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CHAPTER |

Theory of Calculus in One Real Variable

Abstract. This chapter, beginning with Section 2, develops the topic of sequences and series
of functions, especially of functions of one variable. An important part of the treatment is an
introduction to the problem of interchange of limits, both theoretically and practically. This problem
plays a role repeatedly in real analysis, but its visibility decreases as more and more results are
developed for handling it in various situations. Fourier series are introduced in this chapter and are
carried along throughout the book as a motivating example for a number of problems in real analysis.

Section 1 makes contact with the core of a first undergraduate course in real-variable theory.
Some material from such a course is repeated here in order to establish notation and a point of view.
Omitted material is summarized at the end of the section, and some of it is discussed in a little more
detail in an appendix at the end of the book. The point of view being established is the use of defining
properties of the real number system to prove the Bolzano—Weierstrass Theorem, followed by the
use of that theorem to prove some of the difficult theorems that are usually assumed in a one-variable
calculus course. The treatment makes use of the extended real-number system, in order to allow sup
and inf to be defined for any nonempty set of reals and to allow lim sup and lim inf to be meaningful
for any sequence.

Sections 2-3 introduce the problem of interchange of limits. They show how certain concrete
problems can be viewed in this way, and they give a way of thinking about all such interchanges in
a common framework. A positive result affirms such an interchange under suitable hypotheses of
monotonicity. This is by way of introduction to the topic in Section 3 of uniform convergence and
the role of uniform convergence in continuity and differentiation.

Section 4 gives a careful development of the Riemann integral for real-valued functions of one
variable, establishing existence of Riemann integrals for bounded functions that are discontinuous
at only finitely many points, basic properties of the integral, the Fundamental Theorem of Calculus
for continuous integrands, the change-of-variables formula, and other results. Section 5 examines
complex-valued functions, pointing out the extent to which the results for real-valued functions in
the first four sections extend to complex-valued functions.

Section 6 is a short treatment of the version of Taylor’'s Theorem in which the remainder is given
by an integral. Section 7 takes up power series and uses them to define the elementary transcendental
functions and establish their properties. The power series expansgibh x§P for arbitrary complex
p is studied carefully. Section 8 introduces @esand Abel summability, which play a role in the
subject of Fourier series. A converse theorem to Abel’s theorem is used to exhibit the furcéisn
the uniform limit of polynomials on|1, 1]. The Weierstrass Approximation Theorem of Section 9
generalizes this example and establishes that every continuous complex-valued function on a closed
bounded interval is the uniform limit of polynomials.

Section 10 introduces Fourier series in one variable in the context of the Riemann integral. The
main theorems of the section are a convergence result for continuously differentiable functions,
Bessel's inequality, the Riemann-Lebesgue Lemmarise[heorem, and Parseval's Theorem.
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2 I. Theory of Calculus in One Real Variable
1. Review of Real Numbers, Sequences, Continuity

This section reviews some material that is normally in an undergraduate course
in real analysis. The emphasis will be on a rigorous proof of the Bolzano—
Weierstrass Theorem and its use to prove some of the difficult theorems that are
usually assumed in a one-variable calculus course. We shall skip over some easier
aspects of an undergraduate course in real analysis that fit logically at the end of
this section. A list of such topics appears at the end of the section.

The system of real numbeRsmay be constructed out of the system of rational
numbers, and we take this construction as known. The formal definition is that
a real number is aut of rational numbers, i.e., a subset of rational numbers that
is neitherQ nor the empty set, has no largest element, and contains all rational
numbers less than any rational that it contains. The idea of the construction is
as follows: Each rational numberdetermines a cuff*, namely the set of all
rationals less thag. Under the identification of) with a subset oRR, the cut
defining a real number consists of all rational numbers less than the given real
number.

The set of cuts gets a natural ordering, given by inclusion. In placg ofe
write <. For any two cuts ands, we haver < sors < r, and if both occur,
thenr = s. We can then define,, >, and> in the expected way. The positive
cutsr are those with O < r, and the negative cuts are those witk: 0*.

Once cuts and their ordering are in place, one can go about defining the usual
operations of arithmetic and proving thRtwith these operations satisfies the
familiar associative, commutative, and distributive laws, and that these interact
with inequalities in the usual ways. The definitions of addition and subtraction
are easy: the sum or difference of two cuts is simply the set of sums or differences
of the rationals from the respective cuts. For multiplication and reciprocals one
has to take signs into account. For example, the product of two positive cuts
consists of all products of positive rationals from the two cuts, as well as 0 and all
negative rationals. After these definitions and the proofs of the usual arithmetic
operations are complete, it is customary to write 0 and 1 in placé ah@ .

An upper bound for a nonempty subsé of R is a real numbeM such that
x < M forall x in E. If the nonempty seE has an upper bound, we can take the
cuts thatE consists of and form their union. This turns out to be a cut, it is an
upper bound folE, and it is< all upper bounds foE. We can summarize this
result as a theorem.

Theorem 1.1. Any nonempty subseE of R with an upper bound has a least
upper bound.

The least upper bound is necessarily unique, and the notation for it js.sxp
or sup{x | x € E}, “sup” being an abbreviation for the Latin word “supremum,”
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the largest. Of course, the least upper bound for &sefith an upper bound
need not be irkE; for example, the supremum of the negative rationals is 0, which
is not negative.

A lower bound for a nonempty se of R is a real numbem such thak > m
forall x € E. If mis alower bound foE, then—m is an upper bound for the set
—E of negatives of members &. Thus—E has an upper bound, and Theorem
1.1 shows that it has a least upper bound,sup x. Then—x is a greatest lower
bound forE. This greatest lower bound is denoted by,igfy orinf{y | y € E},

“inf” being an abbreviation for “infimum.” We can summarize as follows.

Corollary 1.2. Any nonempty subsef of R with a lower bound has a greatest
lower bound.

A subset oRR is said to bdoundedif it has an upper bound and a lower bound.
Let us introduce notation and terminology fotervals of R, first treating the
bounded ones. Let a andb be real numbers wita < b. Theopen interval
fromatobis the set(a,b) = {x € R | a < X < b}, theclosed interval is
the setf, b] = {x € R | a < x < b}, and thehalf-open intervals are the sets
[a,b)={xeR|a<x<b}land(a,b] = {x € R|a < x < b}. Each of the
above intervals is indeed bounded, havénas a lower bound anlas an upper
bound. These intervals are nonempty wiaea b or when the interval isd, b]
with a = b, and in these cases the least upper bourikisd the greatest lower
bound isa.

Open setsin R are defined to be arbitrary unions of open bounded intervals,
and aclosed sets any set whose complementhis open. A sek is open if and
only if for eachx € E, there is an open intervé, b) such thax € (a, b) C E.

In this case we of course hage< x < b. If we pute = min{x —a, b — x},
then we see that lies in the subsetx — ¢, X + €) of (a, b). The open interval
(X — €, X +¢) equals|y € R ||y — X| < €}. Thus an open set iR is any setE
such that for eack € E, there is anumber > O suchtha{y € R||y—x| < €}
lies in E. A limit point x of a subset~ of R is a point of R such that any
open interval containing meetsF in a point other thax. For example, the set
[a, b) U{b+ 1} has B, b] as its set of limit points. A subset & is closed if and
only if it contains all its limit points.

Now let us turn to unbounded intervals. To provide notation for these, we shall
make use of two symbolsco and—oo that will shortly be defined to be “extended
real numbers.” Ifa is in R, then the subset@, +o0) = {x € R | a < X},
(—o0,a) ={XxeR|x <a},(—oo,+00) =R, [a,+00) = {x e R |a < x},
and(—o0,a] = {Xx € R | x < a} are defined to bantervals, and they are all
unbounded. The first three are open set®and are considered to be open

1Bounded intervals are called “finite intervals” by some authors.
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intervals, while the last three are closed sets and are considered to be closed
intervals. Specifically the middle sRBtis both open and closed.

One important consequence of Theorem 1.1 isaticbimedean property of
R, as follows.

Corollary 1.3. If a andb are real numbers with > 0, then there exists an
integern with na > b.

PrOOF If, on the contraryna < b for all integersn, thenb is an upper bound
forthe setofalha. LetM bethe leastupper bound ofthe §® | n is an integey.
Using thata is positive, we find thaa—1M is a least upper bound for the integers.
Thusn < a~M for all integera, and there is no smaller upper bound. However,
the smaller numbeax—*M — 1 must be an upper bound, since saying a—*M
for all integers is the same as sayimg 1 < a—*M — 1 for all integers. We arrive
at a contradiction, and we conclude that there is some integdth na > b.

The archimedean property enables one to see, for example, that any two
distinct real numbers have a rational number lying between them. We prove
this consequence as Corollary 1.5 after isolating one step as Corollary 1.4.

Corollary 1.4. If cis a real number, then there exists an intagsuch that
n<c<n+1.

PrOOF. Corollary 1.3 witha = 1 andb = ¢ shows that there is an integht
with M > ¢, and Corollary 1.3 witta = 1 andb = —c shows that there is an
integerm with m > —c. Then—m < ¢ < M, and it follows that there exists a
greatest integar with n < c. Thisn must have the property that< n+ 1, and
the corollary follows.

Corollary 1.5. If x andy are real numbers witk < y, then there exists a
rational number withx <r <.

PrOOF By Corollary 1.3 witha = y — x andb = 1, there is an integeN
such thatN(y — x) > 1. This intege\ has to be positive. Theﬁ <Yy-—X
By Corollary 1.4 withc = Nx, there exists an integerwithn < Nx < n+ 1,

hence withy < x < 2. Adding the inequalitie; < x and+ < y — x yields

n+1 n n+1 R n 2n+1 n+1 :
N <Y Thusx < § < 7 <V. Sinceg < S5~ < 7, the rational number

= —22,’;1 has the required properties.

A sequenceén a setSis a function from a certain kind of subset of integers into
S. It will be assumed that the set of integers is nonempty, consists of consecutive
integers, and contains no largest integer. In particular the domain of any sequence
is infinite. Usually the set of integers is either all nonnegative integers or all
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positive integers. Sometimes the set of integers is all integers, and the sequence
in this case is often called “doubly infinite.” The value of a sequehcd the
integern is normally writtenf,, rather thanf (n), and the sequence itself may be
denoted by an expression liké,}>1, in which the outer subscript indicates the
domain.

A subsequencef a sequencd with domain{m, m+1, ...} is acomposition
f on, wheref is a sequence amiis a sequence in the domain 6fsuch that
Nk < ngy for all k. For example, ifa,}n>1 is a sequence, the@y k-1 is the
subsequence in which the functionis given byn, = 2k. The domain of a
subsequence, by our definition, is always infinite.

A sequencea, in R is convergent or convergent irR, if there exists a real
numbera such that for eack > 0, there is an integeN with |a, — a] < ¢
for all n > N. The numbera is necessarily unique and is called thmit
of the sequence. Depending on how much information about the sequence is
unambiguous, we may write lijn, ., a, = a or limpay, = a or lima, = a or
a, — a. We also saw, tendsto a asn tends tainfinity or oco.

A sequence iR is calledmonotone increasingf a, < a,1 for all nin the
domain,monotone decreasingdf a, > an.1 for all n in the domainmonotone
if it is monotone increasing or monotone decreasing.

Corollary 1.6. Any bounded monotone sequenceRnconverges. If the
seguence is monotone increasing, then the limit is the least upper bound of the
image inR of the sequence. If the sequence is monotone decreasing, the limit is
the greatest lower bound of the image.

ReEMARK. Often it is Corollary 1.6, rather than the existence of least upper
bounds, that is taken for granted in an elementary calculus course. The reason
is that the statement of Corollary 1.6 tends for calculus students to be easier to
understand than the statement of the least upper bound property. Problem 1 at the
end of the chapter asks for a derivation of the least-upper-bound property from
Corollary 1.6.

PROOF. Suppose thata,} is monotone increasing and bounded. bhet
sup, a,, the existence of the supremum being ensured by Theorem 1.1, and let
€ > 0 be given. If there were no integBirwith ay > a — ¢, thena — € would be
a smaller upper bound, contradiction. Thus suclNagxists. ForthalN,n > N
impliesa—e¢ <ay <a, <a < a+e€. Thusn > N implies|a, — a| < e.
Sincee is arbitrary, lim_ . a, = a. If the given sequencé&,} is monotone
decreasing, we argue similarly wigh= inf, a,.

In working with sup and inf, it will be quite convenient to use the notation
sup..g X even wherk is nonempty but not bounded above, and to use the notation
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infyce X even wherE is nonempty but not bounded below. We introduce symbols
+o00 and—oo, plus and minugfinity , for this purpose and extend the definitions
of sup,.g X and infcg X to all nonempty subsets of R by taking

SUpX = 400 if E has no upper bound
xeE

infEx = —00 if E has no lower bound
Xe

To work effectively with these new pieces of notation, we shall enl&¢ea
setR* called theextended real numbersby defining

R* = R U {+00} U {—0o0}.

An ordering onR* is defined by taking-co < r < +oo for every member of R
and by retaining the usual ordering withka It is immediate from this definition
that

inf X < supx

xeE xeE
if E isany nonempty subsetBf Infact, we canenlarge the definitions ofin x
and sup.g X in obvious fashion to include the case tHatis any nonempty
subset ofR*, and we still have inf< sup. With the ordering in place, we can
unambiguously speak apen intervals(a, b), closed intervals[a, b], andhalf-
open intervals [a, b) and (a, b] in R* even ifa or b is infinite. Under our
definitions the intervals dR are the intervals dR* that are subsets &, even if
a or b is infinite. If no special mention is made whether an interval lieR ior
R*, it is usually assumed to lie iR.

The next step is to extend the operations of arithmetiRto It is important
not to try to make such operations be everywhere defined, lest the distributive
laws fail. Lettingr denote any member & anda andb be any members d&*,
we make the following new definitions:

+oo ifr >0,
ifr =0,

—oo ifr <0,

Il
()

Multiplication: r (+o00) = (+oo)r

—oo ifr >0,
r(—oo) =(—oo)r =4 0 ifr =0,
400 ifr <0,
(+00)(400) = (—00)(—00) = +00,
(400)(—00) = (—00)(400) = —0c0.
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Addition: I+ (+00) = (+00) +r = +o0,
r+(—00) = (—00) +1 = —00,
(400) + (400) = 400,

(—00) + (—00) = —00.
Subtraction: a—b=a+ (—b) whenever the right side is defined
Division: a/b=0 if a € Randbis +oo,

a/b=b"ta if b e Rwith b +# 0andais +oo.

