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1 Equivariant Cohomology

We begin by introducing the notion of equivariant cohomology of a topological space with a group
action and studying some of its properties in Subsections 1.1-1.3. These three subsections contain
everything needed to formulate the Localization Theorem of [AB]. Some of the statements in Subsec-
tions 1.1-1.3 are used only in the proof of the theorem, while the examples concerning the complex



projective space are used later in the proof of the mirror symmetry for a quintic threefold. The equiv-
ariant pushforward of a continuous equivariant map is constructed in Subsection 1.4; it is used in a
simple setting in the proof of the Localization Theorem and in a more general setting in the proof of
the mirror symmetry. Subsection 1.5 contains basic notions from commutative algebra that are used
in the proof of the Localization Theorem. The theorem itself is stated and proved in Subsection 1.6;
the proof follows Section 3 in [AB].

1.1 Group cohomology

Let G be a Lie group. A classifying space for G is a contractible CW complex! EG on which G acts
freely, i.e.
g-e#g VeeEG, ge G—id.

For example, C* acts freely on EC* = C*® —0 by complex multiplication, while S! acts freely on
ES'=8> viewed as a subset of C*.

Exercise 1.1 Show that the spaces S*° and C*°—0 are in fact contractible.
Hint: Show that S retracts onto SN (0x C™>), i.e. the subspace of elements v € S> whose first
coordinate is zero.

Let T denote the n-torus, i.e. either (S')" or (C*)". By Exercise 1.1, we can take ET to be (S*)" if
T=(SH" and (C*®—0)" if T=(C*)". For example, the T-action in the former case is given by

(eiel, . ’eien) ’ (élv cee agn) = (ewlgl? T 7610“&”)'

If G is a subgroup of T, G certainly acts freely on ET; thus, we can take EG=FET.

The geometric construction of [M] produces a CW complex EG for any given Lie group Gj; thus, EG
always exists. Standard topological arguments imply that EG is unique up to homotopy commuting
with the G-action. Thus, the homotopy type of

BG = EG/G
is well-defined, i.e. depends only on G. In particular, the group cohomology of GG, with C-coefficients,
H{ = H*(BG;C)

is well-defined as well. We do not need the fact that EG is well-defined up to a G-equivariant homotopy
in general. However, we will use the fact that our two constructions of BT’ for a torus T’ produce the
same groups H., whether T’ is viewed as a subgroup of a larger torus or on its own.

Exercise 1.2 Suppose k<n, T=(S")", and T’=(S")*. Show that
(a) any injective Lie group homomorphism f :T’— T extends to a Lie group isomorphism

g: T'x(SH"F — T,

(b) if g: T—T is a Lie group isomorphism, there exists g-equivariant map (5°°)" — (S*°)™;
(c) if T is identified with the subgroup T’ x {id}"=* of T, (S*)¥/T" and (S°°)"/T’ are homotopy

'For our purposes, CW complex can be replaced with topological space here



equivalent;
(d) if f:T"— T is any injective Lie group homomorphism and T’ acts on (S*°)" via f, (S*°)" /T
and (8*°)* /T’ are homotopy equivalent.

If TV C G are closed subgroups of T, the inclusion maps between the three groups induce quotient
maps

BT — BG — BT.

These maps in turn induce ring homomorphisms
pgr:Hy — Hg, prg:Ho — Hp, ppr: Hf — Hpo st prr = prg o pa,T- (1.1)

Lemma 1.4 below gives an intrinsic description of the homomorphism py 1 whenever T’ is a subtorus
of T.

Exercise 1.3 Suppose T is the n-torus and G C T is a closed subgroup; thus, G~T’'xD, where T' C G
is the identity component of G and D is a finite group. Show that the homomorphism

pr.c: Hg — Hr
induced by the inclusion T/ — G is an isomorphism.?
Let vy —P* denote the tautological line bundle. If T is the n-torus,
BT = ET/T =~ (P*)"
is the n-fold product of infinite-dimensional complex projective spaces. Thus,
Hy = H*(BT;C) = Clay, . ..,ap), dega; =2, (1.2)
where a; =7}c;(v*) and m;: (P>°)" — P is the projection onto the ith component.
If f.: S'— S is the homomorphism f.(t)=t¢ for some c€Z, the map

(2§,25,...), if ¢>0,
(1% % ¢,...), if <0,

F.: 5% — 5%, (21,22,...)—>{
is fe-equivariant. Thus, it descends to a map on the quotients
F.: BS' =P~ — BS".
It is straightforward to check directly from the relevant definitions that
Fry=7% (1.3)
if c<0, y®¢=~*®(=¢) &~ 3%¢_ Similarly, if c1,...,cn €7Z, the map

Fc1...cn: 5% — (Soo)"’ z— (FC1(§)7' o aFCn(é))a

2This statement depends on our use of cohomology with coefficients in a field of characteristic 0.



is equivariant with respect to the homomorphism
ferent ST — (S, t— (t, .. ).

The map induced by F' on the quotients is given by

F, ., :BS' — BT, 2] — (F.,([2]), -, Fun ([2])).

Thus, by (1.2) and (1.3),
Fjy o =cFy ga+ ...+ ey o Va e HE; (1.4)

note that by (1.2) and linearity of both sides in «, it is sufficient to check (1.4) for a=a;.

Lemma 1.4 If T=(SY)" is the n-torus and tc is the complezified Lie algebra of T, there is a natural
isomorphism
Up: H2 — .

If T"C T is a closed connected subgroup of T and tf is the complezified Lie algebra of T', then
prr = U o ppp oWt — (1.5)
is the restriction map.>
Proof: We identify the Lie algebra of S' with iR by the condition that
expsl(iﬁ) =dleslcc
If o€ H2, we define Ur(a) €t by

Fr o= <{‘I’1r(a)} (dfcl...cn\id(%i)))cl(’y*) €HY: Vei,...,c, €L (1.6)

By (1.2) with T=S5",
{\I/T(a)} (dfc1-..cn‘id(27"'i)) eC

is well-defined by (1.6). By (1.4), Up(«) is linear on a generating set for tc and thus defines an element
of t¢.. It is immediate from (1.6) that the map

Up: H2 — ¢
is linear and satisfies (1.5). Since

{‘I’T(ai)}(dfwlo...o\id(%i)) =6 Vi j=1,...,n,

Jj—1

U is injective by (1.2) and thus an isomorphism.

31f T=(C*)™, tc should denote the usual Lie algebra of T.



Corollary 1.5 If T=(S")" is the n-torus, there is a natural isomorphism
Up: Hp — Sym™t¢.
If T"C T is a closed connected subgroup of T, the homomorphism
prr = Y o pppoWit: Sym*tf — Sym* g (1.7)
1s the restriction map.

This corollary follows immediately from the proof of Lemma 1.4 and (1.2). Note that Sym™tf is the
space of polynomials on the vector space tc.

A representation p of G, i.e. a linear action of G on C*, induces a vector bundle over BG:
V, = EG x¢ C*.
If p is one-dimensional, we will call
a(V) = —ar(V,) € H
the weight of p. For example, «; is the weight of the representation
mi: T — C¥, (ewl,...,ew") sz = ez, (1.8)

More generally, if a representation p of G on C* splits into one-dimensional representations* with
weights (1, ..., Ok, we will call §y,..., O the weights of p. In such a case,

(Vi) =Bi-... B (1.9)

We will call the representation p of T on C™ with weights aq, ..., a, the standard representation of T.

1.2 Equivariant cohomology of topological spaces
If G is a Lie group acting on a topological space M, let
BaM = EG xgM.

The G-equivariant cohomology of M is defined to be

H{ (M) = H*(BgM;C).
Example 1.6 (a) The G-equivariant cohomology of a point is the group cohomology of G:

Bapt = EG xgpt = EG/G x pt = BG = Hg(pt) = H*(Bgpt;C) = H*(BG;C) = H..

(b) If G acts trivially on M, then H} (M) is simply the tensor product of Hf, and H*(M;C):

g-x=xVgeG, zeM = BgM=FEGxgM =EG/Gx M =BGxM
= H: (M) = H*(BgM;C) = H*(BGx M;C) (1.10)
= H*(BG;C) ® H*(M;C) = H}. ® H*(M;C). '

In this case, H:(M) and HE®H*(M;C) are isomorphic as rings.

this is necessarily the case if G=T



If G is a Lie group acting on M, there is a fibration
mv: BaM — BG, le,z] — [e] V(e,x) € EGxM, (1.11)
with fiber M. It induces an action of H¢, on H(M):
a-n=(mya)Un a€ Ho=H"(BG;C), ne H;(M)=H"(BgM;C).

Thus, HA:(M) is a module over the ring Hf. Since the M-fibration 7y, is generally not trivial, one
cannot generally expect Hj(M) and HA®@H*(M;C) to be isomorphic as rings.

Exercise 1.7 Suppose T is the n-torus, G is a closed subgroup of T, and T’ is the identity component
of G. The n-torus T then acts on the quotient T/G. Show that

HH{(T/G)=H§  and  pra(a-n) =prr(a)-pran) YacHf, ne Hi(T/G).

Thus, the diagram

TG .

HE % H(T/G) —— H
P %\LPT’,G

H,

comimutes.

Exercise 1.8 Let T be the n-torus as before. The standard action of T on P"~! is the action on P"~!
induced by the standard representation p of T on C™:

(ewla-.. 761%) ' [217-..7271] = [ewlzlu"' 7616”2"]’

(a) Show that BrP"~! = PV,,.
(b) Use the Thom Isomorphism Theorem to show that there is an isomorphism of graded rings

Hi(P" Y = H* (BT]P’"_l; C) = Clavy, ... ,an,:n]/($"+cl(Vp)$"_l+. —+en(Vy)),

where x=c;(7*) and ¥ —PV,, is the tautological line bundle.
(c) Conclude that there is an isomorphism of graded rings

Hi(P" Y =~ Clz, v, . .. can/(w—an) ... (z—ap). (1.12)
This isomorphism commutes with the isomorphism (1.2).

If G is a Lie group acting on M and S is a subspace of M preserved by G, i.e. g-x € S for all z€ S
and g € G, G also acts on S. The inclusion S — M then induces an inclusion BgS — BgM and
thus a restriction homomorphism

He(M)=H"(BgM;C) — HG(S)=H"(BS;C),  n—1ls.



Exercise 1.9 The standard action of T on P"~! has n fixed points:
P =[1,0,...,0], p,=]0,1,0,...,0], ... P,=10,...,0,1]. (1.13)

(a) Show that 7|p,p, = Vr,, where 7; is as in (1.8).
(b) Show that the restriction map on the equivariant cohomology induced by the inclusion P; — P71
is given by

k=n
Hy (") ~ Cla,cn, .., )/ [ (=) — HE(P) ~Clan,.. )y @ — i (L14)
k=1

(c) Conclude that for all ne Hi(P"1)
n=20 — np, =0 Vi=1,2,...,n. (1.15)
Thus, an element n€ HA(P"™!) is determined by its restrictions n|p, with i=1,2,...,n.

More generally, if a Lie group G acts on M and M', a G-equivariant continuous map h: M — M’
induces a continuous map h: BgM — Bg M’ and thus a homomorphism

h*: HAY(M'Y=H*(BgM') — Hy(M)=H*(BgM).

