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CHAPTER VIII

Commutative Rings and Their Modules

Abstract. This chapter amplifies the theory of commutative rings that was begun in Chapter IV,
and it introduces modules for any ring. Emphasis is on the topic of unique factorization.

Section 1 gives many examples of rings, some commutative and some noncommutative, and
introduces the notion of a module for a ring.

Sections 2—4 discuss some of the tools related to questions of factorization in integral domains.
Section 2 defines the field of fractions for an integral domain and gives its universal mapping property.
Section 3 defines prime and maximal ideals and relates quotients of them to integral domains and
fields. Section 4 introduces principal ideal domains, which are shown to have unique factorization,
and it defines Euclidean domains as a special kind of principal ideal domain for which greatest
common divisors can be obtained constructively.

Section 5 proves that Ris an integral domain with unique factorization, then so is the polynomial
ring R[X]. This result is a consequence of Gauss’s Lemma, which addresses what happens to the
greatest common divisor of the coefficients when one multiplies two membd&RgXdf Gauss'’s
Lemma has several other consequences that relate factorizatRfiXjrto factorization inF[X],
whereF is the field of fractions oR. Stillanother consequence is Eisenstein’s irreducibility criterion,
which gives a sufficient condition for a memberRffX] to be irreducible.

Section 6 contains the theorem that every finitely generated unital module over a principal ideal
domain is a direct sum of cyclic modules. The cyclic modules may be assumed to be primary in a
suitable sense, and then the isomorphism types of the modules appearing in the direct-sum decom-
position, together with their multiplicities, are uniquely determined. The main results transparently
generalize the Fundamental Theorem for Finitely Generated Abelian Groups, and less transparently
they generalize the existence and uniqueness of Jordan canonical form for square matrices with
entries in an algebraically closed field.

Sections 7-11 contain foundational material related to factorization for the two subjects of
algebraic number theory and algebraic geometry. Both these subjects rely heavily on the theory of
commutative rings. Section 7 is a section of motivation, showing the analogy between a situation
in algebraic number theory and a situation in algebraic geometry. Sections 8-10 introduce Noe-
therian rings, integral closures, and localizations. Section 11 uses this material to establish unique
factorization of ideals for Dedekind domains, as well as some other properties.

1. Examples of Rings and Modules

Sections 4-5 of Chapter IV introduced rings and fields, giving a small number of
examples of each. In the present section we begin by recalling those examples
and giving further ones. Although Chapters VI and VII are not prerequisite for
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408 VIIl. Commutative Rings and Their Modules
7. Orientation for Algebraic Number Theory and Algebraic Geometry

The remainder of the chapter introduces material on commutative rings with iden-
tity that is foundational for both algebraic number theory and algebraic geometry.
Historically algebraic number theory grew out of Diophantine equations, particu-
larly from two problems—from Fermat’s Last Theorem and from representation
of integers by binary quadratic forms. Algebraic geometry grew out of studying
the geometry of solutions of equations and out of studying Riemann surfaces.

These two subjects can be studied on their own, but they also have a great
deal in common. The discovery that the plane could be coordinatized and that
geometry could be approached through algebra was one of the great advances of
alltime for mathematics. Since then, fundamental connections between algebraic
number theory and algebraic geometry have been discovered at a deeper level,
and the distinction between the two subjects is more and more just a question of
one’s point of view. The emphasis in the remainder of this chapter will be on
one aspect of this relationship, the theory that emerged from trying to salvage
something in the way of unique factorization.

By way of illustration, let us examine an analogy between what happens with
a certain ring of “algebraic integers” and what happens with a certain “algebraic
curve.” The ring of algebraic integers in question was introduced already in
Section 4. ItisR = Z[+/—5] = Z + Z~/—5. The units are-1. Our investigation
of unique factorization was aided by the function

N(a+bv-5) = (a+bv/-5)(a — bv/-5) = a® + 5%,
which has the property that
N(@+bv=5)(c+dv-5)) = N@+bv=5)N(c +dv-5).

With this function we could determine candidates for factors of particular ele-
ments. In connection with the equality-3 = (1 + +/=5)(1 — +/=5), we
saw that the two factors on the left side and the two factors on the right side are
all irreducible. Moreover, neither factor on the left is the product of a unit and
a factor on the right. ThereforR is not a unique factorization domain. As a
consequence it cannot be a principal ideal domain. In fact, + +/—5) is an
example of an ideal that is not principal. We shall return shortly to examine this
ring further.

