.4 has recently been proposed in [11], at least in the
usual, more narrow, meaning of Fano in algebraic geometry. The stable-map style invariants of
smooth projective varieties defined in [11] are a priori integers in the case of Fano varieties, just
like the numbers E,i( 5((kj)jes). In addition, in this Fano case, they are non-negative integers and
satisfy the vanishing prediction of [26, Conjecture 2(ii)]. However, it remains to be shown that
they are related to the GW-invariants in the required way, i.e. as in (1.11).

2 Analytic Preliminaries

In this section, we collect a number of background statements concerning solutions of perturbed
Cauchy-Riemann equations. For the rest of the paper, fix a real number p > 2. If ¥ is a 2-
dimensional manifold, this condition implies that any L}-map ¥ —R is continuous and in partic-
ular has a well-defined value at each point.

2.1 Nodal Riemann surfaces

Let (E,i) — ¥ be an LF-complex vector bundle over a smooth Riemann surface, i.e. a one-
dimensional complex manifold. If z€ X and

A, € Homg(E,, T' X" @c E,),

"Theorem 1.4 and its proof also apply to the cases when {(ci(T'X), 8) =0, but 3 is not a non-trivial integer multiple
of another element of Hz(X;Z).
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we define

Ar € Homg(Ti S @c B, TS ' @cEY) by

zZr "z

Re(v A (Afw)) = Re((4:0) Aw) € AF(TIY) VoeE,, weT:S Y ocEr.
Since A%(T7Y) is one-dimensional, A} is well-defined. If
A€ [P(3; Homg (E, T*2"' @c F)),
this construction gives rise to an element
A* € IP (2 Homg(T* S0 E*, T*SM @c EY)) s.t.
(& A"n)) = Re( /E EA(A")) = Re( /Z (4¢) An) = (A¢,m) (2.1)
for all €€ LY(X; E) and ne LY(Z; T*XM0 @ E*).
Let E—3% be as above. If S is a finite subset of X, denote by
LY (3 E(9)) C L} 1,(3—S; E)

the subspace of sections 1 of E such that for every zg€.S there exist a neighborhood U of zg in X
and a coordinate w: U — C such that

w(zp) =0 and w-n|y € LY(U; E).
If k>1, an element 7 of L? (Z; T*S9®c E(9)) has a well-defined residue at z € S given by

Res,=z,n = £(20) € Es, if n(z) = 5(12) ®&(z) VzeU, €€ L(U;E)8

If ¢ is a function assigning to each element 29 €S a real subspace E C E., let

LY (TS0 0c E(0)) = {ne L} (S; E(S)): Res,—.,n€ B, VzeS}.

By a Riemann surface > we will mean a compact complex one-dimensional manifold with pairs of
distinct points identified. In other words,

Y= i/ ~, where xl(l) ~ $Z(-2) i=1,...,m, (2.2)

for some smooth compact Riemann surface % and distinct points xgl), acz@) €X. The quotient map

oY — Y

81t n € LE(2;T*S"° ®c E(S —20)), then Res.—.,n = 0. The converse is not true; for example, the residue of
n=2zdz/z is zero at z=0, but 7 is not even continuous at z=0. On the other hand, the converse is true if n lies in
the kernel of a generalized CR~operator as in Subsection 2.2.
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will be called the normalization of ¥; it is well-defined up to an isomorphism. We will denote by

Ysing = {0(1:1(1)): i=1,... ,m} CcX and Ysing = {l’gl) 2. i=1,... ,m} cy

[

the subset of singular points of ¥ and its preimage under o, respectively. Let ¥* C X be the subspace
of smooth points, i.e. the complement of g;.

If Y is a smooth manifold and ¥ is a Riemann surface as above, an L{-map u: ¥ — Y is an
LP-map
Y —Y s.t. ﬂ(mgl)) :ﬂ(x§2)) Vi=1,...,m.

By a vector bundle E— 3, we will mean a topological complex vector bundle such that o*FE —y
is an LY-complex vector bundle. Let

(S E) = {€e (S0 E): () =€) vi=1,...,m};

LP(2, TS0 @cE) = P (5T 2% ®co*E).

If S is a finite subset of X*, let S=0"1(9) and define

LR (2 Ks®c E(S)) = {7761}1)(5;T*il’()@(cU*E(SUEsing))‘

Z ReSz:zOU(go)ZO vZ()ezsing}a (23)

5060'71(20)

(3, T2 @cKs@cE(S)) = LP (S, T 2% @c TS0 @c 0" E(SUSsing)) -
If ¢ is a function assigning to each element 29 €S a real subspace E C E., let
LY (2 Ks@cE(0) = {neLf(Z; Ks@c E(S)): Res,_,-1;n€EL, Vz€S}. (2.4)
Similarly, we define

LY(SE(=S9)) = {¢€ Ly (3 E): &(20)=0Vz€S},
LR (S E*(—0)) = {€€ LY (S, E*): &(20) €Ann(EL ) Vz€ S},

where Ann(E! ) C Homg(E.,,R) is the annihilator of E C E.,. The real pairings in (2.1) extend
to pairings

LY (% E)@LP (8, T* S @c K ®c E*(S)) — R,
LP (5, TS @c B)® LY (X Ks®c E*(S)) — R.