Since the diagram

>

BeM

Be M’

TN LYY

BG

commutes, h* commutes with the action of H o e h* is a homomorphism of Hf-modules (in fact,
of Hf-algebras).

Exercise 1.10 Suppose the n-torus T acts on a topological space M, G is a closed subgroup of T,
and T’ is the identity component of G. Show that if there exists a T-equivariant map h: M —T/G,
then
_7x —1 * *
a-n="nppo(pra(@)Un YV acHt, neHE(M),

i.e. the action of Hy on Hi(M) factors through the natural homomorphism Hj— Hy,.

This observation is a key ingredient in the proof of the Localization Theorem. Along with Corollary 1.5,
it implies that the action of Sym*tf, i.e. of the space of polynomials on the vector space tc, on Hyj(M)
factors through the restriction

Sym*tf: — Sym™t¢t

and an action of Sym*tf on H}(M). Note that the homomorphism pv ¢ is invertible; see Exercise 1.3.



1.3 Equivariant vector bundles

If G is a Lie group acting on M and my: V — M is a vector bundle, a lift of the G-action on M to V'
is an action of G on V such that

mv(g-v)=g-mv(v) VgeG,veV.

Some G-actions have natural lifts. For example, if M is a smooth manifold and p: G — Diff(M) is
an action of G by diffeomorphisms, then p lifts to an action on the tangent bundle of M by

g-v=d{p(g)}zv VgeG,vel,M, xe M.

As another example, suppose T is the n-torus acting in the standard way on P"~! and p is the standard
representation of T on C". Since the tautological line bundle ~,_; — P"~! is contained in P~ xC"
and is preserved by the diagonal T-action, the restriction of the T-action induces an action on ~y,_1
and thus on 7?31 for all c€Z. These T-actions on the line bundles ’y?fl will be called the standard
lifts of the standard T-action on P"~1 to fyf?fl.

In all cases, given one lift of the G-action on M to V and a one-dimensional representation p of G,
we can obtain another lift of the G-action on M to V' by tensoring V, with its G-action, and M xC,,
with G acting by p on C. Once a lift has been chosen, V is called a G-vector bundle on M. In such a

case,
Bgv = EGXGV — BgM = EGXGM

is a vector bundle. If V. — M is oriented as a vector bundle, so is BGV — BgM. If this is the case,
let
e(V)=e(BgV) e HiH(M) = H(BgM;C)

denote the equivariant euler class of V.

Exercise 1.11 Let T be the n-torus acting in the standard way on P*~! and let p be the standard
representation of T on C™. Show that
(a) the equivariant euler class of the line bundle y2¢, — P~ for the standard lift of the standard
T-action on P*~!, is characterized by

e(’@fl)

p=—Cq; Vi=1,2...,n (1.16)

(b) there is an exact sequence of T-vector bundles on P?~!
0— 7:—1 ® Yn—1 — ')’:L_l ® (]Pm_l XCZ) 7Pl 0;

(c) the equivariant euler class of TP"~! — P"~!  for the standard lift of the standard T-action
on P*~1 is characterized by

e (T]P’"_l)

po=Jlai—ar) Vi=12...n (1.17)
ki



1.4 Equivariant pushforward

If T acts on a compact oriented manifold M, there is a well-defined integration-along-the-fiber homo-
morphism

/ HE(M)= H*(ByM; C) — Hi=H*(BT;C) (1.18)

for the fiber bundle (1.11). If f: M — M’ is a T-equivariant map between two compact oriented
manifolds, we will show that there is a well-defined pushforward homomorphism

For HE(M) — HE(M?) (1.19)

characterized by the property that
| vt = [ (rom nenzOn, vemir) (1.20)

The homomorphism | oy of (1.18) corresponds to M’ being a point.

Exercise 1.12 Let f: M — M’ be a T-equivariant map between two compact oriented manifolds.
Deduce from the characterization (1.20) of f, that

F (b)) = »(fem) Ve Hi(M), ¢ € Hi(M'). (1.21)
If g: M’ — M" is also a T-equivariant map between two compact oriented manifolds, show that
(g0 f)e=gs0 fi (1.22)

Hint: An implicit assumption in the statement that f, is characterized by (1.20) is that the pairing
M) B () — Hi, mom— [ mm,
M/

is non-degenerate; this is shown below.

If f: M — M’ is a map between two compact oriented manifolds of dimensions m and m/, respectively,
the homomorphism

fo: HI(M) — HI™=™(M"), 5 — PDyy fPDy, (1.23)
is characterized by the property
((fem), My = ((f*)n, M) VneH (M), e H"(M").

This pushforward homomorphism f, has a more local description if f is the inclusion map of a
submanifold.

Exercise 1.13 Suppose S is a compact oriented (embedded) submanifold of a compact oriented
manifold M with normal bundle M. Let ue H*(N, N —5S) be the Thom/orientation class for N. Let

Dg: H*—rkN(S) N H*(N,N_S)a n— (71'7\/77)%



be the Thom isomorphism. If 1: S— M is the inclusion map, show that the diagram

H*(N,N—8) <> H*(M,M—S) ——= H*(M)

H*—rkN(S)

where the two horizontal arrows are the excision isomorphism and the restriction homomorphism,
commutes.

We will construct the homomorphism (1.19) using (1.23) and a sequence of finite-dimensional approx-
imations to ET and BtM. For each r€Z™, let

E.T=($"c (™", BT=ET/T, and B,M = E,TxtM.

Let mar : B,M — B, T be the M-fibration obtained by restricting the fibration (1.11). The T-
equivariant inclusion maps E,T — FE, 11T induce homomorphisms of the homotopy exact sequences
for the T-fibrations F,Tx M — B, M:

oo ——7g(T) —— 74 (E,T) x s (M) ws(BpM) —— - -

| l |

oo ——=75(T) ——=7s(Er1 T) x g (M) —— mg(Brypa M) —— - - -

Since the first two arrows above are isomorphisms for s <2r, the inclusions B, M — B,+1 M induce
isomorphisms

7ws(BrM) — wg(Byry1 M), Hg(B.M;Z) — Hy(B,+1M;Z), H?*(B,+1M;C) — H*(B,M;C)
for s <2r. Thus, the restriction map
or: H*(BrM;C) — H*(B,M;C)

is an isomorphism for s <2r. If f: M — M’ is a T-equivariant map between two compact oriented
manifolds of dimensions m and m/’, respectively, we define

f*: H’]?(M) - H’]T’(M,) by SDr(f*ﬂ) = fr*(%ﬂ)

1.24
if ne€ H°(BrM;C), s <2r,2r+m—m’, (124)

where f,.: B.M — B, M is the map induced by f.

Exercise 1.14 With notation as above, show that

(a) the normal bundle of B, M in B, M is isomorphic to the s, -pullback of the normal bundle of
B, T in B, 1T,

(b) the homomorphism f, is well-defined by (1.24);

Hint: Exercise 1.13 may be helpful here.

(c) the requirement (1.20) specifies f.

10



Exercise 1.15 Suppose T acts smoothly on a smooth compact oriented manifold M preserving a
compact oriented submanifold S. Let N be the normal bundle of S in M. Show that

(a) the action of T on S has a natural lift to NV and BpN — BrS is the normal bundle of BrS
in BrM;

(b) if t: S — M is the inclusion map, u € H*(BrN, BpN — BrS) is the Thom class for the vector
bundle ByN — BrS, and

Op,s: H* ™ N(BrS) — H*(BrN,BrN -BrS), 1 — (mTh.amu,
is the Thom isomorphism, then the diagram
H*(BrN, BN —BrS) <~= H*(BrM, BrM — ByS) ——= H#(M)
<I>BTST L
Hz(S)

where the two horizontal arrows are the excision isomorphism and the restriction homomorphism,
commutes.

1.5 Supports
Let T be the n-torus. By Corollary 1.5, an element
f € Hy = Sym™t¢

is a polynomial on {¢. Let
Vi =f710) C te.
If CCHF, let
Vi=(Vr= ()70 Cte.

fex fex
Exercise 1.16 If K1,y C Hf, define
Ki-Ke={fi- fa: €Ky, f2€Ks}.
If IC, Ky, Ko C Hy, show that

Ki-KoCK - Vic C Vi, U'Vk,. (1.25)

If W is a module over H7, we define the annihilator of W to be
KW)={feHt: f-w=0VweW} C Hj.

The support of a module W over Hy is defined by

Supp(W) = Vicwy = m F7H0) C te.
Fekw

11



If T acts on a topological space, H}(M) is a module over Hy and thus
Supp(H{%(M)) C te.

Exercise 1.17 (a) If W # {0} is a torsion-free module over Hy, i.e. f-w # 0 for all f€ H;—0 and
w €W —0, then Supp(W)=tc.

(b) Suppose tg is a vector subspace of t¢c and W is a module over H} such that the action of Hj on W
is the composition of the restriction homomorphism

Hj ~Sym™t — Sym*t¢ (1.26)
with an action of Sym*t¥ on W. Show that Supp(W) C t(.

Proposition 1.18 Suppose T is the n-torus acting on M, GCT is a closed subgroup, and T'C G is
the identity component of G. If there exists a T-equivariant map h: M —T/G, then

Supp(H(M)) © ¢ = Lie(G)ec.

Proof: By Exercise 1.10, the existence of such a map h implies that the action of H} on H7(M) is the
composition of the homomorphism (1.26) with an action of Hj, ~Sym*tf' on H}(M). The conclusion
of Proposition 1.18 then follows from part (b) of Exercise 1.17.

Proposition 1.18 is perhaps the key insight in the proof of the Localization Theorem in Section 3
of [AB]. The second part of the following exercise is also used in the proof.

Exercise 1.19 (a) If W; — W — W5 is an exact sequence of Hj-modules, show that
Supp(W) C Supp(W1) U Supp(Ws).

(b) If T acts on M =U;UlUs, preserving the open subsets Uy and Uy of M (i.e. g-xz€l; if g€T and
x €U;), show that
Supp(Hp(Uy Ulz)) C Supp(Hy(U1)) U Supp(Hp(Us)). (1.27)

1.6 Localization theorem

The Atiyah-Bott Localization Theorem reduces computation of integrals on a compact oriented man-
ifold (evaluation of top cohomology classes against the fundamental class) with a torus action to
integrals over the fixed loci. The fixed loci are generally much simpler than the entire space. Each
contributes a rational function on tc, i.e. in the variables «aq,...,a;, in the notation of (1.2). Once
these fractions are added together, the denominators cancel and we end up with a number.

Formally, the above fractions are elements of the field of fractions of Hf, which we denote by Hr:
Hy ~ C(ag,...,ap).
If T acts on M, let
Hp(M) = Hp(M) ®px Hr.

12



Exercise 1.20 Suppose h: W — W’ is a homomorphism of Hf-modules such that
Supp(ker h), Supp(coker h) C tc.
Show that the induced homomorphism
W ®@p: Hy — W' ®@pz Hy
is an isomorphism.