Now we introduce the algebraic curve. Consigér= (x — 1)x(x + 1) as
an equation in two variablesandy. To fix the ideas, we think of a solution as
a pair(x, y) of complex numbers. Although the variables in this discussion are
complex, itis convenient to be able to draw pictures of the solutions, and one does
this by showing only the solutionx, y) with x andy in R. Figure 8.6 indicates
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the set of solutions iiR? for this particular curve. We can study these solutions
for a while, looking for those pair&, y) with x andy rationals or integers, but

a different level of understanding comes from studying functions on the locus of
complex solutions. The functions of interest are polynomial functions in the pair
(X, y), and we identify two of them if they agree on the locus. Thus we introduce
the ring

R = C[x, y]/(y* — (x — DX(X + 1)).

There is a bit of a question whether this is indeed the space of restrictions, but that
can be settled affirmatively by the “Nullstellensatz”Advanced Algebrand a
verification that the principal idealy? — (x — 1)x(x + 1)) is prime® The ring

R’ is called the “affine coordinate ring” of the curve, and the curve itself is an
example of an “affine algebraic curve.”

FIGURE 8.6. Real points of the curw? = (x — 1)x(x + 1).

We can recover the locus of the curve from the itigs follows. If(xg, yo) isa
point of the curve, then it is meaningful to evaluate membeR of (Xo, o), and
we letl, v, be the ideal of all members &' vanishing atxo, yo). Evaluation
at (Xo, Yo) exhibits the ringR’/ I x, y,) as isomorphic t&, which is a field. Thus
| x0,y0) 1S @ maximal ideal and is in particular prime. It turns out for this example
that all nonzero prime ideals are of this fofmwWe return to make use of this
geometric interpretation of prime ideals in a moment.

Now let us consider factorization iR. Every element oR’ can be written
uniquely asA(x) + B(x)y, where A(x) and B(x) are polynomials. The analog

8The polynomialy2 — (X —Dx(x+ 1) is prime sincex — D)x(x + 1) is not a square, or since
Eisenstein’s criterion applies. The principal idggf — (x — 1)x(x + 1)) is therefore prime by
Proposition 8.14. What the Nullstellensatz says when the underlying field is algebraically closed is
that the only polynomials vanishing on the zero locus of a prime ideal are the members of the ideal.

9In Section 9, Example 3 of integral closures in combination with Proposition 8.45 shows that
every nonzero prime ideal &® is maximal. (In algebraic geometry one finds that this property of
prime ideals is a reflection of the 1-dimensional nature of the curve.) The Nullstellensatz says that
the maximal ideals are all of the forig, y,).
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in R of the quantityN (a + by/—5) in the ringR is the quantity

N(AMX) + B(X)Y) = (AX) + BOOY)(AX) — B(X)Y)
= A(X)? — B(x)%y?
= AX)? — B(X)?(x® — x).

Easy computation shows that
N((AX) + BOOY)(C(X) + D(X)Y)) = N(AX) + B()Y)N(C(x) + D(x)y),

and henceN(-) gives us a device to use to check whether elemeni® afre
irreducible. We find in the equation

O+ P& = y) =X = (¢ =) = =x(x = 31+ VE)(x = 31 - VB)

that the two elements on the left side and the three elements on the right side are
irreducible. Therefore unique factorization failsi\

Although unique factorization fails for the elementsRf there is a notion
of factorization for ideals irR’ that behaves well algebraically and has a nice
geometric interpretation. Recall that the nonzero prime ideals correspond to the
points of the locug? = (x — 1)X(x + 1) via passage to the zero locus, the ideal
corresponding t@Xo, Yo) being calledly, y,). For any two ideald andJ, we
can form the product idedlJ whose elements are the sums of products of a

member ofl and a member of. Thenl(‘;oyyO) may be interpreted as the ideal of
Ky Kn

all members oR’ vanishing aixo, o) to orderk or higher, and oy I(Xn,yn)
becomes the ideal of all members Bf vanishing at eaclix;, y;) to order at
leastk;. We shall see in Section 11 that every nonzero proper itléal R’
factors in this way. The pointéx;, y;) and the integer§; have a geometric
interpretation in terms of and are therefore uniquely determined: tkg y;)’s
form the locus of common zeros of the members pand the integek; is the
greatest integer such that the vanishing<aty; ) is always at least to ordéy. In
a sense, factorization of elements was the wrong thing to consider; the right thing
to consider is factorization of ideals, which is unique because of the associated
geometric interpretation.

