
c o m m e n t  Initially m [i, j] is t r u e  if individual i is a parent  of 
individual j. At completion, m [i, j] is t r u e  if individual i is an 
ancestor of individual j. That  is, at completion re[i, j] is t r u e  
if there are k, l, etc. such tha t  initially m[i, k], m[k, 1], . • . ,  m[p, j] 
are all t r u e .  Reference: WARSHALL, S. A theorem on Boolean 
matrices, J . A C M  9(1962), 11-12; 

b e g i n  
i n t e g e r  i, j, k; 
for  i := 1 s t e p  1 u n t i l  n do 
for  j := 1 s t e p  1 u n t i l  n do 
i f  In [j, i] t h e n  
for  k := 1 s t e p  1 u n t i l  n do 
i f  m [i, k] t h e n  
m [j, k] := t r u e  
e n d  ancestor 
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S H O R T E S T  P A T H  

ROBERT W.  FLOYD 

A r m o u r  R e s e a r c h  F o u n d a t i o n ,  Ch icago ,  Ill.  

p r o c e d u r e  shortest  path (m,n); va lue  n; i n t e g e r  n; a r r a y  In; 
c o m m e n t  Initially m[i, j] is the length of a direct link from 

point i of a network to point  j. If no direct link exists, m [i, j] is 
initially M0. At completion, m [i, j] is the length of the shortest  
pa th  from i to j. If none exists, m [i, j] is 1010. Reference: WAR- 
SHALL, S. A theorem on Boolean matrices. J ,  A C M  9 (1962), 11-12; 

beg in  
in t eger  i, j, k; r ea l  inf, s; inf := M0; 
f o r t  := 1 s t e p  1 u n t i l n  do 
for  j := 1 s t e p  1 u n t i l  n do 
i f  m [j, i] < inf t h e n  
for  k := 1 s t e p  1 u n t i l  n do 
i f  m It, k~ < inf t h e n  
b e g i n  s := in [j, il + m [i, k]; 
i f  s < m [j, k] t h e n  m [j, k] := s 
e n d  
end  shortest  pa th  

Contributions to this depar tment  must  be in the form 
s ta ted in the Algorithms Depar tment  policy s ta tement  
(Communicat ions ,  February,  1960) except tha t  ALGOL 60 
notat ion should be used (see Communicat ions ,  May 1960). 
Contr ibut ions should be sent in duplicate to J. H. Wegstein, 
Computat ion Laboratory,  National  Bureau of Standards,  
Washington 25, D. C. Algorithms should be in the Reference 
form of ALGOL 60 and wri t ten in a style pa t te rned  after the 
most recent algorithms appearing in this depar tment .  For 
the convenience of the printer,  please underline words tha t  
are delimiters to appear in boldface type.  

Although each algorithm has been tested by its contrib- 
utor, no warranty,  expressed or implied, is made by the con- 
tr ibutors,  the editor, or the Association for Computing 
Machinery as to the accuracy and functioning of the algo- 
r i thm and related algorithm material,  and no responsi- 
bili ty is assumed by the contributor,  the editor, or the 
association for Computing Machinery in connection there- 
with. 

The reproduction of algorithms appearing in this depart-  
ment  is explicitly permi t ted  without any charge. When re- 
production is for publication purposes, reference must  be 
made to the algorithm author and to the Communica t ions  
issue bearing the algorithm. 
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E V A L U A T I O N  O F  D E F I N I T E  C O M P L E X  L I N E  

I N T E G R A L S  

JOHN L. PFALTZ 

S y r a c u s e  U n i v e r s i t y  C o m p u t i n g  C e n t e r ,  S y r a c u s e ,  N.  Y .  