Exercise 1.21 Suppose the n-torus T is acting smoothly on a smooth compact manifold M. Show
that

(a) the manifold M admits a T-invariant Riemannian metric;

(b) if 7 is a geodesic with respect to the Levi-Civita connection of such a metric, then so is g-v for
every g€ T;

(c) the fixed point set of the T-action,

FE{xGM: g~1:::BVg€G},

is a disjoint union of finitely many smooth compact submanifolds of M
(d) if N; is the normal bundle to a component F; of F', the fiber of N; over any point of F; contains
no nonzero linear subspace on which T-acts trivially (via the natural lift of the T-action to N;).

A representation of T on R™ splits into trivial representations and two-dimensional representations,
with T acting by rotations. By part (d) of Exercise 1.21, the action of T on any fiber of N; splits into
two-dimensional real representations of T. Requiring that each of the rotations determined by the
first non-trivially acting component S' of T be counterclockwise determines an orientation on each of
the two-dimensional subspaces invariant under the T-action and thus on every fiber of ;. Since the
action of T on N; is continuous, these orientations vary continuously over F;. Thus, they determine
an orientation on N;.? If M is oriented, we then obtain an orientation on Fj by requiring that

be an isomorphism of oriented vector bundles.

Since the T-equivariant vector bundle A; — F; is oriented, there is a well-defined equivariant euler
class
e(N;) € H}(Fy).

Since T acts trivially on Fj, by part (b) of Example 1.6 there is a decomposition

I=N
eN))=B®1+ > w@n,  where B, € Hy, m € H(F).
=1

If x € F; is any point,
B =e\N)|, = eWNils) € Hi(z) = Hy.

®The choice of orientation on N; is well-defined once one fixes an isomorphism T (S*)". A different isomorphism
may give rise to the opposite orientation on N;. However, it would then also change the induced orientation on F; and
thus will not change the Fj-summand in (1.28).

13



Since MNj|, splits into non-trivial irreducible representations of T, the euler class of N, i.e. the
product of the negative weights of these representations, is nonzero; see (1.9). Thus, 3#£0, and e(N;)
is invertible in H}(F;):

o) = (57w 1) (14 -1 () (zmm) )
:(5‘1®1)<1+ -( "(BTTe1) <Zm®m> >

Theorem 1.22 If the n-torus T is acting smoothly on a smooth compact oriented manifold M, the
fized locus F is a disjoint union of smooth compact oriented submanifolds F; of M. Furthermore, the
equivariant euler class of the normal bundle N; of F; in M is well-defined in Hy(F;) and invertible
in Hy(F;). Finally,

_ Y, . i}
/MW;/E ony) €M Ve M), (1.28)

where the sum is taken over all components F; of F.

This theorem is completely straightforward to use if T acts with isolated fixed points, i.e. F' is a finite
union of one-point sets F;. In such a case, N; =T M|, and each term on the right-hand side of (1.28)
is an element of ‘H7, ie. a rational function in ag,...,®,. For example, we can then immediately
compute the euler characteristic of M:

xn) = [ e(ran = 30 S p

zeF

Corollary 1.23 If the n-torus T is acting smoothly on a smooth compact oriented manifold M and
there are only finitely many T-fized points in M, then the euler characteristic of M is the number
of T-fized points. In particular, a smooth compact oriented manifold of negative euler characteristic
admits no smooth torus action with only isolated fixed points.

For example, (S')" acts on S?"~! € C" by complex multiplication without fixed points and thus
x(S?"71) = 0. Since the action of (S')" on $?" C C" xR by complex multiplication has two fixed
points, x(5%")=2. Since the standard action of (S')" on P"~! has n fixed points, x(P"')=n

Exercise 1.24 Find the euler characteristic of the Grassmannian G(k,n) of k-planes in C".

Example 1.25 Suppose the n-torus is acting in the standard way on P*~!. Let P;eP" ! be the ith
fixed point as in (1.13). With the notation as in (1.2), let

¢ = [[(x—on) € HR(P™Y),  i=1,2,...,n (1.29)
ki
By (1.28), (1.14), and (1.17),
) Vi = | Ylp, =9|p € HE  VYEHEPYY), i=1,2,...,n. (1.30)
Pn—= P;

Thus, ¢; is the equivariant Poincare dual of P; in P*~1,
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It does not happen often that a T-action on M has only isolated fixed points. Nevertheless, as will
be demonstrated in the next two sections, even if the fixed loci are not isolated points, they are still
much simpler than the entire space, and Theorem 1.22 still provides a method for computing seemingly
unmanageable integrals. It remains to prove Theorem 1.22.

Exercise 1.26 Suppose the n-torus T is acting smoothly on a smooth manifold M, x € M, and
TzE{QETZg'l‘:a?}CT and sz{g-m:gET}CM

are the stabilizer and the orbit of x, respectively. Show that

(a) the subspace Tz of M is a smooth compact submanifold, which is T-equivariantly diffeomorphic
to T/T,;

(b) there exist a T-invariant open neighborhood U, of Tz in M (i.e. g-y € U, for all g€ T, y eUy)
and a continuous T-equivariant map h,: U, — T /T,.

Exercise 1.27 Suppose the n-torus T is acting smoothly on a smooth compact manifold M, FFC M
is the T-fixed locus, U C M is a T-invariant open neighborhood of F in M, and ¢y : Y — M is the
inclusion map. Show that

(a) the support of the Hi-module Hj(M —F) is a proper subspace of tc;

(b) the restriction homomorphism ¢, : H7. (M) — Hi(U) is an isomorphism.

Hints: (a) show that M —F is T-equivariantly homotopy equivalent to a finite union of the open
sets U, as in part (b) of Exercise (1.26); then use Proposition 1.18 and part (b) of Exercise 1.19;

(b) use Exercise 1.20.

Example 1.28 The fixed point set I for the action of S!' on S? by rotations around the z-axis
consists of the north and south poles. The action of S' on the cylinder S?—F is free and

Hi(S?—F) = H*(ET x1(S*~F);C) = H*((S*~F)/T;C) = H*(1%C),

where I° is the open interval (—1,1). However, the action of Hfo C H: on Hi(S?—F) is trivial and
thus
Hi(S*—F) = Hi (S~ F)®pu: Hy =0,

as follows from part (a) of Exercise 1.27.
We now return to the setting of Theorem 1.22. Let ¢, : F; — M be the inclusion map. If
M — pt and wE Fy — pt

are the projections to a point,
TMs = / c Hp (M) — Hr, TR = : Hp(F;) — Hr, TR« = TM, © LEF; (1.31)
M F;

the last identity is a special case of (1.22). Denote by u; € H3 (M) the image of the equivariant Thom
class of the vector bundle N; — F; under the inverse of the excision isomorphism; see the diagram
in Exercise 1.15. In particular,

U = e(N;) € Hi(Fy), pu; =0 € Hi(F) if i#j;
Up, (Lram) = m - eNG), oy (ram) =0 if i5£4, V€ Hp(F); (1.32)
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the last two equalities follow from the first two and Exercise 1.15.

Let tp: F'— M be the inclusion. By part (b) of Exercise 1.27, the restriction homomorphism
vp: Hy(M) — HA(F) = @) H3(F))
F;

is an isomorphism. Thus, so is the homomorphism

L.
i Hy(M) — P HA(F),  v— > e(f}v,) .
F; ¢
On the other hand, by (1.32)

Ge(ren) =0 Ve @D HNE).
F;

Since i} is an isomorphism, it follows that

- g
V= 1p(Tp0) =Y ip | — Ve Hi(M). (1.33)
PGV = Yo (s55) ;

Applying mas. to both sides of (1.33) and using (1.31), we obtain (1.28).

2 Moduli Spaces of Stable Maps

2.1 Stable curves

A (compact complex) curve X is called nodal if every singular point of X is a simple node. Such a
curve can be obtained from a smooth curve ¥ by identifying pairs of distinct points. In other words,
if ¥ is a nodal curve, there exists a smooth curve X and a finite set

S={(z1,2}),..., (@m,2,)} C Yx Y
such that x; #x; and a}#} if i#j, v;# 2 for all i and j, and
Z:i/w, where z; ~2, Vi=1,2,...,m. (2.1)
Let g(¥) denote the arithmetic genus of ¥. If > is as above and Xi,...,3y are the connected

components of X, then
I=

9(2) =3 () - (N=1) +m.
=1

o~

Thus, if ¥ is connected and of genus 0, X is a tree of spheres; see the first diagram in Figure 1. If
is connected and of genus 1, ¥ consists of a principal (irreducible) component (or components) X p,
which is either a smooth torus or a loop of Np>1 spheres, and trees of spheres descendant from X p;
see the other two diagrams in Figure 1.
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Figure 1: Examples of connected nodal curves of genus 0 and genus 1; the label 1 indicates that the
genus of the corresponding irreducible component is 1; all other irreducible components are of genus 0.

A prestable genus g k-marked curve is a tuple (X,91,...,yx), where ¥ is a connected nodal curve
of genus g and y1,...,yx € ¥ are distinct smooth points of X. Two such tuples (X,y1,...,yx) and
(X, 9}, ..., y,) are equivalent if there exists an invertible morphism®

T:Y—Y s.t. T(yi) =y, Vi=1,2,...,k.

We denote by Aut(X,y1,...,yx) the group of automorphisms, i.e. self-equivalences, of (X, y1,...,yx).
A prestable genus g k-marked curve (X,y1,...,yx) is called stable if the group Aut(3,y1,...,yx) is
finite. We denote by Mgvk the set of equivalence classes of stable genus g k-marked curves; this set is
topologized in the next subsection.

Exercise 2.1 Show that

(a) a prestable genus 0 k-marked curve (P, g1, ..., y;) is stable if and only if k> 3; if k>3, the group
Aut(P, g, ..., ) is trivial;

(b) a prestable genus 0 k-marked curve (X,y1,...,yx) is stable if and only if every (irreducible)
component of ¥ contains at least 3 special (marked or singular) points of X; if it is stable, its group
of automorphisms is trivial;

(c) a smooth prestable genus 1 k-marked curve (E,y1,...,yx) is stable if and only if k>1;

(d) a prestable genus 1 k-marked curve (X, y1, ..., yx) is stable if and only if every genus 0 component
of ¥ contains at least 3 special (marked or singular) points of ¥ and the genus 1 component of ¥ (if
there is one) contains at least 1 special point.

By Exercise 2.1, the set ./\_/lg,k is non-empty if g=0 and k>3 or g=1 and k>1. Since a smooth curve
of genus ¢ has at most finitely many holomorphic automorphisms’, the space M, i is non-empty as
long as g,k >0 and 2g+k> 3.

Example 2.2 If (X,y1,y2,y3) is a stable genus 0 3-marked curve, ¥ consists of one component,
i.e. Y~P!. Since for any two triples, (y1,y2,y3) and (v}, yh,y4), of distinct points on P!, there exists
a holomorphic automorphism 7: P! — P! such that 7(y;) =y, for i=1,2,3, ng consists of a single
point: the equivalence class of P! with a choice of 3 distinct points.

5This means that 7: ¥ — ¥’ is a homeomorphism induced by a biholomorphic map 7: by —>f)', where ¥ — ¥ and
¥/ — 3 are normalizations as in (2.1).