Returning to the rindR = Z[+/—5], we can ask whether factorization of ideals
is a useful notion inR. Again | J is to be the set of all sums of products of an
elementinl and an elementid. Forl = (2, 1++/—5) andJ = (2, 1—+/=5),
we get all sums of expressio(2a + b(1+ +/—5))(2c+d(1— +/=5)) in which
a, b, ¢, d are inZ, hence all sums of expressions

2(2ac+ 3bd) + 2(bc+ ad) + 2+ —5(bc — ad).
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All such elements are divisible by 2. Two examples come by takirgc = 1
andb = d = 0 and by takinga = ¢ = 0 andb = d = 1, these give 4 and 6.
Subtracting, we see that 2 is a sum of products. Thus= (2). The element 2

is irreducible and not prime, and we know from Proposition 8.14 that the ideal
(2) therefore cannot be prime. What we find is that the id@alfactors even
though the element 2 does not factor. It turns out Rags unique factorization

of ideals, just the wayR’ does.

The prime ideals of the rin® have a certain amount of structure in terms of
the primes or prime ideals &. To understand what to expect, let us digress for
a moment to discuss what happens with the Rig= Z[i] = Z + Z+/—1 of
Gaussian integers. This too was introduced in Section 4, and it is a Euclidean do-
main, hence a principal ideal domain. It has unique factorization. Its appropriate
N(-) functionisN(a+ib) = a +b?. Problems 27-31 at the end of the chapter
ask one to verify that the primes &, up to multiplication by one of the units
+1 and=i, are members oR” of any of the three kinds

p = 4n + 3 that is prime irZ and hash > 0,
p = a =+ ib with @ + b? prime inZ of the form 4 + 1 withn > 0,
p=1+i (these are associates).

These three kinds may be distinguished by what happens to the fumttion
In the first caseN(p) = p? is the square of a prime & and is the square of
a prime of R”, in the second casH (p) is a prime ofZ that is the product of
two distinct primes ofR”, and in the third cas8l(p) is a prime ofZ that is the
square of a prime oR”, apart from a unit factor. The nonzero prime idealR6f
are the principal ideals generated by the prime elemen® oind they fall into
three types as well. Each nonzero prime idédlas a primep of Z attached to
it, namely the one witlip) = Z N P, and the type of the ideal corresponds to the
nature of the factorization of the ideplR’ of R”. Specifically in the first case
pR’is a prime ideal inR”, in the second caseR’ is the product of two distinct
prime ideals inR”, and in the third casp R’ is the square of a prime ideal R.
The structure of the prime ideals iR is of the same nature as witR".
Each nonzero prime ided has a primep of Z attached to it, again given
by (p) = Z n P, and the three kinds correspond to the factorization of the ideal
pRof R. Let us be content to give examples of the three possible behaviors:

11R isprimeinR,
2R s the product of two distinct prime ideals R,
5R s the square of the prime ide@/—5) in R.

We have already seen the decomposition Rf &nd the decomposition offbis
easy to check. With 1R, the idea is to show that 11 is a prime elemen®Rin
Thus let 11 divide a product iR. ThenN(11) = 112 divides the product of
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theN(-)’s, 11 divides the product of thH(-)’s, and 11 must divide one of the
N(-)’s. Say that 11 divide® (a + bv/=5), i.e., thata® + 5b? = 0 mod 11. If

11 divides one o& or b, then this congruence shows that 11 divides the other of
them; then 11 dividea + by/—5, as we wanted to show. The other possibility

is that 11 divides neithex norb. Then(ab™1)2 = —5 mod 11 says that5is a
square modulo 11, and we readily check that it is not. The conclusion is that 11
is indeed prime irR.

This structure for the prime ideals & has an analog with the curve and its
ring R'. The analogs for the curve caseZfind+/—5 for the number-theoretic
case ar€C[x] andy. The primes ofC[x] are nonzero scalars times polynomials
X — ¢ with c complex, and the relevant question f®ris how the idea(x — c) R’
decomposes into prime ideals. We can think about this problem algebraically or
geometrically. Algebraically, the ideal of all polynomials vanishingat yo) is
l(xo,y0) = (X—Xo, Y—Yo), the set of allx — Xg) A(X) — Yo B(X) +y B(x) with A(x)
andB(x) in C[x]. The intersection witlC[x] consists of al(x — x¢) A(X) and is
therefore the principal idedk — Xg). We want to factor the idedk — xp)R'.

