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CHAPTER IX

Fields and Galois Theory

Abstract. This chapter develops some general theory for field extensions and then goes on to
study Galois groups and their uses. More than half the chapter illustrates by example the power
and usefulness of the theory of Galois groups. Prerequisite material from Chapter VIII consists
of Sections 1–6 for Sections 1–13 of the present chapter, and it consists of all of Chapter VIII for
Sections 14–17 of the present chapter.

Sections 1–2 introduce field extensions. These are inclusions of a base field in a larger field.
The fundamental construction is of a simple extension, algebraic or transcendental, and the next
construction is of a splitting field. An algebraic simple extension is made by adjoining a root of an
irreducible polynomial over the base field, and a splitting field is made by adjoining all the roots of
such a polynomial. For both constructions, there are existence and uniqueness theorems.

Section 3 classifies finite fields. For each integerq that is a power of some prime number, there
exists one and only one finite field of orderq, up to isomorphism. One finite field is an extension of
another, apart from isomorphisms, if and only if the order of the first field is a power of the order of
the second field.

Section 4 concerns algebraic closure. Any field has an algebraic extension in which each
nonconstant polynomial over the extension field has a root. Such a field exists and is unique up
to isomorphism.

Section 5 applies the theory of Sections 1–2 to the problem of constructibility with straightedge
and compass. First the problem is translated into the language of field theory. Then it is shown that
three desired constructions from antiquity are impossible: “doubling a cube,” trisecting an arbitrary
constructible angle, and “squaring a circle.” The full proof of the impossibility of squaring a circle
uses the fact thatπ is transcendental over the rationals, and the proof of this property ofπ is deferred
to Section 14. Section 5 concludes with a statement of the theorem of Gauss identifying integersn
such that a regularn-gon is constructible and with some preliminary steps toward its proof.

Sections 6–8 introduce Galois groups and develop their theory. The theory applies to a field
extension with three properties—that it is finite-dimensional, separable, and normal. Such an
extension is called a “finite Galois extension.” The Fundamental Theorem of Galois Theory says in
this case that the intermediate extensions are in one-one correspondence with subgroups of the Galois
group, and it gives formulas relating the corresponding intermediate fields and Galois subgroups.

Sections 9–11 give three standard initial applications of Galois groups. The first is to proving the
theorem of Gauss about constructibility of regularn-gons, the second is to deriving the Fundamental
Theorem of Algebra from the Intermediate Value Theorem, and the third is to proving the necessity
of the condition of Abel and Galois for solvability of polynomial equations by radicals—that the
Galois group of the splitting field of the polynomial have a composition series with abelian quotients.

Sections 12–13 begin to derive quantitative information, rather than qualitative information, from
Galois groups. Section 12 shows how an appropriate Galois group points to the specific steps in
the construction of a regularn-gon when the construction is possible. Section 13 introduces a tool
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1. Algebraic Elements 449

known as Lagrange resolvents, a precursor of modern harmonic analysis. Lagrange resolvents are
used first to show that Galois extensions in characteristic 0 with cyclic Galois group of prime orderp
are simple extensions obtained by adjoining apth root, provided all thepth roots of 1 lie in the base
field. Lagrange resolvents and this theorem about cyclic Galois groups combine to yield a derivation
of Cardan’s formula for solving general cubic equations.

Section 14 begins the part of the chapter that depends on results in the later sections of Chap-
ter VIII. Section 14 itself contains a proof thatπ is transcendental; the proof is a nice illustration of
the interplay of algebra and elementary real analysis.

Section 15 introduces the field polynomial of an element in a finite-dimensional extension field.
The determinant and trace of this polynomial are called the norm and trace of the element. The
section gives various formulas for the norm and trace, including formulas involving Galois groups.
With these formulas in hand, the section concludes by completing the proof of Theorem 8.54 about
extending Dedekind domains, part of the proof having been deferred from Section VIII.11.

Section 16 discusses how prime ideals split when one passes, for example, from the integers to
the algebraic integers in a number field. The topic here was broached in the motivating examples
for algebraic number theory and algebraic geometry as introduced in Section VIII.7, and it was the
main topic of concern in that section. The present results put matters into a wider context.

Section 17 gives two tools that sometimes help in identifying Galois groups, particularly of
splitting fields of monic polynomials with integer coefficients. One tool uses the discriminant of the
polynomial. The other uses reduction of the coefficients modulo various primes.

