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CHAPTER VII

Aspects of Partial Differential Equations

Abstract. This chapter provides an introduction to partial differential equations, particularly linear
ones, beyond the material on separation of variables in Chapter .

Sections 1-2 give an overview. Section 1 addresses the question of how many side conditions
to impose in order to get local existence and uniqueness of solutions at the same time. The
Cauchy—Kovalevskaya Theorem is stated precisely for first-order systems in standard form and
for single equations of order greater than one. When the system or single equation is linear with
constant coefficients and entire holomorphic data, the local holomorphic solutions extend to global
holomorphic solutions. Section 2 comments on some tools that are used in the subject, particularly
for linear equations, and it gives some definitions and establishes notation.

Section 3 establishes the basic theorem that a constant-coefficient linear partial differential
equationLu = f has local solutions, the technique being multiple Fourier series.

Section 4 proves a maximum principle for solutions of second-order linear elliptic equations
Lu = 0 with continuous real-valued coefficients under the assumptioriitiat= 0.

Section 5 proves that any linear elliptic equatibn = f with constant coefficients has a
“parametrix,” and it shows how to deduce from the existence of the parametrix the fact that the
solutionsu are as regular as the data The section also deduces a global existence theorem Wwhen
is compactly supported,; this result uses the existence of the parametrix and the constant-coefficient
version of the Cauchy—Kovalevskaya Theorem.

Section 6 gives a brief introduction to pseudodifferential operators, concentrating on what is
needed to obtain a parametrix for any linear elliptic equation with smooth variable coefficients.

1. Introduction via Cauchy Data

The subject of partial differential equations is a huge and diverse one, and a
short introduction necessarily requires choices. The subject has its origins in
physics and nowadays has applications that include physics, differential geometry,
algebraic geometry, and probability theory. A small amount of complex-variable
theory will be extremely helpful, and this will be taken as known for this chapter.
We shall ultimately concentrate on single equations, as opposed to systems, and on
partial differential equations that are linear. After the first two sections the topics
of this chapter will largely be ones that can be approached through a combination
of functional analysis and Fourier analysis.
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292 VII. Aspects of Partial Differential Equations

compact support into smooth functions. The oper&dhat gives a two-sided
inverse forA except for the smoothing term is callegparametrix for A.

The parametrix does not solve our equation for us, but it does supply useful
information. As we shall see in Section 5, a parametrix will enable us to see that
whenevem is a distribution solution oAu = f on an open sdi), with f an
arbitrary distribution otJ , thenu is smooth wherevef is smooth. In particular,
any distribution solution ofAu = 0 is a smooth function. The argument will
apply to any elliptic linear partial differential equation with constant coefficients.
A first application of the method of pseudodifferential operators in Section 6
shows that the same conclusion is valid for any elliptic linear partial differential
equation with smooth variable coefficients.

3. Local Solvability in the Constant-Coefficient Case

We come to the local existence of solutions to linear partial differential equations
with constant coefficients.

Theorem 7.7.LetU be an opensetiRN containing 0, and lef be inC>(U).
If P(D) is alinear differential operator with constant coefficients and with order
> 1, thenthe equatioR(D)u = f has a smooth solution in a neighborhood of 0.

The proof will use multiple Fourier series as in Section 111.7. Apart from that,
all that we need will be some manipulations with polynomials in several variables
and an integration. As in Section I11.7, let us wrifé' for the set of all integer
N-tuples and {-, 7] for the region of integration defining the Fourier series.

We shall give the idea of the proof, state a lemma, prove the theorem from
the lemma, and then return to the proof of the lemma. The idea of the proof of
Theorem 7.7 is as follows: We begin by multiplyifgby a smooth function
that is identically 1 near the origin and is identically O off some small ball
containing the origin (existence of the smooth function by Proposition 3.5f),
so thatf is smooth of compact support, the support lying well inside [7]N.

