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Proposition 5.26.If f andg are measurable functions, if their sumh = f +g
is everywhere defined, and if

∫
E f dµ + ∫

E g dµ is defined, then
∫

E h dµ is
defined and ∫

E
h dµ =

∫
E

f dµ +
∫

E
g dµ.

REMARK. It may seem surprising that complete additivity plays a role in the
proof of this proposition, since it apparently played no role in the linearity of the
Riemann integral. In fact, although complete additivity is used whenf andg
are unbounded, it can be avoided whenf andg are bounded, as will be observed
in Problems 42–43 at the end of the chapter. The distinction between the two
cases is that the pointwise convergence in Proposition 5.11 is actually uniform if
the given function is bounded, whereas it cannot be uniform for an unbounded
function because the uniform limit of bounded functions is bounded.

PROOF. The sumh is measurable by Proposition 5.7. For the conclusions
about integration, first assume thatf ≥ 0 andg ≥ 0. In the case of simple
functionss = t + u with t ≥ 0 andu ≥ 0, we use Proposition 5.14 and Lemma
5.12. The proposition shows that we are to prove thatIE(s) = IE(t) + IE(u),
and the lemma shows that we can use expansions oft andu into sets on which
t andu are both constant and the conclusion aboutIE(s) is evident. If f and
g are≥ 0 and are not necessarily simple, then we can use Proposition 5.11 to
find increasing sequences{tn} and{un} of simple functions≥ 0 with limits f
and g. If sn = tn + un, thensn is nonnegative simple, and{sn} increases to
h. For eachn, we have just proved that

∫
E sn dµ = ∫

E tn dµ + ∫
E un dµ, and

therefore
∫

E h dµ = ∫
E f dµ+∫

E g dµ by the Monotone Convergence Theorem
(Theorem 5.25).

The next case is thatf ≥ 0, g ≤ 0, andh = f + g ≥ 0. Then f =
h + (−g) with h ≥ 0 and(−g) ≥ 0, so that

∫
E f dµ = ∫

E h dµ + ∫
E(−g) dµ.

Hence
∫

E h dµ = ∫
E f dµ + ∫

E g dµ, provided the right side is defined.
For a generalh ≥ 0, we decomposeE into the disjoint union of three sets,

one wheref ≥ 0 andg ≥ 0, one wheref ≥ 0 andg < 0, and one wheref < 0
andg ≥ 0. The additivity of the integral as a set function (Theorem 5.19), in
combination with the cases that we have already proved, then gives the desired
result. Finally for generalh, we have only to writeh = h+ − h− and consider
h+ andh− separately.

Corollary 5.27. Let E be a measurable set, and let{ fn} be a sequence
of measurable functions≥ 0. Put F(x) = ∑∞

n=1 fn(x). Then
∫

E F dµ =∑∞
n=1

∫
E fn dµ.

PROOF. Apply Proposition 5.26 to thenth partial sum of the series, and then
use the Monotone Convergence Theorem (Theorem 5.25).
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The next corollary is given partly to illustrate a standard technique for passing
from integration results about indicator functions to integration results about
general functions. This technique is used again and again in measure theory.

Corollary 5.28. If f ≥ 0 is a measurable function and ifν is the measure
ν(E) = ∫

E f dµ, then
∫

E g dν = ∫
E g f dµ for every measurable functiong for

which at least one side is defined.

REMARKS. The set functionν is a measure by Theorem 5.19. In the situation
of this corollary, we shall writeν = f dµ.

PROOF. By Corollary 5.20 it is enough to prove that∫
X

g dν =
∫

X
g f dµ. (∗)

For g = I E, (∗) is true by hypothesis. Proposition 5.26 shows that (∗) extends to
be valid for simple functionsg ≥ 0. For generalg ≥ 0, Proposition 5.11 produces
an increasing sequence{sn} of simple functions≥ 0 with pointwise limitg. Then
(∗) for this g follows from the result for simple functions in combination with
monotone convergence. For generalg, write g = g+ − g−, apply (∗) for g+ and
g−, and subtract the results using Proposition 5.26.

Theorem 5.29(Fatou’s Lemma). IfE is a measurable set and if{ fn} is a
sequence ofnonnegativemeasurable functions, then∫

E
lim inf

n
fn dµ ≤ lim inf

n

∫
E

fn dµ.

In particular, if f (x) = limn fn(x) exists for allx, then∫
E

f dµ ≤ lim inf
n

∫
E

fn dµ.

REMARK. Fatou’s Lemma applies to both examples that precede the Monotone
Convergence Theorem (Theorem 5.25), and strict inequality holds in both cases.

PROOF. Setgn(x) = infk≥n fk(x). Then limn gn(x) = lim inf fn(x), and the
Monotone Convergence Theorem (Theorem 5.25) gives∫

E
lim inf

n
fn dµ =

∫
E

lim
n

gn dµ = lim
n

∫
E

gn dµ.

But gn(x) ≤ fn(x) pointwise, so that
∫

E gn dµ ≤ ∫
E fn dµ for all n. Thus

lim
∫

E
gn dµ ≤ lim inf

∫
E

fn dµ,

and the theorem follows.
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Theorem 5.30(Dominated Convergence Theorem). LetE be a measurable
set, and suppose that{ fn} is a sequence of measurable functions such that for
someintegrable g, | fn| ≤ g for all n. If f = lim fn exists pointwise, then
limn

∫
E fn dµ exists, f is integrable onE, and

∫
E

f dµ = lim
n

∫
E

fn dµ.

PROOF. The set on whichg is infinite has measure 0, sinceg is integrable. If
we redefineg, fn, and f to be 0 on this set, we change no integrals and we affect
the validity of neither the hypotheses nor the conclusion.

By Corollary 5.18, f is integrable onE, and so isfn for everyn. Applying
Fatou’s Lemma (Theorem 5.29) tofn + g ≥ 0, we obtain

∫
E( f + g) dµ ≤

lim inf
∫

E( fn +g) dµ. Sinceg is integrable and everywhere finite, this inequality
becomes ∫

E
f dµ ≤ lim inf

∫
E

fn dµ.

A second application of Fatou’s Lemma, this time tog − fn ≥ 0, gives∫
E(g − f ) dµ ≤ lim inf

∫
E(g − fn) dµ. Thus

−
∫

E
f dµ ≤ lim inf

∫
E
(− fn) dµ

∫
E

f dµ ≥ lim sup
∫

E
fn dµ.and

Therefore lim
∫

E fn dµ exists and has the value asserted.

Corollary 5.31. Let E be a set of finite measure, letc ≥ 0 be inR, and suppose
that { fn} is a sequence of measurable functions such that| fn| ≤ c for all n. If
f = lim fn exists pointwise, then lim

∫
E fn dµ exists, f is integrable onE, and

∫
E

f dµ = lim
n

∫
E

fn dµ.

PROOF. This is the special caseg = c in Theorem 5.30.

5. Proof of the Extension Theorem

In this section we shall prove the Extension Theorem, Theorem 5.5. After the
end of the proof, we shall fill in one further detail left from Section 1—to show
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