The only surprise in the list is that 0 times anything is 0. This definition will be
important to us when we get to measure theory, starting in Chapter V.

Itis now a simple matter to define convergence of a sequeriRe ifihe cases
that need addressing are that the sequencéisimd that the limit ist-oo or —oo.
We say that a sequen{a, } in R tends to+oo if for any positive numbeM, there
exists an integeN such that, > M for alln > N. The sequence tends tao
if for any negative number M, there exists an integéd such thata, < —M
foralln > N. Itis important to indicate whether convergence/divergence of a
sequence is being discusse®ior inR*. The default setting iR, in keeping with
standard terminology in calculus. Thus, for example, we say that the sequence
{n}n>1 diverges, but it converges R* (to +00).

With our new definitions every monotone sequence convergRs.in

For a sequenci,} in R or even inR*, we now introduce members lim sy,
and liminf, a, of R*. These will always be defined, and thus we can apply the
operations limsup and liminf to any sequencelkih For the case of lim sup
we defineb, = sup.., a as a sequence R*. The sequencfo,} is monotone
decreasing. Thus it converges toibf, in R*. We definé

lim supa, = inf supax
n

n k>n
as a member dR*, and we define
liminf a, = supinf ax
n n k>n

as a member dR*. Let us underscore that lim sap and lim infa, always exist.
However, one or both may bkkoo even ifa, is in R for everyn.

Proposition 1.7. The operations lim sup and liminf on sequen¢ag and
{bn} in R* have the following properties:

(a) if a, < by for all n, then limsum, < limsupb, and liminfa, <
liminf by,

2The notatiorim was at one time used for lim sup, and limas used for liminf.
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(b) liminfa, < limsupay,

(c) {an} has a subsequence convergindgrinto lim supa, and another sub-
sequence converging IR* to liminf ap,

(d) lim supa, is the supremum of all subsequential limits{ef} in R*, and
liminf, is the infimum of all subsequential limits ¢d,} in R*,

(e) if limsupa, < +o00, then lim sum, is the infimum of all extended real
numbersa such that, > a for only finitely manyn, and if liminfa, >
—00, then liminfa, is the supremum of all extended real numteessich
thata, < a for only finitely manyn,

() the sequencda,} in R* converges inR* if and only if liminfa, =
lim supan, and in this case the limit is the common value of limapfand
lim supap.

REMARK. It is enough to prove the results about lim sup, since limjn&
— limsup(—an).

PROOFS FORImM sup.

(a) Froma, < by for alll, we havesyy < sup..,bxif | > n. Hence sup,a <
SUR-, bx. Then (a) follows by taking the limit on. -

(b) This follows by taking the limit on of the inequality inf-, ax < sup..., a.

(c) We divide matters into cases. The main case isakatim supa, is in R.
Inductively, for each > 1, chooseN > n;_; such thaf sup.y ak —al < |1,
Then choosen > ni_; such thatjay — SUR.y &l < I-1. Together these
inequalities implyla, — a] < 211 for all I, and thus lim., o a, = a. The
second case is that = lim supa, equals+oco. Since sup.,ak is monotone
decreasing im, we must have syp, ax = +oo for all n. Inductively forl > 1,
we can choos@&, > nj_; such th_atanI > |. Then lim_.a, = +oo. The
third case is thak = lim supa, equals—oco. The sequenck, = sup., & is
monotone decreasing teco. Inductively forl > 1, choosey > nj_1 such that
b, < —I. Thena, < by < —I,andlim_ .« a, = —o0.

(d) By (c), lim supa, is one subsequential limit. Let = limy_, . an, be an-
other subsequential limit. Pby = sup.,&. Then{b,} converges to lim sug,
in R*, and the same thing is true of every subsequence. 8ipce SURsp, & =
bn, for all k, we can letk tend to infinity and obtaim = limg_ o a, <
liMy_ o0 b, = lim supay,.

(e) Since limsupy, < +o00, we have sup.,a < oo for n greater than or
equal to someN. For thisN and anya > sup.. \ a, we then have, > a only
finitely often. Thus there exists € R such thas, > a for only finitely manyn.
On the other hand, #' is a real numbek lim supa,, then (c) shows tha, > a’
for infinitely manyn. Hence

limsupa, < inf{a| a, > a for only finitely manya}.
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Arguing by contradiction, suppose thatholds in this inequality, and let” be a
real number strictly in between the two sides of the inequality. Thep.gaR <
a” for nlarge enough, and s, > a” only finitely often. But thera” is in the set

{a | an > afor only finitely manya},

and the statement that is less than the infimum of this set gives a contradiction.
(f) If {an} converges ifR*, then (c) forces lim ing, = lim supa,,. Conversely

suppose limin&, = lim supa,, and leta be the common value of lim irs, and

limsupa,. The main caseisthatisinRR. Lete > 0 be given. By (e)a, > a+¢

only finitely often, anda, < a — ¢ only finitely often. Thuga, — a| < ¢ for

all n sufficiently large. In other words, lim, = a as asserted. The other cases

are thata = +o00 ora = —oo, and they are completely analogous to each other.

Suppose for definiteness that= +00. Since liminfa, = +o00, the monotone

increasing sequend® = infy>, ax converges irR* to +co. Given M, choose

N such thab, > M forn > N. Then als@, > M for n > N, anda, converges

in R* to +o00. This completes the proof.

With Proposition 1.7 as a tool, we can now prove the Bolzano-Weierstrass The-
orem. The remainder of the section will consist of applications of this theorem,
showing that Cauchy sequencesRrconverge inR, that continuous functions
on closed bounded intervals & are uniformly continuous, that continuous
functions on closed bounded intervals are bounded and assume their maximum
and minimum values, and that continuous functions on closed intervals take on
all intermediate values.

Theorem 1.8 (Bolzano—Weierstrass). Every bounded sequendR imas a
convergent subsequence with limitli

PrOOF If the given bounded sequencg#}, form the subsequence noted in
Proposition 1.7c that convergesii to lim supa,. All quantities arising in the
formation of lim supa, are inRR, since{a,} is bounded, and thus the limitisi

A sequencda,} in R is called aCauchy sequencef for any ¢ > 0, there
exists anN such thata, — an| < ¢ for all n andm that are> N.

ExAamPLE. Every convergent sequenceRmwith limitin R is Cauchy. In fact,
leta = lima,, and lete > 0 be given. Choos®& such thatn > N implies
lan — al < €. Thenn,m > N implies

|an —am| < |lah —al+|a—am| < € + € = 2.

Hence the sequence is Cauchy.
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Inthe above example and elsewhere in this book, we allow ourselves the luxury
of having our final bound come out as a fixed multiMe of ¢, rather thane
itself. Strictly speaking, we should have introdueéd= ¢/M and aimed for
¢’ rather thare. Then our final bound would have bedfi’ = ¢. Since the
technique for adjusting a proof in this way is always the same, we shall not add
these extra steps in the future unless there would otherwise be a possibility of
confusion.

This convention suggests a handy piece of terminology—that a proof as in the
above example, in whicM = 2, is a “Z% proof.” That name conveys a great deal
of information about the proof, saying that one should expect two contributions
to the final estimate and that the final bound will lee 2

Theorem 1.9(Cauchy criterion). Every Cauchy sequenc®inonverges to a
limitin R.

PROOF. Let {a,} be Cauchy inR. First let us see thdi,} is bounded. In
fact, fore = 1, chooseN such than,m > N implies|a, — an| < 1. Then
lam| < |lan| + 1 form > N, andM = max|ay|, ..., |an—1], |an] + 1} is a
common bound for allay|.

Since{an} is bounded, it has a convergent subsequdagg, say with limit
a, by the Bolzano—Weierstrass Theorem. The subsequential limit has to satisfy
|a] < M within R*, and thusais in R.

Finally let us see that lira, = a. In fact, if e > 0 is given, choos@& such
thatng > N implies|a,, — a| < €. Also, chooseN’ > N such than, m > N’
implies|a, — am| < €. If n > N’, then anyn, > N’ has|a, — a, | < €, and
hence

lan —al < [an — an,| +an — 8] <€ +e€ = 2e.

This completes the proof.

Let f be a function with domain an interval and with rang&®inThe interval
is allowed to be unbounded, but it is required to be a subs&.oiWe say
that f is continuous at a point Xy of the domain off within R if for each
€ > 0, there is somé& > 0 such that allx in the domain off that satisfy
X — Xo| < 8 have| f(x) — f(Xo)| < €. This notion is sometimes abbreviated as
limy_x, f(X) = f(Xp). Alternatively, one may say thdt(x) tends tof (Xp) as
X tends toxg, and one may writef (X) — f (Xg) asx — Xo.

A mathematically equivalent definition is thais continuous axg if whenever
a sequence hag, — Xg within the domain interval, theti (x,) — f (Xp). This
latter version of continuity will be shown in Section 1.4 to be equivalent to the
former version, given in terms of continuous limits, in greater generality than just
for R, and thus we shall not stop to prove the equivalence now. We say tisat
continuousif it is continuous at all points of its domain.
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We say that the a functioh as above isiniformly continuous on its domain
if for any € > 0, there is somé > 0 such that f (x) — f (Xg)| < € wheneverx
andxg are in the domain interval ang — x| < §. (In other words, the condition
for the continuity to be uniform is thatcan always be chosen independently of

Xo.)

EXAMPLE. The functionf (x) = x2 is continuous or(—oo, +00), but it is
not uniformly continuous. In fact, it is not uniformly continuous on §0).
Assuming the contrary, chooséor e = 1. Thenwe musthayjéx+3)2—x?| < 1

forall x > 1. But|(x + )% — x2| = §x + % > §x, and thisis> 1 forx > § 1.

Theorem 1.10.A continuous functionf from a closed bounded interval,[b]
into R is uniformly continuous.

PrROOF. Fix € > 0. Forxg in the domain off , the continuity off atxg means
that it makes sense to define

8x,(€) = min {1, sup{a’ >0

X — Xg| < 8" andx in the domai
of fimply |[f(X) — f(Xo)| <€

If |X — Xo| < 8x,(€), then|f(X) — f(Xo)| < €. Putd(e) = infyyec[a,b) Ox,(€)-
Let us see that it is enough to prove thé) > 0. If x andy are in f, b] with
X —y| < é(e), then|x —y| < 8(e) < dy(e). Hence|f(x) — f(y)| < € as
required.

Thus we are to prove that¢) > 0. If §(¢) = 0, then, for each integer
n > 0, we can choosg, such thaty (¢) < % By the Bolzano—Weierstrass
Theorem, there is a convergent subsequence, sayxyith> x’. Along this
subsequencéxnk (¢) — 0. Fixk large enough so th#t,, — x'| < %ax/(g). Then

| (Xn) — TOX)] < 5. AlsO, X — Xn, | < 38x(5) implies
X = X'| < |X = Xn | + Xn, — X'| < 38x(5) + 38x(5) = 8x (%),
so that| f (x) — f(x")] < 5 and
T (n) = FOOI < [T (Xn) = FOO+[TX) = T <5+ 5=e
Consequently our arbitrary large fixéchasdy, > %5x,(§), and the sequence
{8x,, (€)} cannot be tending to 0.
Theorem 1.11.A continuous functiorf from a closed bounded interva,[b]
into R is bounded and takes on maximum and minimum values.

PROOF. LetC = sUppp f(X) in R*. Choose a sequence in [a, b]
with f(x,) increasing tac. By the Bolzano—Weierstrass Theorefr,} has a
convergent subsequence, say — X'. By continuity, f (X)) — f(x’). Then
f (X’) = ¢, andc is a finite maximum. The proof for a finite minimum is similar.
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Theorem 1.12(Intermediate Value Theorem). Lat< b be real numbers,
and letf : [a, b] — R be continuous. Thef, in the interval §, b], takes on all
values betweeri (a) and f (b).

REMARK. The proof below, which uses the Bolzano—\Weierstrass Theorem,
does not make absolutely clear what aspects of the structliteusd essential to
the argument. A conceptually clearer proof will be given in Section 11.8 and will
bring out that the essential property of the intenallf] is its “connectedness”
in a sense to be defined in that section.

PrROOF. Let f(a) = @ and f (b) = B, and lety be betweemx ands. We may
assume thay is in fact strictly betweenr and8. Possibly by replacing by
—f, we may assume that also< S. Let

A={xelab| fx)<y} and B={xel[ab]|f(x)>y}

These sets are nonempty, sireés in A andb is in B, and f is bounded as
a result of Theorem 1.11. Thus the numbers= sup{f(x) | x € A} and
yo = Inf{ f (X) | X € B} are well defined and haya < y < y».

If y1 = y,thenwe can find asequeneg} in Asuch thatf (x,) convergeste .
Using the Bolzano—Weierstrass Theorem, we can find a convergent subsequence
{Xn} Of {Xn}, say with limitxo. By continuity of f, { f (xn,)} converges td (xo).
Then f(Xg) = y1 = y, and we are done. Arguing by contradiction, we may
therefore assume that < . Similarly we may assume that < y», but we do
not need to do so.

Lete = y» — y1, and choose, by Theorem 1.10 and uniform contindity, O
such thatjx; — xo| < 8 implies| f(x1) — f(X2)| < € wheneverx; andx, both
lie in [a, b]. Then choose an integersuch that 2"(b — a) < §, and consider
the value off at the pointspx = a+ k2 "(b —a) for 0 < k < 27". Since
Pre1 — Pk = 27"(b —a) < &, we have|f (pky1) — F(PW| < € = y2 — 1.
Consequently iff (pk) < y1, then

f(Pkrn) < F(p) + 1 F(Prr1) — TP < vi+ (2 — y1) = »2,

and hencef (px+1) < y1. Now f (pg) = f(a) = o < y1. Thus induction shows
that f (px) < y1 for all k < 27", However, fork = 2", we havep,-» = b, and
f(b) = B = ¥y > y1, and we have arrived at a contradiction.