1. Algebraic Elements

If K and k are fields such thatk is a subfield ofK, we say thatK is a field
extensionof k. When it is necessary to refer to this situation in some piece of
notation, we often writeK/k to indicate the field extension. In this section we
shall study field extensions in a general way, and in the next section we shall
discuss constructions and uniqueness results involving them.

If K andK′ are two fields and ifϕ is a ring homomorphism ofK into K′ with
ϕ(1) = 1, thenϕ is automatically one-one sinceK has no nontrivial ideals. We
refer toϕ as afield map or field mapping.1 If K andK′ are both field extensions
of a fieldk and if the restriction of a field mapϕ to k is the identity, thenϕ is
called ak field map or afield map fixing k. The terminology “k field map” is
consistent with the view thatK andK′ are twoR algebras forR = k in the sense
of Examples 6 and 15 in Section VIII.1, and that the isomorphism in question is
just anR algebra isomorphism.

If a field mapϕ : K → K′ is ontoK′, thenϕ is afield isomorphism; it is a
k field isomorphism if K andK′ are extensions ofk andϕ is the identity onk.
WhenK = K′ andϕ is ontoK′, ϕ is called anautomorphism of K; if alsoϕ is
the identity on a subfieldk, thenϕ is called ak automorphism of K.

1This is the notion of morphism in the category of fields.
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Throughout this section we letK/k be a field extension. Ifx1, . . . , xn are
members ofK, we let

k[x1, . . . , xn] = subring ofK generated by 1 andx1, . . . , xn,

k(x1, . . . , xn) = subfield ofK generated by 1 andx1, . . . , xn.

The latter, in more detail, means the set of all quotientsab−1 with a andb in
k[x1, . . . , xn] and withb �= 0. It is referred to as thefield obtained by adjoining
x1, . . . , xn to k. Because of this description of the elements ofk(x1, . . . , xn), the
field k(x1, . . . , xn) can be regarded as the field of fractionsF of k[x1, . . . , xn]. In
fact, we argue as follows: letη : k[x1, . . . , xn] → F be the natural ring homo-
morphisma �→ class of(a, 1) of k[x1, . . . , xn] into its field of fractions; then the
universal mapping property ofF stated in Proposition 8.6 gives a factorization of
the inclusionι : k[x1, . . . , xn] → k(x1, . . . , xn) asι = ι̃η, and the field mapping
ι̃ has to be ontok(x1, . . . , xn) since the class of(a, b) maps to the memberab−1

of k(x1, . . . , xn).
As in Chapter IV and elsewhere, we letk[X] be the ring of polynomials in

the indeterminateX with coefficients ink. For eachx in K, we have a unique
substitution homomorphismϕx : k[X] → k[x] carryingk to itself and carrying
X to x. We say thatx is algebraic overk if ϕx is not one-one, i.e., ifx is a root
of some nonzero polynomial ink[X], and thatx is transcendentaloverk if ϕx

is one-one.

EXAMPLES.

(1) If k = R, if K = C, and if x is the usual elementi = √−1, then
ϕi (X2 + 1) = 0, andi is algebraic overR.

(2) If k = Q, if K = C, and if θ is a complex number with the property that
θn + cn−1θ

n−1 + · · · + c1θ + c0 = 0 for somen and for some coefficients inQ,
thenθ is algebraic overQ. This situation was the subject of Proposition 4.1, of
Example 2 in Section IV.4, and of Example 10 in Section VIII.1.

(3) Let k = Q andK = C. Forπ equal to the usual trigonometric constant,
given as the least positive real such thatei π = −1 whenez = ∑∞

n=0 zn/n!, it will
be proved in Section 14 that there is no polynomialF(X) in Q[X] with F(π) = 0,
andπ is consequently transcendental overQ.

(4) If k = Z/2Z andK is the 4-element field constructed in Example 3 of
fields in Section IV.4, then any element ofK is algebraic overk.

(5) If k = C(X) and if K = C(X)[
√

(X − 1)X(X + 1) ] as with the ringR′
in Section VIII.7 and as in Example 3 of integral closures in Section VIII.9, then√

(X − 1)X(X + 1) is algebraic overC(X).
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Suppose thatx in K is algebraic overk. Then

kerϕx = {F(X) ∈ k[X] | F(x) = 0}

is an ideal ink[X] that is necessarily nonzero and principal. A generator is
determined up to a constant factor as any nonzero polynomial in the ideal that has
lowest possible degree, and we might as well take this polynomial to be monic.
Thus kerϕx is of the form(F0(X)) for some unique monic polynomialF0(X), and
this polynomialF0(X) is called theminimal polynomial of x overk. Review of
the example at the end of Section VIII.3 may help motivate the first five results
below.

