
464 VIII. Integration

for all f ∈ Ccom(G). If K is a compact set in G, we can apply (8.22)
to all f that are ≥ the characteristic function of K . Taking the infimum
shows that dµl(Lg−1 K ) = dµl(K ). Since G has a countable base, the
measure dµl is automatically regular, and hence dµl(Lg−1 E) = dµl(E)

for all Borel sets E .

A nonzero Borel measure on G invariant under left translation is
called a left Haar measure on G. Theorem 8.21 thus says that a left
Haar measure exists.

In the construction of the left-invariant m form ω before Theorem
8.21, a different basis of G would have produced a multiple of ω, hence
a multiple of the left Haar measure in Theorem 8.21. If the second
basis is Y1, . . . , Ym and if Yj = ∑m

i=1 ai j Xi , then the multiple is det(ai j )
−1.

When the determinant is positive, we are led to orient G in the same way,
otherwise oppositely. The new left Haar measure is | det(ai j )|−1 times
the old. The next result strengthens this assertion of uniqueness of Haar
measure.

Theorem 8.23. If G is a Lie group, then any two left Haar measures
on G are proportional.

PROOF. Let dµ1 and dµ2 be left Haar measures. Then the sum dµ =
dµ1 + dµ2 is a left Haar measure, and dµ(E) = 0 implies dµ1(E) = 0.
By the Radon-Nikodym Theorem there exists a Borel function h1 ≥ 0
such that dµ1 = h1 dµ. Fix g in G. By the left invariance of dµ1 and dµ,
we have

∫
G

f (x)h1(g
−1x) dµ(x) =

∫
G

f (gx)h1(x) dµ(x) =
∫

G
f (gx) dµ1(x)

=
∫

G
f (x) dµ1(x) =

∫
G

f (x)h1(x) dµ(x)

for every Borel function f ≥ 0. Therefore the measures h1(g−1x) dµ(x)

and h1(x) dµ(x) are equal, and h1(g−1x) = h1(x) for almost every x ∈ G
(with respect to dµ). We can regard h1(g−1x) and h1(x) as functions of
(g, x) ∈ G × G, and these are Borel functions since the group operations
are continuous. For each g, they are equal for almost every x . By Fubini’s
Theorem they are equal for almost every pair (g, x) (with respect to the
product measure), and then for almost every x they are equal for almost
every g. Pick such an x , say x0. Then it follows that h1(x) = h1(x0) for
almost every x . Thus dµ1 = h1(x0) dµ. So dµ1 is a multiple of dµ, and
so is dµ2.
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=
∫

N−×M AN
F(n̄)e−2ρA log aϕ(n̄man) dn̄ dr (man) by (8.39)

=
∫

N−×M AN
F(n̄man)ϕ(n̄man) dn̄ dr (man) by (8.47)

=
∫

G
F(x)ϕ(x) dx by Proposition 8.45.

The proposition follows.

For an illustration of the use of Proposition 8.46, we shall prove a
theorem of Helgason that has important applications in the harmonic
analysis of G/K . We suppose that the reductive group G is semisimple
and has a complexification GC. We fix an Iwasawa decomposition G =
K ApNp. Let tp be a maximal abelian subspace of mp, so that tp ⊕ ap is a
maximally noncompact θ stable Cartan subalgebra of g. Representations
of G yield representations of g, hence complex-linear representations
of gC. Then the theory of Chapter V is applicable, and we use the
complexification of tp ⊕ ap as Cartan subalgebra for that purpose. Let �

and 	 be the sets of roots and restricted roots, respectively, and let 	+

be the set of positive restricted roots relative to np.
Roots and weights are real on itp ⊕ ap, and we introduce an ordering

such that the nonzero restriction to ap of a member of �+ is a member
of 	+. By a restricted weight of a finite-dimensional representation,
we mean the restriction to ap of a weight. We introduce in an obvious
fashion the notions of restricted-weight spaces and restricted-weight
vectors. Because of our choice of ordering, the restriction to ap of
the highest weight of a finite-dimensional representation is the highest
restricted weight.

Lemma 8.48. Let the reductive Lie group G be semisimple. If π is
an irreducible complex-linear representation of gC, then mp acts in each
restricted weight space of π , and the action by mp is irreducible in the
highest restricted-weight space.