"If ¥ is a smooth curve admitting infinitely many holomorphic automorphisms, the holomorphic bundle TS — ¥
admits a holomorphic section. Thus, the degree of T'Y, i.e. the euler characteristic of ¥, is non-negative.
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Example 2.3 If (3,y1,y2,ys3,y4) is a stable genus 0 4-marked curve, ¥ consists of either one compo-
nent or two components. In the latter case, each of the components carries exactly two of the marked
points y1,¥2,ys3,y4. Similarly to Example 2.2, each of the three pairings of the points y1,y2,y3, ysa
determines a unique element in Mo 4. If Y ~P!, the only invariant of the distinct points (y1, Y2, y3, Y1)

on P! is the cross ratio:
Yi—Ys  Y2—Y3

m—m’m—m’

where we view y1,y2,y3,y4 as elements of CU{oc}. In particular, the map

CR: {(y1,y2,y3,ya) € (P1)*: yi#y; it i#j}/ ~— C—{0,1},

CR‘(yl7y27y37y4) = (22)

is a well-defined bijection. Alternatively, each equivale_nce class [P!, y1, 92,3, y4] has a representative
of the form [P!, 00,0,1,y] with y€C—{0,1}. Thus, My 4 can be naturally identified with C—{0, 1}
along with 3 points (for the two-component curves), i.e. with P

Example 2.4 If (X,y;) is a stable genus 1 1-marked curve, ¥ is either a smooth torus or a sphere
with two points identified; y; is a smooth point of 3. Similarly to Example 2.3, the latter determines
a unique element in My ;. If ¥ is a smooth torus, (X,y;) can be identified with (C/A,0) for some
lattice A CC (i.e. A is a discreet subgroup of C isomorphic to Z?2). Furthermore, (C/A’,0) is equivalent
to (C/A,0) if and only if A’=AA for some A€ C*. In particular, the map

H={zeC:Im(2) >0} — My, z — (C/(Z®Zz),0), (2.3)

where My 1 Cﬂu is the locus of smooth curves, is surjective. Since the lattices Z®Zz and Z® Zz2',
with z, 2’ € H are the same if and only if

, az+b a b

S for some < . d > € SLa(Z),

the map (2.3) induces a bijection
H/PSLy(Z) — M1, where PSLy(Z) = SLy(Z) /{+I}.
There is also a bijective map, the j-invariant,
j: H/PSLy(Z) — C;
see Section VII-3.3 in [Se]. Thus, M can be naturally identified with C along with 1 point (for the
singular curve), i.e. with P!.
2.2 Moduli spaces of stable curves

A smooth family of deformations of a prestable curve (X,y1,...,yx) is a (k+1)-tuple of smooth mor-
phisms (7, 51, ..., s;)%, where

W — A, $it A — W, mos; =ida,

8i.e. W is a complex manifold and 7: W — A and s;: A — W are holomorphic maps
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T T4 TP —el4 T el4 u

[0,1] [1,0] [1,1] Mo g~P!

Figure 2: The family & — M 4, with the 3 special fibers shown; all other fibers are isomorphic to P!

W is connected, and A is an open neighborhood of 0 in C” for some r € Z™, such that 7 is surjective,
10 =%,  s50)=y; Yi=1,2,....k,  and  s;(A)Ns;(A) =0 if i#j.

A sequence of prestable curves (X, Yp 1, ..., Ypk) converges to (X, y1,...,yx) if there exist a deforma-
tion m: W— A of (3,y1,...,yx) and a sequence t, € A converging to 0 such that

W_l(tp) =%, and s;(tp) =yp; Vi=1,2,... k, Vp=1,2,...
This defines a topology on ./\_/lg,k.
Exercise 2.5 Let 1, z2, 23,24 be the four points in P? given by
x1 =[1,0,0], x9=1[0,1,0], x3=1[0,0,1], z4=1[1,1,1].
(a) Show that any conic (degree 2 curve) in P? passing through z1, 2o, x3, 24 is of the form
Cap = {21, 22, Z3)€P?: (A~ B)Z1Zs— AZsZ3+BZ1Z3=0}

for some (4, B)€C2—-0.
(b) Show that C4 p is isomorphic to P! if [A, B]#(0,1],[1,0],[1,1] and in such a case the cross ratio
of x1,29,23,74 on C4 p is given by

CRe, (71,20, 23, 74) =

|

(c) Conclude that the projection on the first component
U = {([A,B]; (21, Zs, Z3)) €EP' xP?: (A—B)Z1Zy— AZy Z3+BZ1Z3=0} — P!

provides a smooth family of deformations for every element of My 4; see Figure 2.

Example 2.6 Let x1,2o,...,28 be eight points in general position P2. Then the space D C P? of
cubics (degree 3 curves) in P? is isomorphic to P!, and the projection on the first component

U = {(C;[Z1, 2>, Z3)) € DXP?: [Z1, Z5, Z5)€C} — D
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provides a smooth family of deformations for every element of M 1. A general fiber of 7 is a smooth
curve of genus 1. Since the number of rational cubics through 8 general points in ]P)Q_is 12 (see [Z1,
Section 2] for example), m has 12 singular fibers. On the other hand, for all [¥,y;]€ M, 1, except for

two elements of M 1, the group of automorphisms of (3, y1) is of order 2 (see Example 2.4 above and
[Se, Section VII-1.1]). Thus, the map

D — My, C — [C,z1],
is generically 12-to-1.

2.3 Definitions: stable maps

3 Localization on Moduli Spaces of Stable Maps
3.1 Moduli spaces of rational maps to P*

4 Mirror Symmetry

In this section we state and prove a mirror symmetry formula for the genus 0 Gromov-Witten invariants
of a quintic 3-fold, as well as similar formulas for other projective hypersurfaces. The presentation
generally follows [MirSym, Chapters 29,30], but we do not treat the Fano cases separately (until the
final step) or renormalize the power series involved. Following a suggestion of D. Zagier in a related
setting, we also work with power series in g=e!, instead of power series in ¢ and e’.

4.1 Statement for a quintic

There are a number of related mathematical formulations of mirror symmetry for a quintic 3-fold X,
i.e. a degree 5 hypersurface in P4; see [Z2, Appendix B] for a comparison. They originate in the
astounding prediction of [CDGP] that relates “counts” of curves in X3 (later re-interpreted as certain
combinations of Gromov-Witten invariants) to the geometry of a one-dimensional mirror family of X5.
Such a relation was completely unexpected mathematically and is still mysterious; it has been proved,
but not really explained. The 3-fold X35 is special from the point of view of string theory because it
is Calabi-Yau, i.e.

a(X)=¢(TX)=0¢€ H}(X;Z) =~ Z. (4.1)

Exercise 4.1 Verify the two statements contained in (4.1).

Mirror symmetry formulas express GW-invariants of X5 in terms of the hypergeometric series

r= 5d
R(z,q) Z dH (5z+7) . (4.2)

—1( ac—i-r)

’f‘

This is a power series in ¢ with coefficients in rational functions in z that are regular at x =0. In
particular, R(x,q) admits a Taylor expansion at z=0:

R(z,q) = Ip(q) (1 + J(g)z + O(z?)), where (4.3)
B & G L& ) & s
i) = RO.0 =1+ 320" G I = 10 > ;) (1.4
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The hypergeometric functions, like R(x,q), play a prominent role in complex geometry, including in
the study of moduli spaces of complex manifolds (and varieties).

Exercise 4.2 Show that there exists J€Q - Q[[Q]] such that
g= (g’ @) . J@D) and Q= (Q/@). /@ 7@
In other words, the transformations
qg— qe’@ and Q—Q ej(Q), (4.5)
are mutual inverses.

The maps (4.5) are called mirror symmetry transformations.

If F(x,q) € Q(x)[[¢]] is any power series in ¢ with coefficients in rational functions in x that are regular
at x=0, denote by

[F(z,q)] . €Qllq]]

the coefficient of 2™ in the Taylor expansion of F(z,q) at x=0:

F(z,q) =) 2" [F(z,9)],.

m=0

Theorem 4.3 If Ny is the genus 0 degree d G W-invariant of X5,
N 5[ —ngeB(a,) 5[, (Rlg.2)
N, d:——[e Si(@) ] :——[ln< ) 4.6
; “ 2 I(q) J,s 2 Io(q) /. (4.6)

where q and Q are related by the mirror transformations (4.5).

By Exercise 4.2, the right-hand side of (4.6) can be written as a power series in @Q; thus, (4.6) specifies
all N4. These are rational numbers. Table 1 lists the first 20 numbers n4 defined from Ny by
n
Ng= "% vd=12,..; (4.7)

r3
r|ld

note that these 20 numbers are integers!

Exercise 4.4 Show that the identities (4.7) describe the numbers n4 as functions of the numbers Ny,
with various d.

Since X5 is a Calabi-Yau 3-fold, the expected dimension of the space of curves in X5 is zero. Thus,
ideally (i.e. if everything is as expected), the space of genus 0 curves consists of isolated elements and
every such curve is smooth. The normal bundle to a smooth rational curve in X5 is holomorphic, of
rank 2, and of degree —2. Any such holomorphic bundle splits as

O(—a) ® O(—b) =42 @ 4> — P!,

with a+b = 2. Ideally, a=b.
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nq

2875

609250

317206375

242467530000
229305888887625
248249742118022000
295091050570845659250
375632160937476603550000

00 J O U i W N |,

9 503840510416985243645106250
10 704288164978454686113488249750
11 1017913203569692432490203659468875
12 1512323901934139334751675234074638000
13 2299488568136266648325160104772265542625
14 3565959228158001564810294084668822024070250
15 5624656824668483274179483938371579753751395250
16 9004003639871055462831535610291411200360685606000
17 14602074714589033874568888115959699651605558686799250
18 23954445228532694121482634657728114956109652255216482000
19 39701666985451876233836105884497728824100003703180307231625
20 | 66408603312404471392397268104340892583652834904833089314920000

Table 1: BPS states ng for a quintic threefold

Exercise 4.5 Use Gromov’s Compactness Theorem to show that if every genus 0 curve in X is smooth
and its normal bundle splits as O(—1)®O(—1), then there are finitely many genus 0 curves in each
homology class.

If X5 is ideal as above, the contribution of every genus 0 degree d curve to the Gromov-Witten
invariant N,4 is 1/r3 by the Aspinwall-Morrison formula. Thus, if nyg is the number of (reduced)
genus 0 curves of degree d in an ideal quintic 3-fold X5, then the number Ny is given by (4.7) for
all d. In such a case, the numbers ny defined from Ny by (4.7) are counts of curves in X5 and are
thus nonnegative integers. However, it is known that even a generic quintic 3-fold (zero set in P*
of a generic degree 5 homogeneous polynomial in 5 variables) is not ideal. Nevertheless, it is still
conjectured that the numbers ng are integers.

Conjecture 4.6 The rational numbers ng defined from the Gromouv- Witten invariants Ng of a quintic
3-fold are integers.

This conjecture is generalized to all compact Calabi-Yau 3-folds X by viewing d and d/r as elements
of Hy(X;Z). Using (4.6) and a simple computer program, Conjecture 4.6 can be confirmed to a very
high degree.

In a generic quintic 3-fold, rational curves of degree d <4 are smooth and their normal bundles split
as O(—1)®O(—1). Thus, the numbers ny defined by (4.7) with d <4 are indeed counts of curves.

