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CHAPTER IX

Fields and Galois Theory

Abstract. This chapter develops some general theory for field extensions and then goes on to
study Galois groups and their uses. More than half the chapter illustrates by example the power
and usefulness of the theory of Galois groups. Prerequisite material from Chapter VIII consists
of Sections 1-6 for Sections 1-13 of the present chapter, and it consists of all of Chapter VIII for
Sections 14-17 of the present chapter.

Sections 1-2 introduce field extensions. These are inclusions of a base field in a larger field.
The fundamental construction is of a simple extension, algebraic or transcendental, and the next
construction is of a splitting field. An algebraic simple extension is made by adjoining a root of an
irreducible polynomial over the base field, and a splitting field is made by adjoining all the roots of
such a polynomial. For both constructions, there are existence and uniqueness theorems.

Section 3 classifies finite fields. For each integéhat is a power of some prime number, there
exists one and only one finite field of ordgrup to isomorphism. One finite field is an extension of
another, apart from isomorphisms, if and only if the order of the first field is a power of the order of
the second field.

Section 4 concerns algebraic closure. Any field has an algebraic extension in which each
nonconstant polynomial over the extension field has a root. Such a field exists and is unique up
to isomorphism.

Section 5 applies the theory of Sections 1-2 to the problem of constructibility with straightedge
and compass. First the problem is translated into the language of field theory. Then it is shown that
three desired constructions from antiquity are impossible: “doubling a cube,” trisecting an arbitrary
constructible angle, and “squaring a circle.” The full proof of the impossibility of squaring a circle
uses the fact that is transcendental over the rationals, and the proof of this propertysofieferred
to Section 14. Section 5 concludes with a statement of the theorem of Gauss identifying integers
such that a regular-gon is constructible and with some preliminary steps toward its proof.

Sections 6-8 introduce Galois groups and develop their theory. The theory applies to a field
extension with three properties—that it is finite-dimensional, separable, and normal. Such an
extension is called a “finite Galois extension.” The Fundamental Theorem of Galois Theory says in
this case that the intermediate extensions are in one-one correspondence with subgroups of the Galois
group, and it gives formulas relating the corresponding intermediate fields and Galois subgroups.

Sections 9-11 give three standard initial applications of Galois groups. The firstis to proving the
theorem of Gauss about constructibility of reguiegons, the second is to deriving the Fundamental
Theorem of Algebra from the Intermediate Value Theorem, and the third is to proving the necessity
of the condition of Abel and Galois for solvability of polynomial equations by radicals—that the
Galois group of the splitting field of the polynomial have a composition series with abelian quotients.

Sections 12—-13 begin to derive quantitative information, rather than qualitative information, from
Galois groups. Section 12 shows how an appropriate Galois group points to the specific steps in
the construction of a regular-gon when the construction is possible. Section 13 introduces a tool
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1. Algebraic Elements 449

known as Lagrange resolvents, a precursor of modern harmonic analysis. Lagrange resolvents are
used first to show that Galois extensions in characteristic 0 with cyclic Galois group of primeorder

are simple extensions obtained by adjoiningaroot, provided all thep!" roots of 1 lie in the base

field. Lagrange resolvents and this theorem about cyclic Galois groups combine to yield a derivation
of Cardan’s formula for solving general cubic equations.

Section 14 begins the part of the chapter that depends on results in the later sections of Chap-
ter VIII. Section 14 itself contains a proof thatis transcendental; the proof is a nice illustration of
the interplay of algebra and elementary real analysis.

Section 15 introduces the field polynomial of an element in a finite-dimensional extension field.
The determinant and trace of this polynomial are called the norm and trace of the element. The
section gives various formulas for the norm and trace, including formulas involving Galois groups.
With these formulas in hand, the section concludes by completing the proof of Theorem 8.54 about
extending Dedekind domains, part of the proof having been deferred from Section VIII1.11.

Section 16 discusses how prime ideals split when one passes, for example, from the integers to
the algebraic integers in a number field. The topic here was broached in the motivating examples
for algebraic number theory and algebraic geometry as introduced in Section VIII.7, and it was the
main topic of concern in that section. The present results put matters into a wider context.