Further topics. Here a number of other topics of an undergraduate course in real-variable theory
fit well logically. Among these are countable vs. uncountable sets, infinite series and tests for their
convergence, the fact that every rearrangement of an infinite series of positive terms has the same
sum, special sequences, derivatives, the Mean Value Theorem as in Section A2 of the appendix,
and continuity and differentiability of inverse functions as in Section A3 of the appendix. We shall
not stop here to review these topics, which are treated in many books. One such book is Rudin’s
Principles of Mathematical Analysithe relevant chapters being 1 to 5. In Chapter 2 of that book,
only the first few pages are needed; they are the ones where countable and uncountable sets are
discussed.
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2. Interchange of Limits

Let {by; } be a doubly indexed sequence of real numbers. It is natural to ask for
the extent to which

Ii€n |i5_’n bij = |i5fn Iim bij s
more specifically to ask how to tell, in an expression involving iterated limits,
whether we can interchange the order of the two limit operations. We can view
matters conveniently in terms of an infinite matrix

bll b12
b21 b22

The left-hand iterated limit, namely linfim; by;, is obtained by forming the limit

of each row, assembling the results, and then taking the limit of the row limits
down through the rows. The right-hand iterated limit, namely; lim; bjj, is
obtained by forming the limit of each column, assembling the results, and then
taking the limit of the column limits through the columns. If we use the particular
infinite matrix

then we see that the firstiterated limit depends only on the part of the matrix above
the main diagonal, while the second iterated limit depends only on the part of the
matrix below the main diagonal. Thus the two iterated limits in general have no
reason at all to be related. In the specific matrix that we have just considered,
they are 1 and 0, respectively. Let us consider some examples along the same
lines but with an analytic flavor.

EXAMPLES. _
(1) Letbij = ﬁ Then |im Iim,— bij =1, while Iim,- Iimi bij =0.

(2) Let F, be a continuous real-valued functionlBnand suppose th&t(x) =
lim Fn(x) exists for everyk. Is F continuous? This is the same kind of question.

It asks whether lim,  F (1) 2z F (x), hence whether

lim lim Fa(t) = lim lim Fa(t).
n—oo t—Xx

t—X n—oo



14 I. Theory of Calculus in One Real Variable

2

eachF, is continuous. The sequence of functidiis,} has a pointwise limit

If we take f(x) =

F(x) = ZZO ﬁ The series is a geometric series, and we can easily
calculate explicitly the partial sums and the limit function. The latter is

0 ifx=0

14+ x? if x#£0.

It is apparent that the limit function is discontinuous.

(3) Let{ f,} be a sequence of differentiable functions, and supposé that=
lim f,(x) exists for everyx and is differentiable. Is linf,(x) = f'(x)? This
guestion comes down to whether

fim fim 2O = 00 2 p iy Tn® = 10O

n—oo t—Xx t—X t—X n—oo t—X

F(x) = {

An example where the answer is negative uses the sine and cosine functions,
which are undefined in the rigorous development until Section 7 on power series.
sinn

J/n
f(x) = 0andf’(x) = 0. Also, f/(x) = 4/n cosnx, so thatf/(0) = \/n does
not tend to 0= f/(0).

The example had,(x) = X forn > 1. Then lim fo(X) = 0, so that

Yet we know many examples from calculus where an interchange of limits is
valid. For example, in calculus of two variables, the first partial derivatives of
nice functions—polynomials, for example—can be computed in either order with
the same result, and double integrals of continuous functions over a rectangle can
be calculated as iterated integrals in either order with the same result. Positive
theorems about interchanging limits are usually based on some kind of uniform
behavior, in a sense that we take up in the next section. A number of positive
results of this kind ultimately come down to the following general theorem about
doubly indexed sequences that are monotone increasing in each variable. In
Section 3 we shall examine the mechanism of this theorem closely: the proof
shows that the equality in question is sapp bij = sup sup b and that it
holds because both sides equal;sup; .

Theorem 1.13.Letb;; be members ak* that are> O for alli andj. Suppose
thatb;; is monotone increasing in for eachj, and is monotone increasing jn
for eachi. Then

limlim bj; = limlim b;;,
i j j i
with all the indicated limits existing ifR*.
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PROOF. PutL; = lim; by; and L]f = lim; ;. These limits exist iR*, since
the sequences in question are monotone. Ther L;,; and LJf < LJfH, and
thus

L = lim L; and L'=limLj
i j

both exist inR*. Arguing by contradiction, suppose tHat< L’. Then we can
choosejp such thaﬂ.j0 > L. SinceLJf0 = lim; byj,, we can choosg such that
bi,j, > L. Then we havd < by, < Li, < L, contradiction. Similarly the
assumptiorL.’ < L leads to a contradiction. We conclude that L'.

Corollary 1.14. If a; are members oR* that are> 0 and are monotone
increasing inj for eachl, then

lim IZa” = |Zlijm a;

in R*, the limits existing.

REMARK. This result will be generalized by the Monotone Convergence
Theorem when we study abstract measure theory in Chapter V.

PROOF. Putbij = Y|_, &; in Theorem 1.13.

Corollary 1.15. If ¢;; are members aR* that are> O for alli and j, then
2.0 0 =2.2.5
I ] ] I

in R*, the limits existing.

REMARK. This result will be generalized by Fubini's Theorem when we study
abstract measure theory in Chapter V.

PrOOF This follows from Corollary 1.14.

3. Uniform Convergence

Let us examine more closely what is happening in the proof of Theorem 1.13, in
whichitis proved thatiterated limits can be interchanged under certain hypotheses
of monotonicity. One of the iterated limits Is = lim; lim; bjj, and the claim is
thatL is approached dsandj tend to infinity jointly. In terms of a matrix whose
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entries are the various;'s, the pictorial assertion is that all the terms far down
and to the right are close (o

All terms here
are close td_

To see this claim, let us choose a row lirhjt that is close td- and then take an
entryb;,j, that is close td_;,. Thenbyj, is close toL, and all terms down and to
the right from there are even closer because of the hypothesis of monotonicity.
To relate this behavior to something uniform, supposelthat +o0, and let
somee > 0 be given. We have just seen that we can arrange tolhavéy;; | < €
wheneveli > igandj > jo. Then|L; — bjj| < € whenever > io, provided
j = jo. Also,we have limby; = Ljfori =1,2,...,ip—1. Thus|L; —hbjj| <€
for all i, providedj > j;, wherej; is some larger index thaj. This is the
notion of uniform convergence that we shall define precisely in a moment: an
expression with a parameteyr in our case) has a limit (on the variablén our
case) with an estimate independent of the parameter. We can visualize matters as
in the following matrix:

i o

All terms here
i e areclosetd; |.

on all rows.

The vertical dividing line occurs when the column indeis equal toj,, and all
terms to the right of this line are close to their respective row lirnjts
Let us see the effect of this situation on the problem of interchange of limits.

The above diagram forces all the terms in the shaded p{rt of ) to
I

be close to one number if lity; exists, i.e., if the row limits are tending to a
limit. If the other iterated limit exists, then it must be this same number. Thus
the interchange of limits is valid under these circumstances.

Actually, we can get by with less. If, in the displayed diagram above, we
assume that all the column IimiIsJ’- exist, then it appears that all the column
limits with j > j{ have to be close to thig;'s. From this we can deduce that the
column limits have a limit.” and that the row limitd; must tend to the limit
of the column limits. In other words, the convergence of the rows in a suitable
uniform fashion and the convergence of the columns together imply that both
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iterated limits exist and they are equal. We shall state this result rigorously as
Proposition 1.16, which will become a prototype for applications later in this
section.

Let S be a nonempty set, and Iétand f,, for integersn > 1, be functions
from Sto R. We say thatf,(x) convergesto f(x) uniformly for x in Sif for
anye > 0, there is an integed such than > N implies| f,(x) — f(X)| < € for
allx in S. Itis equivalent to say that syg- | fn(x) — f(x)| tends to O as tends
to infinity.

Proposition 1.16.Letb;; be real numbers far> 1 andj > 1. Suppose that

(i) Li =lim; by exists inR uniformly ini, and

(i) Lj = Ilim; by; exists inR for eachj.

Then

(@) L = lim; L; exists inR,

(b) L =lim;j L; exists inR,

(c) L=L’,

(d) the double limit on andj of by; exists and equals the common value of
the iterated limitd andL’, i.e., for eack > 0, there existg andjg such
that|bij; — L| < € whenevel > igandj > jo,

(e) Lj = lim; by; exists inR uniformly in j.

REMARK. In applications we shall sometimes have additional information,
typically the validity of (a) or (b). According to the statement of the proposition,
however, the conclusions are valid without taking this extra information as an
additional hypothesis.

PROOF. Lete > 0 be given. By (i), choosg such thatb;; — Li| < € for all
i wheneverj > jo. With j > jo fixed, (ii) says thatbij — L|| < € whenever is
> someig =ig(j). Forj > joandi > ig(j), we then have

Li — Lj| < ILi — by [+ |bjj — Lj| < €+e€=2e.
If "> joandi > ig(j’), we similarly havelL; — LJf,| < 2¢. Hence ifj > jo,
"= jo,andi > maxio(j), io(j")}, then
|LJf - LJf,| < |LJf —Li|+ L — LJf,| < 2¢ 4+ 2¢ = 4e.
In other Words{LJf} is a Cauchy sequence. By Theorem L.9= lim; LJf exists
in R. This proves (b).
Passing to the limit in our inequality, we haMeg — L] < 4e whenj > jo

and in particular when = jo. If i > ig(jo), then we saw thayj, — Li| < €
and|byj, — Ljo| < €. Hence > ip(jo) implies

ILi — L] < |L; — bijo| + [byj, — LJ{0| —I—|LJ{O— L'| < € + € + 4e = 6e.
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Sincee is arbitrary,L = lim; L; exists and equals’. This proves (a) and (c).
Sincelim Lj = L, choose; suchthatL; —L| < e whenever > i;. Ifi > i,
andj > jo, we then have

lbij — L] <|bjj —Lil+ILi = L| <e+e=2e.

This proves (d).

Leti, andjo be as in the previous paragraph. We have seeflthatl | < 4e
forj > jo. By (b),|LJf —L’| < 4e wheneverj > jo. Hence (c) and the inequality
of the previous paragraph give

lbij — Lj| < Ibj — LI+ |L — L'| + L' — Lj| < 2¢ + 0+ 4e = 6e

wheneveli > iy andj > jo. By (b), choosgj; > jo such thatb;; — Lj| < 6Be
whenevei € {1,...,i1—1}andj > ji. Thenj > j; implies|b;; — LJT| < 6Be
for all i wheneverj > j;. This proves (e).

In checking for uniform convergence, we often do not have access to explicit
expressions for limiting values. One device for dealing with the problem is a
uniform version of the Cauchy criterion. LBbe a nonempty set, and let,}>1
be a sequence of functions frddto R. We say that f,,(x)} isuniformly Cauchy
for x € Sifforany e > 0, there is an integeX such thath > N andm > N
together imply| f,(x) — fm(X)| < e forall xin S.

Proposition 1.17(uniform Cauchy criterion). A sequengd,} of functions
from a nonempty se§ to R is uniformly Cauchy if and only if it is uniformly
convergent.

ProoF If {f,} is uniformly convergent tof, we use a 2 argument, just as
in the example before Theorem 1.9: Given- 0, chooseN such than > N
implies| fa(X) — f(X)] < €. Thenn > N andm > N together imply

200 = fmOOl = [Fa00 = FOOI+ (0 = fn(X)] < € +€ = 2e.

Thus{ f,} is uniformly Cauchy.

Conversely suppose th@f, } is uniformly Cauchy. Theff,(x)} is Cauchy for
eachx. Theorem 1.9 therefore shows that there exists a fundtio® — R such
that lim, fn(x) = f(x) for eachx. We prove that the convergence is uniform.
Givene > 0, chooseN, as is possible sincgef,} is uniformly Cauchy, such that
n > N andm > N together imply| f,(x) — fn(X)| < €. Lettingm tend tooco
shows that f,(x) — f(X)| < € for n > N. Hence lim f,(x) = f (x) uniformly
forxin S.
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In practice, uniform convergence often arises with infinite series of functions,
and then the definition and results about uniform convergence are to be applied to
the sequence of partial sums. Ifthe seri€s s ; ax(x), onewant$ > ;. ax(X)|
to be small for allm and n sufficiently large. Some of the standard tests for
convergence of series of numbers yield tests for uniform convergence of series of
functions just by introducing a parameter and ensuring that the estimates do not
depend on the parameter. We give two clear-cut examples. One is the uniform
alternating series testor Leibniz test, given in Corollary 1.18. A generalization
is the handy test given in Corollary 1.19.

Corollary 1.18. If for eachx in a nonempty se8, {a,(X)}n>1 iS @ mono-
tone decreasing sequence of nonnegative real numbers such that@n= 0
uniformly in x, thend_>2 , (—1)"an(x) converges uniformly.

PrROOF. The hypotheses are such tHaty_, (—D*a(x)| < sup [am(X)|
whenevem > m, and the uniform convergence is immediate from the uniform
Cauchy criterion.

Corollary 1.19. If for eachx in a nonempty se¥, {a,(X)}n>1 iS @ monotone
decreasing sequence of nonnegative real numbers such tha,lm = 0
uniformly in x and if {by(X)}n>1 IS @ sequence of real-valued functions 8n
whose partial sumBn(x) = Y ¢_; bk(X) have|Bn(x)| < M for someM and all
n andx, then)_ 2 ; an(x)bn(x) converges uniformly.

PROOF If n > m, summation by parts gives

n—1

Bk (X) (@ (X) — &+1(X)) + Bn(X)@n(X) — Bm-1(X)am(X).
k=m

D a0k (x) =
k=m

Lete > 0 be given, and choogé such thaty(x) < ¢ for all x whenevek > N.
If n>m=> N, then

n n—1
| > a00b| = Y B0l @00 = 8s1(0) + Me + Me
k=m k=m

n—1

<MD (@) — &(X) + 2Me
k=m

< May(X) + 2Me

< 3Me,

and the uniform convergence is immediate from the uniform Cauchy criterion.
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A third consequence can be considered as a uniform version of the result that
absolute convergence implies convergence. In practice it tends to be fairly easy
to apply, but it applies only in the simplest situations.

Proposition 1.20(WeierstrasdV test). LetSbe a nonempty set, and Igt,}
be a sequence of real-valued functions®such that f,(x)| < M, for all x in
S. Suppose tha}_,, M, < +o0. Thend_ 7, fu(x) converges uniformly fok in
S.

PROOF. If n>m> N, then| Y"0_ 1 fiG0| < Yp_ [Tl < 3 p_m M,
and the right side tends to 0 uniformly ¥nasN tends to infinity. Therefore the
result follows from the uniform Cauchy criterion.