22



The first number in Table 1, the number of lines on a general quintic 3-fold, can be confirmed via a
straightforward computation on the Grassmannian G(2,5); see [Ka2, Chapter 7]. A more elaborate
Schubert calculus computation [Kal, Section 3] confirms ny. A still classical, but even more involved,
approach of [ES] verifies ng.

4.2 Generalization to other hypersurfaces

For the rest of this section we fix positive integers n and a and denote by X a smooth degree a hyper-
surface in P"~1. If a>n and d(a—n)>n—5, the expected dimension of 9 (X, d) is negative. Thus,
if @ > n only finitely many genus 0 GW-invariants of X are nonzero. Our attention will be on the
a<n cases. If a=n, X is a Calabi-Yau (n—2)-fold; the formula we will obtain for its GW-invariants
will look very different from the a <n cases.

Similarly to (4.2), (4.3), and (4.4), let

r= ad
Y (z,q) qun aztr) Q=) [[q]]; (4.8)

r 1(.CC+T)
I =Y(0.0 €1+0-Qldl. I = 75 Vo).,
Q=q '@ eq- Q. (4.9)

The power series Iy and J will be used only in the a=n case. For each d€Z™, let
T L=0(a) =7 — P! and 7 V=D r(L,d) — DMor(P"1, d),
7([6: B—L]) = [ro&: S—P" 1.

Exercise 4.7 Show that Vg — Mo, (P" 1, d) is a vector orbi-bundle of rank da+1 and the vector
bundle homomorphism

evi: Vg — evil, [ — L] — &(z1(D)), (4.10)
where z1(X) € X is the first marked point, is surjective.

It follows that 1/, = kerév; is a vector orbi-bundle and there is a short exact sequence of vector
orbi-bundles

00—V, — Vg —eviLl — 0 (4.11)
over ﬁoyk(ﬂ”"—l,d) for k> 1. With 97 and evy denoting the_ first chern class of the cotangent line
bundle at the first marked point and the evaluation map on 9)?0,2(]?"_1, d), respectively, let

. - dev e(vc/l) * (mpn—1
Z(x,Q)—H—dZ:lQ 1*<1_¢1>6H(]P’ )[[Q]]- (4.12)

Theorem 4.8 Ifn and a<n are positive integers, X is a smooth degree a hypersurface in P, and
Y and Z are given by (4.8) and (4.12), then

| Y(2,Q), if a <n—1;
Z(z,Q) = {e_a!Qy(m’Q)’ ifa=n—1; (4.13)

Z(2,Q) = e’ Y (2,q)/Io(a) if a=n,
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with @ and q related by the mirror transformation (4.9) in the last case.

Exercise 4.9 Using (1.21), show that
00 n—1
Z(x,Q) =1+ Z Qd< Z ™ /_ e(V&)1/)§n_a)d+m_1ev’{:n"_1_m> ,
d=1 m=0 Mo ,2(Pm—1,d)
where x=c1(v*) € H>(P"~1) is the Poincare dual to the hyperplane class and ¢} =0 if p<0.

Exercise 4.9 implies that Z(x, Q) encodes many Gromov-Witten invariants of X, since

/ g0 = | Van  Vne B (Tl d)  (414)
(9,1 (X,d)]viT ’ My, (P7—1,d)

by the Hyperplane Theorem. Furthermore, if
J1: Mo (X, d) — Moo(X,d)  and  fo: Mo2(X,d) — Mo1(X,d)

are the forgetful morphisms dropping the (first) marked point in the first case and the second marked
point in the second case (and contracting any resulting unstable components), then

mer )0 if m=0;

/[ﬁo,l(x,d)}vir Y1 fino = {_2 J70.0 . ayeer 05 A m=1;
. it m=0;

/[imo,z(x,d)}m vifam = {f[%’l(xvd)}m Gy, i m>1;

Vo€ H*(Mo,o(X,d));
(4.15)
V?h cH* (ﬁo,l(X, d)) .

Exercise 4.10 Verify (4.15).

Remark: For our purposes it is sufficient to verify (4.15) only for the classes

M =Ml (xa With e € H* (Mg (P71, d)).

For such classes, (4.15) follows from the analogous identities for P*~! (in place of X) and (4.14).

Exercise 4.11 Deduce Theorem 4.3 from Theorem 4.8.

4.3 Equivariant version

Theorem 4.8 will be proved by applying the Atiyah-Bott Localization Theorem; see Theorem 1.22. In
fact, we will prove a stronger, equivariant, version of Theorem 4.8.

With T denoting the n-torus, let
Hr = C(ag,...,an) =C, (4.16)

be the field of fractions of the ring Hp as in Subsection 1.6; a1, ..., ay are the generators of Hyp as
n (1.2). With respect to the standard action of T,

Hy(P"") = Hi(P" )@ p:Hy = Colz]/(x—a1) ... (z—a); (4.17)
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see Exercise 1.8. Via the standard lift to the line bundle v — P!, the T-action on P"~! lifts to a
T-action on the line bundle

L=0(a) =~ — P
Via composition of maps, the T-actions on P"~! and £ induce actions on ,93_?071?(]?"_1, d) and
Vi = Moo(L,d) — Moo (P, d).
Since the evaluation map ev; in (4.10) is T-equivariant, the vector orbi-bundle
Vi C Va — Mo2(P",d)
is also T-equivariant and thus has a well-defined equivariant euler class
e(V)) € Hy (Mo2(P" 1, d)).

Since the forgetful map o _
93?073 (Pn_l, d) — 93'{072([?"_1, d)

is T-equivariant, the cotangent line bundle at the first marked point also has an equivariant euler class

¥1 € Hip(Mo2(P" 1, d)).

Since the morphism ev; : ﬁog(ﬁ”"—l, d) —P"~! is T-equivariant, the power series

Z(ha,Q) =1+ Y Qv <§(_V£> e Hy(P" ) [[Q]] (4.18)
d=1
is well-defined. Let - —ud
Y(h,z,q) Zq 1 (az£rh) (4.19)

r 1 k 1(.CC Olk—l-Th)

This is a power series in ¢ with coefficients in C,[z][[A7]] if a<n. If n>a, the coefficients also involve
polynomials in . We will also denote by Y(h, x, q) the image of Y(h, x,q) in

{Calz]/(x—an)... (x—an) }(W)[[q]] = {Hz (") }(A)[[a]]-

Let

Ulzkzzilak, (Z dzg?igl%)/h()

d=1

Theorem 4.12 If n and a <n are positive integers, X is a smooth degree a hypersurface in P"1,
and Z and Y are given by (4.18) and (4.19), then

)Y z,Q), ifa <n—1;
2R Q) = {e‘“’Q/hL)}(h, 2,Q), ifa=n—1; (4.20)

Z(hyz,Q) = e~ 10N/ he=I@2/hy (5 2 q) [To(q) if a=mn,

with @ and q related by the mirror transformation (4.9) in the last case.
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Theorem 4.8 follows immediately from Theorem 4.12 by setting =1 and «; =0.
By (1.15), the functions

Z(h,z,Q),Y(h,z,Q) € {HrP" " }(h)[[Q]]

are determined by their values at n points:
Zhyr=0;,Q),Y(h,r=0;,Q) € (Ca(h)[[QH 1=1,2,...,n.

Exercise 4.13 Show that for all t=1,2,...,n

Z(h, i, Q) 1+§:Qd/ V) ¢x s

s (g, = Vi1®i,
d=1 %72(]?”7176[) h_,l/}]' '

where ¢; is the equivariant Poincare dual of the fixed point P; €P"~! given by (1.29).

The proof of (4.20) consists of showing that
Step 1: Y(h,z,Q) and Z(h,x, Q) satisfy the recursion (4.33) on the Q-degree;
Step 2: Y(h,z,Q) and Z(h,z, Q) satisfy the self-polynomiality condition (SPC) of Lemma 4.17;
Step 3: the two sides of (4.20), viewed as a powers series in A~!, agree mod h~2;
Step 4: if F(x, h, Q) satisfies the recursion and the SPC, so do certain transforms of F(z, i, Q);
Step 5: if F(x,h, Q) satisfies the recursion and the SPC, it is determined by its “mod A =2 part”.
For the purposes of these statements, in particular in Steps 3 and 5,

k=n

Fla,hQ), V(x,k Q) Z(h,z,Q) € (Ca(x,h)[[QH/ []@—aw).

k=1

For example, the statement in Step 5 means

F(hyoi,Q) = F(h,a;,Q) (mod i~?) Vi=1,2,...,n

= Fhya;,Q)=F(ha;, Q) Yi=1,2,...,n.

None of the many steps involved in the proof of Theorem 4.12 is very difficult. The proof that Y(k, z, Q)
satisfies the recursion (4.33) and the SPC is a straightforward algebraic computation involving the
Residue Theorem on S? stated in Exercise 4.15 below; see Lemma 4.22. Proofs of Steps 4 and 5 also
consist of fairly simple algebraic computations; see Lemma 4.21 and Proposition 4.20, respectively.
The Atiyah-Bott Localization Theorem is used to show that Z(h,z, Q) satisfies the recursion (4.33)
and the SPC. However, overall the proof of Theorem 4.3 involves several key insights, originating
in [Gi] and clarified in [Pa] (and later in more detail in [MirSym, Part IV]):
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e integrating e(V;) over Mg (P!, d), with k>0, rather than over M o(P" 1, d) as one might
expect. This makes it possible to pushforward cohomology classes to P*~1, thus re-formulating
the mirror symmetry statement of Theorem 4.3 as a direct relation with the power series (4.2),
and to set up a degree recursion for Gromov-Witten invariants;

e augmenting the integrand by the denominator A—1; to beautifully capture the essential nature
of the recursion;

e discovering the uniqueness property of Step 5;

e constructing a morphism from ﬁo,k(]}””_l, d) to a space with a larger torus action in order to
verify that Z(h, x, Q) satisfies the SPC; see Section 4.7.

Exercise 4.14 Show that both sides of (4.20) equal 1 modulo =2, in the sense described above.
Hint: Use (4.15) and Exercise 4.13.

If f= f(Rh) is a meromorphic function on C with a pole at i = hg, we denote by Resp—p, the residue
of f and fdh at h=0:

1
Resp=n, f = Resp=p, f dh = 3t j(){ f(h)dh,

where the integral is taken over a simple closed positively oriented loop around a enclosing no other
pole of f. The value of the residue of a 1-form is independent of the choice of a local holomorphic
coordinate. The following statement will be used a number of times in the proof of Theorem 4.12. It
holds for all compact Riemann surfaces.

Exercise 4.15 If 7 is a meromorphic 1-form on S?, show that

Z Resp=p,n = 0.
hp €S2

4.4 On rigidity of certain polynomial conditions

This subsection describes the extent of rigidity of power series with coefficients in rational functions
that satisfy a certain recursion and a polynomiality condition.

Denote by ZZ° the set of nonnegative integers and by [n], whenever n € Z=°, the set of positive
numbers not exceeding n:

z=° ={0,1,2,...,}, n] ={1,2,...,n}.

Whenever f is a function of w (and possibly of other variables) which is holomorphic at w=0 (for a
dense subspace of the other variables) and s€Z=9) let

Dy = 1Y sl (121)

s! w=0

This is a function of the other variables if there are any.

