Math53: Ordinary Differential Equations
Autumn 2004

Midterm II from Winter 2004

Problem 1 (25pts)

(a; 5pts) Show that if Y =Y(s) is the Laplace Transform of the function y=y(¢), then the Laplace
Transforms of y” and of ¢y are given by

{Ly"}(s) = s*Y (5) = sy(0) = ¢/(0),  {Ly""}(s) ="V (s) — s°y(0) — s’y (0) — sy"(0) — 5" (0).

(b; 5pts) Show that if y=y(t) is the solution to the initial value problem
y" +2y" +y=9cos2t,  y(0)=0, y(0)=0, y'(0)=-3, y"(0)=0,
then the Laplace Transform Y =Y (s) of y is given by

9s 3s
(s2+4)(s*+2s2+1)  st+2s24+1

Y(s) =

(c; 15pts) Find the solution y=y(t) to the initial value problem

y//// 4 2y" +y =9cos2t, y(0) = 0, y'(O) =0, y”(O) = -3, y/”(O) =0.

Problem 2 (15pts)

(a; 8pts) Find all values of the constant ¢ such that the origin in the zy-plane is a spiral sink or
source for the solutions of the linear system

r (D5 ¢
y - —c 1 y
Specify whether the origin is a spiral source or a spiral sink for the values of ¢ you find.

(b; 7pts) Sketch the phase-plane portraits, in the zy-plane, for the system of ODEs in (a) with the
values of ¢ you found. Clearly show all important qualitative information, including the direction of
rotation. Each of your sketches should contain at least two solution curves. Explain your reasoning.
Hint: You need to sketch two different phase-plane portraits. Do not solve the system.

Problems 3 and 4 are on the back



Problem 3 (30pts)

(a; 20pts) Find the general solution (z,y)=(z(t),y(t)) to the system of ODEs

=4y —ux
y=z+2

(b; 8pts) Sketch the phase-plane portrait, in the xzy-plane, for the system of ODEs in (a). Clearly
show all important qualitative information. In particular, indicate the slope of every relevant line,
the flow directions, and the asymptotic behavior of the solution curves. You may want to state
some of this information next to the sketch. Sketch at least two solution curves in each region cut

out by the half-line solutions.

(c; 2pts) Determine whether the origin is a stable, asymptotically stable, or an unstable equilibrium

point. Explain why.

Problem 4 (30pts)

(a; 12pts) Let A be a square matrix. Write down the power-series definition of e and use it to

show that

0 3 2t 1

if B:<0 0> and C’:<3 0>, then etB:<1 0> and €

20

(b; 6pts) Use any approach you can justify to show that

. (3 0 (e 0
if A—<2 3>, then e _<2te3t EE

(c; 12pts) Find the solution y =y(¢) to the initial value problem

() (2): vo-()

et 0
(o &)-

L 7@ [ Fs)={£f}(s) ] I [0 [ F(s) = {Lf}(5) |
et | g s> 7 s F(s) — [(0)
e cosbt | =i, s>a t-f(t) —F'(s)
e sin bt (S_a)ﬁ, s>a e f(t) F(s—a)
s 1 H(t—a)f(t—a) e % F(s)

Laplace Transforms



Problem 1 (25pts)

(a; bpts) Show that if Y =Y (s) is the Laplace Transform of the function y=y(t), then the Laplace
Transforms of y" and of y"" are given by

{Ly"}(s) = Y (s) = sy(0) =9/ (0),  {Ly""}(s) = s"Y(s) = s°y(0) — s°y'(0) — 53" (0) — /" (0).
Since {Lf'}(s) = s{Lf}(s) — f(0) by the second table,
{Ly"}(s) = s{Ly'}(s5) =5/ (0) = s(s{Ly}(s) = y(0)) =¥/ (0) = s’V (s) = sy(0) =y (0) =

(20"}(5) = (L} (5) - s9/(0) — 4"(0) = s2(s2Y (5) — 59(0) ~ /(0)) ~ "(0) —4"(0)
= 5"V (s) — s*y(0) — 5%y (0) — sy (0) — " (0).

(b; 5pts) Show that if y=y(t) is the solution to the initial value problem

y"" +2y" +y = 9cos 2t, y(0) =0, ¥'(0)=0, ¥"(0)=-3, y"(0) =0,

then the Laplace Transform Y =Y (s) of y is given by

9s 3s
(s2+4)(s*+2s241)  s*+2s24+1

Y(s) =

Taking the Laplace Transform of both sides of the ODE, using (a) and the first table, and applying
the initial conditions we obtain,

s 9s
(S4Y+3S) + 282Y + Y = gm — (S4+282+1)Y = m — 3s

9s 3s

= Y(s) = —
() (s2+4)(s*+2s2+1)  s*+2s2+1

(c; 15pts) Find the solution y=y(t) to the initial value problem

"

y" +2y" +y=9cos2t, y(0)=0, y'(0)=0, y"(0)=-3, y"(0)=0.