EXAMPLES.
(1) The series

o0
>
n=1 n
converges uniformly for-1 < x < 1 by the Weierstrash! test withM, = 1/n?,

(2) The series
X x24+n
-1 n

converges uniformly for-1 < x < 1, but theM test does not apply. To see
that theM test does not apply, we use the smallest posdihlewhich isM,, =
sug | (=" %| = M1 The seriesy. ™! diverges, and hence thd test
cannot apply for any choice of the numbéfg. To see the uniform convergence
of the given series, we observe that the terms strictly alternate in sign. Also,

x2+n>x2+(n+1) because X2> Xt and l> !
n2 — (n+41)2 n2 — (n+1)2 n—n+1
Finally
x24n n+1
2 < 2 -0

uniformly for —1 < x < 1. Hence the series converges uniformly by the uniform
Leibniz test (Corollary 1.18).

Having developed some tools for proving uniform convergence, let us apply
the notion of uniform convergence to interchanges of limits involving functions
of areal variable. For a point of reference, recall the diagrams of interchanges of
limits at the beginning of the section. We take the column index todoed think
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of the row index as a variable which is tending tax. We make assumptions
that correspond to (i) and (ii) in Proposition 1.16, namely {Hfatt)} converges
uniformly int asn tends to infinity, say td (t), and thatf,(t) converges to some
limit f,(x) ast tends tox. With f,(x) defined as this limit,f, is continuous
at x. In other words, the assumptions are that the sequghgds uniformly
convergent tof and eachf,, is continuous.

Theorem 1.21.1f { f,} is a sequence of real-valued functions antj] that are
continuous ak and if { f,} converges tdf uniformly, thenf is continuous ax.

REMARKS. This is really a consequence of Proposition 1.16 except that one of
the indices, namelt, is regarded as continuous and not discrete. Actually, there is
a subtle simplification here, by comparison with Proposition 1.16, in{thak)}
at the limiting parametex is being assumed to tend fax). This corresponds
to assuming (b) in the proposition, as well as (i) and (ii). Consequently the proof
of the theorem will be considerably simpler than the proof of Proposition 1.16.
In fact, the proof will be our first example of & proof. In many applications
of Theorem 1.21, the given sequer{dg} is continuous at every, and then the
conclusion is thaff is continuous at every.

PROOF. We write
[T = fOOI <) = fa®I+[fat) = fFAOOI + [ fa(X) — F(X)[.
Givene > 0, chooseN large enough so thaf,(t) — f (t)| < € forallt whenever
n > N. With such ann fixed, choose someé of continuity for the function

fn, the pointx, and the numbee. Each term above is thea ¢, and hence
| f(t) — f(X)| < 3e. Sincee is arbitrary, f is continuous ax.

Theorem 1.21 in effect uses only conclusion (c) of Proposition 1.16, which
concerns the equality of the two iterated limits. Conclusion (d) gives a stronger
result, namely that the double limit exists and equals each iterated limit. The
strengthened version of Theorem 1.21 is as follows.

Theorem 1.21. If {f,} is a sequence of real-valued functions an] that
are continuous at and if { f,} converges tof uniformly, then for eack > 0,
there exist an integeM and a numbes > 0 such that

[ fa(t) — F(X)] <€
wheneven > N and|t — X| < 4.

PrROOF If ¢ > 0 is given, choosé&\ such that f,(t) — f(t)| < €/2 for all
t whenevem > N, and choosé in the conclusion of Theorem 1.21 such that
[t — x| < & implies|f(t) — f(X)| < €/2. Then
[T = FOOI <T@ = FTOI+ O - FX<5+5=¢
wheneven > N and|t — x| < §. Theorem 1.21follows.



22 I. Theory of Calculus in One Real Variable

In interpreting our diagrams of interchanges of limits to get at the statement of
Theorem 1.21, we took the column index torband thought of the row index as
a variablet, which was tending ta. It is instructive to see what happens when
the roles ofn andt are reversed, i.e., when the row indexignd the column
index is the variablé, which is tending tox. Again we havef,(t) converging
to f(t) and lim_yx fa(t) = f,(x), but the uniformity is different. This time
we want the uniformity to be im ast tends tox. This means that thé of
continuity that corresponds tacan be taken independentrof This is the notion
of “equicontinuity,” and there is a classical theorem about it. The theorem is
actually stronger than Proposition 1.16 suggests, since the theorem assumes less
than thatf,(t) converges tdf (t) for all t.

Let F = {f, | « € A} be a set of real-valued functions on a bounded interval
[a, b]. We say thatF is equicontinuousatx € [a, b] if for eache > 0, there is
somes > Osuchthatt —x| < §implies| f (t) — f(x)| < eforall f € F. The set
JF of functions ispointwise boundedif for eacht < [a, b], there exists a number
M; suchthat f (t)| < M; forall f € F. The setisuniformly equicontinuous on
[a, b] if it is equicontinuous at each poirtand if thes can be taken independent
of x. The set iauniformly bounded on [a, b] if it is pointwise bounded at each
t € [a, b] and the boundV; can be taken independenttof

Theorem 1.22(Ascoli’s Theorem). If{ f,} is a sequence of real-valued func-
tions on a closed bounded interval p] that is equicontinuous at each point of
[a, b] and pointwise bounded o[ b], then

(@) {fn} is uniformly equicontinuous and uniformly bounded anf],
(b) {fn} has a uniformly convergent subsequence.

PrROOF. Since eachf,, is continuous at each point, we know from Theorems
1.10 and 1.11 that each, is uniformly continuous and bounded. The proof of
(a) amounts to an argument that the estimates in those theorems can be arranged
to apply simultaneously for afi.

First consider the question of uniform boundedness. Choose, by Theorem1.11,
somex, in [a, b] with | f,(x,)| equal toK,, = SUB[a,pj | fn(xX)|]. Then choose a
subsequence on which the numbgistend to sup Ky, in R*. There will be no
loss of generality in assuming that this subsequence is our whole sequence. Apply
the Bolzano—Weierstrass Theorem to find a convergent subsedqugjas {X,},
say with limitXp. By pointwise boundedness, fildy, with | f,(Xo)| < My, for
all n. Then choose soneof equicontinuity aky fore = 1. As soon a& is large
enough so thatx, — Xo| < &, we have

Knk = | fnk(xnk)| E | fnk(xnk) - fnk(X0)| + | fnk(X0)| < 1+ MX0~

Thus 1+ My, is a uniform bound for the functionf,.
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The proof of uniform equicontinuity proceeds in the same spirit but takes
longer to write out. Fix > 0. The uniform continuity off, for eachn means
that it makes sense to define

Sn(€) = min {l, sup{(S’ >0

| f(x)— f(y)| < e wheneverx —y| < §
andx andy are in the domain of ’

If [X — Y| < 8n(e), then| f,(X) — fh(Y)| < €. Puté(e) = inf,dn(€). Let us see
thatitis enough to prove théte) > 0O: If x andy are in Ja, bl with [x—y| < §(e),
then|x — y| < §(¢) < 8n(€). Hence| fr(X) — fr(y)| < € as required.

Thus we are to prove thate) > 0. If §(¢) = 0, then we first choose an
increasing sequendey} of positive integers such thég, (¢) < % and we next
choosexy andy in [a, b] with [xx — yk| < &n, (e) and| fu(xk) — f(Y)| > €.
Applying the Bolzano—Weierstrass Theorem, we obtain a subseqgengef
{xX} such that{x, } converges, say tgy. Then

limsup|y, — Xo| < limsup|y, — X | + limsup|x, — Xo| =0+ 0=0,
| [ [

so that{yy } converges tokg. Now choose, by equicontinuity &b, a number

8" > 0 such that fh(x) — fa(x0)| < 5 for all n wheneverx — xo| < &'. The
convergence ofxy } and{yy} to xo implies that for large enough we have

[Xi, — Xo| < &8'/2 and|yy — Xo| < &'/2. Thereforg fy, (x) — fx (Xo)| < 5 and

[ fi, (k) — f (Xo)| < 5, from which we conclude thdtfy, (x,) — fi (Yk)| < €.

But we saw that fy(xk) — fk(yk)| > € for all k, and thus we have arrived at a
contradiction. This proves the uniform equicontinuity and completes the proof
of (a).

To prove (b), we first construct a subsequencég fg# that is convergent at
every rational point ind, b]. We enumerate the rationals, sayxasxs, ... . By
the Bolzano—Weierstrass Theorem and the pointwise boundedness, we can find
a subsequence ¢ff,} that is convergent at;, a subsequence of the result that
is convergent ak,, a subsequence of the result that is convergers,and so
on. The trouble with this process is that each term of our original sequence may
disappear at some stage, and then we are left with no terms that address all the
rationals. The trick is to form the subsequeridg,} of the given{ f,} whose
k" term is thek™ term of thek™ subsequence we constructed. Then klie
K+ D3, (k+2)", ... terms of{ f,, } all lie in ourk™ constructed subsequence,
and hencd f,, } converges at the firdt pointsx, ..., Xx. Sincek is arbitrary,

{ fn.} converges at every rational point.

Let us prove thaf f, } is uniformly Cauchy. Let > O be given, lets be
some corresponding number exhibiting equicontinuity, and choose finitely many
rationalsrq, ..., r in [a, b] such that any member of[b] is within § of at
least one of these rationals. Then chobssuch that fa(rj) — fm(rj)| < € for
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1 < j <! whenevemandmare> N. If x isin [a, b], let r (x) be anrj with
X —r(x)| < 8. Wheneven andm are> N, we then have

| fa(X) — fm(X)]
<[ fa(X) = fa(r X))+ [ fa(r (X)) — fm(r (X)) + | fm(r (X)) — fm(X)|
<edtete=3e

Hence{ f,, } is uniformly Cauchy, and (b) follows from Proposition 1.17.

REMARK. The construction of the subsequence for which countably many
convergence conditions were all satisfied is an important one and is often referred
to as adiagonal processor as theCantor diagonal process

ExampPLE. Let K andM be positive constants, and l&t be the set of con-
tinuous real-valued function$ on [a, b] such that|f(t)| < Kfora <t <b
and such that the derivativE () exists fora < t < b and satisfie$f’(t)| < M
there. This set of functions is certainly uniformly boundedkoyand we show
that it is also uniformly equicontinuous. To see the latter, we use the Mean Value
Theorem. Ifx is in the closed intervald, b] andt is in the open intervala, b),
then there exists depending ot andx such that

T — 0l = 1@t — x| < M|t —x|.

From this inequality it follows that the numbérof uniform equicontinuity for

€ and F can be taken to be/M. The hypotheses of Ascoli's Theorem are
satisfied, and it follows that any sequence of functionsFitas a uniformly
convergent subsequence. The estimatkisfindependent of the uniform bound
K, yet Ascoli’s Theorem breaks down if there is no bound at all; for example, the
sequence of constant functions with(x) = n is uniformly equicontinuous but
has no convergent subsequence.

We turn now to the problem of interchange of derivative and limit. The two
indices again will be an integarthat is tending to infinity and a parametehat
is tending tox. Proposition 1.16 takes away all the surprise in the statement of
the theorem, and it tells us the steps to follow in a proof. What the proposition
suggests is that the general entry in our interchange diagram should be whatever
quantity we want to take an iterated limit of in either order. Thus we expect nota

theorem about a general entfy(t), but instead a theorem about a general entry

w. The limit onn gives USM for a limiting function f,

— X
and then the limit as — x gives usf’(x). In the other order the limit as— x
gives usf,(x), and then we are to consider the limit onlf Proposition 1.16 is
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to be a guide, we are to assume that the convergence in one variable is uniform
in the other. The proposition also suggests that if we have existence of each row
limit and each column limit, then uniform convergence when one variable occurs
first is equivalent to uniform convergence when the other variable occurs first.
Thus we should assume whichever is easier to verify.

Theorem 1.23. Suppose that f,} is a sequence of real-valued functions
continuous fora < t < b and differentiable foa < t < b such that{f}
converges uniformly foa < t < band{ f,(Xo)} converges ifR for somexg with
a < Xp < b. Then{f,} converges uniformly foa <t < b to a functionf, and
f'(x) = lim, f1(x) for a < x < b, with the derivative and the limit existing.

REMARKS. The convergence dff (xg)} cannot be dropped completely as a
hypothesis becaus,(t) = n would otherwise provide a counterexample. In
practice,{ f,} will be known in advance to be uniformly convergent. However,
uniform convergence dff,} is not enough by itself, as was shown by the example

sinnx
fa(X) =
n( ) \/ﬁ

PrROOF The first step is to apply the Mean Value Theorenfife- fr,, estimate
f, — 7, and use the convergence{df,(Xo)} to obtain the existence of the limit
function f. The Mean Value Theorem produces sofngtrictly betweent and
Xo such that

in Section 2.

fa (D) = fm(®) = (fa(x0) = fm(X0)) + (t = X0)(fr(§) — fin(©)).

Our hypotheses allow us to conclude th&t(t)} is uniformly Cauchy, and thus
{ f.} converges uniformly to a limit functior by Proposition 1.17.
The second step is to apply the Mean Value Theorem agaip to fn, this
time to see that
fa(t) — fa(x)

on(D) = f— x

converges uniformly i (for t # x) asn tends to infinity, the limit being (t) =

f(t)— f(x .
M. In fact, the Mean Value Theorem produces s@ratrictly between

t—X
t andx such that

fn t - fmt - fn - fm / /
¢n() — em(t) = Ln(® O]~ [0 Col_ fa(6) — T (&),

t—X

and the right side tends to 0 uniformly asandm tend to infinity. Therefore
{on(D)} is uniformly Cauchy fort # x, and Proposition 1.17 shows that it is
uniformly convergent.
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The third step is to extend the definition @fto x by ¢n(x) = f;(x) and
then to see thapy is continuous ak and Theorem 1.21 applies. In fact, the
definition of gn (1) is as the difference quotient for the derivativefafat x, and
thusgn(t) — fi(X) = ¢n(X). Henceg, is continuous ak. We saw in the
second step that, (1) is uniformly convergent fot # x, and we are given that
en(X) = f1(x) is convergent. Thereforg,(t) is uniformly convergent for alf

with
f(t) —
M fort ;é X,
lim gn(t) = t—X
lim f/(x) fort = x.

Theorem 1.21 says that the limiting function kmxt) is continuous ak. Thus

lim ft) — f(x)

—h /
Im—— = Ilnm fr(X).

In other words,f is differentiable ak and f'(x) = limp f;(x).

4. Riemann Integral

This section contains a careful but limited development of the Riemann integral
in one variable. The reader is assumed to have a familiarity with Riemann sums
at the level of a calculus course. The objective in this section is to prove that

bounded functions with only finitely many discontinuities are Riemann inte-

grable, to address the interchange-of-limits problem that arises with a sequence
of functions and an integration, to prove the Fundamental Theorem of Calculus
in the case of continuous integrand, to prove a change-of-variables formula, and
to relate Riemann integrals to general Riemann sums. The Riemann integral in
several variables will be treated in Chapter Ill, and some of the theorems to be
proved in the several-variable case at that time will be results that have not been
proved here in the one-variable case. In Chapters VI and VII, in the context
of the Lebesgue integral, we shall prove a much more sweeping version of the

Fundamental Theorem of Calculus.