Section 17 gives two tools that sometimes help in identifying Galois groups, particularly of
splitting fields of monic polynomials with integer coefficients. One tool uses the discriminant of the
polynomial. The other uses reduction of the coefficients modulo various primes.

1. Algebraic Elements

If K andk are fields such thdt is a subfield ofK, we say thatk is afield
extensionof k. When it is necessary to refer to this situation in some piece of
notation, we often writék /k to indicate the field extension. In this section we
shall study field extensions in a general way, and in the next section we shall
discuss constructions and uniqueness results involving them.

If KandK’ are two fields and i§ is a ring homomorphism df into K’ with
¢(1) = 1, theng is automatically one-one sind& has no nontrivial ideals. We
refer top as afield map or field mapping. If K andK’ are both field extensions
of a fieldk and if the restriction of a field map to k is the identity, therp is
called ak field map or afield map fixing k. The terminology k field map” is
consistent with the view th& andK’ are twoR algebras foR = k in the sense
of Examples 6 and 15 in Section VIII.1, and that the isomorphism in question is
just anR algebra isomorphism.

If a field mapy : K — K’ is ontoK’, theng is afield isomorphism; it is a
k field isomorphismif K andK’ are extensions df andg is the identity ork.
WhenK = K’ andg is ontoK’, ¢ is called arautomorphism of K; if also ¢ is
the identity on a subfiell, theng is called ak automorphism of K.

1This is the notion of morphism in the category of fields.
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Throughout this section we Ié&/k be a field extension. Iky, ..., x, are
members oK, we let

k[X1, ..., Xn] = subring ofK generated by 1 anxi, ..., X,
k(X1, ..., Xn) = subfield ofK generated by 1 anxi, .. ., X,.

The latter, in more detail, means the set of all quotieris® with a andb in
k[x1, ..., Xn] and withb #£ 0. Itis referred to as thield obtained by adjoining

X1, ..., Xn tok. Because of this description of the elementk©f, . . ., Xn), the
fieldk(xs, ..., Xn) can be regarded as the field of fractidhsf k[Xy, ..., X,]. In
fact, we argue as follows: lef : k[x3, ..., Xn] — F be the natural ring homo-
morphisma — class of(a, 1) of k[xq, ..., Xp] into its field of fractions; then the
universal mapping property @fstated in Proposition 8.6 gives a factorization of
the inclusion : K[Xy, ..., Xn] = k(X1, ..., Xn) ast =n, and the field mapping
Thas to be ontéx(xy, ..., Xn) since the class af, b) maps to the membeab—?

of k(Xq, ..., Xn).

As in Chapter IV and elsewhere, we lgtX] be the ring of polynomials in
the indeterminateX with coefficients ink. For eachx in K, we have a unique
substitution homomorphismy : k[ X] — k[x] carryingk to itself and carrying
X to x. We say thak is algebraic overk if ¢y is not one-one, i.e., i is a root
of some nonzero polynomial ik[ X], and thatx is transcendentaloverk if ¢y
is one-one.

EXAMPLES.

D) Ifk = R, if K = C, and if x is the usual elemert = /-1, then
¢ (X? + 1) = 0, andi is algebraic oveR.

) Ifk =Q, if K=C, and ifg is a complex number with the property that
0" + 16" 1+ - - + 10 + co = 0 for somen and for some coefficients i@,
thend is algebraic ovef). This situation was the subject of Proposition 4.1, of
Example 2 in Section IV.4, and of Example 10 in Section VIII.1.

(3) Letk = Q andK = C. Form equal to the usual trigonometric constant,
given as the least positive real such tat= —1 whene? = >_°  2"/n, it will
be proved in Section 14 that there is no polynorxiéX) in Q[ X]with F () = 0,
andr is consequently transcendental o@r

(4) If k = Z/2Z andK is the 4-element field constructed in Example 3 of
fields in Section V.4, then any elementIsfis algebraic ovek.

(5) If k = C(X) and if K = C(X)[/(X = DX (X + 1)] as with the ringR’
in Section VIII.7 and as in Example 3 of integral closures in Section VIII.9, then
(X =D X(X + 1) is algebraic ove€(X).
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Suppose that in K is algebraic ovek. Then
kergpx = {F(X) e k[X] | F(x) = 0}

is an ideal ink[X] that is necessarily nonzero and principal. A generator is
determined up to a constant factor as any nonzero polynomial in the ideal that has
lowest possible degree, and we might as well take this polynomial to be monic.
Thus kerpy is of the form(F (X)) for some unique monic polynomi&h(X), and

this polynomialFy(X) is called theminimal polynomial of x overk. Review of

the example at the end of Section VIII.3 may help motivate the first five results
below.