If we regard f as extended periodically to a smooth function, we can write
f(X) = X yezn de€*X by Proposition 3.30e. Let the unknown functiarbe
given byu(x) = Y .zn &€¥X. ThenP(D)u(x) is given by

P(D)u(x) = Z cP(ik)ek>,

keZN

and thus we want to takeP(ik) = dx. We are done if% decreases faster
than anylk| ™", by Proposition 3.30c and our computations. So we would like to
prove that

[Pkt <C@+kHM  forallk e ZN
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and for some constan@&andM, and then we would be done. Unfortunately this

is not necessarily true; the polynomRi{x) = |x|? is a counterexample. What is
true is the statement in the following lemma, and we can readily adjust the above
idea to prove the theorem from this lemma.

Lemma 7.8. If R(x) is any complex-valued polynomial not identically O on
RN, then there exist € RN and constant€ andM such that

IRk +a)t<C@+ kPHM forall k e ZN.

PROOF OFTHEOREM7.7. Apply the lemma tdR(x) = P(ix). Because of the
preliminary step of multiplying by something, we are assuming tidat smooth
and has support near 0. Instead of extending be periodic, as suggested in
the discussion before the lemma, we extend the fundticne¢* to be smooth
and periodic. Thus write

f(x)e—ia~x — Z dkeik~X’

keZN

and putcy = %. Since the|dk| decrease faster thak|™" for any n,

Lemma 7.8 and Proposition 3.30c together show Fgt,n c€** is smooth
and periodic. Define

ux) = eia~x Z Ckeik-x _ Z cke' (k+a)‘x.

kezZN kezZN

This function is smooth but maybe is not periodic. ApplicatiorPgD) gives

P(Du(x) = Z cP(i(k + a))ei (k+a)-x

keZN
. dk . .
=y = P(i(k+a)e**
o Rk + a)
— eiOl-X Z dkeIkX — eil)t-X(f(X)einbX) — f(X),
keZN

and hencel solves the equation for the origin&lin a neighborhood of the origin.
The proof of Lemma 7.8 requires two lemmas of its own.

Lemma 7.9. For each positive integen and positive numbes < % there
exists a constar@® such that

1 _ _
JoIx—ca - x —cm|Pdx < C

for anym complex numbersy, ..., Cp.
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PROOF. For 1< j <m, letE; be the subset of{1, 1] where|x — ¢; | 7% is the
largest of than factors in the integrand. The integral in question is then

m — _
< X1 fg IX=ca X — Cm| 7 dx

m —ms m 1 |—ms
SZj:lej X — gl dXSijlf—l X —¢j|~™ dx

m 1l |—mé 1 -ms
< Zj:lﬂl Ix — Recj|"™dx <m sugcg [, IX—r|"™dx.

On the right side the integrand decreases pointwise pwjttvhen|r| > 1, and
hence the expression is equal to

1 _
M Sup_j_, - [, X —r["™dx

=M SUPR1<r<1 (fi1 (r—x)"™dx+ frl (X —r)"™dx)
— m(l — m5)—l Sup—1§r§1 ((1_|_ r)l—ms + (1 _ r)l—mS)

< 22™m@1 —ms) ">

Lemma 7.10. If R(x) is any complex-valued polynomial ddN of degree
m > 0, then|R(x)|~? is locally integrable whenever < %

PrROOF. We first treat the special case théthas coefficient 1 ifR(x) and that
integrability on the cube-f1, 1]V is to be checked. Writ&' for (Xo, ..., Xn),
so thatx = (x1, X'). ThenR(x) = x{" + ij:_ol xi pj (X'), where eacty; is a
polynomial. For fixedk’, R(x1, X’) is @ monic polynomial of degrema in x; and
factorsagx;—c¢y) - - - (X1 —Cm) for some complex numbecs, . . ., ¢y, depending
onx’. Applying Lemma 7.9, we see thyi_ill IR(x1, X')] 72 dx; < C. Integration
in the remaining\ — 1 variables therefore give;%ﬁLl]N IR(x)|~%dx < 2N-1C.
Turning to the general case, suppose fRat) and a pointxg are given. We
want to see thaF (x) = R(X + Xo) has the property thaF (x)|~? is integrable
on some neighborhood of the originlklN. The functionF is still a polynomial
of degream. Let F, be the sum of all its terms of total degnee This cannot be
identically 0 on the unit sphere since it is a nonzero homogeneous furiciioh,
thus Fn(v1) # 0 for some unit vector;. Extend{v;} to an orthonormal basis
of RN, and defineG(yy, ..., Yyn) = Fm(yivi + - - - + Ynun). The functionG is
a polynomial of degreen whose coefficient of" is F(v1) and hence is not 0,
and it is obtained by applying an orthogonal transformation to the variables of
F. Therefore/G|~% and|F|~% have the same integral over a ball centered at the
origin. The special case shows th@t— is integrable over some such ball, and
hence so i$F|~%.