PROOF. The first conclusion follows at once since mp commutes with
ap. Let v �= 0 be a highest restricted-weight vector, say with weight
ν. Let V be the space for π , and let Vν be the restricted-weight space
corresponding to ν. We write g = θnp ⊕ mp ⊕ ap ⊕ np, express members
of U (gC) in the corresponding basis given by the Poincaré-Birkhoff-Witt
Theorem, and apply an element to v. Since np pushes restricted weights
up and ap acts by scalars in Vν and θnp pushes weights down, we see from
the irreducibility of π on V that U (mC

p )v = Vν . Since v is an arbitrary
nonzero member of Vν , mp acts irreducibly on Vν .
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Theorem 8.49 (Helgason). Let the reductive Lie group G be
semisimple and have a complexification GC. For an irreducible finite-
dimensional representation π of G, the following statements are
equivalent:

(a) π has a nonzero K fixed vector
(b) Mp acts by the 1-dimensional trivial representation in the highest

restricted-weight space of π

(c) the highest weight ν̃ of π vanishes on tp, and the restriction ν of
ν̃ to ap is such that 〈ν, β〉/|β|2 is an integer for every restricted
root β.

Conversely any dominant ν ∈ a∗
p such that 〈ν, β〉/|β|2 is an integer for

every restricted root β is the highest restricted weight of some irreducible
finite-dimensional π with a nonzero K fixed vector.

PROOF. For the proofs that (a) through (c) are equivalent, there is no
loss in generality in assuming that GC is simply connected, as we may
otherwise take a simply connected cover of GC and replace G by the
analytic subgroup of this cover with Lie algebra g. With GC simply
connected, the representation π of G yields a representation of g = k⊕p,
then of gC, and then of the compact form u = k ⊕ ip. Since GC is simply
connected, so is the analytic subgroup U with Lie algebra u (Theorem
6.31). The representation π therefore lifts from u to U . By Proposition
4.6 we can introduce a Hermitian inner product on the representation
space so that U acts by unitary operators. Then it follows that K acts by
unitary operators and itp ⊕ap acts by Hermitian operators. In particular,
distinct weight spaces are orthogonal, and so are distinct restricted-
weight spaces.

(a) ⇒ (b). Let φν be a nonzero highest restricted-weight vector, and
let φK be a nonzero K fixed vector. Since np pushes restricted weights
up and since the exponential map carries np onto Np (Theorem 1.104),
π(n)φν = φν for n ∈ Np. Therefore

(π(kan)φν, φK ) = (π(a)φν, π(k)−1φK ) = eν log a(φν, φK ).

By the irreducibility of π and the fact that G = K ApNp, the left side can-
not be identically 0, and hence (φν, φK ) on the right side is nonzero. The
inner product with φK is then an everywhere-nonzero linear functional
on the highest restricted-weight space, and the highest restricted-weight
space must be 1-dimensional. If φν is a nonzero vector of norm 1 in
this space, then (φK , φν)φν is the orthogonal projection of φK into this
space. Since Mp commutes with ap, the action by Mp commutes with
this projection. But Mp acts trivially on φK since Mp ⊆ K , and therefore
Mp acts trivially on φν .
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and t0 be the respective Lie algebras. Let m = dim G and l = dim T .
As in §VII.8, an element g of G is regular if the eigenspace of Ad(g)

for eigenvalue 1 has dimension l. Let G ′ and T ′ be the sets of regular
elements in G and T ; these are open subsets of G and T , respectively.

Theorem 4.36 implies that the smooth map G × T → G given by
ψ(g, t) = gtg−1 is onto G. Fix g ∈ G and t ∈ T . If we identify tangent
spaces at g, t , and gtg−1 with g0, t0, and g0 by left translation, then (4.45)
computes the differential of ψ at (g, t) as

dψ(X, H) = Ad(g)((Ad(t−1) − 1)X + H) for X ∈ g0, H ∈ t0.

The map ψ descends to G/T × T → G, and we call the descended map
ψ also. We may identify the tangent space of G/T with an orthogonal
complement t⊥0 to t0 in g0 (relative to an invariant inner product). The
space t⊥0 is invariant under Ad(t−1) − 1, and we can write

dψ(X, H) = Ad(g)((Ad(t−1) − 1)X + H) for X ∈ t⊥0 , H ∈ t0.

