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1. INTRODUCTION.

In this paper, we discuss recent progress on the existence of canonical metrics on manifolds
in dimensions 3 and 4, and the structure of moduli spaces of such metrics. The existence of a
“best possible” metric on a given closed manifold is a classical question in Riemannian geometry,
attributed variously to H. Hopf and R. Thom, see [22] for an interesting perspective. A good
deal of motivation for this question comes from the case of surfaces; the uniformization theorem in
dimension 2 has a multitude of consequences in mathematics and physics. Further, there are strong
reasons showing that the closest relations between geometry and topology occur in dimensions 2,
3 and 4.

The precise formulation of the question in dimension 3 is given by Thurston’s Geometrization
Conjecture. This conjecture describes completely when a given 3-manifold admits a canonical
metric (defined to be a metric of constant curvature or more generally a locally homogeneous
metric), and thus determines exactly what the obstructions are to the existence of such a metric.
Moreover, it describes how an arbitrary 3-manifold decomposes into topologically essential pieces,
each of which admits a canonical metric, resulting in the topological classification of 3-manifolds.
The apparent solution of the Geometrization Conjecture by Perelman is one of the most spectacular
breakthroughs in geometry and topology in the past several decades.

The Thurston picture will be reviewed in more detail in §2, for the light it sheds on what might be
hoped for or expected in dimension 4. Since there is already considerable analysis and discussion
of the details of Perelman’s work elsewhere, we will not discuss this in any detail here. We do
however give one application of his work, (since this does not seem to be widely known), namely
the determination of the value of the Yamabe invariant or Sigma constant o(M) of all 3-manifolds
M for which o(M) <0, cf. §2.

Thus, the bulk of the paper concerns dimension 4. Canonical metrics will be defined to be
metrics minimizing, (or possibly just critical points for), one of the classical and natural curvature
functionals F on the space of metrics M on a given oriented 4-manifold M:

(1.1) R, W2 W2, W2, Ric*.
These are respectively the square of L? norm of the Riemann curvature R, Weyl curvature W, its

self-dual and anti-self-dual components, W,, W_, and Ricci curvature Ric. We will also consider,
but in much less detail, the scalar curvature functionals

(1.2) 8%, -Sly,

given by the square of the L2 norm of the scalar curvature s, and the restriction of the total scalar
curvature to the space ) of unit volume Yamabe metrics on M. The Chern-Gauss-Bonnet theorem
[17] relating the functionals in (1.1)-(1.2) plays a crucial réle in the analysis to follow.
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Einstein metrics, satisfying
S
(1.3) Ricy = —g,
n

n = dimM, are critical points of all of the functionals in (1.1)-(1.2), and in many cases, Einstein
metrics are minimizers. However, there are large classes of minimizers of W2, or the related Wi,
W? which are not Einstein. Critical metrics of W? are Bach-flat metrics, satisfying the Bach
equations, and include conformally flat as well as half-conformally flat (self-dual or anti-self-dual)
metrics and these classes of metrics are also often minimizers. It does not seem to be known if
there are any other minimizers, or even critical points of the functionals in (1.1) or (1.2), which are
not Einstein or half-conformally flat.

Just as in dimension 3, on a general 4-manifold, metrics minimizing a particular functional in
(1.1) will not exist. Until relatively recently, the only known obstructions to the existence of Einstein
metrics were the Hitchin-Thorpe inequality x (M) > 2|7(M)| between the Euler characteristic and
signature of M, and Gromov’s improvement of this, based on the simplicial volume. In the past
decade or so, many further obstructions have been found by LeBrun and others, which show for
instance that the existence of an Einstein metric on a 4-manifold M often depends strongly on
the smooth structure of M as opposed to just the topological structure; we refer to [28], [29] for
overviews of the current status of these issues. Nevertheless, one is far from having a comprehensive
understanding of the obstructions to Einstein or half-conformally compact metrics on a given 4-
manifold.

In §3, we survey in some detail the currently known results concerning the structure of the moduli
space of Einstein metrics and moduli spaces Mz of the functionals F in (1.1).