27



For any element
fEf(h, x, Q) € (Ca(h7 IE) HQH ’
we define

Pr=0x(h,2,Q) € Cal(h)[[2,Q]] by

i=n )
aoy; e“?

dr(h,2,Q) = F(h,a;, Q™) F(~h, s, Q). (4.22)

i1 [Tgps(i—a)
Lemma 4.16 If F€C,(h,x)[[Q]], there exists a unique collection
(E]:;dE_E_';:;d(h7 Q))d6220 C Ca(h) [Q]

such that the Q-degree of Er.q is at most (d+1)n—1 for every d € 729 and

d Oz E}‘d(h Q)
#(h,2,Q) = ZQ <2m VT - m)dQ), (4.23)

where each path integral is taken over a simple closed loop in C enclosing all points = oy +rh with
k=1,...,n and r=0,1,...,d. The equality holds for a dense collection of complex parameters h.

Proof: 1t can be assumed that
ap+ri# o +r'h YV EE €[n), v’ €220, (r, k)£ (K.
Note that for every i=1,...,n and d'=0,1,...,d,

r=d —1 r=d r=d
H(ai+d/h—ai—rh) H(ai—l—d/h—ai—rh) HH(O&Z‘—Fd/h—ak—T‘h)
r=0 r=d'+1 r=0 k#i
=d—
= d'"\hY (d—d")\( dd’<HH ak+rh>(H —ak>< H H —op— rh>
r=1 k#i k#1 r=1 k#i
= <H(ai_ak)> Ag(h, i) Ag—a (—h, o),
ki
where o
Ay(h, ) = H H (x—ag+rh) v dez=°. (4.24)
By the Residue Formula,
E ,Q
2mi [ g § 1(9 ap—rh)
= Zdi eloctd ™ Eria(h,0itdh) 4.25
—0 i=1 Hk;&i(ai_ak))Ad’(hv ;) Ag—a(—h, a;) (4.25)

- didii < eai'z ) <Ad/(7% ai()ijl)—dc;'(—h, 042‘)>Ef;d(h’ autdh)

d'=0 i=1 Hk;ﬁi(al_ak)
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On the other hand, since F € C,(h, x)[[Q]],

N]—'d FL az
F(hz,Q) = Z Ao (4.26)

for a unique Nz.q€Cqy(h,x). By (4.22) and (4.26),

oo d'=di=n

acie®*  (Npa(h o)\ o i ( Nred-a (=0 i)\ a—a
h % Q ZZZ ( Ad/(fl,ai) >(Q€ ) < Ad—d’(_ﬁv ai) >Q

o —
d=0 d'=0 i= 1Hk#2 i—a)

=d i=n

(S e (127
Hk;éz Oéz_Oék Ad/(h, Oéi)Ad_d/(—h, Oéi)

=0 =1

X aog N.’F;d’ (ﬁ, Oéi)N]:;d_d/ (—FL, a,)) .

By (4.25) and (4.27), (4.23) is satisfied if and only if
Erq(h,a;+d'h) = ac; Nea(hy i) - Neg—a(—h, ;) Vi€[n], d =0,...,d. (4.28)
For a dense collection of complex parameters h, there exists a unique polynomial
Er.a(h, Q) € Co()[Q)]
of Q2-degree at most (d+1)n—1 that satisfies (4.28).
Lemma 4.17 If FeCy(h,z)[[Q]] and (Ef.q)4ez>0 C Co(h)[Q] are as in Lemma 4.16, then

br e Culh][[2,Q]] <=  EracCuhQ Vdez>°. (4.29)

Proof: By Exercise 4.15,

0, if s < (d4+1)n—1,;

: 1}{ Q ds - 1, if s =(d+1)n—1; (4.30)
7
= o k 1(Q—ag—r ) R? (d+1)n+1<h)’ if s > (d4+1)n—1,

where R%€ C,[h] is given by

1
d _ s
RS (h) - Dw (Hr:d k=n

> Vs e 729,
r—0 [ p=1 (1= (ag+rh)w)

The path integral in (4.30) is again taken over a simple closed loop enclosing all points Q =« +rh
with r<d. Write

(d+1)n—1

#(h,2,Q) = ZZ de mz"Q",  Era(hQ)= Zfds : (4.31)

dOmO
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By (4.23), (4.30), and (4.31),

(d+1)n— 1
Sy v
m 2mi leO‘krh)
(d+1n ] (4.32)

- Z Rm—i—s (d+1) n+1( )fds( )

s=max(0,(d+1)n—1—m)

Since R € C,[h], it follows that Fy,, € Co[h] if fis€Cy[h] for all s. Conversely, since R4 (h)=1,
Fu0s- s Faapm—1 € Calh] = fa(d+1n—15---» fa0 € Calh].

These observations imply Lemma 4.17.

Definition 4.18 For i, j€[n] with i#j and d€Z™, let

Hffd 1(aa2 + r(oj—ay)/d)

all Z 1 k “H(oi—og + r(aj—a;)/d)
(r,k)#(d.5)

We will call F € Cy(h, x)[[Q]] C-recursive if

C(d) =

[e's) r=Ng
f(ﬁ, a;, Q) = Z Zpd Qd+zz Olj_Oél '_ai)/d7aj7Q) (4.33)
B T

d=0 d=1 j#i

for every i€ [n] and for some NgeZ and F], 1€Ca.

Exercise 4.19 Show that if 7 satisfies (4.33) with fixed 77, then F is determined by the coefficient
of QO.

Proposition 4.20 Suppose
F,F € Ca(h,2)[[Q]] C Calz)[[h",Q]] + Calx) 1] [[Q]]
are C-recursive, ® 5, & 7€ Co[H][[z, Q]], and for every i€ [n]
F(h,ai, Q), F(h,ey,Q) = fi (mod Q)
for some f;€CY (i.e. fi is a unit). Then,

F(ha;,Q) = F(h,a;,Q) (mod h™2) Vie[n] = F(ha;,Q)=F(ha;,Q) Yicln)
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Remark: Suppose

F(h, i, Q —Z<Zf""d >

d=0

for some .7:"2.’;d €Cq,. In the statement of Proposition 4.20 and throughout the rest of the paper,
F(h, i, Q) = Z < Z f""d )Qd (mod h™%),
d=0

i.e. we drop h~* and higher powers of h~!, instead of higher powers of A.

Proof: Let
0F (b, 2, Q) = F(h,2,Q) — F(h,z,Q).

Denote by Fid .7-" d €C, the coefficients in (4.33) corresponding to F and F, respectively. Let
Nrid, Nz, € Ca(h, )
be as in the proof of Lemma 4.16 and
ONg = Nr,g— Nz
Since the Q%-coefficients of F and F are the same,
.7-';7;0:.73;’;0 Vieln], r
Suppose d >0 and we have shown that
Fra =Fra vd =0,1,...,d-1, i€ [n], r
Then, by (4.33),
F(h,05,Q) = F(h,a;, Q) (mod Q%) Vieln], Nrag =Nggy Vd=0,1,...,d-1.

Since F and F agree modulo 472, by (4.33) and the first equation in (4.35)

SF(h, i, Q Qd26 Tah" (mod Q) Vie(n]

for some N €Z™ and 6F;4€Cq. Then,

0 if d' <d;
Nr. h,ai =Nz h,ai = Ji, 5N/h,a,~ = ’ ’
Fo(h i) = Nzo(h, i) = f a (h, o) {Ad(h, o) SN L, i d =

by (4.26), (4.35), and (4.36). Let 6Eq=Er4—Ef4. Since

5Eq(h,ci+d'h) =0 Vd =1,...,d—1, i€n]
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by (4.28) and (4.37) and 6E4 € Cylh, Q] by Lemma 4.17,

d—1 k=n
8E4(h,Q) (H 11 (@—ar—dn) > - Ry(h, Q)
d'=1k=1
for some Ry C,lh, 2. Thus,
d—1 k=n ~
SEq(h, i +dh) = ( 1T I] (eitdn— ak—d’h)> - Rg(h, cii+dh) = R Ry(h) (4.38)
d'=1k=1

for some Ry€Cy[h]. On the other hand, by (4.28) and (4.37)

5 Eq(h, a;+dh) = ac; SNg(ci, h) - fi = aoy f; - <d'hd H [[(ei—cx+rn) > SF . gh™"
r=1k#i Tz]?\“[:Z (439)
= aoy f; - <d' H [[(ci—cx+rn ) SFLh®".
r=1 ki r=2

By (4.38) and (4.39),
0Fia=0 VYr=2,...,N, i€[n].

Along with (4.36), this implies that (4.34) holds with d replaced by d+1.

4.5 Other algebraic observations

In this subsection we show that the recursion and polynomiality conditions of Subsection 4.4 are
preserved under certain transformations and are satisfied by the function ) defined in (4.19).

Lemma 4.21 Suppose F € C,(h,x)[[Q]] is C-recursive and ®r € C,[h][[z,Q]]. Then,
(1) if feCL[Q]], then fZ is C-recursive and ® sz € C,[h][[z, Q]];
(i) if f€Q - Cu[[Q]], then F=ef/"F is C-recursive and ® 7€ C,[h][[z, Q]];

(iti) if g€ Q - C[[Q]] and 7
F(hz,Q) = eg(Q)w/h]:(h’:U’ Qeg(Q)),

then F is C-recursive and ® z € Co[h][[Q, 2]].

Proof: (i) Since F is C-recursive and the multiplication by f preserves the structure of each of the
terms in (4.33), fF is also C-recursive. Since

Osr(h,2,Q) = f(Qe™) f(Q)P#(h, 2,Q)
and ®r € Cylh][[z, Ql], @€ Calh][z, Ql.
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(ii) Since the coefficient of Q¥ in f is 0, the multiplication by ef @/ preserves the structure of the
first term on the right-hand side of (4.33). The (d, j)-summand in the last term becomes

(DOl
s@m Cld)Q

h— aj—a;
d

J d
F((0j-ai)/d.ay.Q) = DL F((0;-a)/d.01,Q)
d

J d
+ (S _ S 0500/ GO 1 (0;—a)/d, . Q).

B %=

Since F is C-recursive and

FQ/B _ of(@Q)/ (g —ai)/d)

B a;j—aq;
d

€ Colh, A 1[[Q]].

it follows that F is C-recursive as well. On the other hand,
O z(h,z,Q) = Q)@ (1, 2 Q). (4.40)
Since @€ C,[h][[z, Q]] and
(£(Qe™) = £(@))/h € CalR)[[2, Q]],
(4.40) implies that ® € C,[h][[z, Q]] as well.
(iii) Since the coefficient of Q° in g is 0, the operation of replacing @ with Qed@ followed by multi-

plication by e®9(@)/" preserves the structure of the first term on the right-hand side of (4.33). The
(d, j)-summand in the last term becomes

() Odeds(@ e
0@ DTCT 5 (0 —0) 01, Q8 @) = DL 7 (00, 07,)
h— ]d i h— gd i
. s /(o — o Y (d)Q?
+ (elos/05(@) _ fos/lo; »/d))g(@))% Fllay—an)/d; ay, Qes@).