Proposition 9.11f x € K is algebraic ovek, then the minimal polynomial of
x overk is prime as a polynomial iiX[ X].

PROOF. Suppose the (X) factors nontrivially ag-(X) = G(X)H (X). Since
F(x) = 0, eitherG(x) = 0 or H(x) = 0, and then we have a contradiction to
the fact that- has minimal degree among all polynomials vanishing.at [

Theorem 9.2.If x € K is algebraic ovek, then the fieldk(x) coincides with
the ringk[x]. Moreover, if the minimal polynomial ok overk has degree,
then each element &f(x) has a unique expansion as

CrotX" 4t CroX" 2+ -+ X+ Co withallg € k.

PrROOF. Since the substitution ring homomorphigmcarriesk[ X] ontok[x],
we have an isomorphism of ring$x] = k[ X]/ kerex = k[ X]/(Fo(X)), where
Fo(X) is the minimal polynomial ok overk. SinceFy is prime, (Fo(X)) is a
nonzero prime ideal and hence is maximal. Tk is a field. Consequently
k(x) = K[x].

Any element ink[x], hence ink(x), is a polynomial inx. SinceFy(x) = 0,
we can solvey(x) = 0 for its leading term, sax", obtainingx" = G(x), where
G(X) = 0 or degG(X) < n— 1. Thus the expansions in the statement of the
theorem yield all the members kfx]. If an element has two such expansions,
we subtract them and obtain a nonzero polynorHiéK) of degree at most— 1
with H(x) = 0, in contradiction to the minimality of the degreefgf(X). O

Corollary 9.3. If x € K is algebraic ovek, then the fieldk(x), regarded as
a vector space ovdy, is of dimensiom, wheren is the degree of the minimal
polynomial ofx overk. The elements I, x2, ..., x"~! form a basis ofk(x)
overk.

PROOF. This is just a restatement of the second conclusion of Theoreril9.2.
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We say that the field extensid@fyk is analgebraic extensiorif every element
of K is algebraic ovek.

Proposition 9.4. If the vector-space dimension & overk is some finiten,
thenK is an algebraic extension kf and each elememntof K has some nonzero
polynomial F (X) in k[ X] of degree at most for which F(x) = 0.

PrROOF This is immediate since the elementx1x?, ..., x" of K have to be
linearly dependent ovék. O

WhenK /k is a field extension, we writéq : K] for the vector-space dimension
dimi K, and we call this thelegreeof K overk. If [K : k] is finite, we say that
K is afinite extensionof k, or finite algebraic extensionof k, the condition
“algebraic” being automatic by Proposition 9.4.

Corollary 9.5. If x is in K, thenx is algebraic ovek if and only if k(x) is a
finite algebraic extension d. In this case the minimal polynomial efoverk
has degreel(x) : k].

PrOOF If x is algebraic ovek, then k(x) : k] is finite and is the degree of the
minimal polynomial ofx overk, by Corollary 9.3. Proposition 9.4 shows in this
case thak(x) is afinite algebraic extension. Afis transcendental ovér then the
substitution homomorphisigy is one-one, and digk(x) > dimy k[ X] = +o0.

O

Theorem 9.6. Letk, K, andLL be fields withk € K C L, and suppose that
[K:k] =nand[L : K] = m, finite or infinite. Let{w1, w>, ...} be a vector-
space basis & overk, and let{&1, &, . . . } be avector-space basislofK. Then
themn productsw; §; form a basis of.. overk.

PROOF OF SPANNING If & isinL, write§ =  ; & with eacha; in K and
with only finitely manya;’s not 0. Then expand eaeh in terms of thew;’s, and
substitute. O

PROOF OF LINEAR INDEPENDENCE Let }; ; Gijwi§j = O with thecij’s in k.
Since the memberg of L are linearly independent ové, »; ¢jw; = 0 for
eachj. Since the membets; of K are linearly independent ov&r ¢;; = O for
alli andj. 0

Corollary 9.7. If k, K, andL are fields withk C K C L, then

[L:k]=[L:K][K:K].