In §4, these results, and the methods used in their proof, are extended to prove a general result
on the weak or idealized existence of minimizers of the functionals in (1.1). The main result is
summarized as follows, but we refer to Theorem 4.10, both for the definitions involved and for a
more precise formulation.

Theorem 1.1. Let M be a closed, oriented 4-manifold and let F be either of the functionals R? or
Ric? in (1.1). Then there exist minimizing sequences {g;} for F on the space My of unit volume
metrics metrics on M which exhibit one of the following behaviors:

(I). The sequence {g;} converges in the Gromov-Hausdorff topology to a compact, oriented orbifold
(V,go) associated to M, possibly reducible, with C* metric gy on the regular set Vy, and having a
CO extension across the singular points. One has

(1.4) F(go) < inf F(g), and woly,V =1.
geEM;

(IT). The sequence {g;} collapses everywhere, i.e. injy(x) — 0, for all x € M, and on the
complement of a finite collection B; of arbitrarily small balls B; = UyB,, (€;), €; — 0, the sequence
{gi} collapses with locally bounded curvature along a sequence of F-structures on M \ B;.

(III). The sequence {g;} converges in the pointed Gromov-Hausdorff topology to a mazimal open
orbifold Q, possibly reducible and possibly empty, with C* smooth metric gg on the reqular set g,
C° across singular points, and satisfying

(1.5) F(go) < inf F(g), and wvolg,Q < 1.
gEM;

Any compact set K C Qo embeds in M, and if K is sufficiently large, the complement M \ K
carries an F-structure, metrically on the complement B; of finitely many balls of arbitrarily small
radius, as in (II).

In both cases (I) and (III), the metric gy satisfies the Euler-Lagrange equation

(1.6) VF =0.
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A similar but slightly weaker result holds for the conformally invariant functionals W2 or W2,
cf. Theorem 4.11.

These results give a general framework in which to study the existence of minimizers of one of
the curvature functionals in (1.1) and, in situations where such metrics don’t exist on the manifold
M, a framework to try to understand what the obstructions to existence might be. Note that the
general structure given by Theorem 1.1, and its analogue for the conformally invariant functionals,
is the same for all functionals F in (1.1).

The results above also apply to the moduli spaces of minimizers, (or critical points) of F, and
in this context generalize recent results in [8], [45], cf. Theorem 4.15. A number of questions
related to Theorem 1.1 are raised in §4, the most important being to what extent the domain €2 is
topologically essential in M, analogous to the Thurston decomposition in dimension 3.

We point out one particular consequence of the proof of Theorem 1.1 here, related to an open
question of Gromov and work of Rong [37]; again see Theorem 4.18 for more details.

Theorem 1.2. There is an €9 > 0, such that if M is a 4-manifold admitting a metric with

(1.7) / IR|” < e,
M

then M has an F-structure.

We do not attempt here to give a broad overview of results on canonical metrics on 4-manifolds,
which would require a much longer article; thus many important topics are not discussed at all.
Some important omissions include the existence of canonical Kéhler-Einstein metrics, where a
great deal more is known based on Yau’s solution of the Calabi conjecture [47]. Similarly, extremal
Kahler metrics and twistor theoretic techniques are not addressed. In fact, the relations between
the canonical metric problem with complex and algebraic geometry are not considered, and it would
be interesting to see if the conclusions of Theorem 1.1 can be strengthened in the context of Kahler
metrics for instance.

Finally, all manifolds below are compact, connected and oriented, and of dimension 3 or 4, unless
otherwise stated.

I would like to thank the referee for several useful comments on the manuscript.

2. 3-MANIFOLDS.

In dimension 3, it is natural to define canonical metrics to be the metrics of constant curvature,
or equivalently, Einstein metrics. Most 3-manifolds M do not admit an Einstein metric; in fact
it is quite easy to see that essential spheres and tori obstruct the existence of an Einstein metric,
(except tori in the very special case of flat 3-manifolds). Here, an embedded sphere S? in M is
essential if it does not bound a 3-ball in M, while an embedded torus is essential if the embedding
induces an injection of fundamental groups. So for example, a non-trivial connected sum M;# Mo,
or any circle bundle over a surface with infinite fundamental group, (which is not a flat 3-manifold),
does not carry an Einstein metric.