Now dψ at (g, t) is essentially a map of g0 to itself, with matrix

(dψ)(g,t) = Ad(g)

t0 t⊥0(
1 0
0 Ad(t−1) − 1

)
.

Since det Ad(g) = 1 by compactness and connectedness of G,

(8.53) det(dψ)(g,t) = det((Ad(t−1) − 1)|t⊥
0
).

We can think of building a left-invariant (m − l) form on G/T from the
duals of the X’s in t⊥0 and a left-invariant l form on T from the duals of the
H’s in t0. We may think of a left-invariant m form on G as the wedge of
these forms. Referring to Proposition 8.19 and (8.7b) and taking (8.53)
into account, we at first expect an integral formula

∫
G

f (x) dx
?=

∫
T

[ ∫
G/T

f (gtg−1) d(gT )
] ∣∣ det(Ad(t−1) − 1)|t⊥

0

∣∣ dt

(8.54a)

if the measures are normalized so that

(8.54b)
∫

G
f (x) dx =

∫
G/T

[ ∫
T

f (xt) dt
]

d(xT ).
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But Proposition 8.19 fails to be applicable in two ways. One is that the
onto map ψ : G/T × T → G has differential of determinant 0 at some
points, and the other is that ψ is not one-one even if we exclude points
of the domain where the differential has determinant 0.

From (8.53) we can exclude the points where the differential has
determinant 0 if we restrict ψ to a map ψ : G/T ×T ′ → G ′. To understand
T ′, consider Ad(t−1)−1 as a linear map of the complexification g to itself.
If � = �(g, t) is the set of roots, then Ad(t−1) − 1 is diagonable with
eigenvalues 0 with multiplicity l and also ξα(t−1) − 1 with multiplicity
1 each. Hence

∣∣ det(Ad(t−1) − 1)|t⊥
0

∣∣ = ∣∣ ∏
α∈� (ξα(t−1) − 1)

∣∣. If we fix a
positive system �+ and recognize that ξα(t−1) = ξ−α(t−1), then we see
that

(8.55)
∣∣ det(Ad(t−1) − 1)|t⊥

0

∣∣ =
∏

α∈�+
|ξα(t−1) − 1|2.

Putting t = exp i H with i H ∈ t0, we have ξα(t−1) = e−iα(H). Thus the set
in the torus where (8.55) is 0 is a countable union of lower-dimensional
sets and is a lower-dimensional set. By (8.25) the singular set in T has
dt measure 0. The singular set in G is the smooth image of the product
of G/T and the singular set in T , hence is lower dimensional and is of
measure 0 for dµ(gT ). Therefore we may disregard the singular set and
consider ψ as a map G/T × T ′ → G ′.

The map ψ : G/T × T ′ → G ′ is not, however, one-one. If w is in
NG(t0), then

(8.56) ψ(gwT, w−1tw) = ψ(gT, t).

Since gwT �= gT when w is not in ZG(t0) = T , each member of G ′ has
at least |W (G, T )| preimages.

Lemma 8.57. Each member of G ′ has exactly |W (G, T )| preimages
under the map ψ : G/T × T ′ → G ′.

PROOF. Let us call two members of G/T × T ′ equivalent, written ∼,
if they are related by a member w of NG(t0) as in (8.56), namely

(gwT, w−1tw) ∼ (gT, t).

Each equivalence class has exactly |W (G, T )| members.
Now suppose that ψ(gT, s) = ψ(hT, t) with s and t regular. We shall

show that

(8.58) (gT, s) ∼ (hT, t),
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and then the lemma will follow. The given equality ψ(gT, s) = ψ(hT, t)
means that gsg−1 = hth−1. Proposition 4.53 shows that s and t are
conjugate via NG(t0). Say s = w−1tw. Then hth−1 = gw−1twg−1,
and wg−1h centralizes the element t . Since t is regular and G has a
complexification, Corollary 7.106 shows that wg−1h is in NG(t0), say
wg−1h = w′. Then h = gw−1w′, and we have

(hT, t) = (gw−1w′T, t)

= (gw−1w′T, w′−1tw′)

∼ (gw−1T, t)

∼ (gT, w−1tw)

= (gT, s).