PrROOF This is immediate by counting basis elements in Theorem 9.60]
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Theorem 9.8.1f K/k is a field extension and K, . . ., X, are members dK
that are algebraic ovéy, thenk(xa, ..., Xn) is a finite algebraic extension &f

REMARK. If a finite algebraic extension & turns out to be of the forr(x)
for somex, we say that the extension isample algebraic extension

PROOF. Sincex; is algebraic ovek, itis algebraic ovek(xy, ..., xi_1). Hence
[k(X1,...,%) : k(xs, ..., X% _1)]is finite. Applying Corollary 9.7 repeatedly, we
see thak(xy, ..., Xn) is a finite extension dk. Proposition 9.4 shows that it is a
finite algebraic extension. O

ExAMPLE. The sumy/2+¥/2is algebraic ove®, as a consequence of Theorem
9.8. This fact suggests Corollary 9.9 below.

Corollary 9.9 If K/k is a field extension, then the elementskofthat are
algebraic ovek form a field.

PrOOF If x andy in K are algebraic ovék, thenk(x, y) is a finite algebraic
extension ok, according to Theorem 9.8. This extension contaidsy andxy,
and it containx~! if x # 0. The corollary therefore follows from Proposition
9.4. O

For the special case of Corollary 9.9 in whigh= C andk = Q, this subfield
of Cis called the field oélgebraic numbers and any finite algebraic extension of
Qwithin C is called anumber field, or analgebraic number field. The seeming
discrepancy between this definition and the definition given in remarks with
Proposition 4.1 (thatin essence a “number field” is any simple algebraic extension
of Q) will be resolved by the Theorem of the Primitive Element (Theorem 9.34
below).

2. Construction of Field Extensions

In this sectionk denotes any field. Our interest will be in constructing extension
fields fork and in addressing the question of uniqueness under additional hy-
potheses. We begin with a kind of converse to Proposition 9.1 that generalizes the
method described in Section A4 of the appendix for construdiirg R(+/—1)

from R and the polynomiakK? 4 1.

Theorem 9.10(existence theorem for simple algebraic extensiondy.(X) is
a monic prime polynomial ii[ X], then there exists a simple algebraic extension
K = k(x) of k such thatx is a root of F(X). Moreover,F (X) is the minimal
polynomial ofx overk.
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ProoOF. DefineK = k[ X]/(F (X)) as a ring. Sincé (X) is prime,(F (X)) is
a nonzero prime ideal, hence maximal. Therefdris a field, an extension field
of k. Definex to be the coseK + (F(X)). ThenF(x) = F(X) + (F(X)) =
0+ (F (X)), andx is therefore algebraic ovér. It is immediate thaK = k[x],
and Theorem 9.2 shows tht = k(x). If G(x) = 0 for someG(X) in k[ X],
thenG(X) is in (F (X)). We conclude thaF (X) has minimal degree among all
polynomials withx as a root, andF (X) is therefore the minimal polynomiall

Theorem 9.11(uniqueness theorem for simple algebraic extension$) (X)
is @ monic prime polynomial ifk[ X] and if K = k(x) andK’' = k(y) are two
simple algebraic extensions such thandy are roots of- (X), then there exists
a field isomorphisnp of K ontoKK’ fixing k and carryingk to y.

EXAMPLE. The monic polynomiaF (X) = X3 — 2 is prime inQ[X], and
X = v/2 andy = €*1/33/2 are roots of it withinC. The fieldsQ(x) andQ(y)
are subfields ofC and are distinct becaugg(x) is contained iR andQ(y) is
not. Nevertheless, these fields &ésomorphic, according to the theorem.

PROOF. In view of the proof of Theorem 9.10, there is no loss of generality
in assuming thalkK = k[X]/(F(X)). Sincey is algebraic oveik, we can
form the substitution homomorphisgy, : k[X] — k(y). This is ak alge-
bra homomorphism. Its kernel is the idg& (X)) since F (X) is the minimal
polynomial ofy, andy, therefore descends to a one-@&ragebra homomorphism
oy - k(x) — k(y). Since dink(x) and dimk(y) both match the degree &f(X),

@y is ontok(y) and is therefore the requirédsomorphism. O

We say that a nonconstant polynomi&lX) in k[ X] splitsin a given extension
field if F(X) factors completely into degree-one factors over that extension field.
A splitting field overk for a nonconstant polynomi&l(X) in k[ X]is an extension
field IL of k such that~(X) splits inIL and such thalL is generated bk and the
roots of F(X) in LL.