First we give the relevant definitions. We work with a functibn[a, b] — R
with a < bin R, and we always assume thhtis bounded. Apartition P of
[a, b] is a subdivision of the intervah], b] into subintervals, and we write such a
partition as

a=X<x1<---<x,=h.

The pointsx; will be called thesubdivision pointsof the partition, and we may
abbreviate the partition a8 = {x;}{'_,. In order to permit integration over an
interval of zero length, we allow partitions in which two consecutys are
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estimate, and thus the relationship between the §@¢mand the original function
(1 + x)P is not immediately apparent. However, we can use Corollary 1.38 to
obtain

) np(p—1)---(p—-n+1) ;1 =pP-1---(p—n) _,
f(x)=n2:; - X 1=; - X

for |x] < 1. We computegl + x) f’(x) by multiplying the first series by, the
second series by 1, and adding. If we write the constant term separately, the result
is

P(P=D--(p—n+ DI+ (P-] ,

L+ 00 =p+) - = pf(0).
n=1 '
Therefore
I [AF07PF00] = =P 407" 100 + 1 +X7P ()

= A+x)"PY=pfx)+ @A +x) f'(X)] =0,

and(1+ x)~Pf (x) has to be constant f¢x| < 1. From the series whose sum is
f (x), we see thaf (0) = 1, and hence the constantis 1. THUX) = (14 X)P,
and we have established the binomial series expansion

axp=y PRZDRoNED,,

n=0

for—1 < x < 1.
8. Summability

Summability refers to an operation on a sequence of complex numbers to make it
more likely that the sequence will converge. The subjectis of interest particularly
with Fourier series, where the ordinary partial sums may not converge even at
points where the given function is continuous.

Let {sh}n=0 be a sequence i@, and define its sequence GEsaro sums or
arithmetic means, to be given by

_Ststots
o n+1

n

forn > 0. Iflim, o = o exists inC, we say thafs,} is Cesaro summableto the
limit o. For example the sequence wgh= (—1)" for n > 0 is not convergent,
but it is Cesiro summable to the limit O becausgis 0 for all oddn and iswl1
for all evenn.
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Theorem 1.47.1f a complex sequences, }n>o is convergent irC to the limit
s, then{s,} is Cesiro summable to the limg.

REMARK. The argument is aeZproof, and two things are affecting,. Fork
small and fixed, the contribution sf to o, is s¢/(n + 1) and is tending to 0. For
k large, anys is close tos, and the average of such terms is close.to

PROOF. Lete > 0 be given, and choogé; such thak > N; implies|sc—s| <
€. If n > Nq, then

_ (SO_S)+"'+(SN1—S)+(SN1+1_S)+"'+(Sw_S)

Un—s

’

n+1 n+1
so that
o4 s N s n—N
|an_s|§|80|+ + SN, | + (N1 + )IIJr 1,
n+1 n+1
- ISol + -+ - + Isn,| + (N1 + 1)]s] L
n+1

The numerator of the first term is fixed, and thus we can chdbse N; large
enough so that the first term ise wheneven > N. If n > N, then we see that
lon — S| < 2¢. Sincee is arbitrary, the theorem follows.

Next let{an}n>0 be a complex sequence, and {si}n>0 be the sequence of
partial sums withs, = Zﬂzoak. Form the power series = Y _ja.r". We
say that the sequengs,} of partial sums isAbel summableto the limitsin C
ifimry10r = s, i.e., if for eache > 0, there is someg such thatg <r < 1
implies thatjo, — s| < €. For example, takex = (—1)k, so thats, equals 1 ifn
is even and equals Oiifis odd. The sequends,} of partial sums is divergent.
Ther™ Abel sumoy is given by the geometric seri€s -, (—1)%rk with sum
1/(1+r). Lettingr increase to 1, we see that,} is Abel summable with Iimi%.

Theorem 1.48(Abel’'s Theorem). Lefan} -0 be a complex sequence, and
let {sh}n>0 be the sequence of partial sums wih = Zﬂzoak. If {Sh}nso0 IS
convergent irC to the limits, then{s,} is Abel summable to the limi.

ReEMARK. The proof will proceed along the same lines as in the previous case.
It is first necessary to express the Abel sum terms of thes.’s.

PROOF. Since{s,} converges{s,} and{a,} are bounded, and thys -, s.r"
and) g2, axr © are absolutely convergent forOr < 1. Withs_; = 0, write

o0 o0 o0 o0
o= ar"=) (m—sr"=) sr"-> st
n=0 n=0 n=0 n=0

o0 N [ee)
= (l—r)Z%r”: (l—r)X:rkskqL Z (1 —r)rks,.
n=0 k=0

k=N+1
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Lete > 0 be given, and choog¥ such thak > N implies|sc — s| < €. Then

N 00
lor —sl < (A=) (sl +Ish+ Y @A—0r¥s—s|
k=0 k=N-+1

N 00
=@-DY (sd+Ish+(@-n Y rF)e
k=0

k=N+1

N
<@=n) (sl +Ish+e.
k=0

With N fixed, the coefficient of1 — r) in the first term is fixed, and thus we can
choose g close enough to 1 so that the first term<is wheneverg <r < 1. If
ro <r <1, weseethab; —s| < 2¢. Sincee is arbitrary, the theorem follows.

ExampPLE. For|x| < 1, the geometric serie} - ,(—1)"x" converges and
has sum1 + x)~. The Fundamental Theorem of Calculus giveslog t) =
o T dt = [ X nlo (—D"t"dt for [x| < 1, and Theorem 1.31 allows us to
interchange sum and integral as longxs< 1. Consequently

S (_1)nxn+1

log(1+ x) =
2 hra

for |x] < 1. The sequence of partial sums on the right converges ferl by

the Leibniz test, and Theorem 1.48 says that the Abel sums must converge to
the same limit. But the Abel sums have limit lim log(1 + x) = log 2, since
log(1+ x) is continuous fox > 0. Thus Abel's Theorem has given us a rigorous
proof of the familiar identity

o _1n
Z( ) = log 2
= n+1

Theorems 1.47 and 1.48, which say that one kind of convergence always
implies another, are calleélbelian theorems Converse results, saying that the
second kind of convergence implies the first under an additional hypothesis, are
called Tauberian theorems These tend to be harder to prove. We give two
examples of Tauberian theorems; the first one will be applied immediately to
yield an important special case of the main theorem of Section 9; the second one
will be used in Chapter VI to prove a deep theorem about pointwise convergence
of Fourier series.
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Proposition 1.49.Let {a,}n>0 be a complex sequence with all term$), and
let {sy}n>0 be the sequence of partial sums wsth= Zrk‘zo a. If {Sh}n=0is Abel
summable irC to the limits, then{s,} is convergent to the limi.

PROOF. Let{r;}j>o be a sequence increasing to the limit 1. Siage® > 0 is
nonnegative and since it is monotone increasing far eachn, Corollary 1.14
applies and gives ligd 7 ganr! = 317 limj aqrf’, the limits existing inR*.
The left side is the (finite) limis of the Abel sums, and the right side is lémn
which Corollary 1.14 is asserting exists.

ExamPLE. The binomial series expansion in Section 7 shows, for any complex
p, that(1 —r)Pis given for—1 < r < 1 by the absolutely convergent series

(1_r)p:1+;(_l)n p(p ) n'(p n+ )rn.

For preal with 0< p < 1, inspection shows that all the coefficients in the sum
on the right are< 0. Therefore

1-@-np =Yt PRZD U PERED 0y
n=1

n!

has all coefficients 0if 0 < p < 1. For0<r < 1, the sum of the series is
1—-(1—r)Pandis> 0. The fact that lirm1 [1 — (1 —r)P] = 1 means that the
sequence of partial sunsg = Y 52, (—1)k+1 2D (p-ktD js Ahel summable
to 1. Proposition 1.49 shows that the serie} is convergent at = 1, and
the Weierstras$/ test shows thatx) converges uniformly fo-1 <r < 1to
1— (1—r)P. If we now takep = % we have

00 1oLy 3y.. . (3_
(1_r)1/2:1_z(_1)n+1 2(=3)(=3) -5 n)rn

|
=1 n:

Sy EEDED G
n=1

n!

3
__n)
2 ("

-3 o 2EDED
n=1

n!

’

00 eIy 3y...(3_
= Z(_l)n+l 3(=3)( 2;' G-m a—r"
n=1 '

the series on the right being uniformly convergent fat < r < 1. Putting
r = 1 — x? therefore gives

00 1oLy 3y...(3_
|X| — \/ﬁ: Z(_l)n+l 2( 2) 2) (2 n) (1_ (1_ XZ)n)’
n=1

n!
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the series on the right being uniformly convergentfdr< x < 1. Consequently
|X| is the uniform limit of a sequence of polynomials on]], 1], and all these
polynomials are in fact 0 at = O.

Proposition 1.50. Let {a,}n>0 be a complex sequence, and{st}-o be the
sequence of partial sums with = Zﬂzoak. If {s3} is Cesaro summable to the
limit sin C and if the sequencaa,} is bounded, thefs,} is convergent and the
limit is s. The rate of convergence depends only on the boun¢higy} and the
rate of convergence of the Gas sums.

REMARK. Inour application in Chapter VIto pointwise convergence of Fourier
series, the sequence of partial sums will be of the fggnix)}, depending on a
parameteix, and the statement about the rate of convergence will enable us to
see that the convergence{sf(x)} is uniform inx under suitable hypotheses.

PrROOF. Let {s,} be the sequence of partial sums{af}, and chooséM such
that |nay| < M for all n. The first step is to establish a useful formula for
S — on. Letm be any integer with Gz m < n. We start from the trivial identity
—(n—m)op, = (M+ Don — (n+ 1)oy,, add(n — m)s;, to both sides, and regroup
as

(N—=M)(S — on) = (M+L)on — S — -+ — Sn + (N—M)S) — Sz — -+~ — &y

=(M+D(on—om + Y (S1—9).

j=m+1

Dividing by (n — m) yields

m+1 1 N
Si—on=_——On—om+—— ) (9-8),
j=m+1

which is the identity from which the estimates begin.
Form+1 < j <n,we have

M M
—g| < _ ai < — _—
S =81 = f8nl + fan-al +oo @l < T o b g
M M M m—pHM (—-m-1M
<S— 4+ —++- = — < :
j+1 o+ j+1 j+1 m-+2
Substituting into our identity yields
| |<m+1| |+(n—m—l)M
— O On — O —_—.
S ool = Ty o T om m+ 2
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Lete > O be given, and choosé such thatoy — S| < €2 whenevek > N.
We may assume that < % and N > 4. With e fixed and withn fixed to be
> 2N, definem to be the unique integer with

n—e
m<-——<m+1
1+e€

Then0< m < n, and our inequality fofs, — o | applies. From the leftinequality
m < E definingm, we obtainm 4+ me < n — ¢ and hencém+ 1)e <nh—m
and%ﬁ < e~1. From the right inequality—¢ < m 4 1 definingm, we obtain
N—e<m+1l+em+candhencer—m—1 < e(m+ 2) and”;"lgl < e.
Thus our main inequality becomes

$h — onl < € o — om| + Me.

To handles,,, we need to bounch below. We have seen that— m — 1 <
e(m+ 2), and we have assumed thak 3. Thenn —m— 1 < 2(m+ 2), and
2n 4

this simplifies tam > 3 — 3 which is> g if n > 8, thus certainly ifN > 4. In
other wordsN > 4 andn > 2N makesm > g > N. Thereforeom — | < €2,

and|o, — om| < 2¢2. Substituting into our main inequality, we obtain
ISh — on| < € 1262 + Me = (M + 2)e.

Sincee is arbitrary, the proof is complete.

9. Weierstrass Approximation Theorem

We saw as an application of Proposition 1.49 that the fun¢kipon [—1, 1] is the

uniform limit of an explicit sequencgP,} of polynomials withP,(0) = 0. This

is a special case of a theorem of Weierstrass that any continuous complex-valued

function on a bounded interval is the uniform limit of polynomials on the interval.
The device for proving the Weierstrass theorem for a general continuous

complex-valued function is to construct the approximating polynomials as the

result of a smoothing process, known as the use of an “approximate identity.”

The idea of an approximate identity is an important one in analysis and will occur

several times in this book. If is the given function, the smoothing is achieved

by “convolution”

/ f(x — t)p(t) dt

of f with some functiory, the integrals being taken over some particular intervals.
The resulting function ok from the convolution turns out to be as “smooth” as
the smoother off andg. In the case of the Weierstrass theorem, the function
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¢ will be a polynomial, and we shall arrange parameters so that the convolution
will automatically be a polynomial.

To see how a polynomial f (x — t)¢(t) dt might approximatef, one can
think of ¢ as some kind of mass distribution; the mass is all nonnegative if
¢ > 0. The integration produces a functiondahat is the “average” of translates
x — f(x—t)of f,the average being computed according to the mass distribution
¢. If p hastotal mass 1, i.e., total integral 1, and most of the mass is concentrated
neart = 0, thenf is being replaced essentially by an average of its translates,
most of the translates being rather closd t@nd we can expect the result to be
close tof.

For the Weierstrass theorem, we use a single stagingt stage 1, namely
c1(1 — x?) on [—-1, 1] with ¢; chosen so that the total integral is 1. The graph of
@1 is a familiar inverted parabola, with the appearance of a bump centered at the
origin. The function at stage is ¢,(1 — x?)", with ¢, chosen so that the total
integral is 1. Graphs fan = 3 andn = 30 appear in Figure 1.1. The bump near
the origin appears to be more pronounced icreases, and what we need to do
is to translate the above motivation into a proof.

Lemma 1.51.If ¢, is chosen so that, f_ll (1—x?®"dx = 1, thenc, < ey/n
for n sufficiently large.