p r o c e d u r e  COMPLINEINTGRL(A,  B, N, RSSUM); 
va lue  A, B, N; rea l  A, B, N ; a r r ay  RSSUM; 

c o m m e n t  C O M P L I N E I N T G R L  approximates the complex line 
integral by evaluating the partial  Riemann-Stiel t jes  sum 
~ L l  f(zk)[zt  -- zt-l] where a =< t #_ b and zk ~ (Zt_l , zt). The 
programmer must  provide 1) the procedures GAMMA(T, Z) to  
calculate z(t) on P, and FUNCT(Z,  F) to calculate function 
values, and 2) the end points A and B of the parametric interval 
and N the number of subintervals into which [a, b] is to be 
part i t ioned ; 

beg in  i n t e g e r  I; r ea l  T, DELT;  rea l  a r r a y  ZT, ZTL, DELZ,  
ZK, PART[l:2];  RSSUM[1] := 0.0; RSSUM[2] := 0.0; 
DELT := (B - A ) / N ; T  := A; 

line: GAMMA(T, ZT); 
i f  T = A t h e n  go to  next;  
for  I := 1 s t e p  1 u n t i l  2 do 
b e g i n  

DELZ[I] := ZT[I] -- ZTL[I]; e n d ;  
for  I := 1 s t e p  1 u n t i l  2 do 
b e g i n  

ZK[I] := ZTL[I] + DELZ[I]/2.0; e n d ;  
FUNCT(ZK,  FZ);  
PART[l]  := FZ[1] X DELZ[1] -- FZ[2] X DELZ[2]; 
PART[2] := FZ[1] X DELZ[2] + FZ[2] X DELZ[1]; 
for  I := 1 s t e p  1 u n t i l  2 do 
b e g i n  

RSSUM[I] := RSSUM[I] + PART[I]; e n d ;  
i f T  < B - (0.25 X DELT) t h e n  go to  next e lse  go to, 

exit; 
next: for  I := 1 s t e p  1 u n t i l  2 do 

b e g i n  
ZTL[I] := ZT[I]; e n d ;  

T := T + DELT;  
go to  line; 

exit: e n d  COMPLINEINTGRL.  
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E V A L U A T I O N  O F  J A C O B I  S Y M B O L  

STEPHEN J.  GARLAND AND ANTHONY W.  KNAPP 

D a r t m o u t h  Col lege ,  H a n o v e r ,  N.  H .  

p r o c e d u r e  Jacobi (n,m,r); va lue  n,m; 
i n t e g e r  n, In, r; 
c o m m e n t  Jacobi computes the value of the Jacobi symbol (n/m),  

where m is odd, by the law of quadratic reciprocity. The param- 
eter r is assigned one of the vahms --1, 0, or 1 if m is odd. If m 
is even, the symbol is undefined and r is assigned the vahm 2. 
For odd m the routine provides a tes t  of whether  m and n are 
relatively prime. The value of r is 0 if and only if m and n have 
a nontrivial  common factor. In the special case where m is pr ime.  
r = - 1  if and only if n is a quadratic nonresidue of m; 

beg in  
in t e ge r  s ; 
B o o l e a n  p, q; 
B o o l e a n  p r o c e d u r e  par i ty  (x) ; va lue  x; i n t e g e r  x; 

c o m m e n t  The value of the function par i ty  is t r u e  if x is 
odd, fa l se  if x is even; 

b e g i n  
pari ty := x + 2 X 2 # x 

e n d  pari ty;  
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i f  -a p a r i t y  (m) t h e n  b e g i n  r :=  2; go  t o  exi t  e n d ;  

p :=  t r u e ;  
loop:  n :=  n - -  n . +  m X  m ;  

q :=  f a l s e ;  
i f n  =< 1 t h e n  go  t o  done ;  

e v e n :  i f  --1 p a r i t y  (n) t h e n  
b e g i n  

q :=  -a q;  
n :=  n .'-- 2; 
go  t o  eveln 

e n d  n now odd ;  
i f  q t h e n  i f  p a r i t y  ((m~2 -- 1 ) + 8 )  t h e n  p : =  -7 p;  
i f n  = 1 t h e n  go  t o  done ;  
i f  p a r i t y  ( ( m - l )  X ( n - l }  + 4) t h e n p  : =  -7 p;  
s :=  m ;  m :=  n ;  n : =  s;  go  t o  100p; 

done :  r :=  i f n  = 0 t h e n  0 e l s e  i f p  t h e n  1 e l s e  - -1 ;  
ex i t :  e n d  Jac0b i  

ALGORITHM 101 
REMOVE ITEM FROM CHAIN-LINKED LIST 
P t t l L I P  J .  K I V I A T  

United States Steei Corp., Appl. Res. Lab., Monroeville, 
P e n n .  