EXAMPLES. Letk = Q. ThenQ(+/—1) is a splitting field forX? 4+ 1, because
+./—1 are both inQ(+/—1) and they generat®(+/—1) overQ. ButQ(v/2) is
not a splitting field forX® — 2 becausé)(+¥/2) does not contain the two nonreal
roots of X3 — 2.

Theorem 9.12(existence of splitting field). I+ (X) is a nonconstant polyno-
mial in k[ X], then there exists a splitting field &f(X) overk.

PROOF We begin by constructing a certain extension fi&af k in which
F (X) factors completely into degree-one factor&inx]. We do so by induction
onn = degF (X). Forn = 1, there is nothing to prove. For genenalet G(X)
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be a prime factor of (X), and apply Theorem 9.10 to obtain a simple algebraic
extensionk; = k(x;1) overk such thatG(x;) = 0. ThenF(x;) = 0, and the
Factor Theorem (Corollary 1.13) givég X) = (X — x3)H (X) for someH (X)
in kq(X) of degreen — 1. Since dedd (X) = n — 1 < degF (X), the inductive
hypothesis produces an extensi@rof k; such thatH (X) is a constant multiple
of (X — Xp)--- (X — Xp) with all x; in K. ThenF (X) factors into degree-one
factors inK[ X], and the induction is complete.

Within the constructed fiel&, letL be the subfield. = k(Xy, ..., X,). Then
F (X) still factors completely into degree-one factorg.ifX), andL is generated
by k and thex;. Hencel. is a splitting field. O

EXAMPLES OF SPLITTING FIELDS

(1)k = QandF (X) = X3—2. The proof of Theorem 9.12 takies = Q(¥/2)
and writesX® — 2 = (X — ¥/2)(X2 + ¥/2 X + (3/2)?). Then the proof adjoins
one rooty (hence both roots) 0kK? 4+ ¥/2 X + (¥/2)?, settingK = Q(+/2, 6).
With this choice ofK, the splitting field turns out to e = K. In fact, to see that
L is not a proper subfield &, we observe that & [K : k] = [K : L][L : Q] by
Corollary 9.7 and that the proper containméng Q(¥/2) implies L : Q] > 3.
Since L : Q] is a divisor of 6 greater than 3L[: Q] = 6. Thus K : L] = 1,
andK = L.

2k = QandF(X) = X3 - X — % Application of Corollary 8.20c to
the polynomialG(X) = —3X2?F(1/X) = X3 4+ 3X? — 3 shows thaiG(X)
has no degree-one factor and hence is irreducible @verhen it follows that
F(X) is irreducible ovefQ. The proof of Theorem 9.12 tak&s = Q(r), where

r3—r — % = 0. Then division gives
X3—X—3=X=n)(X®+rX+(?-1).

The discriminanb? — 4ac of the quadratic factor is

2
2 2 2 r
r2_4r2-1)=4-32=_

the right-hand equality following from direct computation. This discriminant is
a square irk; = Q(r), and henceX? +r X + (r? — 1) factors into degree-one
factors inQ(r) without passing to an extension field. Thereftwe- Q(r) with

[L:Q]=3.

Theorem 9.13(uniqueness of splitting field). I (X) is a nonconstant poly-
nomial ink[ X], then any two splitting fields of (X) overk arek isomorphic.
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The idea of the proof is simple enough, but carrying out the idea runs into a
technical complication. The idea is to proceed by induction, using the uniqueness
result for simple algebraic extensions (Theorem 9.11) repeatedly until all the roots
have been addressed. The difficulty is that after one step the coefficients of the
two quotient polynomials end up in two distinct duisomorphic fields. Thus
at the second step Theorem 9.11 does not apply directly. What is needed is the
reformulated version given below as Theorem 9.which lends itself to this kind
of induction. In addition, as soon as the induction involves at least three steps, the
above statement of Theorem 9.13 does not lend itself to a direct inductive proof.
For this reason we shall instead prove a reformulated version Theorefrn9.13
Theorem 9.13 that is ostensibly more general than Theorem 9.13.