Proposition 9.1If x ∈ K is algebraic overk, then the minimal polynomial of
x overk is prime as a polynomial inK[X].

PROOF. Suppose thatF(X) factors nontrivially asF(X) = G(X)H(X). Since
F(x) = 0, eitherG(x) = 0 or H(x) = 0, and then we have a contradiction to
the fact thatF has minimal degree among all polynomials vanishing atx. �

Theorem 9.2.If x ∈ K is algebraic overk, then the fieldk(x) coincides with
the ringk[x]. Moreover, if the minimal polynomial ofx over k has degreen,
then each element ofk(x) has a unique expansion as

cn−1xn−1 + cn−2xn−2 + · · · + c1x + c0 with all ci ∈ k.

PROOF. Since the substitution ring homomorphismϕx carriesk[X] ontok[x],
we have an isomorphism of ringsk[x] ∼= k[X]/ kerϕx = k[X]/(F0(X)), where
F0(X) is the minimal polynomial ofx overk. SinceF0 is prime,(F0(X)) is a
nonzero prime ideal and hence is maximal. Thusk[x] is a field. Consequently
k(x) = k[x].

Any element ink[x], hence ink(x), is a polynomial inx. SinceF0(x) = 0,
we can solveF0(x) = 0 for its leading term, sayxn, obtainingxn = G(x), where
G(X) = 0 or degG(X) ≤ n − 1. Thus the expansions in the statement of the
theorem yield all the members ofk[x]. If an element has two such expansions,
we subtract them and obtain a nonzero polynomialH(X) of degree at mostn−1
with H(x) = 0, in contradiction to the minimality of the degree ofF0(X). �

Corollary 9.3. If x ∈ K is algebraic overk, then the fieldk(x), regarded as
a vector space overk, is of dimensionn, wheren is the degree of the minimal
polynomial ofx over k. The elements 1, x, x2, . . . , xn−1 form a basis ofk(x)

overk.

PROOF. This is just a restatement of the second conclusion of Theorem 9.2.�
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We say that the field extensionK/k is analgebraic extensionif every element
of K is algebraic overk.

Proposition 9.4. If the vector-space dimension ofK overk is some finiten,
thenK is an algebraic extension ofk, and each elementx of K has some nonzero
polynomialF(X) in k[X] of degree at mostn for which F(x) = 0.

PROOF. This is immediate since the elements 1, x, x2, . . . , xn of K have to be
linearly dependent overk. �

WhenK/k is a field extension, we write [K : k] for the vector-space dimension
dimk K, and we call this thedegreeof K overk. If [K : k] is finite, we say that
K is a finite extensionof k, or finite algebraic extensionof k, the condition
“algebraic” being automatic by Proposition 9.4.

Corollary 9.5. If x is in K, thenx is algebraic overk if and only if k(x) is a
finite algebraic extension ofk. In this case the minimal polynomial ofx overk
has degree [k(x) : k].

PROOF. If x is algebraic overk, then [k(x) : k] is finite and is the degree of the
minimal polynomial ofx overk, by Corollary 9.3. Proposition 9.4 shows in this
case thatk(x) is a finite algebraic extension. Ifx is transcendental overk, then the
substitution homomorphismϕx is one-one, and dimk k(x) ≥ dimk k[X] = +∞.

�

Theorem 9.6. Let k, K, andL be fields withk ⊆ K ⊆ L, and suppose that
[K : k] = n and [L : K] = m, finite or infinite. Let{ω1, ω2, . . . } be a vector-
space basis ofK overk, and let{ξ1, ξ2, . . . } be a vector-space basis ofL/K. Then
themnproductsωi ξj form a basis ofL overk.

PROOF OF SPANNING. If ξ is in L, write ξ = ∑
j aj ξj with eachaj in K and

with only finitely manyaj ’s not 0. Then expand eachaj in terms of theωi ’s, and
substitute. �

PROOF OF LINEAR INDEPENDENCE. Let
∑

i, j ci j ωi ξj = 0 with theci j ’s in k.
Since the membersξj of L are linearly independent overK,

∑
i ci j ωi = 0 for

each j . Since the membersωi of K are linearly independent overk, ci j = 0 for
all i and j . �

Corollary 9.7. If k, K, andL are fields withk ⊆ K ⊆ L, then

[L : k] = [L : K] [K : k] .