PrROOF We have

Gl= L a—xdndxz [ a - dx =2 V" (1 - x)"dx

> 2 IV @ — hHndx =21 - Hn /.
Since(1 — H)" — e71, we have(1 — )" > Ze! for n large enough (actually

for n > 2). Thereforec;! > e~1/,/n for n large enough, and hencg < ey/n
for n large enough. This proves the lemma.

n=3 n=30

1

2./5
0.8

2
0.6

.5

0.4 1

0.2 0.5

-1 -0.5 0.5 1 -1 -0.5 0.5 1

FIGURE 1.1. Approximate identity. Graphs of ffl (1 —x?"dx for
for n = 3 andn = 30 with different scales used on the vertical axes.
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Letgn(X) = ch(1—x3)" on[—1, 1], with ¢, as in the lemma. The polynomials
¢n have the following properties:

@wgmza
(i) [T en(x)dx=1,
(iii) forany § > 0, sup{egn(X) | 8 < x < 1} tends to 0 as tends to infinity.

Lemma 1.51 is used to verify (iii): the quantity
supfgn(X) | § <X < 1} = cp(1 — 89"

tends to 0 because lim/n(1 — §)" = 0. A function with the above three
properties will be called aapproximate identity on [—1, 1].

Theorem 1.52(Weierstrass Approximation Theorem). Any complex-valued
continuous function on a bounded intenal b] is the uniform limit of a sequence
of polynomials.

PrROOF. In order to arrange for the convolution to be a polynomial, we need
to make some preliminary normalizations. Approximatih@) on [a, b] by
P(x) uniformly within ¢ is the same as approximatifgx + a) on [0, b — a]
by P(x + a) uniformly within €, and approximating(x) on [0, c] uniformly by
Q(x) is the same as approximatimggcx) uniformly by Q(cx). Thus we may
assume without loss of generality that p] = [0, 1].

If h:[0,1] — C is continuous and if is the function defined by(x) =
h(x) — h(0) — [h(1) — h(0)]x, thenr is continuous withr (O) = r(1) = 0.
Approximatingh(x) on [0, 1] uniformly by R(x) is the same as approximating
r (x) on [0, 1] uniformly by R(x) — h(0) — [h(2) — h(0)]x. Thus we may assume
without loss of generality that the function to be approximated has value 0 at O
and 1.

Let f : [0, 1] — C be a given continuous function with(0) = f (1) = 0; the
function f is uniformly continuous by Theorem 1.10. We extehtb the whole
line by making it be 0 outside [A], and the uniform continuity is maintained.
Now let ¢, be the polynomial above, and pBt(x) = f_ll f (X —ten(t) dt.

Let us see thaP, is a polynomial. By our definition of the extenddd the
integrand is O for a particulas € [0, 1] unlesg isin [x — 1, x]as wellas |1, 1].
We change variables, replacib@y s + x and making use of Theorem 1.34, and
the integral becomeB,(x) = [ f (—S)¢n(s+ x) ds, the integral being taken for
sin[—1,0]N[—1—x, 1—Xx]. Sincex isin [0, 1], the condition orsis thatsis in
[—1,0]. ThusP,(x) = ffl f (—S)gn(s+ x) ds. In this integralpn(X) is a linear
combination of monomialgX, andxX itself contributesff)l f(—s)(x + s)kds,
which expands out to be a polynomiabin ThusP,(x) is a polynomial inx.
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By property (i) of¢n, we have

1 1
Pn<x>—f<x>=f f(x—t)gon(t)dt—f(x):/ [F(x =) — F (0] gn(t) dit.
1 -1

Then property (i) gives

1

IPa(¥) — fO] = /1 [f(x=1) = O] gn(t) dt

8 -8 1
= [ ifoen = footgmwdte ([ [ )ifxen - foolgmmat
—5 -1 8
and two further uses of property (ii) show that this is

= sup| f(x =) = 001 +4(_sup [T yI)( sup ¢n(®)).
[t]<é ye[0.1] d=<jt|=1

Givene > 0, we choose som&of uniform continuity for f ande, and then the
first term is< €. With § fixed, we use property (iii) op, and the boundedness
of f, given by Theorem 1.11, to produce an intelyesuch that the second term
is < € forn > N. Thenn > N implies that the displayed expressionds2e.
Sincee is arbitrary, P, converges uniformly td .

10. Fourier Series

A trigonometric seriesis a series of the for 72 _ cn€™ with complex coef-
ficients. The individual terms of the series thus form a doubly infinite sequence,
but the sequence of partial sums is always understood to be the sedsigifte

with sy (X) = Z,’:‘?N cn€™. Such a series may also be written as

ao o
- T2 (@ cosnx+ bn sinnx)
n=1

by putting

™ — cosnx —+ i sinnx

Cinx o forn > 0,
e = cosnx — i sinnx

Co=33. Cn=3@ —iby), and c_n=3(@ +iby) forn>o0.

Historically the notation with tha,’s andb,’s was introduced first, but the use of
complex exponentials has become quite common. Nowadays the notation with
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a,'s andby’s tends to be used only when a functidnunder investigation is
real-valued or when all the cosine terms are absent i.is.even) or all the sine
terms are absent (i.ef, is odd).

Power series enable us to enlarge our repertory of explicit functions, and the
same thing is true of trigonometric series. Just as the coefficients of a power
series whose sum is a functidnhave to be those arising from Taylor’s formula
for f, the coefficients of a trigonometric series formed from a function have to
arise from specific formulas. Let us run through the relevant formal computation:
First we observe that the partial sums have to be periodic with periodThe
guestion then is the extent to which a complex-valued periodic fundtion the
real line can be given by a trigonometric series. Suppose that

oo

f(x) = Z chem™x.

n=oo
Multiply by e~'* and integrate to get
1 /ﬂ f(x)e " dx = 1 /n i cne™e X dx.
2 J_, 21 J 7

If we can interchange the order of the integration and the infinite sum, e.g., if the
trigonometric series is uniformly convergenttgx), the right side is

o0 1 i g . ” o0 1 g . K
= Ch — Mg kX gx = Ch — eM—kxdx =¢
> ey > s k

n=—o00 n=—o00 -
because 1 1 i 0
. ITMm = A

L7 emgy = { !
2 J_, 0 if m#£0.

Let f be Riemann integrable or-fr, 7], and regardf as periodic oR. The
trigonometric seried oo c,€"* with

b

[ f 7inxd
o | x)e X

Ch

is called theFourier seriesof f. We write

00 N
f(x) ~ Z €™ and  sy(fix) = Z che™.

n=—o00 n=—N

The numbers, are theFourier coefficientsof f, and the functionsy ( f; x) are
the partial sums of the Fourier series. The symbad to be read as “has Fourier
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series,” nothing more, at least initially. The formulas for the coefficients when
the Fourier series is written with sines and cosines are

T

1
an=—/ f (x) cosnx dx forn > 0,

)
1" .

by = —/ f (X) sinnx dx forn> 1.
T Jrn

In applications one encounters periodic functions of periods other thaif 2
f is periodic of period B then the Fourier series dfis f (x) ~ >_o° _ cpe" /!
with ¢, = (21! fll f (x)e"'"™/I dx. The formula for the series written with
sines and cosines iS(x) ~ ag/2+ Y - ; (@ cosgnzx/1) + by sin(nzx/1)) with
ap = I*lf'_I f (x) cognmx/l)dx andb, = I*lflI f (x) sin(nx/1)dx. In the
present section of the text, we shall assume that our periodic functions have period
2.

The result implicit in the formal computation above is thaf i) is the sum
of a uniformly convergent trigonometric series, then the trigonometric series is
the Fourier series of , by Theorem 1.31.

We ask two questions: When does a general Fourier series converge? If the
Fourier series converges, to what extent does the sum repré8ehte begin
with an illuminating example that brings together a number of techniques from
this chapter.

ExAMPLE. As in the example following Theorem 1.48, we have
1
Iog(m):x+%x2+%x3+~- for —1<x<1

We would like to extend this identity to complexvith |z] < 1 but do not want to
attack the problem of making sense out of log as a function of a complex variable.
What we do is apply exp to both sides and obtain an identity for which both sides
make sense when the reals replaced by a complex

1
exp(z+%zz+%z3+-~-)=l—z for|z] < 1.
In fact, this identity is valid forz complex with|z] < 1, and Problems 30-35
at the end of the chapter lead to a proof of it. Corollary 1.45 allows us to write
z=re'’ andz+ 37>+ 328 + .- - = p€?. Equating real and imaginary parts of
the latter equation gives us

o0

r" cosnd ) > r"sinnd
0 COSp = E — and pSing = E -
n=1 n=1
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We shall compute the left sides of these displayed equations in another way. We
have

e COw P SiNe — exn(p cosy + ip sing) = exp(pe?) = (1—2)*
and therefore alse® ©°¢e~1#siny — (1 — 2)~1, Thus
e = (1-2)71(1-2) ' = 1-re'?!)t1-re %) 1 = (1—2r cosv+r?) L.

Taking log of both sides givesoZosy = log ((1 — 2r cost + r?)~1), and thus

we have -
1 r"cosnd
tiog ) = 37 oo
2199 1—2rcosd +r2 ; n ¢)
Handling p sing is a little harder. Frone’c°sersinv = (1 — z)~1, we have
grsing — (1—2Y1—-z1=1-2)/|11-2 = 1|{°§|59 +|jf'”zﬁ and hence

coqpsing) = (L—rcosd)/|1—2z and sifpsing) = (rsing)/|1— z|.

Thustarp sing) =r sind/(1—r cosd). Since 1-r cosh is > 0, cogp Sing) is
> 0, andp sing = arctan((r sind)/(1—r cosh)) + 2z N(r, 6) for some integer
N(r, 6) depending om andd. Hence

_ > r"sinng
arctan((r sing)/(1 —r cosd)) + 27 N(r, 6) :Zr S:] .
n=1

For fixedr, the first term on the left is continuous #) and the series on the
right is uniformly convergent by the Weierstralgstest. By Theorem 1.21 the
right side is continuous i. ThusN(r, 8) is continuous irv for fixedr; since
N(,0) =0, N(r,0) = 0 for allr andd. We conclude that

sing X " smne
arctan( )
[ cos 2; ()

Problem 15 at the end of the chapter observes that the partial 5ijnscosné

and Z,’:‘Zl sinn® are uniformly bounded on any set< 0 < 7 — ¢ if € > O.
Corollary 1.19 therefore shows that the series

> cosnd >, sinné
; and Z .

n=1

are uniformly convergentfar < 6 < m — ¢ if ¢ > 0. Abel's Theorem (Theorem
1.48) shows that each of these series is therefore Abel summable with the same
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limit. We can tell what the latter limits are frorfx) and (%), and thus we
conclude that

%IOg<2 2cos@)

>, coshd
> smn9

n

sing
and arctan( )

The sum of the series with the cosine terms is unbounded thear 0, and
Riemann integration is not meaningful with it. We shall not be able to analyze
this series further until we can treat the left side in Chapter VI by means of
Lebesgue integration. The sum of the series with the sine terms is written in a
way that stresses its periodicity. On the intervak] 7], we can rewrite its left
side asj(— — ) for —r <9 < 0,0fore = 0, and3(wr — ) for0 < 6 < 7.
The expression for the left side is nicer on the intef@aPr ), and there we have

o

%(n —-0) = S”:]ne for0 < 6 < 27.
n=1

The function%(n — 0) is bounded on0, 2r), and we can readily compute its

Fourier coefficients from the formula, = 71 02” (r — 0) sinng dé, using

integration by parts (Corollary 1.33). The result is tbat= 1/n. Hence the
displayed series is the Fourier series. Graphs of some of the partial sums appear
in Figure 1.2.

n=3 n=>5

N
[
[N
N
w
N
-
[
N
w)

FIGURE 1.2. Fourier series of sawtooth function. Graphs of
Z,T:l(sinnx)/n forn =3, 5, 10, 30.
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The sawtooth function in the above example has a discontinuity, and yet its
Fourier series converges to it pointwise. The recognition of the remarkable
potential that Fourier series have for representing discontinuous functions dates
to Joseph Fourier himself and caused many of Fourier's contemporaries to doubt
the validity of his work.

Although the above Fourier series converges to the function, it cannot do so
uniformly, as a consequence of Theorem 1.21. In any such situation the Fourier
coefficients cannot decrease rapidly, and a decrease of gtdes fhe best that
one gets for a nice function with a jump discontinuity.

This example points to a general heuristic principle contrasting how power
series and trigonometric series behave: whereas Taylor series converge very
rapidly and may not converge to the function, Fourier series are inclined to
converge rather slowly and they are more likely to converge to the function.

We come to convergence results in a moment. First we establish some ele-
mentary properties of them. Taking the absolute Vfl|ue~.fﬂfl the definition of

Fourier coefficient, we obtain the trivial boung)| < 5= fn | f(x)|dx.

Theorem 1.53.Let f be inR[—x, #]. Among all choices ofl_y, ..., dy,

the expression
1 " N inx 2
g/_n f(x) — n:E_Ndne dx

is minimized uniquely by choosing, for all n with |n| < N, to be the Fourier
coefficientc, = % ffﬂ f (x)e""*dx. The minimum value is

1 [ N
— | 1feoPdx— > el

27 J_; =
% fiTJT ‘ f(X) - Zr’:‘:—N dneinx|2dx
= %ffn |f(X)|2dX— % ZRGZ::‘:_N d_nffﬂ f(X)e*i”X dx
+ % ffn Zr,:,n=fN dmdn€ MM dx
=L T 1f0Rdx—2ReX N\ Cnbn + Yn_y Ich[?
(3 /7 1001 dx) — (2301 [cal® + 2R\ Cnen)
+ (Xnen Ienl® +2ReX 0y odn + Ly lenl?)

=L T 0P = XNy e+ Yy lenl?.

The result follows.
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Corollary 1.54 (Bessel's inequality). Let be inR[—x, ], and let f (x) ~
Yo Ca€™. Then

|Cnl” =< If(X)I dx.
n= 2
In particular,Y o> |cq|?is finite.

REMARK. In terms of the coefficients, andb,, the corresponding result is

o0

2 1 b4
'ao' + Y (1anl* + Ibn|? <;/ 1012 dx.

n=1 -

PrOOF The theorem shows that the minimum value of a certain nonnegative
quantity depending oN is 2= [ | f(x)[2dx— YL\ Ical?. Thus, for anyN,
SN oyl < = " [f(x)[>dx. Letting N tend to infinity, we obtain the
corollary.

Corollary 1.55 (Riemann-Lebesgue Lemma). ffis in R[—x, 7] and has
Fourier coefficientgc,}n> then limp— o Ch = 0.

—0!

REMARK. This improves on the inequalifg,| < % ffﬂ | f (x)| dx observed
above, which shows, by means of an explicit estimate, {t)dtis a bounded
sequence.

PROOF This is immediate from Corollary 1.54.