Recall from Proposition 4.24 that a general substitution homomorphism that
starts from a polynomial ring can have two ingredients. One is the substitution
of some element, such &s for the indeterminateX, and the other is a homo-
morphism that is made to act on the coefficients. If the homomorphism is
let us write F? (X) to indicate the polynomial obtained by applyiagto each
coefficient of F (X).

Theorem 9.11. Let k andk’ be fields, and let : k — Kk’ be a field
isomorphism. Suppose thgi(X) is a monic prime polynomial ift[ X] and that
K = k(x) andK’' = k’(x’) are simple algebraic extensions such théx) = 0
andF?(x") = 0. Then there exists a field isomorphigm k(x) — k'(x") such
thatp|, = o ande(x) = x'.

PrROOF The argument is essentially unchanged from the proof of Theorem
9.11. We start from the substitution homomorphi€uX) — G?(x’) that
replacesX by x’ and that operates by on the coefficients. This descends to
a field map ofk[x] into k’[x'], and the homomorphism must be orfdx’] by a
count of dimensions. O

Theorem 9.13. Let k andk’ be fields, and let : k — k' be a field
isomorphism. IfF(X) is a nonconstant polynomial ik[ X] and if L. and L’
are respective splitting fields fér (X) overk and forF¢ (X) overk’, then there
exists a field isomorphism : . — " such thatp|]k = o and such thap sends
the set of roots of (X) to the set of roots oF“ (X).

PrOOF. We proceed by induction om = degF (X), the casen = 1 being
evident. Assume the result for degree 1. LetG(X) be a prime factor oF (X)
overk. ThenG? (X) is a prime factor of? (X) overk’. The polynomialss(X)
andG? (X) have roots i andlL’, respectively. Fix one such root for each, say
andx;. By Theorem 9.1 there exists a field isomorphiss : k(x1) — k'(x})
extendingo and satisfyingr1(x1) = x;. Write F(X) = (X — x9)H (X) with
coefficients ink(xy), by the Factor Theorem (Corollary 1.13). Applyiag to
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the coefficients, we obtaiR? (X) = (X —x;) H?*(X) with coefficients irk’(x;).
ThenL andL’ are splitting fields forH (X) and H?*(X) overk(xy) andk’(x),
respectively. By induction we can extesgto an isomorphisnp : . — I/, and
the theorem readily follows. O

3. Finite Fields

In this section we shall use the results on splitting fields in Section 2 to classify
finite fields up to isomorphism. So far, the examples of finite fields that we have
encountered are the prime fielfls = Z/ pZ with p elementsp being any prime
number, and the field of 4 elements in Example 3 of fields in Section IV.4. Every
finite field has to contain a subfield isomorphic to one of the prime figjdand
Proposition 4.33 observed as a consequence that any finite field necessarily has
p" elements for some prime numbgand some integer > 0.

Theorem 9.14. For eachp" with p a prime number and with a positive
integer, there exists up to isomorphism one and only one field plittlements.
Such a field is a splitting field foXP" — X over the prime field .

If g = p", it is customary to denote b, a field of orderg. The theorem
says thaify exists and is unique up to isomorphism. Some authors refer to finite
fields asGalois fields

Some preparation is needed before we can come to the proof of the theorem.
We need to carry over the simplest aspects of differential calculus to polynomials
with coefficients in an arbitrary fielld. First we give an informal definition of
thederivative of a polynomial; then we give a more precise definition. For any
polynomial F (X) = Z?:o Cj X1 in k[ X], we informally define the derivative to
be the polynomial

n . n-1 .
F'OX) =Y jg X7t =3 (j + Deja X,
j=1 j=0

The more precise definition uses the definition of membeid ¥ as infinite
sequences of membersiofvhose terms are 0 from some point on. In this notation
if F =(Co,C1,...,Cn,0,...)withgin the j™ position forj < nand with 0 in
the j™ position forj > n, thenF’ = (¢, 2¢y, ..., NGy, 0, ...) with (j + 1Cj11