PROOF. This is immediate by counting basis elements in Theorem 9.6.�
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Theorem 9.8.If K/k is a field extension and ifx1, . . . , xn are members ofK
that are algebraic overk, thenk(x1, . . . , xn) is a finite algebraic extension ofk.

REMARK. If a finite algebraic extension ofk turns out to be of the formk(x)

for somex, we say that the extension is asimple algebraic extension.

PROOF. Sincexi is algebraic overk, it is algebraic overk(x1, . . . , xi −1). Hence
[k(x1, . . . , xi ) : k(x1, . . . , xi −1)] is finite. Applying Corollary 9.7 repeatedly, we
see thatk(x1, . . . , xn) is a finite extension ofk. Proposition 9.4 shows that it is a
finite algebraic extension. �

EXAMPLE. The sum
√

2+ 3
√

2 is algebraic overQ, as a consequence of Theorem
9.8. This fact suggests Corollary 9.9 below.

Corollary 9.9 If K/k is a field extension, then the elements ofK that are
algebraic overk form a field.

PROOF. If x andy in K are algebraic overk, thenk(x, y) is a finite algebraic
extension ofk, according to Theorem 9.8. This extension containsx ± y andxy,
and it containsx−1 if x �= 0. The corollary therefore follows from Proposition
9.4. �

For the special case of Corollary 9.9 in whichK = C andk = Q, this subfield
of C is called the field ofalgebraic numbers, and any finite algebraic extension of
Q within C is called anumber field, or analgebraic number field. The seeming
discrepancy between this definition and the definition given in remarks with
Proposition 4.1 (that in essence a “number field” is any simple algebraic extension
of Q) will be resolved by the Theorem of the Primitive Element (Theorem 9.34
below).

2. Construction of Field Extensions

In this section,k denotes any field. Our interest will be in constructing extension
fields for k and in addressing the question of uniqueness under additional hy-
potheses. We begin with a kind of converse to Proposition 9.1 that generalizes the
method described in Section A4 of the appendix for constructingC = R(

√−1)

from R and the polynomialX2 + 1 .

Theorem 9.10(existence theorem for simple algebraic extensions). IfF(X) is
a monic prime polynomial ink[X], then there exists a simple algebraic extension
K = k(x) of k such thatx is a root ofF(X). Moreover,F(X) is the minimal
polynomial ofx overk.
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PROOF. DefineK = k[X]/(F(X)) as a ring. SinceF(X) is prime,(F(X)) is
a nonzero prime ideal, hence maximal. ThereforeK is a field, an extension field
of k. Definex to be the cosetX + (F(X)). ThenF(x) = F(X) + (F(X)) =
0 + (F(X)), andx is therefore algebraic overk. It is immediate thatK = k[x],
and Theorem 9.2 shows thatK = k(x). If G(x) = 0 for someG(X) in k[X],
thenG(X) is in (F(X)). We conclude thatF(X) has minimal degree among all
polynomials withx as a root, andF(X) is therefore the minimal polynomial.�

Theorem 9.11(uniqueness theorem for simple algebraic extensions). IfF(X)

is a monic prime polynomial ink[X] and if K = k(x) andK′ = k(y) are two
simple algebraic extensions such thatx andy are roots ofF(X), then there exists
a field isomorphismϕ of K ontoK′ fixing k and carryingx to y.

EXAMPLE. The monic polynomialF(X) = X3 − 2 is prime inQ[X], and
x = 3

√
2 andy = e2π i /3 3

√
2 are roots of it withinC. The fieldsQ(x) andQ(y)

are subfields ofC and are distinct becauseQ(x) is contained inR andQ(y) is
not. Nevertheless, these fields areQ isomorphic, according to the theorem.

PROOF. In view of the proof of Theorem 9.10, there is no loss of generality
in assuming thatK = k[X]/(F(X)). Since y is algebraic overk, we can
form the substitution homomorphismϕy : k[X] → k(y). This is ak alge-
bra homomorphism. Its kernel is the ideal(F(X)) sinceF(X) is the minimal
polynomial ofy, andϕy therefore descends to a one-onek algebra homomorphism
ϕy : k(x) → k(y). Since dimk(x) and dimk(y) both match the degree ofF(X),
ϕy is ontok(y) and is therefore the requiredk isomorphism. �

We say that a nonconstant polynomialF(X) in k[X] splits in a given extension
field if F(X) factors completely into degree-one factors over that extension field.
A splitting field overk for a nonconstant polynomialF(X) in k[X] is an extension
field L of k such thatF(X) splits inL and such thatL is generated byk and the
roots ofF(X) in L.