4A function Fp, of several variables isomogeneous of degrem if Fi(rx) = r™Fm(x) for all
r > 0and allx # 0.
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PROOF OFLEMMA 7.8. LetR have degree, which we may assume is positive
without loss of generality. The functidB(x) = |x|*"R(%;) is then a polynomial

IxP?
of degree< 2m, and Lemma 7.10 shows that any numBewith § < % has
the property thatR|=® and|S|~? are integrable foix| < 1. Using spherical
coordinates and making the change of variables 1/r in the radial direction,
we see that
Sz IROOIP X" dx = [T [ vt IRT@)|7°r 72N dwr N-tdr

= 1o ) et IR 0)| 7 dwr N-1dr

= fmil |R(x/|x[?)| 7 dx

= fmfl |S(¢) |~ [x[?™ dx

< [ixj<1 1017 dx.

The right side is finite. Sincél + |x]%)~N < 1+ |x|~2N, we see that
Jan IROOI? (X + %12 N dx < oo,

DefineE = {¢ € RN | 0 < o < 1forall j}. By complete additivity, we can
rewrite the above finiteness condition as

Juce [ZkeZN IR+ o) 7?1+ |k+ Ollz)_N] do < oo.
Every pair(l, §) with| € Zandg € [0, 1) has(l + 8)* < 2(1+1%). SummingN
such inequalities givelk + a|? < 2N + 2|k[? < 2N(1 + [k?). Thus we obtain
1+ |k+a?<3N@A+ kP, A+ k+a®»>N>@N)"NA1+ k>N, and
Loee [ Xkezn IRK+ )72 (14 kD) ™N] dar < oc.

Therefore)", ., IR(K+a)| % (14 |k|?)~N is finite almost everywherelf]. Fix
anca for which the sum is finite. If

Skean IRK+ )21+ kH™N = K < o0,

then|R(k + a)| % (1 + |k|>)~N < K for all k € ZN and henceR(k + )|t <
K141+ |k|>)N/? for all k € ZN. This proves Lemma 7.8.
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4. Maximum Principle in the Elliptic Second-Order Case

In this section we work with a second-order linear homogeneous elliptic equation
Lu = 0 with continuous real-valued coefficients in a bounded connected open
subsetJ of RN. It will be assumed that only derivatives of and notu itself,
appear in the equation; in other words we assumelitibt= 0. The conclusion
will be that a real-valuedC? solutionu cannot have an absolute maximum or
an absolute minimum insidg without being constant. This result was proved
already in Corollary 3.20 for the special case thas the Laplaciam.

Let us use notation fot of the kind in Proposition 7.5 and its proof. Then
is of the form

Lu= Z bij xX)Dj Dj u-—+ ZCk(X)DkU
i] k

with the matrix fij (x)] real-valued and symmetric. Ellipticity df atx means
that Y7 ; bij()&& # 0 for & # 0. Thus|Y; ;b (x&§| has a positive
minimum valueu(x) on the compact set whete| = 1. By homogeneity of
| 31, bij (0&§ | and|€|?, we conclude that

1> by 0&E | = meolgl?
ih]

for somew(x) > 0 and allé. The positive numbeg(x) is called themodulus
of ellipticity of L atx.

ExampLE. Let L be the sum of the Laplacian and first-order terms, i.e.,
Lu = Au+ ), c(x)Dxu. Suppose that is a real-valuedC? function onU
and thatu attains a local maximum ag in U. By calculus,Dju(xy) = O for
eachi and Dizu(xo) < 0, so thatLu(xg) < 0. Therefore if we know thalt u(x)
is > 0 everywhere irJ, thenu can have no local maximum id. To obtain
a maximum principle, we want to relax two conditions and still get the same
conclusion. One is that we want to allow more general second-order telms in
and the other is that we want to get a conclusion from knowing onlylth&x)
is > 0 everywhere. The first step is carried out in Lemma 7.11 below, and the
second step will be derived from the first essentially by perturbing the situation
in a subtle way.