in the j position forj < n — 1 and with 0 in thej ™ position forj > n—1. In
any event, the mapping — F’ isk linear fromk[ X] to itself. The operation is
calleddifferentiation .
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thatl} € L5, and thaty; as a set of ordered pairs is a subsei/gfas a set
of ordered pairs, we partially ord& by inclusion upward. If(Ly, L, , ¥4)} is

a nonempty chain it§, form the triple(|J, Lo, U, L, U, ¥«), and puty =
Uq V- Theny (U, L) = U, L,,, and consequentfl J, Lo, U, L., Uy V)

is an upper bound i&for the chain. By Zorn’s Lemmég has a maximal element
(Lo, L§, ¥o). We shall prove thako = K, and the proof will be complete.

Fix x in K, and letF(X) be the minimal polynomial ok over L, The
minimal polynomial ofyro(x) overLL; is thenF¥°(X). SinceK' is algebraically
closed,F¥o(X) has a rootx’ in K'. By Theorem 9.11 v : Lo — L’ can be
extended to an isomorphiswy : Lo(x) — Lg(x) such thatyo(x) = x’. Then
(Lo(x), Lg(X), Wo) is in Sand containglLo, Lg, ¥o). This containment, if strict,
would contradict the fact thaflo, Lg, ¥o) is a maximal element 0o86. Thus
equality must hold:Lo(X) = Lg. Thereforex is in Lo, and we conclude that
Lo =K. O

5. Geometric Constructions by Straightedge and Compass

Classical Euclidean geometry attached a certain emphasis to constructions in the
Euclidean plane that could be made by straightedge and compass. These are
often referred to casually as constructions by “ruler and compass,” but one is not
allowed to use the markings on a ruler. Thus “straightedge and compass” is a
more accurate description.

In these constructions the starting configuration may be regarded as a line with
two points marked on the line. Allowable constructions are the following: to form
the line through a given point different from finitely many other lines through that
point, to form the line through two distinct points, to form a circle with a given
center and a radius different from that of finitely many other circles through the
point, and to form a circle with a given center and radius. Intersections of a line
or a circle with previous lines and circles establish new points for continuing the
construction.

For example a line perpendicular to a given line at a given point can be
constructed by drawing any circle centered at the point, using the two intersection
points as centers of new circles, drawing those circles so as to have radius larger
than the first circle, and forming the line between their two points of intersection.
An angle at the poinP of intersection between two intersecting lindsand B
may be bisected by drawing any circle centere® aselecting one of the points
of intersection on each line so thBtand the two new point® and R describe
the angle, drawing circles with that same radius center€dzatdR, and forming
the line between the points of intersection of the two circles. And so on.
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Three notable problems remained unsolved in antiquity:

(i) how to double a cube, i.e., how to construct the side of a cube of double
the volume of a given cube,
(i) how to trisect any constructible angle, i.e., how to divide the angle into
three equal parts by means of constructed lines,
(iii) how to square a circle, i.e., how to construct the side of a square whose
area equals that of a given disk.

In this section we shall use the elementary field theory of Sections 1-2 to show that
doubling a cube and trisecting a 60-degree angle are impossible with straightedge
and compass. As to (iii), we shall reduce a proof of the impossibility of squaring
the circle to a proof that is transcendental ovép. This latter proof we give in
Section 14.

The first step is to translate the problem of geometric constructibility into a
statement in algebra. Since we are given two points on a line, we can introduce
Cartesian coordinates for the Euclidean plane, taking one of the points@pde
and the other point to b@, 0). Points in the Euclidean plane are now determined
by their Cartesian coordinates, which determine all distances. Distances in turn
can be laid off on the&-axis from(0, 0). Thus the question becomes, what points
on thex-axis can be constructed?

b d

FIGURE 9.1. Closure of positive constructibkecoordinates
under multiplication and division.

Let C be the set of constructibbe coordinates. We are given that 0 and 1 are
in C. Closure ofC under addition and subtraction is evident; the straightedge is
not even necessary for this step. Figure 9.1 indicates why the positive elements
of C are closed under multiplication and division. In more detail we take two
intersecting lines and mark three known positive membetsas the distances
a, b, cin the figure. Then we form the line through the two points marking
andb, and we form a line parallel to that line through the point marked off by
the distance. The intersection of this parallel line with the other original line
defines a distancé. Thena/b = c¢/d, and sod = bc/a. By takinga = 1, we
see that we can multiply any two membérandc in C, obtaining a result ird.
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By instead taking = 1, we see that we can divide. The conclusion is ¢hiata
field.

b

FIGURE 9.2. Closure of positive constructibkecoordinates
under square roots.