A special case of the Thurston Geometrization Conjecture, (the most important case given
Thurston’s results on the conjecture [43]), is that the simplest essential surfaces embedded in M,
namely spheres and tori, are the only obstructions to the existence of an Einstein metric. In fact, the
conjecture states that a general 3-manifold may be naturally split along a suitable collection of such
spheres (sphere decomposition) and tori (torus decomposition) into pieces, each of which admits a
canonical geometric structure. A geometric structure is a mild generalization of an Einstein metric,
namely a complete, locally homogeneous metric. There are eight types of geometries; the three of
constant curvature and five which are products or twisted products of lower dimensional manifolds,
(where the uniformization theorem for surfaces comes into play).



To describe the splitting in a bit more detail, the sphere decomposition is a decomposition into
a connected sum of irreducible 3-manifolds, and has the form

(2.1) M = (Ky#t.. #Kp)#(Ln#.. #Lg) #(#75% x S),

where the K and L factors are irreducible and of infinite 71 and finite m; respectively; irreducible
means that every embedded S? bounds a 3-ball B? in the manifold. The torus decomposition is a
splitting of a K-factor into a finite collection of disjoint open manifolds K \ 7, where T is a finite
collection of disjoint, non-isotopic, essential tori in K such that each component of K \ 7 has no
essential tori not homotopic to boundary torus in 7.

Thurston’s conjecture is the assertion that each L factor in (2.1) is a spherical space form, while
each K factor has the form

(2.2) K =HUrG,

where H is a finite union of complete hyperbolic 3-manifolds of finite volume, and G is a finite
union of graph manifolds, with 7 C 7. Each component of G may be further decomposed as a
union of circle bundles over surfaces with boundary, (Seifert fibered spaces); the resulting toral
boundary components then essentially comprise 7 \ 7. Thus G is a union of Seifert fibered spaces
with boundary, glued together by toral automorphisms. The Seifert fibered pieces of G carry
product or twisted product geometries. There is one exception to the rule (2.2), namely when K
is a 3-dimensional Sol-manifold, i.e. a finite cover of K is a non-trivial torus bundle over a circle.

In a remarkable series of papers [33]-[35], Perelman has apparently proved the Geometrization
Conjecture. His work has gradually gained increasing acceptance among experts and it seems likely
that full acceptance will occur in the near future. In addition to Perelman’s papers, there are now
a number of expositions of his work at various levels, and so the proof will not be discussed here;
see also the general source [25].

For later purposes, there is one point worth explaining however. While the method, the Ricci
flow with surgery, leads to the geometrization of the constant curvature (Einstein) factors in (2.2),
it does not lead to the geometric structures on the graph manifold part G, (or the Sol geometry).
Instead, the geometry of G that emerges is that of collapse along the circle fibers in the Seifert
fibered spaces and collapse of the toral regions glueing them together, (or collapse of toral fibers
in Sol manifolds). Thus, the basic configuration in the limit is a collection of Einstein metrics,
together with a well-defined degeneration by collapse of the remaining parts of M.

The point worth emphasizing here is that although most 3-manifolds do not carry Einstein
metrics, given Perelman’s work one has a precise understanding of which 3-manifolds do, and how
a general 3-manifold is obtained by assembling pieces having such canonical geometries.

Finally, the moduli space of Einstein metrics on 3-manifolds is completely understood; the spher-
ical space-forms are rigid (Calabi), as are the hyperbolic manifolds of finite volume (Mostow and
Mostow-Prasad). The moduli spaces of the remaining six geometries are basically determined by
the moduli of constant curvature metrics on the underlying surfaces.

Application to the Sigma Constant.