This proves (8.58) and the lemma.

Now we return to Proposition 8.19. Instead of assuming that

 : M → N is an orientation-preserving diffeomorphism, we assume
for some n that 
 is an everywhere regular n-to-1 map of M onto N with
dim M = dim N . Then the proof of Proposition 8.19 applies with easy
modifications to give

(8.59) n
∫

N
f ω =

∫
M

( f ◦ 
)
∗ω.

Therefore we have the following result in place of (8.54).

Theorem 8.60 (Weyl Integration Formula). Let T be a maximal torus
of the compact connected Lie group G, and let invariant measures on G,
T , and G/T be normalized so that

∫
G

f (x) dx =
∫

G/T

[ ∫
T

f (xt) dt
]

d(xT )

for all continuous f on G. Then every Borel function F ≥ 0 on G
satisfies

∫
G

F(x) dx = 1
|W (G, T )|

∫
T

[ ∫
G/T

F(gtg−1) d(gT )
]
|D(t)|2 dt,

|D(t)|2 =
∏

α∈�+
|1 − ξα(t−1)|2.where
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The integration formula in Theorem 8.60 is a starting point for an an-
alytic treatment of parts of representation theory for compact connected
Lie groups. For a given such group for which δ is analytically integral,
let us sketch how the theorem leads simultaneously to a construction of
an irreducible representation with given dominant analytically integral
highest weight and to a proof of the Weyl Character Formula.

Define

(8.61) D(t) = ξδ(t)
∏

α∈�+
(1 − ξ−α(t)),

so that Theorem 8.60 for any Borel function f constant on conjugacy
classes and either nonnegative or integrable reduces to

(8.62)
∫

G
f (x) dx = 1

|W (G, T )|
∫

T
f (t)|D(t)|2 dt

if we take dx , dt , and d(gT ) to have total mass one. For λ ∈ t∗ dominant
and analytically integral, define

χλ(t) =
∑

s∈W (G,T ) ε(s)ξs(λ+δ)(t)

D(t)
.

Then χλ is invariant under W (G, T ), and Proposition 4.53 shows that χλ(t)
extends to a function χλ on G constant on conjugacy classes. Applying
(8.62) with f = |χλ|2, we see that

(8.63a)
∫

G
|χλ|2 dx = 1.

Applying (8.62) with f = χλχλ′ , we see that

(8.63b)
∫

G
χλ(x)χλ′(x) dx = 0 if λ �= λ′.

Let χ be the character of an irreducible finite-dimensional representation
of G. On T , χ(t) must be of the form

∑
µ ξµ(t), where the µ’s are the

weights repeated according to their multiplicities. Also χ(t) is even
under W (G, T ). Then D(t)χ(t) is odd under W (G, T ) and is of the
form

∑
ν nνξν(t) with each nν in Z. Focusing on the dominant ν’s and

seeing that the ν’s orthogonal to a root must drop out, we find that
χ(t) = ∑

λ aλχλ(t) with aλ ∈ Z. By (8.63),∫
G

|χ(x)|2 dx =
∑

λ

|aλ|2.
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For an irreducible character Corollary 4.16 shows that the left side is 1.
So one aλ is ±1 and the others are 0. Since χ(t) is of the form

∑
µ ξµ(t), we

readily find that aλ = +1 for some λ. Hence every irreducible character is
of the form χ = χλ for some λ. This proves the Weyl Character Formula.
Using the Peter-Weyl Theorem (Theorem 4.20), we readily see that no
L2 function on G that is constant on conjugacy classes can be orthogonal
to all irreducible characters. Then it follows from (8.63b) that every χλ

is an irreducible character. This proves the existence of an irreducible
representation corresponding to a given dominant analytically integral
form as highest weight.

For reductive Lie groups that are not necessarily compact, there is a
formula analogous to Theorem 8.60. This formula is a starting point
for the analytic treatment of representation theory on such groups. We
state the result as Theorem 8.64 but omit the proof. The proof makes
use of Theorem 7.108 and of other variants of results that we applied in
the compact case.