Since F is C-recursive and

ol /htd)g(Q) _ pla /(0 —01)/d)a(Q) d

h— S ~ (ai+dh) — aje

z=a;+dh

g(Q)Zf—ZZ.

€ Colh, A 1[[Q]].

it follows that F is C-recursive as well. On the other hand,

Dp(h,zQ) = 0r(h2,Qe%?),  where Z=z+ &%_9@) e C[H[[2 Q)] (4.41)

Since ®r € C,[h][[z, Q]], (4.41) implies that ¢ 7€ C,[h][[z, Q]] as well.
Lemma 4.22 The function Y defined by (4.19) satisfies the C-recursivity condition of Definition 4.18
and ®y € C,[R][[z, Q]].
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Proof: (1) Note that

C!(d)Q?

1
y((()éj—()éi)/d, aj, Q) = Reszza]‘;ai { h_zy(za (7% Q)}
Thus, by the Residue Theorem on S2,

ZZ a]_al (oj—a;)/d, aj,Q) = —Reszzﬁ707w{h%y(z a,,Q)}

d= 1j7éz

- y(ha 7% Q) - ReSZZO,OO{

On the other hand, if Yy is the coefficient of Q¢ in Y,

1 3 1 Hriad(aai—krz) _
R z= z iy = D,Czl ! — r=1 fo h ! 5
s 0{ h—z Valz, i Q)} {ﬁ—z d! H:;f Hk#(ai—ak—krz)} € Quft™]

where DY is as in (4.21), while

R { 1 W Q)} 1, if a<n;
€S2=00 T V%, Oy, = oo nd)! .
h—z Zd:onEdgEv if a=n.

Thus, (4.42) implies that ) satisfies the recursion (4.33).

(2) Note that

acqy; e%i® ax e**

(o, oy (o Q)i @) = Resmt‘{Ty(h,x,czeﬁzw(—h,x,@}.
i T o)

k=1

Thus, by Exercise 4.15,

(I)y(fL Z, Q) = —Resx:oo{k::iy(ﬁ,x, thz)y(—h,:c, Q)}
I1 (z—ax)
k=1
o~ 2T 1 i ane. WV (0t rhw) >
= “’{Hu—akw)(ZQe T T (L (o))

i d=0 r=1 k=1

(ZQd iV = L) )}

.2 1 k —1 (1= (ag+rh)w)

The p-th summand above is a polynomial in A. Thus, ®y € C,[A][[z, Q]].
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Figure 3: Two graphs of type A;(j;d) C A; and a graph of type B;

4.6 Proof of the recursion property for GW-invariants

As described in detail in [MirSym, Section 27.3], the fixed loci of the T-action on Mg 2(P*~1,d) are
indexed by decorated graphs that have no loops. A graph consists of a set Ver of vertices and a collection
Edg of edges, i.e. of two-element subsets of Ver. A loop in a graph (Ver,Edg) is a subset of Edg of
the form

{{vi,v2}, {v2,v3}, ..., {vw,v1}}, v1,...,0N € Ver, N>1.

Neither of the three graphs in Figure 3 has a loop. A decorated graph with two marked points is a
tuple

= (Ver,Edg;,u,D,n), (4.43)
where (Ver, Edg) is a graph and
w: Ver — [n], 0:Edg — ZT, and n:{1,2} — Ver
are maps such that
w(vy) # p(ve) it {v1,v2} € Edg. (4.44)

In Figure 3, the values of the map g on some of the vertices are indicated by letters next to those
vertices. Similarly, the value of the map 0 on one of the edges is indicated by a letter next to the
edge. The two elements of the set {1,2} are shown in bold face. They are linked by line segments to
their images under 1. By (4.44), no two consecutive vertex labels are the same and thus j #i.

The fixed locus Zr of ﬁog(ﬁ”"—l, d) corresponding to a decorated graph I' consists of the stable maps f
from a genus-zero nodal curve Cy with 2 marked points into P"~! that satisfy the following conditions.
The components of Cy on which the map f is not constant are rational and correspond to the edges
of I'. Furthermore, if e={vi,v2} is an edge, the restriction of f to the component Cy . corresponding
to e is a degree-d(e) cover of the line
Ppon) () C P

passing through the fixed points P,,) and P,,). The map f ‘Cf,e is ramified only over P,
and P,(,,). In particular, f lc ;. 15 unique up to isomorphism. The remaining, contracted, compo-
nents of Cy are indexed by the vertices v € Ver such that

val(v) = [{v' € Ver: {v,v'} € Edg}| + |{i€{1,2}: n(i)=v}| > 3.
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The map f takes such a component Cy, to the fixed point x(v). Thus,

~ Ml" = H MO,val(v)y (445)

vEVer

where HOJ denotes the moduli space of stable genus-zero curves with [ marked points. For the
purposes of this definition, Mg ; and Mg 2 are one-point spaces. For example, in the case of the last
diagram in Figure 3,

— 4 —2 =2 5 -
~ MF = M075 X M073 X M072 X MO,I ~ M0’5

is a fixed locus? in 9 2(P"~1,d) for some d>9.

We will show that the function Z(k, z, Q) defined in (4.18) is C-recursive in the sense of Definition 4.18
by determining the contribution to

Z(h0;,Q) =1 +2Qd/ V) oy, (4.46)

d—=1 %zpnldh wl

from the T-fixed loci of Mg 2(P"~1,d), with d>1. Suppose I is a decorated graph as in (4.43) that
contributes to (4.46), in the sense of the localization formula (1.28). By (1.29) and (1.14),

evwi‘zr = H (@) — @) = di ) H — ),
k#i k#i

where d; (1)) is the Kronecker delta function. Thus, by (1.28), I does not contribute to Z(h, a;, Q)
unless z1(n(1)) =1, i.e. the marked point 1 of the map is taken to the point P; € P"~!. There are two
types of graphs that do (or may) contribute to (4.46); they will be called A; and B;-types. In a graph
of the A;-type, the marked point 1 is attached to a vertex vg € Ver of valence two which is labeled 7.
In a graph of the B;-type, the marked point 1 is attached to a vertex vy of valence at least 3, which
is still labeled i. Examples of the two types are depicted in Figure 3.

Suppose I' is a graph of type B; and
Zl" C ﬁOQ(Pn_l) d)7

so that T' contributes to the coefficient of Q% in (4.46). In this case, the restriction of 1 to Zr is the
pull-back of a t-class from the component M yai(yy) in the decomposition (4.45). Since the T-action
on the corresponding tautological line bundle is trivial,

Q,Z)lﬂZF:O V k> d > val(vg) — 3.

Thus, T contributes a polynomial in ™!, of degree at most d, to the coefficient of Q¢ in (4.46). There-
fore, the contributions of the loci of type B; to (4.46) are accounted for by the middle term in (4.33).

Yafter dividing by an appropriate automorphism group Ar as in [MirSym, Section 27.3]; in what follows f Z will
denote integration over the orbifold Zr/Ar
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Figure 4: A graph of type A} (j;dp) and its two subgraphs

A graph I' as in (4.43) of type A; has a unique vertex v joined to vy. Denote by A;(j;dy) the set of all
graphs I' of type A; such that p(v)=j and 9({vg,v})=dp, i.e. the unique vertex v of I" joined to vy is
mapped to P; €P"~! and the edge {vg,v} corresponds to the do-fold cover of ]P’}j branched only over
P; and P;. By (4.44),

A= |J J AU do). (4.47)

do=1j#i

Suppose I' € A;(j;dp) and v is the unique vertex joined to vy by an edge. We break I' at v into two
graphs:

(i) Ty consisting of the vertices vy and v, the edge {vg, v}, and marked points 1 and 2 attached to
vg and v, respectively;

(ii) T'. consisting of all vertices and edges of I', other than the vertex vy and the edge {vg, v}, with
a new marked point attached to v;

see Figure 4. Let d. denote the degree of I, i.e. the sum of all edge labels. By (4.45),
ZF ] ZFO X ZFc' (448)
Denote by mg and 7. the two component projection maps.

By [MirSym, Section 27.4],

Vc,lo+dc Z = WSVQO @ TrZV[’iC,
NZF NZF() NZF i (449)
Tp,Pr—t 7T0<TPiPn_1> v C<ij]P’"—1> ©myLo @7, L1,
where Ly — Zp, and L} — Zr, are the tautological tangent line bundles. Thus, by (1.17),
eV eV
(h%;;dc) B :ﬂék(h(_:z;}))) 'W:<9(V&C)>,
il 1 (4.50)

e(NZp)

e(/\/Zpo )

eVT¢i|ZF 7T*< equbi ) *< GVT(ﬁj > 1
0 ‘\eN2Zr,) /) nhei(Le) —mib1
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By [MirSym, Sections 27.1, 27.2],

adp

e(Vg,) |Zr 1T (aai + Ta];]ai), 1/11|ZF0 =c1(L2) = a];]ai’
" e rdo (4.51)
aj— oy
evzry) = 0% I (7%) T T (omonsr 222,
r=1 r=0 k#i,j

Thus, using (1.17) and taking into the account the automorphism group Ar,=Zg4, of Zr,, we obtain

/ eValevidi qjid(i)a . w52)
( —wl)e(NZFO) h — Jdo i
By (4.48), (4.51), and (4.52), the contribution of T" to (4.46) is
Qlotde / e(Vay+d.)eVioi 1
z = zre(N2r)
/ * 4.53
_ Cd(do)Q" { ot / eV Jevig; 1 H | (4.53)
h— S z, bt e(NZr) fl e

We next sum (4.53) over I' € A;(j;dp). This is the same as summing the expression in the curly
brackets over all 2-pointed graphs with the marked point 1 attached to a vertex v labeled j, i.e. all
graphs of types A; and B;. By the localization formula (1.28), the sum of the terms in the curly
brackets over all such graphs I'; is Z(Q, oj, h). Thus,

e(Vay1a,)eVidi 1 C7 (dg) Q0
Qd0+dc/ o+dc — 1 o —a Z o — dOaa'7Q . 454
Feg(;;do) z =Y lzee(NZr)  p-fgm (0 = 0i)/do, 03, Q). (4.54)

We conclude that Z(h, z, Q) is C-recursive in the sense of Definition 4.18:
e the middle term in (4.33) consists of the contributions from the graphs of type Bj;

e the (dg,7)-summand in (4.33) consists of the contributions from the graphs of type A;(j;dp).

4.7 Proof of the polynomiality property for GW-invariants

In this subsection we use Lemma 4.23, which is proved in the next subsection, to show that the func-
tion Z(h,x,Q) defined in (4.18) satisfies the polynomiality property of Lemma 4.17. The argument
presented here is a more detailed version of Section 30.2 of [MirSym)] that describes what is perhaps
the most unexpected idea in [Gi].

We will denote the weight of the standard action of the one-torus T' on C by h. Let T=T!xT.

By (1.2),
Hpy ~Ch), HEIxClha,... o) — Hz ~ Co(h).
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Throughout this subsection, V =C®C will denote the representation of T! with the weights 0 and —A.
The induced action on PV has two fixed points:

q1 = [170]a q2 = [07 1]
Let v1 — PV be the tautological line bundle. Then,
(i), =0, e, = ~h eT,PV)=h e(T,BV)=—h (4.55)

For each d€Z=%, the action of T on C"®Sym?V* induces an action on
X4 =P(C"@Sym™V*).
It has (d+1)n fixed points:
P(r)= [P ® ud_’"vr], i € [n], re{0}U]d],

if (u,v) are the standard coordinates on V and P; € C" is the i-th coordinate vector (so that [P;] =
P,eP"1). Let B
Q=e(r") e H% (%d)

denote the equivariant hyperplane class.

