REMARKS ON PERELMAN’S PAPERS

MICHAEL T. ANDERSON

This note is informal commentary, (very informal in comparison with the Kleiner-Lott notes
[KL]), on Grisha Perelman’s work [I], [II] on Ricci flow and geometrization of 3-manifolds. The
comments concern issues or questions that either arise from my own thoughts, or in response to
those raised by others. They are also influenced by Grisha’s lectures at Stony Brook in April, 03.

By and large, these comments do not address the details of the proofs in [I] or [II] for [I], this
has already been carried out wonderfully by Kleiner-Lott. Instead, these notes basically ust record
some of my thoughts and views on the papers at this time. It is hoped that this is of some use to
other non-e perts on the Ricci flow, partly as a guide in understanding some of the main issues. I
hope to add further remarks and discussion as time goes on. omments and criticism are welcome.

The stationary points of the Ricci flow on the space of metrics  on a given manifold are the
Ricci-flat metrics, or more generally instein metrics for the volume-normalized Ricci flow. If the
(volume normalized) Ricci flow is the gradient flow of some functional, then the functional must
have critical points e actly the class of instein metrics. The only known functional on  with this
property is the instein- ilbert action ( ) or total scalar curvature functional

owever, the Ricci flow is not the gradient flow of (any such)  the
gradient flow of does not e ist, since it implies a backward heat equation for the evolution of the
scalar curvature

Since early work of amilton, it has been recognized that Ricci solitons are important in the
study of the Ricci flow, in particular regarding issues related to singularity formation. ( hen a
sequence of metrics is rescaled by a divergent sequence of factors, the sequence must be pulled
back by large, local di eomorphisms to obtain any limit). These solutions evolve by a flow by
di eomorphisms () (0), so that — () , where  is the in nitesimal
generator of . Gradient solitons, where , then satisfy the equation 0, for
some function

The Ricci flow is invariant under the action of the di eomorphism group on and so descends

to a flow on the moduli space . The stationary points of the Ricci low on  are then the
(equivalence classes of) Ricci-flat metrics and Ricci solitons. n the other hand, it is well-known,
cf. [I, ., . ], that there are no non-trivial, i.e. non- instein, Ricci solitons on -manifolds

soliton here means steady soliton.
ne can then ask if there is a functional on  whose critical points are Ricci-flat metrics together
with Ricci solitons. This now involves e tra data, namely metrics and vector elds, or metrics and

functions in the case of gradient solitons. This is e actly what does, cf. [I, (. )].

The functional is initially de ned as a functional on the product ( ). owever,
the idea is to couple these two factors. ( ) is identi ed with the space of volume forms
by where is any ed volume form. nder the Ricci flow, the volume form
changes. ( odifying it to leave the volume form ed leads to a backwards heat equation for ).
Given then any smooth measure , Perelman considers the functional , where
couples and . is then a functional on all of given any , there is a unique such that
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