Since it does not appear to be widely known at this time, we give an application of Perelman’s
work to the Sigma constant, also called the Yamabe invariant, of 3-manifolds. Thus, let S denote
the Einstein-Hilbert action restricted to the space M of unit volume metrics on a given 3-manifold
M;

(2.3) S(g) = /M 89dVy,
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where s, is the scalar curvature of g. S is bounded below in any given conformal class [g] and the
invariant o(M) is given by
(2.4) o(M) = sup{inf S(g)} = sups,,

[glec ld] v€Y
where C is the space of conformal classes and Y is the space of unit volume Yamabe metrics. Now
suppose

(2.5) o(M) <0.

It follows from classical work of Schoen-Yau or Gromov-Lawson that (2.5) occurs if the decomposi-
tion (2.1) contains at least one K factor; (Perelman’s work implies that (2.5) occurs precisely when
(2.1) contains at least one K factor).

We show that Perelman’s work implies that when o(M) < 0, o(M) is determined by the volume
of the hyperbolic part of M, in that

(2.6) lo(M)| = 6(vol_, H)?/?,

where vol_1 H is the volume of H with respect to the metric of constant curvature -1. In particular,

the graph manifold part G and the positive parts S3/T', 2 x S! if any, are invisible to o(M).

Perelman’s work answers affirmatively a conjecture of Schoen in [39], and its generalization in [6].
To prove (2.6), consider the quantity

(2.7) S_(M) = sup{sminv*’*(9)},

geM
where the sup is taken over the space M of all metrics on M, S.i,(g) = miny s, and v is the
volume of (M, g). The product in (2.7) is scale invariant. It is easy to see that when o(M) < 0,
then
(2.8) S_(M) =0o(M).

Namely, since Yamabe metrics are of constant scalar curvature, one has S_(M) > o(M). On the
other hand, given any g, let § = u*g be a Yamabe metric of the same volume as g in [g], so that u
satisfies the Yamabe equation

(2.9) u’% = —8Au + su.
When s < 0, the maximum principle implies that § > spn, (since maxwu > 1). This proves (2.8),
and so (2.6) follows from
(2.10) |S_(M)| = 6(vol_, H)*/3.

To prove (2.10), suppose first that M is irreducible, so the sphere decomposition (2.1) is trivial,
(M = K). Then
(2.11) M = HU7G,

where the union is along incompressible tori 7. Now it is easy to construct a metric g. on M such
that

(2.12) Sminv?2(g=) > —6(vol_1 H)?*/® — ¢,

for any given € > 0. This can be done “by hand”, by taking a truncation of the hyperbolic metric
on H, joined with a highly collapsed metric on G; one can easily construct such metrics on G with
s > —6, vol < g, for any given € > 0, and which smoothly glue onto the hyperbolic cusps sufficiently
far down the cusps, cf. [5], [7] for further details. (If H =}, then this already implies (2.10)). Thus
one has

(2.13) S_(M) > —6(vol_1H)*/® = —3(vol_, ;, H)*/?.
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Now suppose there is a metric go on M such that S_(go) > —%(001,1/41-1)2/3. Then start the Ricci
flow on M with initial metric go. Perelman’s work implies that the Ricci flow with surgery g; exists
for all time, and that the scale invariant quantity S_(g;) is monotone non-decreasing in ¢, since
S_(gs) <0 for all ¢, cf. [34]. Hence as ¢t — 0o, S_(g;) — S > —%(vol_1/4H)2/3, with § < 0.

On the other hand, as Perelman shows, the rescaled metrics §; = ¢~'g; have the property that
Smin(Gt) — —% as t — oo, cf. [34]. Now the decomposition (2.11) is unique up to isotopy, (cf.
[7]), and the metrics g;, when restricted to compact subsets of H, converge to the hyperbolic
metric with curvature —1/4. Thus, one must have V = liminf; o0 vol(gt) > wol_y/4H. Hence,

S = lim sup;_, o, Smin(Gs)v0l(Gy)%/3 < —%(001_1/4H)2/3, which gives a contradiction.