EXAMPLES. Letk = Q. ThenQ(
√−1) is a splitting field forX2 +1, because

±√−1 are both inQ(
√−1) and they generateQ(

√−1) overQ. But Q(
3
√

2) is
not a splitting field forX3 − 2 becauseQ(

3
√

2) does not contain the two nonreal
roots ofX3 − 2.

Theorem 9.12(existence of splitting field). IfF(X) is a nonconstant polyno-
mial in k[X], then there exists a splitting field ofF(X) overk.

PROOF. We begin by constructing a certain extension fieldK of k in which
F(X) factors completely into degree-one factors inK[X]. We do so by induction
on n = degF(X). Forn = 1, there is nothing to prove. For generaln, let G(X)
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be a prime factor ofF(X), and apply Theorem 9.10 to obtain a simple algebraic
extensionk1 = k(x1) over k such thatG(x1) = 0. ThenF(x1) = 0, and the
Factor Theorem (Corollary 1.13) givesF(X) = (X − x1)H(X) for someH(X)

in k1(X) of degreen − 1. Since degH(X) = n − 1 < degF(X), the inductive
hypothesis produces an extensionK of k1 such thatH(X) is a constant multiple
of (X − x2) · · · (X − Xn) with all xi in K. ThenF(X) factors into degree-one
factors inK[X], and the induction is complete.

Within the constructed fieldK, let L be the subfieldL = k(x1, . . . , xn). Then
F(X) still factors completely into degree-one factors inL(X), andL is generated
by k and thexi . HenceL is a splitting field. �

EXAMPLES OF SPLITTING FIELDS.

(1)k = Q andF(X) = X3−2. The proof of Theorem 9.12 takesk1 = Q(
3
√

2)

and writesX3 − 2 = (X − 3
√

2)
(
X2 + 3

√
2 X + (

3
√

2)2
)
. Then the proof adjoins

one rootθ (hence both roots) ofX2 + 3
√

2 X + (
3
√

2)2, settingK = Q(
3
√

2, θ).
With this choice ofK, the splitting field turns out to beL = K. In fact, to see that
L is not a proper subfield ofK, we observe that 6= [K : k] = [K : L] [L : Q] by
Corollary 9.7 and that the proper containmentL 	 Q(

3
√

2) implies [L : Q] > 3.
Since [L : Q] is a divisor of 6 greater than 3, [L : Q] = 6. Thus [K : L] = 1,
andK = L.

(2) k = Q and F(X) = X3 − X − 1
3. Application of Corollary 8.20c to

the polynomialG(X) = −3X2F(1/X) = X3 + 3X2 − 3 shows thatG(X)

has no degree-one factor and hence is irreducible overQ. Then it follows that
F(X) is irreducible overQ. The proof of Theorem 9.12 takesk1 = Q(r ), where
r 3 − r − 1

3 = 0. Then division gives

X3 − X − 1
3 = (X − r )(X2 + r X + (r 2 − 1)).

The discriminantb2 − 4ac of the quadratic factor is

r 2 − 4(r 2 − 1) = 4 − 3r 2 = r 2

(1 + 2r )2
,

the right-hand equality following from direct computation. This discriminant is
a square ink1 = Q(r ), and henceX2 + r X + (r 2 − 1) factors into degree-one
factors inQ(r ) without passing to an extension field. ThereforeL = Q(r ) with
[L : Q] = 3.

Theorem 9.13(uniqueness of splitting field). IfF(X) is a nonconstant poly-
nomial ink[X], then any two splitting fields ofF(X) overk arek isomorphic.
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The idea of the proof is simple enough, but carrying out the idea runs into a
technical complication. The idea is to proceed by induction, using the uniqueness
result for simple algebraic extensions (Theorem 9.11) repeatedly until all the roots
have been addressed. The difficulty is that after one step the coefficients of the
two quotient polynomials end up in two distinct butk isomorphic fields. Thus
at the second step Theorem 9.11 does not apply directly. What is needed is the
reformulated version given below as Theorem 9.11′, which lends itself to this kind
of induction. In addition, as soon as the induction involves at least three steps, the
above statement of Theorem 9.13 does not lend itself to a direct inductive proof.
For this reason we shall instead prove a reformulated version Theorem 9.13′ of
Theorem 9.13 that is ostensibly more general than Theorem 9.13.