Furthermore, the equality in (2.1) holds for all n € L (3; Ky ®@c E*(S)).

2.2 Generalized Cauchy-Riemann operators

Definition 2.1 Let (Y,J) be an almost complex manifold and (N,i) — (Y, J) a smooth vector
bundle.

13



(1) A O-operator on (N, i) is a C-linear map
9:T(Y;N) — T (Y;N) =T(Y; T°Y"' ®@cN)

such that - B -
A(fe) = (0f)@E+ f(96) ¥V feC™(Y), E€T(Y;N).

(2) A smooth generalized Cauchy-Riemann operator (or smooth CR-operator) on (N, i) is a differ-
ential operator of the form

D =0+A:T(Y;N) —TI%(Y;N), (2.5)
where O is a O-operator on (N,i) and

A € I (YV;Homg (N, T*Y ™' ®@c N)).

If V is an affine connection in (N, 1), the operator
1
I(Y;N) — %Yy N), £ — 5(vg +iVEo J), (2.6)
is a d-operator on (N, i). Furthermore, any C-linear CR-operator on (N, i) is a -operator, and any
0-operator on (N, 1) is of the form (2.6) for some (not unique) connection V in (N,1i). In particular,

A in the decomposition (2.5) can be assumed to be C-anti-linear.

Let V7 be the J-linear connection in TY obtained from a Levi-Civita connection V on Y and
Ay (-, -) the Nijenhuis tensor of J:

V6= 1 (Ve — IV, (J6)

Av(e,8) = 1 ([6, 6] + T, J6a] + T, 6] — 61, J&))

We identify Ay with the element

Vfl,fg EF(Y; TY).

Ay € T(Y; Homg(TY, T*Y ' @cTY)), v — Ay (-,v).

Then,
| _
Oy =3(V/e+ IV o)), Dy =0y +Ay: T(Y;TY) — T (V:TY)
are a 0-operator on 7Y and a smooth CR-operator on N, respectively.
Definition 2.2 Let (E,i) be an LY complex vector bundle over a Riemann surface (3,j).
(1) A O-operator on (E,i) is a C-linear map
0: LY (S5 E) — LP (5, T8 ®cE)
such that

3(f6) = (ON®E+ [(3E) ¥ feC™(5), eT(5E).

14



(2) A generalized Cauchy-Riemann operator (or CR-operator) on (E, 1) is a differential operator of
the form B
D =0+A: L}(S;E) — LP(S; T2 @cE), (2.7)

where O is a J-operator on (E,i) and

A€ LP(S;Homg (B, T*S% @c E)). (2.8)

If V is an affine connection in (£, 1), the operator
1
L% B) — P52 @cE), € — 5(VE+iVEoj), (2.9)

is the usual J-operator for a unique holomorphic structure in (E,i). Furthermore, any C-linear
CR-operator is of the form (2.9).

If ¥ and N —Y are as above, an L{-map u: ¥ —Y pulls back a smooth CR-operator D on N to
a CR-operator D,, on u*N — X as follows. Suppose D is presented as in (2.5) with C-anti-linear
A and V is a connection in (NV,i) inducing the corresponding d-operator. Let @ : ¥ —Y be the
map corresponding to u as in Subsection 2.1 and

V:I(Z;@*N) — D(E: T*S@ru*N)
the connection induced by V. Then,

1/~ - _ - 1 -
Da:§<v+iOVoj)+Ao(9Ju, where 8JU:§<dU—JOdUOj),

is a generalized CR-operator on u*(N,i); Dy is independent of the choice of V if u is (J,j)-

holomorphic.

Suppose (Y, J) is an almost complex manifold and Dy is as above. If (X,j) is a Riemann surface
and u: ¥ — Y is a (J,j)-holomorphic L}-map, then D, =u*Dy is the linearization of the 0,-
operator on the space of L{-maps from X, with complex structure fixed, to Y; see [22, Section 3.1].
If in addition, (Y, J) is an almost complex submanifold of an almost complex manifold (X, J), then

D,=D} =u*Dy: I} (S;u*TY) — LP(S; T*2% @cu*TY)
is the restriction of
DY =u*Dx: IX(S;u*TX) — LP(5; T*S™" @cu*TX).
Thus, DUX induces a CR-operator
DY V(S u*NY) — LP(5; T*S™ ®@cu*NY),

where NY =T Xy /TY is the complex normal bundle of Y in X. Moreover, there is a long exact
sequence

0 — ker D} — ker DX — ker DY

—cok DY — cok DX — cok DNY — 0.
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The next lemma extends Serre duality from J-operators to CR-operators. If D is as in (2.7), let
D* =0 — A" I}(Z;Kg®@cE") — LP(2;T* 2% @c Ks@cE*);

see (2.1) and (2.3) for notation. If S CX is a finite subset of smooth points of ¥ and p is a function

assigning to zp €S a complex subspace of E7 , D* extends to an operator

Dy LY (35 Ks®cE* (0) — LP (5T ®@¢ Ky @cE*(S));
see (2.4). Let D, be the restriction of D to the closed subspace L (¥; E(—p)) of LY(3; E).