If M is not irreducible, then M is a connected sum of positive factors $2/T', §2 x S! and non-
positive irreducible factors K;. The work above shows that (2.10) holds on each K;. One can
perform the connected sum surgery by hand to increase s,,;, pointwise and with arbitrarily small
change to the volume, cf. again [5], [7], so that (2.12) holds for general M. One may then apply
exactly the same argument as before to prove that (2.10) holds, when o(M) < 0. (The Ricci flow
with surgery performs the sphere decomposition (2.1), and in particular disconnects the factors in
(2.1) in finite time, while the K factors persist for infinite time). [ |

In contrast, no applications of Perelman’s ideas have yet been found to determine the Sigma
constant of the positive 3-manifolds, i.e. S3/T; cf. [1], [14] for some recent progress on this
problem.

Observe that (2.10) shows that if (M, g) is any closed Riemannian 3-manifold with (M) < 0,
then

(2.14) 89 > —6 = volyM > vol_1H,

where H is the hyperbolic part of M. This gives a very strong generalization of results of [13] in
dimension 3, and extends their results from Ricci curvature to scalar curvature.
In fact, (2.14) can easily be generalized somewhat further. Let

(2.15) S (g) = / | min(s,, 0)[*/2dV.

Then it is easy to see that

(2.16) lo(M)P/? = inf 8*2(g).
geEM;

Namely, the definition (2.4) gives immediately |o(M)|3/2 > infyen, 83/2(9). On the other hand,
given any g € My, let v be a unit volume Yamabe metric in [g]. Setting g = u*y, as in (2.9) one
has u5sg = —8Au + s,u. Since s, is a non-positive constant, simple calculations give

|sy] = —/s7dV7 = —/sgu4dV7 —za/ulAudv7 = —/sgu‘*dv7 —8/|dlogu|2dv7

< [ Imin(sy, 0)fu'av, <[ [ |mins,, 02tV /9 = (%2(g)?/.
This gives inf S3/2(g) > |o(M)|*>/?, and so (2.16). Hence, (2.14) generalizes to

(2.17) 8*%(g) > 63/vol_, H.

In fact, (2.17) reflects the behavior of metrics minimizing the functional s% 2, (or stronger func-

tionals such as S?) on a given 3-manifold with ¢(M) < 0. Thus, one may find minimizing sequences

{gi} for Si/ % which crush essential 2-spheres in M to points, according to the sphere decomposi-
tion, and on each non-positive K-factor, converge to the complete hyperbolic metric on H, while
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collapsing the graph manifold part G with uniformly bounded curvature. The positive parts S3/T
and S2 x S! are invisible to $¥2. Thus, one can construct minimizing sequences for S*/% which
give a geometric decomposition of M, equivalent to the Thurston decomposition, (cf. [7] for further
details).

This will be the main point of view in the analysis to follow in 4-dimensions.

3. 4-MANIFOLDS: MODULI SPACES.

On 4-manifolds, it is less clear what a canonical metric should be. As discussed in §1, we will
take the point of view of variational problems on the space of metrics M on a given 4-manifold M
and define such a metric to be a minimizer, (or possibly a critical point), of one of the curvature
functionals F in (1.1), i.e.

(3.1) R, W2, W2, W2, Ric?,
or the much weaker scalar curvature analogues,
(3.2) S%, —S|y.

These functionals are all bounded below, and so in principle one can use direct methods in the
calculus of variations to study the existence and properties of minimizers.

The basic problem is to understand the existence and moduli spaces of such metrics on a given
manifold M. However, just as in dimension 3 as discussed in §2, one cannot expect an arbitrary
4-manifold admits a smooth metric minimizing one of the functionals F. In fact, the situation in
dimension 4 is much more complicated than that in 3 dimensions. While numerous obstructions
to the existence of minimizers of a given F are known, cf. [28], [30] and further references therein,
there is no general conjecture as to what an exact and complete set of obstructions is, i.e. there is
currently no analog of the Thurston geometrization conjecture.

Nevertheless, it is natural to try to find a geometric decomposition of M with respect to one of
these functionals. Thus, as discussed at the end of §2, one can try to see if minimizing sequences
decompose the manifold into pieces, (analogous to (2.1) or (2.2)), on some of which they converge
to smooth limits and others on which they degenerate in a well-defined way.