Recall from Proposition 4.24 that a general substitution homomorphism that
starts from a polynomial ring can have two ingredients. One is the substitution
of some element, such asx, for the indeterminateX, and the other is a homo-
morphism that is made to act on the coefficients. If the homomorphism isσ ,
let us writeFσ (X) to indicate the polynomial obtained by applyingσ to each
coefficient ofF(X).

Theorem 9.11′. Let k and k′ be fields, and letσ : k → k′ be a field
isomorphism. Suppose thatF(X) is a monic prime polynomial ink[X] and that
K = k(x) andK′ = k′(x′) are simple algebraic extensions such thatF(x) = 0
andFσ (x′) = 0. Then there exists a field isomorphismϕ : k(x) → k′(x′) such
thatϕ

∣∣
k

= σ andϕ(x) = x′.

PROOF. The argument is essentially unchanged from the proof of Theorem
9.11. We start from the substitution homomorphismG(X) �→ Gσ (x′) that
replacesX by x′ and that operates byσ on the coefficients. This descends to
a field map ofk[x] into k′[x′], and the homomorphism must be ontok′[x′] by a
count of dimensions. �

Theorem 9.13′. Let k and k′ be fields, and letσ : k → k′ be a field
isomorphism. IfF(X) is a nonconstant polynomial ink[X] and if L and L′
are respective splitting fields forF(X) overk and forFσ (X) overk′, then there
exists a field isomorphismϕ : L → L′ such thatϕ

∣∣
k

= σ and such thatϕ sends
the set of roots ofF(X) to the set of roots ofFσ (X).

PROOF. We proceed by induction onn = degF(X), the casen = 1 being
evident. Assume the result for degreen−1. LetG(X) be a prime factor ofF(X)

overk. ThenGσ (X) is a prime factor ofFσ (X) overk′. The polynomialsG(X)

andGσ (X) have roots inL andL′, respectively. Fix one such root for each, sayx1

andx′
1. By Theorem 9.11′, there exists a field isomorphismσ1 : k(x1) → k′(x′

1)

extendingσ and satisfyingσ1(x1) = x′
1. Write F(X) = (X − x1)H(X) with

coefficients ink(x1), by the Factor Theorem (Corollary 1.13). Applyingσ1 to
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the coefficients, we obtainFσ (X) = (X − x′
1)Hσ1(X) with coefficients ink′(x′

1).
ThenL andL′ are splitting fields forH(X) andHσ1(X) overk(x1) andk′(x′

1),
respectively. By induction we can extendσ1 to an isomorphismϕ : L → L′, and
the theorem readily follows. �

3. Finite Fields

In this section we shall use the results on splitting fields in Section 2 to classify
finite fields up to isomorphism. So far, the examples of finite fields that we have
encountered are the prime fieldsFp = Z/pZ with p elements,p being any prime
number, and the field of 4 elements in Example 3 of fields in Section IV.4. Every
finite field has to contain a subfield isomorphic to one of the prime fieldsFp, and
Proposition 4.33 observed as a consequence that any finite field necessarily has
pn elements for some prime numberp and some integern > 0.

Theorem 9.14. For eachpn with p a prime number and withn a positive
integer, there exists up to isomorphism one and only one field withpn elements.
Such a field is a splitting field forX pn − X over the prime fieldFp.

If q = pn, it is customary to denote byFq a field of orderq. The theorem
says thatFq exists and is unique up to isomorphism. Some authors refer to finite
fields asGalois fields.

Some preparation is needed before we can come to the proof of the theorem.
We need to carry over the simplest aspects of differential calculus to polynomials
with coefficients in an arbitrary fieldk. First we give an informal definition of
thederivative of a polynomial; then we give a more precise definition. For any
polynomialF(X) = ∑n

j =0 cj X j in k[X], we informally define the derivative to
be the polynomial

F ′(X) =
n∑

j =1
jcj X j −1 =

n−1∑
j =0

( j + 1)cj +1X j .