Lemma 2.3 Let D be a CR-operator on a complex vector bundle (E,i) over a Riemann sur-
face (3,j). If S is a finite subset of smooth points of ¥ and o is a function assigning to zo €S a
real subspace of E , the homomorphism

cok D, — Homg (ker D}, R), n— {n,"), (2.10)

18 an tsomorphism.

Proof: If ¥ is smooth and S =), this is [10, Lemma 2.3.2]. Furthermore, by the twisting construction
of [28, Lemma 2.4.1]%, the elements zp of S for which o(z0) = E}, can be omitted from S. In the
general case, the proof of [10, Lemma 2.3.2] shows that the homomorphisms

ker Dj, — Homg (cok Dy, R), ker D, — Homg(cok Dy, R), (2.11)

induced by the pairing (2.1) are well-defined and injective. On the other hand, if 159 and 152 are the

operators corresponding to D, and D} over the normalization o: f)—i], dropping any matching
conditions at the nodes and the other restricting conditions at the points of S, then

ind D, = ind D, — 2k - m — || o,
ind D}, = ind D}y — 2k - m — 2k - |S| + || o],

where k is the complex rank of E, m is the number of nodes in ¥, and

loll = Z dimg o(20).

20E€S

Since the kernel and cokernel of ﬁz are isomorphic to the kernel and cokernel of a CR-operator on
T*S®0*E* twisted by the preimages of the nodes and the elements of S,

ind D} = —ind D, + 4km + 2k[S|.

It follows that ind D; = —ind D, and thus the injective homomorphisms in (2.11) are in fact
isomorphisms.

9This construction extends the usual procedure of twisting a holomorphic vector bundle by a divisor to generalized
CR-operators; it can be seen as a manifestation of Carleman’s Similarity Principle [4, Theorem 2.2].
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2.3 Families of nodal Riemann surfaces

By a stratified space (of dimension k), we will mean a topological space 9 together with a partition

such that 9®) is a smooth manifold of (real) dimension k—I and

=k
Y —om® c | |m®.
U'=l+1

If U is an open subspace of a stratified space 9 as above, then

=k
U= |mPnu)
=0

is also a stratified space. If M, and 9y are stratified spaces, M xMy, is a stratified space with the
strata given by unions of the products of the strata of M; and M. A continuous map 7: M; — My
between stratified spaces will be called a stratified map if the restriction of 7 to each stratum of 9t;
is a smooth map to a stratum of 5. A stratified map my : V — 9 will be called a stratified
vector bundle if 7y is a topological vector bundle with fiber C* and the transition maps from open
subsets of M to GL;C are stratified.

For the purposes of Definition 2.4 below, we set
Tstd =71 : Ustd = {(t,u,v)G(C3: w=t} — C

to be the projection to the first component. This is a stratified map with respect to the stratifica-
tions

C=C"u{0},  Ha =7 4(C*)U (m3(0)—0) L {0}.
For each t€C*, define

pr: Se=m 5(t) — RT by pi(t,u,v) = u? 402

If in addition e€RT, let
Ste = {(t,u,v) €5y lul?+|v|* < €}.

If E— % is a normed vector bundle and ne LP(X;; E), let

l/p _p—2 ) 1/2
HnHt,e=( / 77\”) +( [ n Pw) .
Et,e Zt,e

Definition 2.4 A stratified map m: 84— 9N is a flat stratified family of Riemann surfaces if

e cach fiber ¥y =7"1(u) is a (possibly nodal) Riemann surface;

17



e if 20€ %, is a smooth point, there are neighborhoods U, of ug in 9 and ﬁzo of zo in U and
a stratified isomorphism of fiber bundles

gz;zo: ﬁzo - UZO X (Euoﬂﬁzo)

over Uy, such that the restriction of QNSZO to each fiber of w is holomorphic and the restriction
of ¢ to Xyo,NU., s the identity;

e if 20€%,, is a node, there are neighborhoods U, of ug in I and (7ZO of zo in U, a stratified
space UL, and stratified embeddings

Gro: Usg — UL x € and ¢z Uy — Ul xsa
such that the diagram

~ dx

/
0., —2- UL x

i g \L id X mgpq
b2

U,, — U, xC
commutes and the restriction of 520 to each fiber of w is holomorphic.

Definition 2.5 If S is a finite set, a stratified map 7: 4— IN with stratified sections z;: M — s,
j €S, is a flat stratified family of S-marked Riemann surfaces if

o m:U——IM is a flat stratified family of Riemann surfaces;
e zi(u) €Y, is a smooth point for every u€M and j € S;
o zj (u)#2;,(2) for every u€M, j1,72 €S with j1# jo.