Theorem 8.64 (Harish-Chandra). Let G be a reductive Lie group, let
(h1)0, . . . , (hr )0 be a maximal set of nonconjugate θ stable Cartan subal-
gebras of g0, and let H1, . . . , Hr be the corresponding Cartan subgroups.
Let the invariant measures on each Hj and G/Hj be normalized so that

∫
G

f (x) dx =
∫

G/Hj

[ ∫
Hj

f (gh) dh
]

d(gHj ) for all f ∈ Ccom(G).

Then every Borel function F ≥ 0 on G satisfies

∫
G

F(x) dx =
r∑

j=1

1
|W (G, Hj )|

∫
Hj

[ ∫
G/Hj

F(ghg−1) d(gHj )
]
|DHj (h)|2 dh,

|DHj (h)|2 =
∏

α∈�(g,hj )

|1 − ξα(h−1)|.where

6. Problems

1. Prove that if M is an oriented m-dimensional manifold, then M admits a
nowhere-vanishing smooth m form.

2. Prove that the zero locus of a nonzero real analytic function on a cube in
R

n has Lebesgue measure 0.



6. Problems 485

3. Let G be the group of all real matrices

(
a b
0 1

)
with a > 0. Show that

a−2 da db is a left Haar measure and that a−1 da db is a right Haar measure.

4. Let G be a noncompact semisimple Lie group with finite center, and let
MpApNp be a minimal parabolic subgroup. Prove that G/MpApNp has no
nonzero G invariant Borel measure.

5. Prove that the complement of the set of regular points in a reductive Lie
group G is a closed set of Haar measure 0.

Problems 6–8 concern Haar measure on GL(n, R).

6. Why is Haar measure on GL(n, R) two-sided invariant?

7. Regard gl(n, R) as an n2-dimensional vector space over R. For each
x ∈ GL(n, R), let Lx denote left multiplication by x . Prove that det Lx =
(det x)n .

8. Let Ei j be the matrix that is 1 in the (i, j)th place and is 0 elsewhere. Regard
{Ei j } as the standard basis of gl(n, R), and introduce Lebesgue measure
accordingly.
(a) Why is the set of x ∈ gl(n, R) with det x = 0 a set of Lebesgue

measure 0?
(b) Deduce from Problem 7 that | det y|−n dy is a Haar measure for

GL(n, R).

Problems 9–12 concern the function eνHp(x) for a semisimple Lie group G with
a complexification GC. Here it is assumed that G = K ApNp is an Iwasawa
decomposition of G and that elements decompose as x = κ(g) exp Hp(x) n.
Let ap be the Lie algebra of Ap, and let ν be in a∗

p.

9. Let π be an irreducible finite-dimensional representation of G on V, and
introduce a Hermitian inner product in V as in the proof of Theorem 8.49.
If π has highest restricted weight ν and if v is in the restricted-weight space
for ν, prove that ‖π(x)v‖2 = e2νHp(x)‖v‖2.

10. In G = SL(3, R), let K = SO(3) and let MpApNp be upper-triangular.

Introduce parameters for N−
p by writing N−

p =
{

n̄ =
( 1 0 0

x 1 0
z y 1

)}
. Let

f1 − f2, f2 − f3, and f1 − f3 be the positive restricted roots as usual, and
let ρp denote half their sum (namely f1 − f3).
(a) Show that e2 f1 Hp(n̄) = 1+x2+z2 and e2( f1+ f2)Hp(n̄) = 1+y2+(z−xy)2

for n̄ ∈ N−
p .

(b) Deduce that e2ρpHp(n̄) = (1+x2 +z2)(1+ y2 +(z−xy)2) for n̄ ∈ N−
p .
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11. In G = SO(n, 1)0, let K = SO(n) × {1} and ap = R(E1,n+1 + En+1,1),
with Ei j as in Problem 8. If λ(E1,n+1 + En+1,1) > 0, say that λ ∈ a∗

p is
positive, and obtain G = K ApNp accordingly.
(a) Using the standard representation of SO(n, 1)0, compute e2λHp(x) for

a suitable λ and all x ∈ G.
(b) Deduce a formula for e2ρpHp(x) from the result of (a). Here ρp is half

the sum of the positive restricted roots repeated according to their
multiplicities.

12. In G = SU (n, 1), let K = S(U (n) × U (1)), and let ap and positivity be
as in Problem 11. Repeat the two parts of Problem 11 for this group.