The more precise definition uses the definition of members ofk[X] as infinite
sequences of members ofk whose terms are 0 from some point on. In this notation
if F = (c0, c1, . . . , cn, 0, . . . ) with cj in the j th position for j ≤ n and with 0 in
the j th position for j > n, thenF ′ = (c1, 2c2, . . . , ncn, 0, . . . ) with ( j + 1)cj +1

in the j th position for j ≤ n − 1 and with 0 in thej th position for j > n − 1. In
any event, the mappingF �→ F ′ is k linear fromk[X] to itself. The operation is
calleddifferentiation .
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that L′
1 ⊆ L′

2, and thatψ1 as a set of ordered pairs is a subset ofψ2 as a set
of ordered pairs, we partially orderS by inclusion upward. If{(Lα, L′

α, ψα)} is
a nonempty chain inS, form the triple

( ⋃
α Lα,

⋃
α L′

α,
⋃

α ψα

)
, and putψ =⋃

α ψα. Thenψ
( ⋃

α Lα

) = ⋃
α L′

α, and consequently
( ⋃

α Lα,
⋃

α L′
α,

⋃
α ψα

)

is an upper bound inSfor the chain. By Zorn’s Lemma,Shas a maximal element
(L0, L′

0, ψ0). We shall prove thatL0 = K, and the proof will be complete.
Fix x in K, and let F(X) be the minimal polynomial ofx over L0. The

minimal polynomial ofψ0(x) overL′
0 is thenFψ0(X). SinceK′ is algebraically

closed,Fψ0(X) has a rootx′ in K′. By Theorem 9.11′, ψ0 : L0 → L′ can be
extended to an isomorphism�0 : L0(x) → L′

0(x
′) such thatψ0(x) = x′. Then

(L0(x), L′
0(x

′), �0) is in Sand contains(L0, L′
0, ψ0). This containment, if strict,

would contradict the fact that(L0, L′
0, ψ0) is a maximal element ofS. Thus

equality must hold:L0(x) = L0. Thereforex is in L0, and we conclude that
L0 = K. �

5. Geometric Constructions by Straightedge and Compass

Classical Euclidean geometry attached a certain emphasis to constructions in the
Euclidean plane that could be made by straightedge and compass. These are
often referred to casually as constructions by “ruler and compass,” but one is not
allowed to use the markings on a ruler. Thus “straightedge and compass” is a
more accurate description.

In these constructions the starting configuration may be regarded as a line with
two points marked on the line. Allowable constructions are the following: to form
the line through a given point different from finitely many other lines through that
point, to form the line through two distinct points, to form a circle with a given
center and a radius different from that of finitely many other circles through the
point, and to form a circle with a given center and radius. Intersections of a line
or a circle with previous lines and circles establish new points for continuing the
construction.

For example a line perpendicular to a given line at a given point can be
constructed by drawing any circle centered at the point, using the two intersection
points as centers of new circles, drawing those circles so as to have radius larger
than the first circle, and forming the line between their two points of intersection.
An angle at the pointP of intersection between two intersecting linesA and B
may be bisected by drawing any circle centered atP, selecting one of the points
of intersection on each line so thatP and the two new pointsQ andR describe
the angle, drawing circles with that same radius centered atQ andR, and forming
the line between the points of intersection of the two circles. And so on.
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Three notable problems remained unsolved in antiquity:

(i) how to double a cube, i.e., how to construct the side of a cube of double
the volume of a given cube,

(ii) how to trisect any constructible angle, i.e., how to divide the angle into
three equal parts by means of constructed lines,

(iii) how to square a circle, i.e., how to construct the side of a square whose
area equals that of a given disk.

In this section we shall use the elementary field theory of Sections 1–2 to show that
doubling a cube and trisecting a 60-degree angle are impossible with straightedge
and compass. As to (iii), we shall reduce a proof of the impossibility of squaring
the circle to a proof thatπ is transcendental overQ. This latter proof we give in
Section 14.

The first step is to translate the problem of geometric constructibility into a
statement in algebra. Since we are given two points on a line, we can introduce
Cartesian coordinates for the Euclidean plane, taking one of the points to be(0, 0)

and the other point to be(1, 0). Points in the Euclidean plane are now determined
by their Cartesian coordinates, which determine all distances. Distances in turn
can be laid off on thex-axis from(0, 0). Thus the question becomes, what points
on thex-axis can be constructed?

c

a

b d

FIGURE 9.1. Closure of positive constructiblex coordinates
under multiplication and division.

Let C be the set of constructiblex coordinates. We are given that 0 and 1 are
in C. Closure ofC under addition and subtraction is evident; the straightedge is
not even necessary for this step. Figure 9.1 indicates why the positive elements
of C are closed under multiplication and division. In more detail we take two
intersecting lines and mark three known positive members ofC as the distances
a, b, c in the figure. Then we form the line through the two points markinga
andb, and we form a line parallel to that line through the point marked off by
the distancec. The intersection of this parallel line with the other original line
defines a distanced. Thena/b = c/d, and sod = bc/a. By takinga = 1, we
see that we can multiply any two membersb andc in C, obtaining a result inC.
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By instead takingc = 1, we see that we can divide. The conclusion is thatC is a
field.

c

b

a

FIGURE 9.2. Closure of positive constructiblex coordinates
under square roots.