Definition 2.6 If 7: 4{—9M is a flat stratified family of S-marked Riemann surfaces and Y is a
smooth manifold, a continuous map F:4—Y is a flat family of S-marked maps if

e for every u€M, the restriction of F to S, =n"1(u) is an LY-map;

o if zp € Xy, s a smooth point and Uy, (7ZO, and @0 are as in Definition 2.4, there exists
a compact neighborhood K. (F) of zo in Xu,NU,, such that F o ¢z_ol|usz0(F) converges to
F’KZO(F) in the LY-norm as u€U,, approaches ug;

o if zpE€X,, s a node and Uy, (720, @z, aNd 520 are as in Definition 2.4,

I li d(Fo¢} =0.
el—I>n0 (u’,t)irilﬁzo(u) H (Fo (bZO ’ulxzi)Htﬁ 0
(u ) €2y (Uzg)

In the case of interest to us, M will be a family of S-marked stable maps to a smooth manifold Y.
The fiber of {— 9 over a point u: X, — Y will be the Riemann surface ¥,,.
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2.4 Families of generalized CR-operators

Let D be a smooth CR-operator on a vector bundle (NN, 1) over an almost complex manifold (Y, .J).
Suppose U — M is a flat stratified family of S-marked Riemann surfaces, F': 4 — Y is a flat
family of maps, So C.5, and ¢ is a function assigning to each z € Sp a real subbundle of ev;N*. For

each u €9 and 29 €9, let 0,(20) be the fiber of p(2) over u. Denote by kergu(D) and kerl;u(D*)
the kernels of the operators

{(Fls,) D}, - L} (Bu {F 5, N} (—ou)) — LP (S TS @cF[, N),
{(Fls.)" D}, L} (24; Ks, @c{FI%, N}(ou))
— LP (S T2y @c Ks, ©c{FI5, NH{z(u)}jes, ).

respectively.

We topologize the sets

kerg(D) = |_| kergu(D) and kerg(D*) = |_| kergu(D*)
ueM ueIM
by point-wise convergence on compact subsets of the complement of the special (smooth and
marked) points of the fiber. In other words, suppose u, € 9, r € Z*, is a sequence converging to
up €M and &, € kerguT(D’) for » € Z*, where D' = D, D* and Z* = {0}UZ. The sequence {u,}
converges to & if for every smooth point zg € ¥, with zy # z;(u) for j € S, there exists a com-

pact neighborhood K, (F) as in Definition 2.6 such that &, o ¢201’mx K., (F) converges pointwise
to ok, (F)-

By the Carleman Similarity Principle [4, Theorem 2.2], if the restriction of an element £ of kergu (D)
to an open subset of a component X,,.; of 3, vanishes, then the restriction of £ to 3, is zero as well.
This implies that the above convergence topology on kerg (D) is the topology inherited from the
convergence topology on the bundle over 90T with fibers L} (3,; u*N) described in [15, Section 3].1°
Furthermore, if the dimension of kergu(D) is independent of u, then kerg (D) — M is a vector
bundle. By [27, Section 6], the analogous statement holds for keriu(D*).11 Lemma 2.3 then implies
that kerg (D*) — 91 is a vector bundle if the dimension of kergu(D) is independent of u € 9. If
in addition, the vector bundles kerg (D) — M and o(2), 20 €S, are oriented (and S is ordered if
any of the bundles o(zp) is of odd rank), then the vector bundle

ker} (D*) — M (2.12)

has a canonical induced orientation, since kergu(D) and (kergu(D*))* are the kernel and cokernel of
an operator obtained by a zeroth-order deformation from a first-order complex-linear Fredholm op-
erator; the determinant line of such an operator has a canonical orientation defined via a homotopy
of Fredholm operators (see the proof of [22, Theorem 3.1.5]).

10While [15, Section 3] concerns only the case N=TY, it applies to any vector bundle N — Y.
1While [27, Section 6] concerns only the case N =TY and So =0, the argument applies to any vector bundle
N —Y. Furthermore, the twisting construction of [28, Lemma 2.4.1] reduces the situation to the case So=0.
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3 Configuration spaces and GW-invariants

We begin this section by reviewing the geometric approach to the virtual fundamental class in
Gromov-Witten theory. Subsection 3.1 below combines the analytic portion of [15] with the topo-
logical portion of [5] in a way convenient for many geometric considerations. Subsection 3.2 applies
this approach in the presence of a symplectic submanifold; Proposition 3.2 is a crucial technical
observation needed for effective applications. Theorem 1.2 is then proved in Subsection 3.3.

3.1 Definition of GW-invariants

Let X be a compact manifold, f € Ha(X;Z), g a non-negative integer, and S a finite set. We
denote by X, s(X, 3) the space of equivalence classes of stable L{-maps u: ¥, — X from genus g
Riemann surfaces with S-marked points, which may have simple nodes, to X of degree g, i.e.

u«[Eu] = 0 € Ho (X5 Z).