Lemma 7.11.Let L = Zi’j bij () Di Dj + Y C(X) D, with [byj (x)] sym-
metric, be a second-order linear elliptic operator with real-valued coefficients in
an open subséd of RN such that for every in U, there is a number(x) > 0
such that)", ; bij ()& & > w(x)|§1> for all ¢ € RN. If uis a real-valuedC?
function onU such that_u > 0 everywhere itJ, thenu has no local maximum
inU.



4. Maximum Principle in the Elliptic Second-Order Case 297

PROOF. Suppose that has a local maximum ab. Applying Proposition 7.5,
we can find a nonsingular matrid such that the definitiod; = Zj M;; D;
makes the second-order termslofit xo take the forme;D;? + - - - + «n DK} 2
with eachx; equal to+1, —1, or 0. Examining the hypotheses of the lemma, we
see that alk; must be+1. Hence the change of basisxgtvia M converts the
second-order terms df into the formD}? + - - + D}2. The argument in the
example above is applicablext, and the lemma follows.

Theorem 7.12(Hopf maximum principle). Let

L =) bj)DiDj + Y c(x)Dx,

iy k

with [by; (X)] symmetric, be a second-order linear elliptic operator with real-
valued continuous coefficients in a connected open subseit RN. If uis a
real-valuedC? function onU such that_u = 0 everywhere irJ, thenu cannot
attain its maximum or minimum values bh without being constant.

PROOF. First we normalize matters suitably. We haVE, ; bij ()& & | >
w(X)|&]% with w(x) > 0 at every point. By continuity of the coefficients and
connectedness d&f, the expression within the absolute value signs on the left
side is everywhere positive or everywhere negative. Possibly repladiyg-L,
we shall assume that it is everywhere positive:

Y b (0&g = p0lE>  forallx e U.

i

Because of the continuity of the coefficientslgfthe coefficient functions are
bounded on any compact subsetyodind the function(x) is bounded below by a
positive constant on any such compact set. Sinzan always be replaced by,
a result about absolute maxima is equivalent to a result about absolute minima.
Thus we may suppose thaattains its absolute maximum vali#at somex; in
U, and we are to prove thatis constantirJ . Arguing by contradiction, suppose
thatxp is a point inU with u(xp) < M.

The idea of the proofis to usg andx; to produce an open ball with B¢ < U
and a poins in the boundary B of B such thati(s) = M andu(x) < M for all
x in BY — {s}. See Figure 7.1. For a suitably small open l®llcentered as,
we then produce &2 functionw onRN such thatLw > 0 in B; andw attains
a local maximum at the centerof B;. The existence ofv contradicts Lemma
7.11, and thus the configuration witg andx; could not have occurred.
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FIGURE 7.1. Construction in the proof of the Hopf maximum principle.

SinceU is a connected open set RN, it is pathwise connected. Let
p : [0,1] — U be a path withp(0) = xg and p(1) = x;. Let t be the first
value oft such thatu(p(t)) = M; necessarily O< t < 1. Definex, = p(7).
Choosed > 0 such thatB(d; p(t))® < U for 0 < t < t, and then fix a
pointX = p(t) with 0 < t < t and with|X — x,| < ld By definition ofd,
B(d; X)° c U. Let B be the largest open ball contalnedJn centered &, and
havingu(x) < M for x € B. Sinceu(xy) = M and|X — xz| < ld B has radius

ld ThusB® C B(d; X)¢ € U. The construction oB and the continuity of
u force some poins of the boundary Bto haveu(s) = M. Let B be any open
ball properly contained iB and internally tangent tB ats. ThenB® € BU{s},
and hencai(x) < M everywhere orB® except ats, whereu(s) = M. Write
B = B(R; X').