We now turn to convergence results. First it is necessary to clarify terms like
“continuous” and “differentiable” in the context of Fourier series of functions
on [—m, w]. Each term of a Fourier series is defined on alRoénd is periodic
with period 2r and is really given as the restriction tef, ] of this periodic
function. Thus it makes sense to regard a general function in the same way if
one wants to form its Fourier series: a functibris extended to all oR so as
to be periodic with period2, and if we considerf on [, ], it is really the
restriction to -, 7] that we are considering.

In particular, it makes sense to insist thbt—=) = f(x); if f does not
have this property initially, one or both of these endpoint values will have to be
adjusted, but that adjustment will not affect any Fourier coefficients. Similarly
continuity of f will refer to continuity of the extended function on all Bf and
similarly for differentiability.

Thatbeing said, let us take up the matter of integration by parts for the functions
we are considering. The scope of integration by partsin Corollary 1.33 was limited
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to a pair of functiond andg that have a continuous first derivative. Inthe context
of Fourier series, it is the periodic extensions that are to have these properties,
and then the integration-by-parts formula simplifies. Namely,

/ f00g 00 dx = f0ge ] - f F00g(x) dx

e

= _/” f’'(x)g(x) dx,

-7

i.e., the integrated term drops out because of the assumed periodicity.

The simplest convergence result for Fourier series is that a periodic function (of
period 2r) with two continuous derivatives has a uniformly convergent Fourier
series. To prove this, we take # 0 and use the above integration-by-parts
formula twice to obtain

_i i —inx _ i i " / —inx
cn_zn/ﬂf(x)e dx = — ( )/ f'(x)e" dx

2r\—in/ J_,

— %(_—TJZ/_N f7(x)e "™ dx.

T

Then|c,@™| = |c;| < C/n? whereC = £ [" |f”(x)|dx, and the Fourier

series converges uniformly by the Weierstrikgest. The argument does not say

that the convergence is ti, but that fact will be proved in Theorem 1.57 below.
Adjusting the proof just given, we can prove a sharper convergence result.

Proposition 1.56. If f is periodic (of period 2) and has one continuous
derivative, then the Fourier series bfconverges uniformly.

PROOF. As in the above argument,, = —5= (%) /™ f'(x)e""™ dx, and
this equals,lﬁ d,, whered,, is then Fourier coefficient of the continuous function
f’. In the computation that follows, we use the classical Schwarz inequality (as
in Section A5 of the appendix) for finite sums and pass to the limit in order to get
the first inequality, and then we use Bessel's inequality (Corollary 1.54) to get

the second inequality:

1 1 1\1/2 1/2
=Y Jincyl = =" =1d = a2
2 lenl =3 linal o §)|n||n|5(§;n2) (;;m)
1\Y2,1 (" 1/2
(L) G [, roora)™

The right side is finite, and the proposition follows from the Weiersthddest.
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The fact that the convergence in Proposition 1.56 is actuallfy wall follow
from Dini’s test, which is Theorem 1.57 below. We first derive some simple
formulas. TheDirichlet kernel is the periodic function of period2defined by

N - 1
Duoo = - em = IMNEEY)

a1
= sin;x

the second equality following from the formula for the sum of a geometric series.
For a periodic functionf of period 2r, the partial sums of the Fourier series of
f are given by

N T
sn(f;x) = Z (%/ f(t)e—intdt>einx

n=—N -

— 1 i EN in(x—t)
1N(X—
27 /_n rw € t

n=—N

:i/ﬂ f(H)Dn(X —t) dt
2 J_,

1 X+
=—/ f(x —s)Dn(s)ds
27 Jx—n

l T
= — | f(xx—t)Dn(t)dt,
2

-7

the last two steps following from the changes of varialbles x + s (Theorem
1.34) ands — —s (Proposition 1.30h) and from the periodicity 6fandDy.

60
50
40
30
20

1
3 ~5 / V-N\V/\\/AH vﬁV/\VAVAiA 5 y
-1

FIGURE 1.3. Dirichlet kernel. Graph oby for N = 30.

This is the kind of convolution integral that occurred in the previous section.
Term-by-term integration shows thé{ ffﬂ Dn(X)dx = 1. HoweverDy is not
an approximate identity, not being everywherd. Figure 1.3 shows the graph
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of Dy for N = 30. AlthoughDy (x) looks small in the graph away from= 0,

itis small only as a percentageBf, (0); D (x) does not have ligg Dy (X) equal

to 0 forx # 0. ThusDy (x) fails in a second way to be an approximate identity.
The failure of Dy to be an approximate identity is what makes the subject of
convergence of Fourier series so subtle.

Theorem 1.57(Dini’s test). Letf : R — C be periodic of period 2 and
Riemann integrable onr, 7]. Fix x in [—x, 7]. If there are constants > 0
andM < +o0 such that

[f(X+1) — f(X)| < M|t| for |t| < 4,

then limy sa(f; X) = f(X).

REMARK. This condition is satisfied iff is differentiable atx. Thus the
convergence of the Fourier series in Proposition 1.56 is to the original function
f. By contrast, the Dini condition is not satisfied>at= 0 for the continuous
periodic extension of the functioh(x) = |x|*/? defined on(—r, r].

ProOOF. With x fixed, let

{M for0 < |t| < m,
gt) = sint/2

0 fort = 0.

Proposition 1.30d shows thé@tint /2)~ is Riemann integrable an< |t| < 7 for

anye > 0, and hence so ig(t). Sinceg(t) is bounded near= 0, Lemma 1.28
shows thag(t) is Riemann integrable on{r, 7]. Sinceffﬂ Dn(X)dx =1, we
have

sn(fix) — f(x)

=i 7 f oty SN+ Y sm((N+2)t t——/ sm (Nj—z)t) dt
27 J_, sinst

e

1 .
=5/ gt sin((N + %)t) dt

b b

1 . 1 _
=5 | [9(t) cos5]sinNtdt + 5/ [g(t) sin§] cosNt dt,

-7

and both terms on the right side tend to 0 withby the Riemann—-Lebesgue
Lemma (Corollary 1.55).
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Dini’s test (Theorem 1.57) has implications for “localization” of the conver-
gence of Fourier series. Suppose tliat g on an open interval, and suppose
that the Fourier series of converges tof on I. Then Dini's test shows that
the Fourier series of — g converges to 0 o, and hence the Fourier series of
g converges t@ on |. For example,f could be a function with a continuous
derivative everywhere, argicould have discontinuities outside the open interval
I. For f, the proof of Proposition 1.56 shows thgt|c,| < +oo. But for g,
the Fourier series cannot converge so rapidly because the sum of a uniformly
convergent series of continuous functions has to be continuous. Thus the two
series locally have the same sum, but their qualitative behavior is quite different.

Next let us address the question of the extent to which the Fourier serfes of
uniquely determined. Our first result in this direction will be that if andg
are Riemann integrable and have the same respective Fourier coefficients, then
f (X) = g(x) at every point of continuity of both andg. It may look as if some
sharpening of Dini’s test might apply just under the assumption of continuity of
the function, and then this uniqueness result would be trivial. However, as we
shall see in Chapter XllI, the Fourier series of a continuous function need not
converge to the function at particular points, and there can be no such sharpening
of Dini's test. Instead, we shall handle the uniqueness question in a more indirect
fashion.

The technique is to use an approximate identity, as in the proof of the Weier-
strass Approximation Theorem in Section 9. Although the partial sums of the
Fourier series of a continuous function need not converge at every point, the
Cesro sums do converge. To get at this fact, we shall examinEd}eés kernel

N

1
Kn(X) = N——f—l Dn(x).

The N™ Cesaro sum of, (f; X) is given byz ffﬂ Kn(x —1) f(t) dt because

N l T
N+1ZS“(f X) = N+l = _ﬂDn(x—t)f(t)dt
l T
== | Knx—=t)f()dt
27 J_,

The remarkable fact is that the EeKernel is an approximate identity even though
the Dirichlet kernel is not, and the result will be that the &esums of a Fourier
series converge in every way that they have any hope of converging.

Lemma 1.58.The Fegr kernel is given by
1 1-—co9gN+21)x
N+1 1-—cosx

Kn(X) =
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PrOOF. We show by induction o that the values oK y (x) in the definition
and in the lemma are equal. Adr= 0, we haveKg(x) = Dg(x) = 1 = 120K
as required. Assume the equality fdr— 1. Then

N
(N+DKnO) =) Dn(x) = NKy_1(X) + Dn(X)
n=0
1—cosNx sin((N + 1x) sinix , ,
= + ((_ - 2) ) — by induction
1 — cosx sin;x sinzXx

1—cosNx+ 2sin((N + 3)x) sin3x
1 — cosx

1— cosNx — [ cos((N+3)x+3X) — cos((N+3)x—3x)]
1 — cosx

1—co9N + 1)x
1— cosx

as required.

In line with the definition of approximate identity in Section 9, we are to show
thatKy (x) has the following properties:

(i) Kn(x) >0,
(i) = /7 Kneodx=1,
(iii) forany s > 0, suR.x <, Kn(X) tends to 0 as tends to infinity.

Property (i) follows from the definition oKy (X), since cox < 1 everywhere;

(ii) follows from the definition of Ky(x) and the linearity of the integral,
since% ffﬂ Dnh(x) dx = 1 for all n; and (iii) follows from Lemma 1.58, since
1—cogN + 1)x < 2 everywhere and + cosx > 1 —coss if § < |X| < 7.

Theorem 1.59(Fejér's Theorem). Leff : R — C be periodic of period 2
and Riemann integrable or-fr, 7]. If f is continuous at a poindy in [—m, ],
then

e

lim 2i f(X)Kn(Xg — X) dX = f (Xp).

N—oo 2 J_,

If f is uniformly continuous on a subsEtof [—, ], then the convergence is
uniform for xg in E.
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PrOOF. ChooseM such that f (x)| < M for all x. By (ii) and then (i),

1 T
o= [ F0oKNGo =) dx = f00)
2 J_,
1 T
=]2—/ [f(X) — f(X0)]Kn(Xo — X) dX
T J—x
1 T
— f — f K —x)d
5271 _ﬂl ) (X0) [Kn (Xg — X) dX
1
< — [f(X) — f(X)|Kn(Xo — X)dX
[X—Xo|<§
1
+ — 2M ( sup Kp(t))dx
270 Js<x—xol<n (asmspn N )
< — [f(X) — f(X0)|[Kn(XXo— X)dX+2M sup Ky(t).
27 x—xo|<s s<lt|<n

Given ¢ > 0, choose somé for ¢ and continuity of f at xg or for ¢ and
uniform continuity of f on E. In the first term on the right side, we then have
| f(X)— f(X0)| < € onthe setwhergx — xg| < 8. Thus a second use of (i) shows
that the above expression is

<e+2M sup Ky(t).

S<|t|<m

With § fixed, property (iii) shows that the right side s 2¢ if N is sufficiently
large, and the theorem follows.

Corollary 1.60 (uniqueness theorem). Ldt: R — Candg : R — C
be periodic of period 2 and Riemann integrable or-fr, 7]. If f andg have
the same respective Fourier coefficients, tifgn) = g(x) at every point of
continuity of bothf andg.

ReMARK. The fact thatf andg have the same Fourier coefficients means that
s (f; X) = s1(g; x) for all n, hence that

T

1 Dh(x —t) f(t)dt = i/n Dnh(x — t)g(t) dt
27 J_,

27 J_,

for all n. Then the same formula applies wibh, replaced by its Ces0 sums
Kn.

PrROOF. Apply Theorem 1.59 tdf — g at a pointxg of continuity of both f
andg.
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Our second result about uniqueness will improve on Corollary 1.60, saying
that any Riemann integrable function with all Fourier coefficients 0 is basically
the O function—at least in the sense that any definite integral in which it is a factor
of the integrand is 0. We shall prove this improved result as a consequence of
Parseval’'s Theorem, which says that equality holds in Bessel's inequality. The
proof of Parseval's Theorem will be preceded by an example and some lemmas.

Theorem 1.61(Parseval’s Theorem). Let : R — C be periodic of period
27 and Riemann integrable or-fr, 7]. If f(x) ~ Y c,e", then

1 o
m —/ 1f(x) —sn(f;X)[?dx=0
oo 21 -

and

o0

1 T
— [ 1feoPdx= Y leil®

2 - n=—o00
REMARK. In terms of the coefficients, andb,, the corresponding result is

o0

1 b4 2
;/ |f<x>|2dx—'a°' + 3 (1anl® + [bn[?)

n=1

ExAMPLE. We saw near the beginning of this section that the periodic function

f givenby f (x) = 3( —x) on(0, 27) hasf (x) ~ Y sinnx
n=1

of Parseval's Theorem as in the remark, but with the inte{@a2x) replacing

the interval(—, ), says thap 22, & = 1 2% |1(x —x)|*dx. The right side

a1 o2 _ 2733 _ 2
is= 4 [7 x?dx= L= =% Thus

. The formulation

2

<1 =
PERE
n=1
This formula was discovered by Euler by other means before the work of Fourier.

For the purposes of the lemmas and the proof of Parseval's Theorem, let us
introduce a “Hermitian inner producton R[—x, 7] by the definition

T

1 -
(f,9), = o f(x)g(x) dx,

-7

3The term “Hermitian inner product” will be defined precisely in Section I1.1. The fofny),
comes close to being one, but it fails to meet all the conditions beddudg, = 0 is possible
without f = 0.
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as well as a “norm” defined by
1 1= 1/2
_ VA e 2
1= (1. 03 = (5= [ 1f00rdx)
and a “distance function” defined by
1 [~ 1/2
da(f.0) =11 —gl, = (5 / 1100 — g0 2dx) .
The role of the functiord, will become clearer in Chapter II, where “distance
functions” of this kind will be studied extensively.
Lemma 1.62. If f is in R[—x,x] and /7 [f(x)|?dx = O, then
ST 1f(x)ldx=0andalso/”_ f(x)g(x)dx=0forallge R[—x, x].
PROOF Write M = SUB e[, 7] | f(x)], and lete > 0 be given. Choose a
partition P = {x}"_, with U (P, | f|?) < €3, i.e.,

n

sup |f(x)|2)Axi <l

i=1 " Xe€[Xi-1,x]

Divide the indices from 1 tm into two subsetsA and B, with

A:{i| sup |f(x)|ze} and B={i

x€[xi—1,%]

sup |[f(X)| < e}.

X€[xi—1,%]
The sum of the contributions fromindices AtoU (P, | f|?)is> €2} AXi,
and thus)_; o AX < €. Henced ; a (SUBrx_,.x] | (1) AXi < Me. Also,
Yice (SUBrx_,x] [T (OI)AX < 2me. ThereforeU (P, |f|) < (27 + M)e.
Sincee is arbitrary,ffn | f (x)] dx = 0. This proves the first conclusion.