Figure 9.2 indicates why the positive elements ofC are closed under taking
square roots. In more detail leta andb be positive members ofC with a < b. By
forming a circle whose diameter is a segment of lengthb and by forming a line
perpendicular to that line at the point marked bya, we determine the pictured
right triangle with a sidec satisfyinga/c = c/b. Thenc = √

ab. By taking one
of a andb to be 1, we see that the square root of the other ofa andb is in C. This
completes the proof of the direct part of the following theorem.

Theorem 9.24.The setC of x coordinates that can be constructed fromx = 1
andx = 0 by straightedge and compass forms a subfield ofR such that the square
root of any positive element of the field lies in the field. Conversely the members
of C are those real numbers lying in some subfieldFn of R of the form

F1 = Q(
√

a0 ), F2 = F1(
√

a1 ), . . . , Fn = Fn−1(
√

an−1 )

with eachaj in Fj and witha0, . . . , an−1 all ≥ 0.

PROOF OF CONVERSE. Suppose we have a subfieldF = Fn of R of the
kind described in the statement of the theorem. The possibilities for obtaining
a new constructible point fromF by an additional construction arise from three
situations: the intersection of two lines, each passing through two points ofF ;
the intersection of a line and a circle, each determined by data fromF ; and the
intersection of two circles, each determined by data fromF .

In the case of two intersecting lines, each line is of the formax + by = c for
suitable coefficientsa, b, c in F , and the intersection is a point(x, y) in F × F .
So intersections of lines do not force us to enlargeF .

For a line and a circle, we assume that the line is given byax + by = c with
a, b, c in F , that the circle has radius inF and center inF × F , and that the lines
and the circle actually intersect. The circle is then given by(x−h)2+(y−k)2 = r 2

with h, k, r in F . Substitution of the equation of the line into the equation of the
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circle gives us a quadratic equation either forx, andx then determinesy, or for
y, andy then determinesx. The quadratic equation has real roots, and thus its
discriminant is≥ 0. The result is thatx and y are in a fieldF(

√
l ) for some

l ≥ 0 in F .
For two circles, without loss of generality, we may take their equations to be

x2 + y2 = r 2 and (x − h)2 + (y − h)2 = s2

with r, h, k, s in F . Subtracting gives 2xh+ 2yk = h2 + k2 − s2 + r 2. With this
equation and withx2 + y2 = r 2, we again have a line and circle that are being
intersected. Thus the same remarks apply as in the previous paragraph.

The conclusion is that any new single construction of points of intersection by
straightedge and compass leads fromF to F(

√
l ) for somel ≥ 0 in F . Thus

every member of the setC is as described in the theorem. �

To apply the theorem to prove the impossibility of the three never-accomplished
constructions that were described earlier in the section, we observe that [Fi : Fi −1]
in the theorem equals 1 or 2 for eachi . Consequently every member of the
constructible setC lies in a finite algebraic extension ofQ of degree 2k for somek.

For the problem of doubling a cube, the question amounts to constructing3
√

2.
We argue by contradiction. If3

√
2 lies inFn as in the theorem, thenQ(

3
√

2) ⊆ Fn.
With k as the integer≤ n such that [Fn : Q] = 2k, Corollary 9.7 gives

2k = [Fn : Q] = [Fn : Q(
3
√

2)] [Q(
3
√

2) : Q] = 3[Fn : Q(
3
√

2)].

Thus 3 must divide a power of 2, and we have arrived at a contradiction. We
conclude that it is not possible to double a cube with straightedge and compass.

For the problem of trisecting any constructible angle, let us show that a 60◦
angle cannot be trisected. A 60◦ angle is itself constructible, being the angle
between two sides in an equilateral triangle. Trisecting a 60◦ angle amounts to
constructing cos 20◦; sin 20◦ is then(1 − cos2 20◦)1/2. To proceed, we derive an
equation satisfied by cos 20◦, starting from

(cos 20◦ + i sin 20◦)3 = cos 60◦ + i sin 60◦ = 1
2 + i

√
3

2 .

We expand the left side and extract the real part of both sides to obtain

cos3 20◦ − 3 cos 20◦ sin2 20◦ = 1
2.

Substituting sin2 20◦ = 1 − cos2 20◦ and simplifying, we see thatr = cos 20◦
satisfies

4r 3 − 3r − 1
2 = 0.