Let %273()(, B) be the subset of X, 5(X, ) consisting of the stable maps with smooth domains.
The space X, s(X, 3) is topologized in [15, Section 3] using L{-convergence on compact subsets of
smooth points of the domain and certain convergence requirements near the nodes. The spaces
X4,5(X, ) can be stratified by the smooth infinite-dimensional orbifolds X7 (X) of stable maps
from domains of the same geometric type and with the same degree distribution between the com-
ponents of the domain. The closure of the main stratum, %g’S(X, B), is X4.5(X, ).

If J is an almost complex structure on X, let
Ty§(X, B ) — Xg5(X, 5)

be the bundle of (T'X, J)-valued (0,1) LP-forms. In other words, the fiber of FS:;(X, B;J) over a
point [u] in X, 5(X, ) is the space

Fg:g(X,ﬂ; J)‘[u] =T (u; J)/Aut(u), where I'%'(u;J) = LP(S,; T*E% ®@cu*TX).

The total space of this bundle is topologized in [15, Section 3| using LP-convergence on compact
subsets of smooth points of the domain and certain convergence requirements near the nodes. The
restriction of FS:;(X, B;J) to each stratum X7 (X) of X4 5(X, ) is a smooth vector orbibundle of
infinite rank.

We define a continuous section of the bundle FS:}?(X’ B;J)—%,4,5(X, 3) by

= 1
aJ([U]) =0y ,u = B (du + JOduoju),

where j, is the complex structure on ¥,. The zero set of this section is the moduli space

M, s(X,B;J) of equivalence classes of stable J-holomorphic degree 3 maps from genus g curves
with S-marked points into X. The restriction of J; to each stratum of X, g(X, 3) is smooth. The
section 0y of Fg’}g(X, B;J) is Fredholm, i.e. the linearization of its restriction to every stratum

X7(X) has finite-dimensional kernel and cokernel at every point of 971(0)NX7(X). The index of
the linearization of J; at an element of

M §(X, B; J) = My (X, B; ) N X0 g(X, B)
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is the expected dimension dim, (X, ) of the moduli space ﬁ%s(X, 3;J). This is the dimension
of the cycle - _ 1
My 5(X, B; J,v) = {9;+v} (0)

for a small generic multi-valued perturbation
v € Bry(X, ;) = D(X,,s(X, 8), Ty (X, 5 1))

of 07, where @2:;(X, f3; J) is the space of all continuous multisections'?v of Fg:ls(X, B; J) such that

the restriction of v to each stratum X7(X) is smooth. Since the moduli space M, (X, B J) is
compact, so is M, 5(X, B; J,v) if v is sufficiently small.

For a generic choice of v, ﬁ%g(X ,3;J,v) admits a stratification by orbifolds of (the expected)
even dimensions; see the first remark below. The main stratum is

MY (X, 85 J,v) = My5(X, B; J,v) N X 5(X, B).
Since X, 5(X, () is locally a Banach space, there exist arbitrary small neighborhoods U of
My.s5(X, 3 J,v) — MY o(X, B J,v)
in X, 5(X, 3) such that
H; (Z/I; Q) = {0} V1> dimgg(X,0) — 1.

Since My s(X, B;J,v) —U is compact, via the pseudocycle construction of [22, Chapter 7], [27,
Section 1], and [31, Section 3.2], 93?275()(,6; J,v) determines a homology class
WQ,S(Xa ﬁa J, V)] € Hdimgys(X,B) (Wvua Q)
~ Hgim, s(x,5(W:; Q),
for any small neighborhood W of M, (X, 3;J,v) in X, s(X, ). The isomorphism between the
two homology groups is induced by inclusion. Since v can be chosen to be arbitrarily small, this

procedure defines a rational homology class in an arbitrary small neighborhood of ﬁgﬁ(X B )
in X, (X, 0).

Remark 1: The strata of M, s(X, 3; J,v) locally are unions of finitely many smooth suborbifolds
of a smooth orbifold. The branches of the strata correspond to the branches of v; see [20]. We will
call such objects orbifolds, nevertheless, as these generalized orbifolds are just as suitable for the
topological purposes of [5], [15], and this paper; see [5, Sections 3,4] for details.

Remark 2: The above construction defines a homology class
Ow € Hgim, s(x,6(W; Q)
for every neighborhood W of M, s(X, B;J) in X, s(X, 3). Furthermore, if

wrow: W — W/

20ur term multisection corresponds to locally liftable multisection described by [5, Definition 3.5].
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is the inclusion map of a neighborhood W into a larger neighborhood W', then

LW’,W* QW = QW"

Thus, the above construction defines VFC for ﬁ%g(X ,0;J) as an element of the inverse limit of
the homology groups H,.(W; Q) under inclusion, taken over all neighborhoods of My s(X, 3; J) in
X,5(X, B). If (X, J) is algebraic, M, 5(X, 3; J) is a deformation retract of a neighborhood W, and
one can then define VFC for ﬁgﬁ(X ,3;J) as a homology class in ﬁgﬁ(X ,3; J). However, these
formalities are not essential for defining GW-invariants as intersection numbers of 9, s(X, 3; J,v)
with certain natural classes on X, g(X,3). In particular, (1.7) is viewed in this paper as a relation
between the cardinalities of two zero-dimensional oriented orbifolds.