By part (b),
3 — (s2+4) -1 35/ 1 1 s s
Y=Ly=3s——"—5—— =3 = ( — ) -7
Y 8(82—1—4)(82—|—1)2 S(s2+4)(s2—|—1) 4-1\s2+1  s2+4 s2+1 * s2+4
= ‘y(t) :COS2t—COSt‘

by the first table.



Problem 2 (15pts)

(a; 8pts) Find all values of the constant ¢ such that the origin in the xy-plane is a spiral sink or
source for the solutions of the linear system

r [ 5 ¢
y_ —c 1 y

Specify whether the origin is a spiral source or a spiral sink for the values of ¢ you find.
The origin is a spiral sink or source if and only if the eigenvalues of the matrix are complex, with
nonzero real part. The characteristic polynomial in this case is

M —(tr AN+ (det A) = X2 —6A+ (5+c?) = A, A =3+/32—(5+c2) =3+ V4—c2
Thus, we need ¢ >4, or ‘c € (—o00, —2),(2,00) ‘ For these values of ¢, the origin is a

since the real part of the eigenvalues is positive.

(b; Tpts) Sketch the phase-plane portraits, in the xy-plane, for the system of ODEs in (a) with the
values of ¢ you found. Clearly show all important qualitative information, including the direction of
rotation. Fach of your sketches should contain at least two solution curves. Ezxplain your reasoning.
Since the origin is a spiral source, the solution curves spiral out from the origin. The direction of
rotation is determined by the matrix entry in the lower-left corner, i.e. —c. If this entry is positive,
i.e. ¢<0, the direction of rotation is positive, and vice versa.

c<—2 c>2
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Problem 3 (30pts)

(a; 20pts) Find the general solution (x,y)=(z(t),y(t)) to the system of ODEs

=4y —=x
y=z+2
This system of ODEs can be written as

(-1 4 B ~(z(t)
The characteristic polynomial for this matrix is
M (tr AA+ (det A) =X =X —6=(\—3)(\+2).

Thus, the eigenvalues are Ay =3 and Ao =—2. We first find an eigenvector vy for Ay:

(—1—)\1 1 ><cl>_<0> . [Hatte=0 :>V_<1>
1 2—- X\ ) \e 0 ¢l — g =0 1= ! 1)

We next find an eigenvector vy for As:

<_1_)‘2 ! ><Cl>—<0> — Jatde=0 :>v—<4>
1 2-2 ) \ea) = N0 e+ 4cy = 0 1= 27 \—1)

Thus, the general solution to the system of ODEs is

o (1 _or [ 4 z(t)\ [ C1e3 +4Cye %
y(t) = Cre (1 + Cqe ) or (1)) =\ oredt — cpe-

(b; 8pts) Sketch the phase-plane portrait, in the xy-plane, for the system of ODEFEs in (a).

y//
— ] slopes of half-lines: 1 and —1/4
\_/ .
. other solution curves approach
Y==x as t— 00
/\
— y=—x/4 as t— —00

(c; 2pts) Determine whether the origin is a stable, asymptotically stable, or an unstable equilibrium
point. Explain why.

Since one of the eigenvalues, A1, is positive, some, and in fact nearly all, solution curves move away
from the origin. Thus, the origin is an equilibrium.



Problem 4 (30pts)

(a; 12pts) Let A be a square matriz. Write down the power-series definition of e and use it to
show that

. (0 0 (30 (1 0 w (€0
if B—<2 0> and C—<0 3>, then e _<2t 1> and e = 0 e3t)-

The power-series definition of e is

1 1 1 k=co
A _ 4 L2, s _ 1 Ak
e —I+1!A—|—2!A +3!A +... = kgo A
Applying this definition to t¢B and tC, we obtain
t2 t3 10 0 0 00 1 0
tB _ Upo U3 _ _
P =T+1B+ 5B+ 5B+ <0 1>+<2t 0>+<0 0>+... <2t 1)
k=00
=00 —00 1 k
etc—kitk <3 0)’“_’“ tk <3’f 0)_ X, mB) / _<e3t 0)
T4 p\0 3) T &~ 0 3) k=0 “\o )
ik ik 0 k;o a(3t)k ‘

(b; 6pts) Use any approach you can justify to show that

. (3 0 (e 0
if A—<2 3>, then e _<2te3t o3t )

Since tC'=(3t)I, (tB)(tC) = (tC)(tB) and thus

3t 3t
tA _ Bytc _ tBac (1 0 € 0y _ € 0
e = e e = <2t 1> < 0 €3t> o <2te3t et |

(c; 12pts) Find the solution y =y(t) to the initial value problem

(3052 vo-(2)

Since to=0,




