Math53: Ordinary Differential Equations
Autumn 2004

Solutions to Problem Set 2

Note: Even if you have done every problem, you are encouraged to look over these solutions, espe-
cially 2.9:20,26,28, 4.3:26, B-(b). In the last two problems, complex numbers are used to simplify
computations.

Section 2.6, Problems 10,14,26,36 (25pts)

2.6: 10; 6pts: Determine whether the equation
(1 —ysinz)dz + (cosz)dy =0

1s exact. If it is, solve it.
With P(z,y) =1 — ysinz and Q(x,y) = cosx, we get:

orP 0Q
=—sinr = —

dy ox
Thus, the equation is exact. We solve it by setting

F(z,y) = /P(x)d:c = /(1 —ysinz)dr = x + ycosx + ¢(y);

= cosx:Q(x,y):g—};:cosx+¢/(y) = Jy)=0 = oy =C;

=  F(z,y)=x+ycosz+C.

Thus, the solution is ‘F(az,y):x +ycosz+C = 0‘or‘F(m,y):m +ycosz = C"

2.6: 14; 3pts: Determine whether the equation dy/dx = x/(x—y) is exact. If it is, solve it.
Rewrite the equation as (z)dx + (y—x)dy = 0. Then, P(z,y) =z, Q(z,y) = y—x, and

oP )
5y =0#l=50

Thus, the equation is

2.6: 26; 8pts: The equation
ydz + (2*y —z)dy =0

18 not exact. Suppose it has an integrating factor that is a function of © alone. Find the integrating
factor and use it to solve the equation.
Let p(x) be the integrating factor, so the equation becomes

p(x)y de + p(z)(a?y — ) dy =0,



In order for this equation to be exact, we need:

5 @) = 5 (ula) ey ~ )

= pu(z)=p'(z)(z%y — ) + p(x)(2zy — 1)
— ()1~ ay) = 2 (W) wy —1) = ple) = g (x).
This is a separable equation on = pu(x):

du_ 2 dp_ 2 du __ [ 2

de a:'u 7 x 7 x

— Inp=—2lnzr = puz)=z"2

Note that we need to find only one integrating factor. After multiplying the original equation by
wu(x), we get the exact equation

1
%da}—l— <y——> dy=0 = F(z,y) :/%dax: —g+¢(y).
x x x x
To find ¢, differentiate F' with respect to y:

OF 1 y?

1 / / _ _ 9
y—;za—y(%y)=—5+¢(y) = Y=y = ¢(y)—2+0

= F(l‘,y):—

8|

y 2
+5 = |Titg+C0=0

2.6: 36; 8pts: Solve the homogeneous equation (x+y)dz + (y—z)dy=0.
After making the substitution y = xv, we get

(x+y)dx + (y—2)dy =0 <= (1+v)rvdr+ (v—1)z (vdr +xdv) =0

1—
= 1+v Yrdr + (v— 1)33 dv =0 <— d_wzﬂ

x 1402
/d:c / / vdv
1402 1+ 2

— In|z| = arctanv — 51n|1+v2| +C
1 2 2

= In|z|+ s1n TV arctan (Q) =C
2 x? x

— |In(22+9?) — 2arctan(y/z) = C
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Figure 1: Plots for Problem 2.9:20: (i), (i), (iii)

Section 2.9, Problems 20,26,28 (23pts)

2.9: 20; 9pts: For the autonomous differential equation

v = fly) = (+1)(y*-9),

sketch the graph of f(y) and use it to develop a phase line and to classify each equilibrium point as
either unstable or asymptotically stable. Sketch the equilibrium solutions in the (t,y)-plane and at
least one solution trajectory in each plane region bounded by these equilibrium solutions.

Since f(y) = (y+3)(y+1)(y—3), the equilibrium solutions are y(t) = —3, y(t) = —1, and y(t) = 3.
The corresponding solution curves are horizontal lines. Other solution curves cannot cross these
lines. Thus, a solution curve that starts in one of the four bands must stay there. The graph of
f(y) in Figure 1 shows the sign of f(y) and the sign of 4/(¢) in each of the four regions, i.e. whether
solution curves rise or descend in each region. For example, if —3 < y(t) < —1, then 3’ = f(y)
is positive, and y(t) increases toward y = —1. It descends toward y = —3 as t — —oo. This
information about what happens to y(t) is indicated on the vertical phase line in the middle of
Figure 1. Since both nearby arrows point toward y = —1, this equilibrium point is asymptotically
stable. This means that if a solution of the ODE starts near —1, it will approach —1 as t — cc.
This is not the case for the other two equilibrium points. In fact, for both of them, if a solution
starts nearby, it may (in fact, will) move away. Thus, the equilibria y=—3 and y=3 are unstable.