The single most important fact allowing one to develop such a theory on the existence, or
the structure of moduli spaces of such functionals, is Chern’s generalization of the Gauss-Bonnet
theorem; in dimension 4, this is

1
(33 o [ (IR = 2P)av = x(a),
where z = Ric — g is the tracefree Ricci curvature. The expression (3.3) is equivalent to
1 1 1
A4 — 22122 + =21V = x(M).
(3.4 oo [ IWP = 5la + 5152}V = x(31)

This gives one L? control of the full curvature R (or W) in terms of L? control of Ric. Chern-Weil
theory and the signature theorem also give the relation

1 2 2 _
(3.5) oz [ (WP = W_P)av = =(a1),
where 7(M) is the signature of M. Combining (3.4) and (3.5) gives
1 2 1 2 1 2
. — - = — =2x(M M).
(3. 3 [ IWl? = 1P + s}V = 2x(M) + 37(M)

The functionals (3.1) are all scale-invariant in dimension 4. In the following, we will always work
on the space M of unit volume metrics on M, unless stated otherwise.



In this section, we study the structure of the moduli spaces of minimizers or critical points of the
functionals in (3.1). This serves as an introduction as to what one can expect for existence results,
which are discussed in §4.

(A). Einstein Moduli Spaces.

We begin with the case of Einstein metrics, which are critical points of all the functionals in (3.1)
and (3.2). Let M = Mp denote the moduli space of unit volume Einstein metrics on M. Since
for instance the functional S? is critical on M and Einstein metrics have constant scalar curvature,
the scalar curvature s, : M — R is constant on components of M. By (3.3), R? is constant on all
of M, while by (3.4), 2 is again constant on components of M.

The rst general result on the structure of the moduli space M of unit volume Einstein metrics
on a given 4 manifold M was obtained in 2, 1 , 32 a partial result along these lines was also
obtained in 44 in the special case of ahler Einstein metrics with . verall, the picture
resembles somewhat hlenbec s results on the moduli space of self dual ang Mills elds.

To describe this, an Einstein orbifold ( ) associated to M is de ned to be a (4 dimensional)

orbifold, with a nite number of singular points , each having a neighborhood homeomorphic

to the cone ( ), where = is a nite subgroup of  (4). Let = be the regular

set of . Then is a smooth Einstein metric on , which extends smoothly over in local

nite covers. The manifold M is a resolution of in the sense that there is a continuous sur ection

: M —  such that : ()— is a di eomorphism onto . In particular, is
compact.

Then the result is that the completion M of M in the romov ausdor topology consists of
M together with unit volume Einstein orbifold metrics associated to M. Moreover, the completion
is locally compact, in that any se uence of unit volume Einstein metrics on M, bounded in the

romov ausdor topology, has a subse uence converging to an Einstein orbifold associated to M.
In analogy to the hlenbec completion of the moduli space of ang Mills instantons, orbifold
singularities arise from the bubbling o of gravitational instantons, i.e. complete non at icci
at metrics ( ) which are ALE, (asymptoticaly locally Euclidean), in that the metric is
asymptotic to a at cone ( ) at in nity. There is at least one such ALE space associated to
each singularity however, in general there may be nitely many such spaces, arising at di erent
blow up scales. All such blow up limits  are topologically embedded in M and a simple Mayer
ietoris argument shows that most of the rational homology of any such  in ects in the homology
of M, in that

(3.) - ( B - (MR
for =12

Such ALE spaces ( ) have nontrival 2  Betti number, and  is obtained from M by
collapsing essential cycles in o(M R) to points. In particular, if o(M) = , then there are
no orbifold singularities and so = M. This is the case for example M is a rational homology

sphere, (with any di erentiable structure). Also, the proof of the smoothness of across the orbifold
singularities in a local uniformization follows the lines of proof of hlenbec s removable singularity
theorem, cf. 1 . inally, since each ALE space ( ) has a de nite amount of curvature in 2,
one has a uniform bound on the number of orbifold singularities depending only on (M), by the
hern auss Bonnet theorem (3.3).
The completion in the romov ausdor topology is e uivalent to the completion with respect

to a diameter bound, so that all metrics M satisfy
(3.) oM =1 oM

for some = ()











































