To constructBy, fix Ry > O with Ry < %R, and letB; = B(Ry;9). If xis
in BY, then|x — X| < [x —s|+|s—X| < R+ 2d < 3R+ 3d < d, and
henceBS' C B(d; X)) € U. SinceB® and BS' are compact subsets bf, the
coefficients ofL are bounded oB® U Bf', and the ellipticity modulus is bounded
below by a positive number. Let us say that

b0l < B, k()| <y, wx)=p>0 forxeBTUBS.

The next step is to construct an auxiliary functimix) on RN to be used in
the definition ofw(x). Leta be a (large) positive number to be specified, and set

Z(X) — e—ol|X—X’\2 _ e—aRz.

The functionz(x) is > 0 on B, is 0 ondB, and is< 0 off B®. Let us see that
we can choose large enough to makie(z)(x) > 0 for x in B;. Performing the
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differentiations explicitly, we obtain
L@ 00 = 20 (20~ by 0006 = X)0g = X))
i

= D7 (B0 = O (% = X0) )
k
> 20X (20 )x — X2 = (B + yIx — X])).
All points x in By haveiR < [x — X'| < 2R and therefore satisfy

L@ > 206~ ¥ Fap iR — (8 + 3y R)).

Consequently we can choogdarge enough so that(z)(x) > 0forxin B;. Fix
« with this property.
Lete > 0 be a (small) positive number to be specified, and define

w=Uu-+ €z
Forx in By, we haveLw = Lu + €Lz > 0. Also,
w(S) =Uu(s) +€z(s) =u(s) =M sincesisin 9B.

Let us see that we can choos¢éo makew(x) < M everywhere ordB;. We
considen By in two pieces. Le€y = dB;NBY. SinceCyis a subset oB® — {s},
u(x) < M at every point ofCy. By compactness dfp and continuity ofu, we
must therefore havae(x) < M — § on Cy for somes > 0. Since the function
z(x) is everywhere< 1 — e R anyx in Cp must have

Ww(X) = UX) +€z(X) < M —§ + (1 — e R,

By takinge small enough, we can arrange thatx) < M — %8 on Cy. Fix such
ane. The remaining part of B; is dB; — Cy. Eachx in this set has

w(X) = UX) +€z(X) < M 4+ €z(x) < M.

Thusw(X) < M everywhere o019 By, as asserted.

Sincew(s) = M andw(x) < M everywhere 0l By, w attains its maximum n
B‘fI somewhere inthe open $&t. SinceLw > 0 onBy, we obtain a contradiction
to Lemma 7.11. This completes the proof.
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5. Parametrices for Elliptic Equations with Constant Coefficients

In this section we use distribution theory to derive some results about an elliptic
equationP(D)u = f with constant coefficients. Initially we work dRN, yet

in the end we will be able to work on any nonempty open set. We think ad
known andu as unknown. But we allow to vary, so that we can see the effect
onu of changingf. It will be important to be able to allow solutions that are not
smooth functions, and thuswill be allowed to be some kind of distribution.

We begin by obtaining a parametrix, which at first will be a tempered distri-
bution that approximately invert3(D) on S’(RN). More specifically it inverts
P(D) onS’(RN) up to an error term given by an operator equal to convolution
with a Schwartz function.

At this point we can use the version Theorem 7.4 of the Cauchy—Kovalevskaya
Theorem to obtain &undamental solution, i.e., a membeu of D’(RN) such
thatP(D)u = §. This step is carried out in Corollary 7.15 below. Convolution
of P(D)u = § with a memberf of £/(RN) shows that Corollary 7.15 implies a
global existence theorem: any elliptic equatiBD)u = f with f in &'(RN)
has a solution irD’(RN).

But it is not necessary, for purposes of examining regularity of solutions, to
have an existence theorem. The next step is to modify the parametrix to have
compact support. Once that has been done, the parametrix will iR&)
on D'(RN), up to a smoothing term, and we will deduce a regularity theorem
about solutions saying that the singular support &f contained in the singular
support off. In particular, solutions oP(D)u = 0 onRN are smooth. Finally
we localize this result to see that the inclusion of singular supports persists even
when the equatio? (D) = f is being considered only on an open Bet

The starting point for our investigation is the following lemma.