If uE@S:}g(X,ﬁ; J) and fj: Mj— X, j€ S, are smooth maps, let
M (X, B J,v) = {([ul, (w;)jes) € M5 (X, B; J,v) x [[ M+ evj([u]) = f;(w;) Vi€ S}
j€S
3.2 Symplectic submanifolds and GW-invariants

This subsection describes a general analytic setup for comparing GW-invariants of a symplectic
submanifold Y with those of the ambient manifold X. We regularize spaces of maps to Y without
destroying the relative structure of spaces of maps to Y versus maps to X.

Definition 3.1 If (X, J) is an almost complex manifold and Y C X is an almost complex subman-
ifold, a tuple (7Ty: Uy —Y, TU{}) is a J-regularized tubular neighborhood of Y in X if

o Uy is a tubular neighborhood of Y in X;

o 1y : Uy — Y is a bundle projection map such that wy|y =idy and kerdymy is a complex
subspace of (T, X,J) for every yeY;

° TU{} — Uy is a complex subbundle of (TUy,J) such that d,my : TU{ﬁ — Try @)Y is an
isomorphism of real vector spaces for every x € Uy and is the identity for every x€Y.

We note that every embedded almost complex submanifold Y of an almost complex manifold (X, J)
admits a J-regularized tubular neighborhood. Let g be a J-invariant Riemannian metric on X and
exp?: T X — X the exponential map with respect to the Levi-Civita connection of the metric g.
Identifying NY with the g-orthogonal complement of TY in T'X |y, we obtain a smooth map

epr: NY — X

by restricting expY. Since Y is an embedded submanifold of X, there exist tubular neighborhoods
Uy, and Uy of Y in NY and in Y, respectively, such that the map

exp=exp’ }U{V: Uy — Uy

is a diffeomorphism. Furthermore, exp |y =idy and dyexp: T,NY — T, X is C-linear for every
yeY. Thus,
Ty = myoexp |, Uy — Y,
Y
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where myy : NY — Y is the bundle projection map, satisfies the middle condition in Definition 3.1.
Furthermore, if (ker dry )"’ is the g-orthogonal complement of ker drry in TUy,

dymy : (ker dpmy )t — Y

Ty (x

is an isomorphism and induces a complex structure Jy in the vector bundle (ker dmy )+ — Uy
(which may differ from J). Let

TUL = {v—JJyv: ve(kerdgcﬂy)l}.

Note that T, U}’} is a complex linear subspace of (T, Uy, J,) for each x € Uy. Since (ker dyﬂ'y)J‘ =T,Y
and Jy|,=J|1,y for every yeY,

dymy =id: T,Uf — Try ()Y

for every yeY. Thus,
domy s ToUsr — Ty ()Y
is an isomorphism for every x € Uy if Uy is sufficiently small. We conclude that T’ U{} satisfies the

final condition in Definition 3.1.

Suppose Y is a compact almost complex submanifold of (X, .J), S is a finite set, and g€ Ha(X;7Z).
We will call v € (’52’}9(X,ﬁ; J) Y-horizontal if there exists a J-regularized tubular neighborhood

(my: Uy — Y, TUL) of Y in X with the property that for every element [u] of X, s(X,3) there is
an open neighborhood U, of u=!(Y) in u~!(Uy) such that

v([u))l: € TEE@T, Uy Vz€eU,.1

Let 62:§(X, Y, 3;J)C 621}5(X, B; J) denote the subspace of Y-horizontal elements. If f€ Ho(Y;Z),
any vy € Qﬁg’g(Y, B; J) can be extended to an element

Dy €TV G(X, Y, 1.3; ).
Such an extension can be constructed by
1. choosing a J-regularized tubular neighborhood (ry : Uy — Y, TUL);
2. extending vy to the neighborhood X, 1(Uy, t+3) of X4 (Y, ) in X, 1 (X, 3) using d7Ty|;é),};
3. extending to X, 1 (X, ) using a bump function around X, (Y, 3).

Proposition 3.2 Suppose (X,w) is a compact symplectic manifold, g € Z+*, S is a finite set,
BeHy(X;Z), and fj: Mj — X is a smooth map from a compact manifold for each j€S. Let J be
an w-tame almost complex structure on X andY a compact almost complex submanifold of (X, J).