Ifwe pause foramoment and think about the problem geometrically, the answer
is fairly clear. ldeals correspond to zero loci with multiplicities. The question
is the factorization of the ideal of all polynomials vanishing whxea: xo. For
most values of the complex numbsey, there are two choices of the complex
such thai(xp, y) is on the locus sincg is given by a quadratic equation, namely
y2 = (Xg — 1)Xo(Xo + 1). Thus for most values ofy, (x — Xo) R’ is the product
of two distinct prime ideals. The geometry thus suggests that

(X —X)R = (X — X0, Y — Yo) (X — X0, Y + o),

whereyg = (Xo — DXo(Xpo + 1) and it is assumed thagg # 0. We can verify this
algebraically: The members of the product ideal are the polynomials

(X = X)) A(X) + (Y — Y0) B(X¥)) ((X — X0)C(X) + (Y + Yo) D(X))
= (X — X0)*A()C(X) + (X — X0) (AX) (Y + Yo) D(X)) + C(X) (Y — Yo) B(X))
+ (y* — ¥§) B D(X).

The last term on the right side (§x — X) — (X3 — X0)) B(x) D(x) and is divisible
by x — xo. Therefore every member of the product ideal lies in the principal
ideal (x — Xp). On the other hand, the product ideal contgixs- Xg)(X — Xg)
and alsa(y? — y3) = (x3 — x3) — (X — Xg) = (X — Xo) (X2 + XX + X3). Since
GCD((x—Xo), (X?+XX+x?)) = 1, the product ideal contains- xo. Therefore
the product ideal equalx — Xo).
The exceptional values ofy are —1, 0, +1, where the locus hag = O.
The geometry of the factorization is not so clear in this case, but the algebraic
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computation remains valid. Thus we hawe— Xg) R’ = (X — Xo, ¥)? if Xo equals
—1, 0, or+1. The conclusion is that the nonzero prime idealfkoére of two
types, with(x — xg) R" equal to

the product of two distinct prime ideals R if xg is notin{—1, 0, +1},
the square of a prime ideal R’ if xgisin{-1, 0, +1}.

The third type, with(x — xg) R’ prime in R, does not arise. Toward the end of
Chapter IX we shall see how we could have anticipated the absence of the third

type.

That is enough of a comparison for now. Certain structural results useful in
both algebraic number theory and algebraic geometry are needed even before
we get started at factoring ideals, and those are some of the topics for the
remainder of this chapter. In Section 11 we conclude by establishing unique
factorization of ideals for a class of examples that includes the examples above.
In the examples above, the rings we considered EEXg /(X2 +5) = Z[+/—5]
andC[x, y]/(y? — (x — Dx(x + 1)) = C[X][/X = DX(X + 1)]. In each case
the notation [] refers to forming the ring generated by the coefficients and the
expression or expressions in brackets.

First we establish a result saying that ideals in the rings of interest are not
too wild. For example, in algebraic geometry, one wants to consider the set of
restrictions of the members &[ Xy, ..., X;], K being a field, to the locus of
common zeros of a set of polynomials. The general tool will tell us that any ideal
in K[ X4, ..., Xp] is finitely generated; thus a description of what polynomials
vanish on the locus under study is not completely out of the question. The tool is
the Hilbert Basis Theorem and is the main result of Section 8.

Second we need a way of understanding, in a more general setting, the relation-
ship that we used in the above examples betwZendZ[+/—5], and between
C[x] andC[x][+/ (X — 1)x(x 4+ 1)]. The tool is the notion of integral closure and
is the subject of Section 9.

Third we need a way of isolating the behavior of prime ideals, of eliminating
the influence of algebraic or geometric factors that have nothing to do with the
prime ideal under study. The tool is the notion of localization and is the subject
of Section 10.

In Section 11 we make use of these three tools to establish unique factorization
of ideals for a class of integral domains known as “Dedekind domains.” It is easy
to see that principal ideal domains are Dedekind domains, and we shall show
that many other integral domains, including the examples above, are Dedekind
domains. A refined theorem producing Dedekind domains will be obtained
toward the end of Chapter IX once we have introduced the notion of a “separable”
extension of fields.