p r o c e d u r e  o u t l i s t  ( v e c t o r , m , l i s t , n , f i r s t , f l a g , a d d r ) ;  
i n t e g e r  n ,m, f i r s t , f l ag ;  i n t e g e r  a r r a y  v e c t o r , l i s t , a d d r ;  
c o m m e n t  ou t l i s t  r e m o v e s  t h e  f irst  e n t r y  ( i n f o r m a t i o n  pa i r  w i th  

lowes t  o rder  key)  f r om l i s t  (i,j) and  p u t s  i t  in vec to r (k ) ;  
b e g i n  i n t e g e r  i;  
f o r  i :=  1 s t e p  1 u n t i l  m + l  do  vector[i]  :=  l i s t  [first,i]; 
f o r  i :=  n - - I  s t e p  --1 u n t i l  1 do  a d d r  [ i + l ]  :=  a d d r  [i]; 
a d d r  [1] :=  f i rs t ;  
i f  l i s t  [ f i r s t ,m+3]  = flag t h e n  

b e g i n  l i s t  [ 1 ,m+2]  :=  flag; f irst  :=  1; 
f o r  i :=  1 s t e p  1 u n t i l  n d o  a d d r  [i] :=  i e n d ;  

e l s e  b e g i n  f irst  :=  l i s t  [ f i r s t ,m+3] ;  
l i s t  [ f i r s t ,m+2]  :=  flag e n d ;  
f o r  i :=  1 s t e p  1 u n t i l  m + 3  d o  l i s t  [addr  [1], i] :=  0 
e n d  o u t l i s t  

ALGORITHM 100 
ADD ITEM TO CHAIN-LINKED LIST 
P H I L I P  J .  K I V I A T  

United States Steel Corp., Appl. Research Lab., Monroe- 
ville, Penn. 

p r o c e d u r e  in l i s t  ( t , i n fo ,m , l i s t , n , f i r s t , f l ag , add r , l i s t f u l l ) ;  
i n t e g e r  n ,m , f i r s t , f l ag , t ;  i n t e g e r  a r r a y i n f o , l i s t , a d d r ;  
c o m m e n t  in l i s t  adds  t h e  i n f o r m a t i o n  pa i r  {t,info} to  t h e  cha in -  

l i nk  s t r u c t u r e d  m a t r i x  l is t  ( i , j) ,  where  t is an  o rder  key  _-> 0, a n d  
info(k)  an  i n f o r m a t i o n  v e c t o r  a s s o c i a t e d  w i t h  t.  info(k)  h a s  di-  
m e n s i o n  m,  l i s t ( i , ] )  h a s  d i m e n s i o n s  (n X ( m + 3 ) ) .  flag d e n o t e s  
t h e  h e a d  a n d  ta i l  of l i s t ( i , j ) ,  a n d  f irst  c o n t a i n s  t h e  a d d r e s s  of t h e  
f irst  ( lowest  order)  e n t r y  in  l i s t ( i , j ) ,  addr (k)  is a v e c t o r  con-  
r a i n i n g  t h e  a d d r e s s e s  of ava i l ab l e  ( emp t y )  rows in l i s t ( i , j ) .  
I n i t i a l i z a t i o n :  l i s t ( i , m + 2 )  = flag, for  s o m e  i _-< n.  If  l i s t ( i , ] )  is 
filled exi t  is to l i s t fu l l ;  

b e g i n  i n t e g e r  i, j, l i nk l ,  l ink2;  
0: i f a d d r [ 1 ] = 0 ;  t h e n  go  t o  l i s t fu l l  ; i : =  1; 
] :  i f  l i s t  [i,1] ~ t 

t h e n  b e g i n  i f  l i s t  [i,2] ~ 0 t h e n  b e g i n  l i nk l  : =  n l + 2 ;  
l ink2 :=  m + 3 ;  go  t o  2 e n d ;  e l s e  b e g i n  i f  
l i s t  [ i ,m+2]  = flag t h e n  b e g i n  i : =  flag; 
l ink1 :=  m + 3 ;  l ink2  : =  m + 2 ;  go  t o  3 e n d ;  
e l s e  b e g i n  i :=  i + 1 ;  go  t o  1 e n d  e n d  e n d ;  

e l s e  b e g i n  l i nk l  : =  m + 3 ;  l ink2 :=  m + 2  e n d ;  
2: i f  l i s t  [i,link2] # flag 

t h e n  b e g i n  k :=  i;  i :=  l i s t  [i,link2]; 
i f  ( l ink2 = m + 2  /~ lis't [i,1] £ t) V 