If

v €60U(X,Y,3:0)  and  ([wr], (wr)jes) € Mye(X, By J, 1) — Xgs(Y, By) x [[M;
jeSs

13Since U, is an open subspace of ¥, this condition is well-defined even though v(u) is in LP.
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are sequences such that v, — 0 and [u,] — [u] € X, (Y, By) for some Py € Ha(Y;Z), then
ty«(By) =0 and there exist

([’LL], (w])]GS) € ﬁg,f(yva /BYa J)a geker D(J]\fzja Uy GijMj \V/jGS,

such that
£#0,  &(z(w) =du, fi(v;) Vj€ES.

The rest of this subsection is dedicated to the proof of this proposition by adopting a now-
standard rescaling argument. It is sufficient to consider the case X = NY as smooth manifolds and
my : NY — Y is the bundle projection map. After passing to a subsequence, it can be assumed
that ([ur], (wrj)jes) converges to an element ([ul], (w;)jes) of My ¢(Y, By;J) and the topological
types of the domains ¥, of u, are the same (but not necessarily the same as the topological type
of ¥,). The desired vector field £ and tangent vectors v; will be constructed by re-scaling u; in
the normal direction to Y and then taking the limit.

For each j€ S, let N;Y CT,, M be a complement of ij(f]fl(Y)) and
exp;: Ty, Mj — M;
a diffeomorphism onto a neighborhood of w; in M; such that
exp;(0) = wy, doexp; = 1d, exp;(v) € fj_l(Y) Vveij(fj_l(Y)).
For each r € ZT, define
vﬁj ® vf’j € ij(fj_l(Y)) © N;Y = Ty, M; by exp; (v:f’j—i-vrl,j) =Wj.

Choose metrics on NY and N;Y, j€S. By our assumptions,

€ = Sup
Zezur

ur(z)] €RY, lime =0, lim v, =0 Vj€S, |y <Ce VreZ®, jes,

r—00 T

for some C' € Rt independent of r and j. By the last condition, for each j €S (a subsequence of)
the sequence

@b‘ = er_lvrl’j, reZ’,
converges to some v; € N;Y C Ty, M.
For each r€Z™, we define
my: NY — NY by m,(z) =€ - x;
Jr € D(NY;Hom(T(NY),T(NY))) by Jole = {dem,} " 0 Jerp 0 dymy;
~ ~ -1
vr € 62:_15*(NK/8Y;JT) by Vr(u)‘z = {du(z)mr} oVr(mrou)’z§
Up: By, — NY by TUp(2) =1 un(2).
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If in addition j €S, define f,;: T,, M; — NY by
ﬁ,j (vh + vl) == fj(expj(vh + ervL)) Vthij(f]fl(Y)), vt EN;Y.
Then, for all r€Z*,
Oyt +0r (@) =0, Ur(zi(up)) = frj (1 +07) VieES. (3.1)

A straightforward computation in local coordinates shows that the sequence of almost complex
structures J, C°°-converges on compact subsets of NY to an almost complex structure J such
that J|ry = Jlry. Since v.(u,) converges to 0 in U, F (NY B;Jyr) and v, is an element of

Qﬁgfg(NY, Y, 3;J), vp(u,) converges to 0 as well. Thus, by (3.1), U, converges to some

U €My s(NY,B;J) CXgs(NY,8) st. wU(w;(Sq)) = du, fi(vj) € Npyw,)Y V€S  (3.2)
Since we must have my ou =u, @ corresponds to an element
£ eT(Zy;u"NY).

The first condition in (3.2) is equivalent to Df}é{{ =0.

3.3 Proof of Theorem 1.2

The first claim of Theorem 1.2 is immediate from the assumption that fjfl(Y) is a smooth oriented
manifold. Thus,

[O0,.¢ (Y, By; T)]*" (HGV (PDy (fj:[f; (V) )) N [Ms(Y, By)] ™"

JjES

The first part of the third claim holds by assumption (b) and the v, =0 case of Proposition 3.2.
The discussion in Subsections 2.2 and 2.4 implies the second claim of Theorem 1.2. Since the vector

spaces
ker ((D NY) )~ cok(D(J]V;X)* (3.3)

have constant rank and are oriented via the isomorphism (1.6), they form natural oriented bundles
over the uniformizing charts for 9, ¢(Y, By; J) described in [15, Section 3]. These bundles glue
together to form an oriented vector orbi-bundle over ﬁgi(Y, By;J).** In the notation of Subsec-
tions 2.2 and 2.4, this is also the bundle of the cokernels of the injective operators Dy ;/u = (DN e,
where

[a] = ([ul, (w))jes) € Mye(Y, By J) (3.4)
and ¢ is the function assigning to each element j € S the subbundle Ann(ev;f(Im any fi):R)
of eviNY™.