For the second conclusion it follows from the boundednesg|pfay byM’,
that| /™ f)g)dx| < 2= /7 1f0llgx)ldx < 3 /7 [ f(x)|dx=0.

Lemma 1.63(Schwarz inequality). Iff andg are inR[—m, r], then

I(F, @l = 1T 12091l

REMARK. Compare this result with the version of the Schwarz inequality in
Section A5 of the appendix. This kind of inequality is put into a broader setting
in Section 11.1.

PrROOF. If ||g|l, = 0, then Lemma 1.62 shows thétt, g), = O for all f. Thus
the lemma is valid in this case. [|D]|, # O, then we have
0< | f—Ilglz2(f. 9),0]3 = (f —llgl;2(f. 9,9, f —lgl;%(f. 9),9),

= || F1I5—-219l15°1(f, 9,12 +gl51(F. )22 1915 = [ FI5—11gll52I(f, 9),)%,
and the lemma follows in this case as well.
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Lemma 1.64 (triangle inequality). Iff, g, andh are in R[—mn, ], then
d2(f, h) < da(f, g) +da(g, h).

PrROOF. For any two such functions andG, Lemma 1.63 gives
IF+Gl3=(F+G,F+G),=(F,F);+ (F.G),+ (G, F),+ (G, G),
= [FI3+2ReF, G), + Gl
< IFI5+2IFIGl, + IGII5 = (IFll, + 1G] )%
Taking the square root of both sides and substituking f —gandG = g — h,
we obtain the lemma.

Lemmal.65.Let f : R — Cbe periodic of period2 and Riemannintegrable
on [-m, 7], and lete > O be given. Then there exists a continuous periodic
g:R — Cof period Zr such thaf| f — g, < e.

PrROOF. Because of Lemma 1.64, we may assume fhetreal-valued and is
not identically 0. DefineM = sup[_, ; | f(1)| > O, lete > O be given, and
let P = {x}{._, be a partition to be specified. Usirigy we form the functiorg
defined by

) = X —t (X )+t_xi_1 f(x) forx_i<t=<x

g - AX; i—1 AX; i i—1 == A

The graph ofg interpolates the point&;, f (%)), 0 <i < n, by line segments.
Fix attention on a particularx{_1, X;], and letl = infi¢x_, x] f(t) andS =

SUR¢x_1.x] f(t). Fort € [xi_1,x], we havel < g(t) < S. At a single
point t in this interval, f (t) > g(t) implies| < g(t) < f@) < S, while
gt) > f@) impliesl < gt) < f(t) < S Thus in either case we have
| f(t) —g(t)] < S—I. Taking the supremum ovéin the interval and summing
oni, we obtainJ (P, |[f —g]) <U(P, f) — L(P, f).

Since|f —g|? = |f —g||f + g|, we have

sup [f()—gM®IP< sup [ft)—g®) sup [f(t)+g()l

te[xi—1,x] te[xi—1,x] te[xi—1,%]
<2M sup [f(t)—g®)]
te[Xi—1,%]

for1 <i <n. Summing or givesU (P, | f —g|?) < 2MU (P, f)—L(P, f)).
Now we can specif; itis to be any partition for whickl (P, f)—L(P, f) <
€2/(2M) and noAx; is 0. Then

0<A /7 If® —gmPdt< 2 U(P.|f —gP)
<M U(P, f)— L(P, f)) < €?/(21) < €2,

as required.



10. Fourier Series 77

PROOF OF THEOREM 1.61. Givene > 0, choose by Lemma 1.65 a con-
tinuous periodicg with || f — gll, < €. Write g(x) ~ Y no_. c €™, and
putgn(X) = 5 /7 Kn(x — t)g(t) dt, whereKy is the Fegr kernel. Fegf's
Theorem (Theorem 1.59) gives YR, 7] 1900 —ONO| < € for N sufficiently
large. Since any Riemann integrabléas|/h||, < SUB[—7.7] lh(x)|, we obtain
lg — anll, < € for N sufficiently large. Fixing such aN and substituting from
the definition ofK y, we have

1 N 1 [~
In(X) = N+1 > Z/ Dn(x —D)g(t) dt
n=0 -7
—LZN: Xn: C{(eikx_ Z Ciemx
N +‘1n=0k:—n n=-—N

for suitable constantd,. Theorem 1.53 and Lemma 1.64 then give

(%/_Z |f(X)|2dx—n§:N|Cn|2>l/2=Hf_ G

n=—N

2

- ”f 3 % dh ™
n=—N

=1 —onl

=If—gla+19—0nl, < €+e=2e
and the result follows.
Corollary 1.66 (uniqueness theorem). Lét: R — C be periodic of period

27 and Riemann integrable or-Ir, r]. If f has all Fourier coefficients 0, then
ST 1foldx=0and/”_ f(x)g(x)dx = O for every membeg of R[—r, 7].

ProoF. If f has all Fourier coefficients 0, thefi’ |f(x)|?dx = 0 by
Theorem 1.61. Application of Lemma 1.62 completes the proof of the corollary.

It is natural to ask which sequencigs} with 3 |c,|? finite are the sequences
of Fourier coefficients of somé € R[—x, 7]. To see that this is a difficult ques-
tion, one has only to compare the two see§”; n~tsinx and) > ; n~! cosx
studied at the beginning of this section. The first series comes from a function in
R[—m, 7], but a little argument shows that the second does not. It was an early
triumph of Lebesgue integration that this question has a elegant answer when
the Riemann integral is replaced by the Lebesgue integral: the answer when the
Lebesgue integral is used is given by the Riesz—Fischer Theorem in Chapter VI,
namely,any sequence withy_ |c,|? finite is the sequence of Fourier coefficients
of a square-integrable function.
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11. Problems

Derive the least-upper-bound property (Theorem 1.1) from the convergence of
bounded monotone increasing sequences (Corollary 1.6).

According toNewton's method to find numerical approximations tga when
a > 0, one can setg = 1 and define,;1 = %(XE 4+ a)/x, forn > 0. Prove
that{x,} converges and that the limit iga.

Find limsupa, and liminfa, whena, is defined bya; = 0, az, = %aZn_l,
ani1 = % + agn. Prove that your answers are correct.

For any two sequencdgs,} and {b,} in R, prove that limsufa, + b,) <
lim supa, + limsupby, provided the two terms on the right side are rato
and—oo in some order.

Which of the following limits exist uniformly for O< x < 1: (i) limy_ X",

(ii) iM nooo X"/, (i) M nsoo Y gy xk/k? Supply proofs for those that do
converge uniformly. For the other ones, prove anyway that there is uniform
convergence on any interval®@x < 1 — ¢, wheree > 0.

Leta,(x) = (=1)"x"(1 — x) on [0, 1]. Show that) .~ ,an(x) converges uni-
formly and that)_ .~ ; |a.(X)| converges pointwise but not uniformly.

(Dini's Theorem) Suppose thaf, : [a,b] — R is continuous and that
f1 < f, < fz3 < -... Suppose also that(x) = lim f,(x) is continuous and

is nowhere+oo. Use the Bolzano—Weierstrass Theorem (Theorem 1.8) to
prove thatf,, converges tdf uniformly fora < x < b.

Prove that
X7 x9  x11  x18 15

X X .
X——4— -+ = —-"— 4+ - - <sinx
te T T T 1m s

for all x > 0.

Let f : (—oo, +00) — R be infinitely differentiable with f ™ (x)| < 1 for alll
n andx. Use Taylor's Theorem (Theorem 1.36) to prove that

X f™@Q
(=32 170 0
n=0 :

for all x.

(Helly’'s Selection Principle) Suppose thatF,} is a sequence of nonde-
creasing functions op-1, 1] with 0 < F,(x) < 1 for all n andx. Using a
diagonal process twice, prove that there is a subseqy€pgehat converges
pointwise on—1, 1].

Prove that the radius of convergenc&gf. ;a,x" is 1/ lim sup V/[a,] .
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12. Find a power series expansion for each of the following functions, and find the
radius of convergence:
@ YA-x?=Fa-x"
(b) logl—x) = — f;' &%,
(© Y1+x3),

(d) arctanx = fg 13%.

13. Prove, along the lines of the proof of Corollary 1.46a, thatxdaas an inverse
function arccox defined for 0 < X < n and that the inverse function is
differentiable. Find an explicit formula for the derivative of arcrosRelate
arcco to arcsink when O< x < /2.

14. State and prove uniform versions of Abel’s Theorem (Theorem 1.48) and of the
corresponding theorem about @essums (Theorem 1.47), the uniformity being
with respect to a parameter

15. Prove that the partial sus,\_; cosng andy"\_, sinné are uniformly bounded
onanyset <6 <2r —eif e > 0.

16. Verify the following calculations of Fourier series:

_[+1 for0O<x<m 4 & sm(2n—1)x
(@) f(x)_{—l for—n<x<0}ha5f(x) ;Z on—1

—imTa e} '
(b) f(x) =e** on(0,2x) hasf(x) ~ e sinra Z , provided

n=1

« is not an integer.

17. Combining Parseval's Theorem (Theorem 1.61) with the results of Problem 16,

prove the foIIowing identities:

n? n?

()Z(Zn 2~ 8’ (b) Z |n+a|2 " sifra

N=—00

Problems 18-19 identify the continuous functiohs R — C with f(x) f(y) =
f(x +y) for all x andy as the 0 function and the functiorfgx) = €%, using two
different kinds of techniques from the chapter.

18. PutF(x) = fox f (t) dt. Find an equation satisfied by, and use it to show that
f is differentiable everywhere. Then show tHaty) = f'(0) f (y), and deduce
the form of f.

19. Proceed without using integration. Using continuity, figd> 0 such that the
expression f (x) — 1| is suitably small whemx| < |xo|. Show thatf (2-¥xo) is
then uniquely determined in terms 6fxg) for all k > 0. If f is not identically
0, usexg to definec. Then verify thatf (x) = € for all c.

Problems 20-22 construct a nonzero infinitely differentiable funcfionR — R
having all derivatives equal to 0 at one point.
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20. LetP(x) andQ(x) be two polynomials withQ not the zero polynomial. Prove

that ,
im PO a=1/x5 _
fm, G ¢ 2 =0

21. With P andQ as in the previous problem, use the Mean Value Theorem to prove
that the functiorg : R — R with

PX) o—1/x2
g(x) = { o0 € forx # 0,
0 forx =0,

hasg'(x) = 0 and thag' is continuous.
22. Prove that the functiofi : R — R with

1 f 0
F ) = { € orx # 0,
0 forx =0,

is infinitely differentiable with derivatives of all orders equal to &at O.

Problems 23-26 concern a generalization of &8esand Abel summability. A
Silverman—Toeplitz summability methodrefers to the following construction: One
starts with a systerfiM;; }; ;>0 of nonnegative real numbers with the two properties
that (i) Zj Mij = 1foralli and (i) lim;_,, M;j; = Oforall j. The method associates
to a complex sequendg, }n-0 the complex sequendé, }n-o with t; = ijo Mij si

as if the process were multiplication by the infinite square mé&tvy } on infinite
column vectors.

23. Prove that ifs,} is a convergent sequence with lirsjtthen the corresponding
sequencét,} produced by a Silverman—Toeplitz summability method converges
and has limits.

24. Exhibit specific matrice$M;;} that produce the effects of Ga® and Abel
summaubility, the latter along a sequemcéncreasing to 1.

25. Letr; be a sequence increasing to 1, and defihe = (j + 1)(ri)! (1 — r2.
Show that{ M;; } defines a Silverman—Toeplitz summability method.

26. Usingthe systefM;; } inthe previous problem, prove the following: ifabounded
sequencés,} is not necessarily convergent but is @essummable to a limit,
then{s,} is Abel summable to the same linait

Problems 27-29 concern the Poisson kernel, which plays the same role for Abel sums
of Fourier series that the Fjkernel plays for Ceso sums. For @< r < 1, define

the Poisson kernel P, (9) to be ther Abel sum of the Dirichlet kerneD,,(6) =

1+ Y0 (€% 4+ e k%) In the terminology of Section 8 this means thgt= 1 and

a = €%’ + e for k > 0, so that the sequence of partial sum8_, a is exactly
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the sequence whos# term isD,,(0). Ther ™ Abel sumzﬁio anr" is therefore the
expression

Pr@)= ) rlnen
Nn=—00
27. For f in R[—mn, 7], verify that ther™ Abel sum ofs,(f; x) is given by the
expressions: [ P (0 — ¢) f (p) do.
1—r2

28. Verify thatP, () = ———MM .
erify that P (6) 1—2r cosd +r2

properties:
(i) P®) =0,
(i) 5 /7, P©)do =1,
(iii) foranys > 0, SUR_jy <, Pr(0) tends to O as increases to 1.

Deduce that?, (6) has the following

29. Letf : R — C be periodic of period 2 and Riemann integrable or-[r, ].
(a) Prove thatiff is continuous at a poirfg in [—, ], then

1 T
lim —/ P (6o — 6) f(6)do = f (6p).
rl2m J_,

(b) Prove that iff is uniformly continuous on a subsgtof [—, 7], then the
convergence in (a) is uniform f@g in E.

Problems 30-35 lead to a proof without complex-variable theory (and in particular

without the complex logarithm) that exp + 122 + 3z +.-.) = 1/(1 — 2) for all

complexz with |z] < 1.

30. Suppose thaR > 0, that fu(x) = Y oo Ca kX" is convergent fofx| < R, that
Cnk = 0 for all n andk, and that lim_,», fx(x) = f(x) uniformly for |x| <r
whenever < R. Prove for each < Rthat some subsequengg,} of { fx} has
lim - o fk/| (x) existing uniformly for|x| <r.

31. Inthe setting of the previous problem, prove thag infinitely differentiable for
IX] < R.

32. In the setting of the previous two problems, use Taylor's Theorem to show that

f (x) is the sum of its infinite Taylor series f(x| < R.
33. If0<r < 1,proveforz| <r that| £z + L 2N* +-- | <rN/@—1), and
deduce that exp 2N + 12N+t + - +) converges to 1 uniformly fojz| <.
34. Why is it true that if a power seri€s - ;, ¢,z" with complex coefficients sums
to O for all realz with |z] < R, then it sums to O for all complexwith |z| < R?

35. Provethatexfz+ 322+ 123+ --) = 1/(1 — 2) for all complexz with |z| < 1.