2.9: 26; 9pts: Solve the initial value problem
y=06+yl-y)., y0)=2

and describe the behavior of the solution when t — oo.
This equation is autonomous and thus separable:

dy dy 1 < 1 1 >
—=0B+y)(l—-y) &= ————=dt <= - |—+—|dy=dt
dt B+y)(1-y) (B3+y)(1—y) 4\3+y 11—y 4
3
— In[34+y|—In|l-y|=4t+C — ln% =4t +C.
Since y(0) = 2, In(5/1)=C, C=In5, and
Byl _ ar+ms _ g . 3ty gt
[1—y| 1—y



Due to the initial condition, we must use the negative sign here. We solve this equation for y:

3—1—5€4t 3e 4t—|—5
4t 4t 4t
3+y = —5(1—y)e = 3+5be™ = (56 —1)y - Yy = 5€4t 1 = 5 o TR

It follows that lim; ..oy = (0 +5)/(5 — 0) = 1. This conclusion can also be obtained by sketching
the graph of f(y)=(3+y)(1—y) and the phase line for the ODE.

2.9: 28; 5pts: Determine the stability of the equilibrium solutions of ¥’ = x(x—1)(z+2).
The equilibrium points for
2= f(z) =z(x - 1)(z +2)

are the zeros of f. Thus, they are —2, 0 and 1. By the derivative test for stability, we have:

f'(=2)=6>0 = x = —2 is unstable.
f(0)=-2<0 = z =0 is asymptotically stable.
f'(1)=3>0 = =z =1 is unstable.

This conclusion can also be obtained by sketching the graph of f(y) and the phase line for the ODE.
Unlike the derivative test, this latter method will always work.

Section 4.3, Problems 4,10,14,26 (24pts)
4.3:4; 5pts: Find the general solution of the ODE
2y" =y —y=0.
The characteristic polynomial for this equation is
A2 —A—1=02x+1)(A—1).

Thus, the two characteristic roots are A\ =—1/2 and As =1. Since they are real and distinct, and
the general solution of the ODE is | y(t) = C1e! + Cye /2

4.3:10; 6pts: Find the general solution of the ODE
v+ 2y + 17y = 0.
The characteristic polynomial for this equation is
MNAoA+17=A=2)A=X2), AL do=-1+£/1-17=—-1=+4.
Thus, the two characteristic roots are complex, and so is the general solution of the ODE

y(t) — Ole(—l+4i)t + 026(_1_4i)t.

The corresponding general real solution is given by |y(t) = Cre™t cos 4t + Coe ™t sin 4t




4.3:14; 5pts: Find the general solution of the ODE
y" — 6y +9y=0.
The characteristic polynomial for this equation is
M —6A+9=(\—3)>2%

Thus, this equation has a repeated root, A=3, and the general solution of the ODE is

y(t) = Cre3t + Coted

4.3:26; 8pts: Find the solution to the initial value problem
4" +y=0, y1)=0, y'(1)=-2
The characteristic polynomial for this equation is
AN 1= (2N +19)(2)\ — ).
Thus, the two roots, A\ =i/2 and A=—i/2, are distinct, and the general (complex) solution is
y(t) = Cre’? 4 Coe /2.

The initial conditions y(1)=0 and y/(1)= —2 give

0=y(1) = Cre"/? + Cre™/? and -2=9(1) = 01%62‘/2 - C’g%e_lﬂ.

Thus, C; =2ie~ /2 and Cy=—2ie"/2, and
y(t) = 9ie— /2682 _ 9jpi/2=it/2 _ Qi(ez’(t—l)/2 _ e—z’(t—l)/2)
= 2i-2isin((t—1)/2) = —4sin((t—1)/2).

Thus, the solution to the initial value problem is ‘y(t) = —4sin((t—1)/2) ‘ Please check that this
function indeed satisfies the ODE and the initial conditions.

Section 4.4, Problem 17 (8pts)

Prove that an overdamped solution of my"+uy'+ky=0 can cross the time axis no more than once.
Rewrite the given equation as

k
y"—i——y’—i——zO - y"+20y'+w8y:0,
m m

where 2c=p/m and w? = k/m. The characteristic equation is A2 +2cA+wg =0. Its roots are

M=-c—/2—w2 and Ay=-—c+/cz—wi



Since the system is overdamped, c2—w8 >0. Thus, A\ and Ay are real and A; # A3 <0. The general

solution is of the form
y(t) :Ole)\lt + C2>\2t.

The number of times any such curve crosses the t-axis is the number of values of ¢ for which

Cle)\lt + 026)\2t —_ e}\lt(cl + 026()\2—)\1)t) =0.

Since e is never zero, the point (¢,y(t)) will lie on the t-axis if and only if
a—A1)t o=\t &
Ch+Coe2" Mt =0 — e\M27 M :_F
2

If C1/Cy > 0, the right hand side is negative or zero. This equation has then has no solutions in
t, since the exponential of a real number is always positive. Thus, if C;/Cs > 0, y(t) is never zero.
If C1/C5 < 0, the solution curve intersects the t-axis only at the time

t:ﬁln(—%).