It remains to verify (1.7), assuming (1.4). If ¢ is a section of the vector orbi-bundle

@a]L; I xg,S(Xv /8)7

jes

M Note that neither the topologies of the bundles over the uniformizing charts nor the isomorphisms (3.3) depend
on the Riemannian metrics over the uniformizing charts of [15, Section 3].
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where L; — X, (X, ) is the universal tangent line bundle for the j-th marked point, let
Mg ¢ (X, B;.T) = {([ul, (w))jes) €My e (X, B ) o}
My ¢(X, B; J,v) = {([u], (wy)jes) €My e (X, B5 J,v): o([u]) =0}.
We will assume that ¢ is chosen generically so that
e ¢ is transverse to the zero set on every stratum of X, 5(X, 3) and of X, s(Y, By );

e the restrictions of the total evaluation maps

ev_HevJ X,5(X,0) — X7,
JeES

evy = HeV] X,5Y, By) — — Y7,
JES

to each stratum of ¢~1(0) and ¢~1(0)NX, s(Y, By) are transverse to

f=1]4: [ — X°,

jeS jeSs
fly = H fj|fjf1(y)3 H fj_l(Y) - YS>
jeS JjeS

respectively.

The left-hand side of (1.7) is the number of elements of ﬁ;f(X ,3; J,v), counted with appropriate
multiplicities, that lie in a small neighborhood of ﬁ;f(Y, By; J), for a small generic element v of
QSS’;(X,ﬁ; J). We will take v = vy +vx, where vy is a small generic element of 652’}57()(, Y, 3;J)

and vy is a small generic element of @2’}9(X , 3; J) with respect to vy.

Since vy € @2:15(X, Y, 3; J), for every element [u] of M, s(Y, By;J, vy) the linearization
DYyt Hu @ LY (20T X) — LP(S; TS0 @ cu*TX)

of the section 0y+wvy for maps to X restricts to the linearization
DY, i My @ LY (S w*TY) — LP(S; TS @ cu*TY)

of the section dy+wvy for maps to Y. Thus, nyy;u descends to a Fredholm operator

DY)t LY (2w NY) — LP(Sy; TS0 @ cu*NY).
If vy is sufficiently small, by the last assumption in Theorem 1.2 the operator

Dy gn=(Dloyi) ;s {€€ LY (Bu; 0" NY): £(25(u)) €Imdyy ) f; Vje S}
— LP(B; T 2% @cu*NY)

is injective for every [u] €M, ¢(Y, By; J,vy) as in (3.4). Thus, the cokernels of these operators still

form an oriented vector orbi-bundle over 9, ¢(Y, By; J, vy ), which will be denoted by cok(DY 3; Q)
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Furthermore, My ¢(Y, By; J, vy) is compact (because My ¢(Y, By;J) is) and is a union of connected
components of M, ¢(X, 3; J,vy) by Proposition 3.2. On the other hand, if vy is generic,

My,s(Y, By; J,vy) N~ 1(0) C X4 5(Y, By)

is stratified by branched orbifolds and the restriction of evy to each stratum is transverse to fly.
In particular, imjf(Y, By; J,vy) is also stratified by branched orbifolds.

The aim is then to determine the number of elements of

MY (X, B J,vy +vx) C Xgs(X, 8) x [] M;
JjES

that lie in a small neighborhood of ﬁif(Y, By; J,vy) for any sufficiently small generic element vy

of 62:15(X,ﬁ; J). The number of such elements near each stratum of ﬁ;f(Y, By; J,vy) is deter-
mined via an obstruction analysis similar to [16, Section 3] and [30, Section 3|. Since the moduli
ﬁ;f(Y, By; J,vy) consists of regular elements viewed as maps to Y, the latter number is the
number of solutions of an equation of the form

Dy u,& +vx () + No(§) =0, €€ L{(Su,;upNY), €(zj(uy)) € Im (dyy) f),  (3.5)
with small v and £. In (3.5),

o ([ul],(wj)jes) Eﬁ;f(Y, By; J,vy) is an element of a fixed stratum, i.e. the topological struc-
ture of X, is fixed;

e v is a small gluing parameter for >, consisting of the smoothings of the nodes of ¥,;
e uy: X, —Y is the approximately (J, vy )-map corresponding to v;

e N, is a combination of a term quadratic in £ and a term which is linear in £ and vx.

Equation (3.5) has no solutions away from the subset of elements

u=([u], (w;)jes) € Mg e(Y, By J,vv)

for which vx(u) lies in the image of DJN73;/7Q;u, i.e. the projection vy (u) to cok(

For dimensional reasons, all zeros of Ux lie in the main stratum

DNY

Ty o) 18 Zero.

My (Y, By J,vy) N <35275(Y, sv) <[] fj‘l(Y)>.

JeES

Thus, only the main stratum of ﬁ;f(Y, By; J,vy) contributes to the left-hand side in (1.7). Fur-
thermore, the solutions of the equation (3.5) for the main stratum, which no longer involves v,
correspond to the zeros of vx. As Iy extends to a continuous multi-section of the orbi-bundle

cok(DYY ) — M7 (Y, By J,vy), (3.6)

vy,0
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which is transverse to the zero set over every stratum, the left-hand side of (1.7) is the euler class
of the bundle (3.6). On the other hand, the latter is the right-hand side of (1.7) by the last as-
sumption in Theorem 1.2 and the definition of VFC in Section 3.1.
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