(l ink2 ~ m + 2  /~ l i s t  [i,1] > t)  t h e n  go  t o  4; 
e l s e  go  t o  1 e n d ;  

e l s e  b e g i n  l is t  [i,link2] :=  a d d r  [1] e n d ;  
3: j :=  a d d r  [1]; l i s t  [ j , l inkl]  : =  i;  

l i s t  [j,link2] :=  flag; i f  l ink2 = m + 2  t h e n  
f irst  :=  a d d r  [1]; go  t o  5; 

4: j :=  a d d r  [1]; l i s t  [ j , l inkl]  : =  l i s t  [ i , l inkl] ;  
l i s t  [ i , l inkl]  :=  l i s t  [k,link2] :=  a d d r  [1]; 
l i s t  [j,link2] :=  i; 

5: l i s t  [j,1] :=  t ;  f o r  i : =  1 s t e p  1 u n t i l  m d o  
l is t  [ j , i + l ]  :=  info  [i]; f o r  i : =  1 s t e p  1 u n t i l  n - - 1  d o  
a d d r  [i] :=  a d d r  [ i + l ] ;  a d d r  [n] :=  0 

e n d  in l i s t  

ALGORITHM 102 
PERMUTATION IN LEXICOGRAPHICAL ORDER 
G.  F .  SCHRACK AND M .  SHIMRAT 

University of Alberta, Calgary, Alberta, Canada 

p r o c e d u r e  P E R M U L E X ( n , p )  ; 
i n t e g e r  n ;  i n t e g e r  a r r a y  p; 
c o m m e n t  Success ive  calls  of t h e  p r o c e d u r e  will g e n e r a t e  all 

p e r m u t a t i o n s  p of 1,2,3,. • . ,n  in l ex icograph ica l  order .  Before  t h e  
f irst  call,  t h e  non-10cal  Boo l ean  v a r i a b l e  ' f lag '  m u s t  be se t  to  
t r u e .  If  a f t e r  an  e x e c u t i o n  of P E R . M U L E X  'f lag '  is f a l s e ,  
a d d i t i o n a l  cal ls  will g e n e r a t e  f u r t h e r  p e r m u t a t i 0 n s - - i f  t r u e ,  all 
p e r m u t a t i o n s  h a v e  been  o b t a i n e d ;  

b e g i n  i n t e g e r  a r r a y  q[ l :n] ;  i n t e g e r  i, k, t ;  B o o l e a n  flag2; 

i f  flag t h e n  
b e g i n  f o r  i :=  1 s t e p  1 u n t i l  n d o  
pill :=  i; flag2 :=  t r u e ;  flag :=  f a l s e ;  
go  t o  E X I T  
e n d  in i t i a l i ze ;  

i f  flag2 t h e n  
b e g i n  t :=  p[n]; p[n] :=  p i n - - l ] ;  p i n - - l ]  :=  t ;  
flag2 :=  f a l s e ;  go  t o  E X I T  
e n d  b y p a s s  ; 

flag2 :=  t r u e ;  f o r  i :=  n - 2  s t e p  - I  u n t i l  l d o  
if p[i] < p [ i + l ]  t h e n  go  t o  A;  
flag :=  t r u e ;  go  t o  E X I T ;  

A: f o r  k :=  1 s t e p  1 u n t i l  n d o  q[k] :=  0; 
f o r  k :=  i s t e p  1 u n t i l  n d o  q[p[k]] :=  p[k];  
f o r  k :=  p[i] + 1 s t e p  1 u n t i l  n d o  
i f q [ k ]  # 0 t h e n  go  t o  B;  

B:  pill :=  k;  q[k] :=  0; 
f o r  k :=  1 s t e p  1 u n t i l  n d o  
i f  q[k] # 0 t h e n  b e g i n  i :=  i + 1 ; pill :=  q[k] e n d  
e l s e  i f  i -> n t h e n  go  t o  E X I T ;  

E X I T  : 
e n d  P E R M U L E X  
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