Note that \; # Aa. Thus, if C1/Cs <0, then the solution curve intersects the t-axis exactly once.

Problem B (20pts)
(a; 10pts) Use the second-order integrating factor method to find the real general solution of
y' 4+ 5y +dy=t-e "t (1)
In this case, the characteristic polynomial is
MN4sd+4=N+1)(\+4).
Thus, the two characteristic roots are Ay =—4 and s =—1, and
(=D (=Y — =Dy 5y 4 4y, (2)
Multiplying both sides of (1) by e! and using (2), we obtain
y' +5y tdy=t-et = W+ +dy) =t = (e(My)) =t

Integrating twice, we obtain

1 1
e 3t ety) = /t dt = §t2 +0 = (My) = §t2€3t + Cpe®

1 1 c
= e4ty(t) = 5 /t2€3tdt + C1 /egtdt = 6(t263t — /2t€3tdt) + ?1631&
1

1 C 1 1 1 C
- Et%i”t - §(t63t - /e3tdt) + ?163t = Et%i”t - §te3t + 2—7e3t + ?16?” + Cb.



Since we can replace (1/27)4(C1/3) with Cy, the general solution of (1) is

y(t) = §t%e™ — §te ™t + Cre™' 4 Coe™

(b; 10pts) Use the second-order integrating factor method to find the real general solution of

y" + 4y = 4 cos 2t.

(3)

Here is one approach. The general real solution y=y(¢) of this equation is given by y=Rez, where

z=2z(t) is the complex general solution of
2+ 4z = 4e*,
The characteristic polynomial for this equation is
M40 A+4=(N+20)(\—2).
Thus, the two characteristic roots are A\ =—2i and Ay =24, and
(el(-20=@0) (o= (=200t Y1) — o=@t (1 4 g3,
Multiplying both sides of (4) by e~2" and using (5), we obtain
Az =4e* = ()t d)=4 = (6_4it(€2itz),), =4.
Integrating twice, we obtain
(e—4it(e2z’tz)/)/ —4 = iR — g 1 0 = (i) = 4atelit 4 O etit

, , . 4 . , Ch 4
— e22tz _ /(4te4zt +0y e4zt)dt _ 4_ (te4zt i /e4ztdt) + 4—,1647't
1 2

_ lte4z‘t i 16421 i Q}e4¢t N

7 4 43
Since we can replace (1/4)+(C1/4i) with C, the general solution of (4) is

1 . . .
2(t) = “te? 4 01?4 Che 2,
i

Taking the real part of this equation and modifying the constants, we obtain

‘ y(t) = Rez(t) = tsin 2t + C4 cos 2t+C4 sin 2t

(4)

Here is another approach. The characteristic polynomial and roots for the original equation are

the same as for its complex version. Thus, (5) holds with z replaced by y, and

Y +dy =4dcos2t = e By +4y) =4de P cos2At — (6_4it(62ity),)/ = de % cos 2.



Integrating the last expression once, we obtain
e~ 4t ity /46 cos 2t dt = 4/C082 2t dt — 4z'/cos 2t sin 2t dt
1 . _
= 2/(COS 4t +1)dt — Zi/sin4t dt = 3 sin 4t + 2t + % cosdt + Cy = %e‘m + 2t+Ch.

The second and last equalities above follow from Euler’s formula, applied in opposite directions.
The third inequality uses the half-angle trigonometric formulas. Finally, proceeding as in the second
integration step of the first approach, we obtain

. . 1 1 4 C
2it 4it 4zt 47,t 44t 1 47,t
= [ (2t C dt = - C
ety /(e + Che ) 5t gt e +2+2
t .. . . . . .
= y(t)== (62” — e_m) + C1e* + Che 2 = tsin 2t + C1e + Coe 2,

24

As before, the complex form C;e?+Che 2" is equivalent to the real form A; cos 2t+ Ay sin 2t.

Remarks: (1) When the nonhomogeneous term, i.e. RHS in (3), is coswt or sinwt, the first ap-
proach, i.e. complexifying the ODE, is generally faster, but riskier if you are not used to complex
numbers. This is the case whether you use the second-order integrating factor approach or the
method of undetermined coefficients. Note that if the the forcing term is sin wt, you would need to
take the imaginary part of the complex solution.

(2) The complex form Cje® ¥ 4 Cye®= of the general solution of an ODE is always equivalent
to the real form A;e® cos bt+ Aye® sin bt.

Remark: In these two cases, i.e. (a) and (b), the second-order integrating factor approach is not any
easier and perhaps a bit harder than the method of undetermined coefficients, which is described
in Section 4.5. In general, the method of undetermined coefficients will be faster whenever it is
applicable, i.e. you know what form a solution should have. On the other hand, the integrating
factor approach works for all forcing terms.



