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4. Properties of the Integral 251

Proposition 5.26.If f andg are measurable functions, if their stma= f +g
is everywhere defined, and jf. f du + [ gdu is defined, then/c hdu is

defined and
/hdu:/ fd,u-l—/gdu.
E E E

REMARK. It may seem surprising that complete additivity plays a role in the
proof of this proposition, since it apparently played no role in the linearity of the
Riemann integral. In fact, although complete additivity is used wheand g
are unbounded, it can be avoided whieandg are bounded, as will be observed
in Problems 42-43 at the end of the chapter. The distinction between the two
cases is that the pointwise convergence in Proposition 5.11 is actually uniform if
the given function is bounded, whereas it cannot be uniform for an unbounded
function because the uniform limit of bounded functions is bounded.

PrOOFE The sumh is measurable by Proposition 5.7. For the conclusions
about integration, first assume thit> 0 andg > 0. In the case of simple
functionss =t + uwitht > 0 andu > 0, we use Proposition 5.14 and Lemma
5.12. The proposition shows that we are to prove thas) = Ze(t) + Zg(u),
and the lemma shows that we can use expansiongsofiu into sets on which
t andu are both constant and the conclusion alifus) is evident. If f and
g are> 0 and are not necessarily simple, then we can use Proposition 5.11 to
find increasing sequencét,} and{u,} of simple functions> 0 with limits f
andg. If s, = t, + uy, thens, is nonnegative simple, anig,} increases to
h. For eachn, we have just proved thaf. s,du = [ thdu + [z undu, and
therefore/_ hdu = [ f du+ J¢ g du by the Monotone Convergence Theorem
(Theorem 5.25).

The next case isthat > 0,g < 0, andh = f +g > 0. Thenf =
h+ (—g) withh > 0 and(—g) > 0, so that/; fdu = [chdu + [c(—0) du.
Hencefg hdu = f¢ fdu+ [¢ 9du, provided the right side is defined.

For a generah > 0, we decomposé& into the disjoint union of three sets,
one wheref > 0 andg > 0, one wheref > 0 andg < 0, and one wherd < 0
andg > 0. The additivity of the integral as a set function (Theorem 5.19), in
combination with the cases that we have already proved, then gives the desired
result. Finally for generah, we have only to writdhh = h™ — h~ and consider
h™ andh~ separately.

Corollary 5.27. Let E be a measurable set, and It} be a sequence
of measurable functions 0. PutF(x) = > 2, fa(x). Then [ Fdu =

Yzt Je fdpe

ProOF. Apply Proposition 5.26 to tha™ partial sum of the series, and then
use the Monotone Convergence Theorem (Theorem 5.25).
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The next corollary is given partly to illustrate a standard technique for passing
from integration results about indicator functions to integration results about
general functions. This technique is used again and again in measure theory.

Corollary 5.28. If f > 0is a measurable function andhifis the measure
v(E) = [¢ fdu, then g gdv = [ gf du for every measurable functianfor
which at least one side is defined.

REMARKS. The set function is a measure by Theorem 5.19. In the situation
of this corollary, we shall write = f du.

PrOOF By Corollary 5.20 it is enough to prove that

/)(gdv:/ngdu. (%)

Forg = Ig, (%) is true by hypothesis. Proposition 5.26 shows thatktends to
be valid for simple functiong > 0. For genera > 0, Proposition 5.11 produces
an increasing sequen{g } of simple functions> 0 with pointwise limitg. Then
(x) for this g follows from the result for simple functions in combination with
monotone convergence. For genagalvrite g = g™ — g~, apply &) for g™ and
g, and subtract the results using Proposition 5.26.

Theorem 5.29(Fatou’s Lemma). IfE is a measurable set and{if,} is a
sequence afionnegativeneasurable functions, then

/ liminf fodu < Iiminf/ fndpu.
E N n E

In particular, if f (x) = lim, f,(x) exists for allx, then

ffd,ufliminf/ fndu.
E n E

REMARK. Fatou’s Lemma applies to both examples that precede the Monotone
Convergence Theorem (Theorem 5.25), and strict inequality holds in both cases.

PROOF. Setgn(x) = infy>n fk(X). Then lim, gn(X) = liminf f,(x), and the
Monotone Convergence Theorem (Theorem 5.25) gives

/Iiminf fndu=/ lim gnd,u,=lim/gnd,u.
E N E N nJe

But gn(x) < fn(x) pointwise, so thaf. gndu < [¢ fadu forall n. Thus

Iim/ gnd,u,gliminf/ fndu,
E E

and the theorem follows.
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Theorem 5.30(Dominated Convergence Theorem). lEetbe a measurable
set, and suppose théf,} is a sequence of measurable functions such that for
someintegrable g |fy| < g for all n. If f = lim f, exists pointwise, then
lim, [¢ fndu exists, f is integrable orE, and

/fduzlim/fnd,u.
E nJe

PrROOF The set on whicly is infinite has measure 0, singds integrable. If
we redefingy, f,, and f to be 0 on this set, we change no integrals and we affect
the validity of neither the hypotheses nor the conclusion.

By Corollary 5.18,f is integrable orE, and so isf, for everyn. Applying
Fatou’s Lemma (Theorem 5.29) t + g > 0, we obtain/.(f + g)du <
liminf /c(f,+90) du. Sincegis integrable and everywhere finite, this inequality

becomes
/ fdu=< Iiminf/ fndu.
E E

A second application of Fatou's Lemma, this time do— f, > 0, gives
Je(@— f)du <liminf [_(g— fy)du. Thus

—/ fdufliminf/(—fn)du
E E

and / fdu>Ilim sup/ fndpu.
E E

Therefore lim/; f, du exists and has the value asserted.
Corollary 5.31. Let E be a set of finite measure, let- 0 be inR, and suppose

that{ f,} is a sequence of measurable functions such|that< c for all n. If
f =lim f, exists pointwise, then IiryfE fn du exists, f is integrable ork, and

/fduzlim[fnd,u.
E nJe

PrROOF. This is the special cagg= c in Theorem 5.30.

5. Proof of the Extension Theorem

In this section we shall prove the Extension Theorem, Theorem 5.5. After the
end of the proof, we shall fill in one further detail left from Section 1—to show



Pages 254-264 do not appear in this file.