For all i€[n] and r € {0}U]d],

s=d k=n
Qlpy = ait+rh,  e(TpXq) = { IT1I (Q—ak—sh)}

5=0 k=1
(8,k)7(r,0)

10 (4.56)
Q=a;+rh

Since

Bﬁ,?d = ]P’(BTT(C"@Syde*)) N B'ﬁ‘ and
s=d k=n
e(Bz(Cosym™V*) = [T [] (1 - (ax+sh)) € H*(BT),"
s=0 k=1

the ']f-equivariant cohomology of X, is given by
s=d k=n

HE(Ra) = H* (B Xa) = 1 (BT[] [ TT TT (2 - (as+sh)
s s=0 k=1
~ Q[ h a1, /HH Q — ag —sh) (4.57)
s=0 k=1
s=d k=n

< Quln 9]/ TTTT (@ - o - s).

5=0 k=1

19The weight (i.e. negative first chern class) of the T-action on the line P;(r) C C"®@Sym?V* is o +rh. The tangent
bundle of X4 at P;(r) is the direct sum of the lines P;(r)*® Py(s) with (k, s) # (i,7).
" The vector space C"®Sym®V* is the direct sum of the one-dimensional representations Py (s) of T.
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There is a natural ’f—equivariant morphism
©: Moo (PV xP* 1, (1,d)) — X
A general element b of M 2 (]P’V xPr=t (1, d)) determines a map
(f.9): P* — (PV,P""1),
up to an automorphism of the domain P!. Thus, the map

go f~L:PV — pnt

is well-defined and determines an element O(b) € X4. The map O extends continuously over the
boundary of 92 (]P’V x P, (1,d)); see Exercise 4.24.12 We denote the restriction of © to the

smooth substack

X = {beMoo(PV <P (1,d)) s evi(b) €1 x P!, eva(b) €gax Pt}

of Mo 2 (IP’V xP"=1 (1,d)) by 64, or simply by § whenever there is no ambiguity.

Let
m: Moo (PVxP" 1 (1,d)) — Moo (P, d)

be the natural projection map.

Lemma 4.23 With Z(h,z,Q) as in (4.18) and ® as in (4.22),

2(h,2,Q) = ZQ @ Mine(Vy).

This lemma implies that
@Z(hv Z, Q) € Ca[h] [[27 Q]]
for the following reason. By (4.57),

0 s (W*Q(Vd)) = EZ;d(ha Q)

(4.58)

(4.59)

for some Ez.45€ Cylh, ] of Q-degree at most (d+1)n—1. Therefore, by Lemma 4.23, (1.21), (1.28),

2For a complete algebraic proof, see [LLY, Lemma 2.6].
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and (4.56),

z(h,2,Q) = ZQd/ 04, (" e(Vy))

00 r=d i=n >
=320 @ Bzun.9) = ZQd T Ezalh Dl
d=0 Xa r=0 i=1 TP(T’ %d)
r=d i=n
EZd(h Q)
—zw(zz =
r=0 i=1 s 0 k 1(Q af— 3h) Q=a;+rh

(s,k)7(rs0)

Ez.4(h,Q
e Z ah ) aQ .
2mi [0 TTT (Q—ay—sh)
In the last expression, the integral has the same meaning as in Lemma 4.16. We have thus shown that
Z(h,x,Q) satisfies the polynomiality property of Lemma 4.17, assuming Lemma 4.23.

Mg

Exercise 4.24 Suppose [f, gs] is a sequence of elements in 9y o(PV xP"~ !, (1,d)) so that the domain
of each map is P! and the sequence converges to some element

2, £,3] € Mo o(PV xP* L (1,d)).

There is a unique irreducible component Zg~P! of ¥ so that fo=f |53, is not constant and can thus
be chosen to be f; let go=g|x,. The maps

gsof 7' Goof TPV — P!
correspond to n-tuples of homogeneous polynomials
R = [Rs1,. - Rem] € Xa,  [S]=[S1,..., 5] € X,
with no common factors. Let
R] = [(viu— w0)M L (v u—um) Sy, L (vu—ugv)® (Umu—umv)dmsn] € Xy,
be a limit point of {[Rs]}, i.e. the limit of a subsequence of {[R]}, where d;€Z™",
[ut,v1], .- [tm, Um] € PV

are distinct points, and the tuple of homogeneous polynomials

[S]=[S1,...,5n] € X4,

has no common factor. In particular, dg+...+d,;, =d. Show that

(a) do=do, [S]=[S], ¥ consists of ¥y along with connected rational curves X1, ..., %,, attached to X
at [u1,v1],..., [Um, vn], and the degree of §|x, is di;

(b) show that the map © extends continuously over M 2(PV xP"~1 (1,d)) as claimed above, and the
extension is ’]T-equivariant.

Remark: The first part is the hard one, as it requires a hands-on understanding of the topology of
Moo(PV x P 1 (1,d)) either from the algebro-geometric or symplectic point of view. First try the
case when m=1, d; =1, and v; =0.
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Figure 5: A graph representing a fixed locus in Xg4; i#1, 3,4

4.8 Proof of Lemma 4.23

In this subsection we use the localization formula (1.28) to prove Lemma 4.23. We show that each
fixed locus of the T-action on X, contributing to the right-hand side of (4.59) corresponds to a pair
(I'1,T'9) of a graphs, with I'; and T'y contributing to Z(h, o, Qe*) and Z(—h, oy, Q), respectively, for
some i € [n].

Similarly to Subsection 4.6, the fixed loci of the T-action on ﬁoyg (]P’VXIF’”_l, (d ,d)) correspond to
decorated graphs I' with 2 marked points and no loops. Each edge should be labeled by a pair of
integers, indicating the degrees of the corresponding maps in PV and in P"~!. Each vertex should be
labeled either (1,7) or (2,7) for some j € [n], indicating the fixed point, (q1, P;) or (g2, P;), to which
the vertex is mapped. No two consecutive vertex labels are the same, but if two consecutive vertex
labels differ in the k-th component, with k=1, 2, the k-th component of the label for edge connecting
them must be nonzero.

The situation for the T-action on
X4 C Moo (PV <P (1,d))

is simpler, however. There is a unique edge of positive PV -degree. We draw it as a thick horizontal
line. The first component of all other edge labels must be 0; so we drop it. The first components of the
vertex labels change only when the thick edge is crossed. Thus, we drop the first components of the
vertex labels as well, with the convention that these components are 1 on the left side of the thick edge
and 2 on the right. In particular, the vertices to the left of the thick edge (including the left endpoint)
lie in g; x P"~! and the vertices to its right lie in go x P*~!. Thus, by (4.58), the marked point 1 is
attached to a vertex to the left of the thick edge and the marked point 2 is attached to a vertex to the
right. Finally, both vertices of the thick edge have the same (remaining, second) label i € [n]. Let A;
denote the set of graphs as above so that the two endpoints of the thick edge are labeled 7; see Figure 5.

If I'e A;, we break it into three sub-graphs:

(i) T’y consisting of all vertices and edges of I to the left of the thick edge, including its left vertex vq,
and a new marked point attached to vi; we label the new marked point 1, while re-labeling the
old marked point 1 by 2;

(ii) o consisting of the thick edge, its two vertices v; and vy, and new marked points 1 and 2
attached to vy and vs, respectively;
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Figure 6: The three sub-graphs of the graph in Figure 5
(iii) Ty consisting of all vertices and edges of T" to the right of the thick edge, including its right
vertex vo, and a new marked point 1 attached to vo;

see Figure 6. The fixed locus in X4 corresponding to I' is then
Zp ~ Zpl X Zl"o X ZFQ. (4.60)

The middle term is a single point. Let 71, 7y, and w9 denote the three component projection maps.
Denote by dy and ds the degrees of I'y and I's, i.e.

Zpl C ﬁoyg(]?n_l, dl), sz C ﬁog(]}m_l, dg).

The exceptional case for the first statement is d; =0, in which case the corresponding moduli space
does not exist.

Suppose I'€ A;, di and dy are as above, and d; >0. Similarly to (4.49),

* _ *y 9/ *y 5/
n Vdﬁ-dz‘zF =Lp, & Vg, © Vg,

NZp « NZr, «( NZr,
T n—1 ™ T n—1 © U T n—1
TpPr TpPr TpPr

) ) (4.61)
> b FTLl X WSLl ©® 7T(]L2 ®772L17

where N Zr — Zp is the normal bundle of Zr in ¥4 and Ly — Zr,, L1, Ly — Zp,,, and L1 — Zp,,
are the tautological tangent line bundles. We note that

Ly =T,P' and Ly=T,P' on Zr,.

Thus, by (4.61), (1.17), and (4.55),

L (e(vdri-dz)) 2 = aqy TI'IG(VCIll) ’ 77; (e(vz/ig))7 (4‘62)

Hk;éi(ai—ak)_ «f evigs > *< evig; ) 1 . 1
e(N2Zr) _ﬂ1< "2\ eWZr,)) h—mir (“h) - mun

The map 6 takes the locus Zr to a fixed point Py(r) € X4. It is immediate that k=i. By Exercise 4.24,
r=d;. Thus, by the first identity in (4.56),

e(NZpl )

6*Q|Zr‘ = q;+dih.
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Combining (4.60) and (4.62) with this observation, we obtain

/ e(@*Q)zﬂ.*e(le_i_dQ) _ ac; e%i*
Zp e(NVZr) [T5ps (i —a)

y edlhz/ e(V) Jevigi 1 / e(V,) 1 (4.63)
zr, h=¢1 2z, e(N2r,) e, (1)1 |20, e(WZr,) [

We note that this identity remains valid for dy =0 if we set the term in the first curly brackets to 1
for d; =0.

We now sum up (4.63), multiplied by Q4t% over all T'€ A;. This is the same as summing over all
pairs (I';, ') of graphs such that

(1) T’y is a 2-pointed graph of a degree d; >0 such that the marked point 1 is attached to the vertex
labeled ;

(2) T'y is an 2-pointed graph of a degree dy > 0 such that the marked point 1 is attached to the
vertex labeled 1.

By the localization formula (1.28),

i) anne [ €WV )evidi 1 _ ) o d e(Vy) ..
ZQ {e /Zpl h—1 2r, e(-/\fzrl)} B +Z(Qe ) /931072@»71 1 d) h_wlevlqbl

I
= Z(h7 Qg thz);

V) Jevid - o) (4.64)
ds eV, eVT i € Vc/l * g
%: Q { /2,7F2(_h)_1/}1 ZF2 (NZFQ } dz: / Mo, 2 (Pn—1,d) (—h)—l/}l V19
= Z(— FL,O[Z',Q).
Finally, by (1.28), (4.63), and (4.64),
ZQd/ (0 QZ * Z:: aaozl—ozk (h,&i,thz)Z(—h,ai,Q) :@Z(h,Z,Q),

as claimed in (4.59).
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