Figure 9.2 indicates why the positive elementLddre closed under taking
square roots. In more detail l@tandb be positive members dfwith a < b. By
forming a circle whose diameter is a segment of lerigémd by forming a line
perpendicular to that line at the point markeddywe determine the pictured
right triangle with a side satisfyinga/c = ¢/b. Thenc = +/ab. By taking one
of aandbto be 1, we see that the square root of the otheraridb is in C. This
completes the proof of the direct part of the following theorem.

Theorem 9.24.The set of x coordinates that can be constructed from 1
andx = 0 by straightedge and compass forms a subfieRl sifich that the square
root of any positive element of the field lies in the field. Conversely the members
of C are those real numbers lying in some subfigldf R of the form

Fi=QWa), F=F(/a), ..., Fn=F-1(J/an"1)

with eachg; in Fj and withag, ..., a,— all > 0.

PROOF OF CONVERSE Suppose we have a subfield = F, of R of the
kind described in the statement of the theorem. The possibilities for obtaining
a new constructible point fror by an additional construction arise from three
situations: the intersection of two lines, each passing through two poirks of
the intersection of a line and a circle, each determined by data frpand the
intersection of two circles, each determined by data fflom

In the case of two intersecting lines, each line is of the fasmt by = ¢ for
suitable coefficienta, b, cin F, and the intersection is a poitt, y) in F x F.

So intersections of lines do not force us to enlaFge

For a line and a circle, we assume that the line is giveaXdy by = ¢ with
a, b, cin F, that the circle has radius i and center i x F, and that the lines
and the circle actually intersect. The circle is then givetdayh)?+(y—k)? =r?
with h, k, r in F. Substitution of the equation of the line into the equation of the
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circle gives us a quadratic equation eitherXoandx then determiney, or for
y, andy then determine&. The quadratic equation has real roots, and thus its
discriminant is> 0. The result is thax andy are in a fieldF (v/1 ) for some
I >0inF.
For two circles, without loss of generality, we may take their equations to be

x24+y?>=r?> and (x—-h?+(@y—-h?=¢

withr, h, k, sin F. Subtracting gives®@h + 2yk = h? + k? — s? +r2. With this
equation and withx? + y? = r2, we again have a line and circle that are being
intersected. Thus the same remarks apply as in the previous paragraph.

The conclusion is that any new single construction of points of intersection by
straightedge and compass leads frBrto F(+/1 ) for somel > 0in F. Thus
every member of the sétis as described in the theorem. g

To apply the theorem to prove the impossibility of the three never-accomplished
constructions that were described earlier in the section, we observEithag[ 1]
in the theorem equals 1 or 2 for each Consequently every member of the
constructible set lies in a finite algebraic extension @fof degree ® for somek.

For the problem of doubling a cube, the question amounts to constru¢ng
We argue by contradiction. §/2 lies inF, as in the theorem, the@(¥/2)  F,.
With k as the integex n such that F,, : Q] = 2, Corollary 9.7 gives

2 =[Fn: Q] =[Fn: Q(V2)][Q(¥/2) : Q] = 3[Fy : Q(V2)].

Thus 3 must divide a power of 2, and we have arrived at a contradiction. We
conclude that it is not possible to double a cube with straightedge and compass.
For the problem of trisecting any constructible angle, let us show that a 60
angle cannot be trisected. A B@ngle is itself constructible, being the angle

between two sides in an equilateral triangle. Trisecting ‘agdf@le amounts to
constructing cos 20 sin 20 is then(1 — cos 20°)%2. To proceed, we derive an
equation satisfied by cos 2Gstarting from

(oS 20 + i sin 20)® = cos 60 +i sin60' = 1 + %
We expand the left side and extract the real part of both sides to obtain
cos 20° — 3cos 20sir? 20° = 1.
Substituting sif20° = 1 — cog 20° and simplifying, we see that = cos 20

satisfies
43 -3 -1=0