Lemma 7.13.If P(D) is an elliptic operator with constant coefficients, then
the set of zeros oP (2 ) in RN is compact.

REMARK. The polynomialP(2ri&) is the symbol ofP(D), as defined in
Section 2. The important fact about the symbol is that the Fourier transform
satisfiesF(P(D)T) = P2ri&)F(T), which follows immediately from the
formula F(D*T) = (27i)&*F(T). This fact accounts for our studying the
particular polynomiaP (27 £).

PROOF. Let P have ordem, and letZ be the set of zeros d?(2ri£) in RN,
SinceP(D) is elliptic, the principal symboPy(2i&) is nowhere 0 on the unit
sphere oRN. By compactness of the spheiB, (27i&)| > ¢ > Othere, forsome
constant. Taking into accountthe homogeneityRyf, we see thatPy,(2ri&)| >
clg|™ for all £ in RN. If we write P(27i&) = Pn(27ié) + Q(27i§), then
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Q(2ri&)| < Clg|™ 1 for |€] > 1 and for some consta@. If £ is in Z and
l§] > 1, then we havel¢|™ < Pn(27i§)| = [Q(27i§)| < C|§|™, and we
conclude thai¢| < C/c. This proves the lemma.

Fix an elliptic operatoP (D), and choos® > 0 by the lemma such that all the
zeros inRN of P(2ri £) lie in the closed ball of radiuR centered at the origin.
Fix numbersR’ andR” with R > R” > R. Let x be a smooth function oRN
with values in [Q 1] such thaty (¢) is 0 when|é| < R” and is 1 whené| > R.
The formal computation is as follows: if we definén terms of f by

b0 [ mine FHE

o P2rie) x (&) dg,

then Fourier inversion gives
(P(D)v)(x) = /R &% F(1)(8)x (&) e
= f00 + /R A (x () — DF()(E) d,

and the second term on the right side will be seen to be a smoothing term. Let
us now state a precise result and use properties of distributions to make this
computation rigorous.

Theorem 7.14. Let P(D) be an elliptic operator oRN with constant coef-
ficients. Then there exist a distributithe S’(RN) and a Schwartz function
h e 771(CZ(RV)) such that

P(D)k =68 + Th,

as an equality ir5'(RN). Heres is the Dirac distributions, ¢) = ¢(0). Con-
sequently whenevef is in £'(RN), then the distribution = k % f is tempered
and satisfie®(D)v = f + (h* f).

ReEMARKS. The convolution operatof +— k * f is called aparametrix for
P(D) on&’(RN). More precisely it is a right parametrix, and a left parametrix
can be defined similarly. The operatbr— hx f is called aamoothing operator
becausé « f is in C*(RN) wheneverf is in £&'(RN). To see the smoothing
property, we observe thht as a Schwartz function, is identified with a tempered
distribution when we pass ff,. Theorem 5.21 shows th@, * f is a tempered
distribution with Fourier transfornd(h) F( f). Both factors#(h) and F(f) are
smooth functions, an@(h) has compact support. Therefgfgh « f) is smooth
of compact support, and* f is a Schwartz function.
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PrROOF. The functiono (§) = x(&)/P(2xi&) is smooth and is bounded on
RN because, in the notation used in the proof of Lemma 7,R827i&)| >
|Pm(27i€)| —1Q(27i§)| = (clg| — C)|§|™* and becausgc|s| - C)|§|™ 1 > 1
as soon af | is large enough. Sineeis bounded, integration of the productoof
and any Schwartz function is meaningful, ahdis therefore inS’(RN). Define
k = FXT,). Thisis inS’(RN) and hasF(k) = T,. Defineh = F~1(x — 1).
Sincey — 1isinCZ(RV), his in S(RV).

Now let f in £&'(RN) be given, and define = k = f. Theorem 5.21 shows
thatv is in S’(RN) and thatF(v) = F(K)F(f) = o F(f). Then

F(P(D)v) = P(2ri§)F(v) = P(2ri§)o (§)F(F)
= xEF(H) = F(H) + (x &) — DF(f) = F(F) + F(hF(1).

Taking the inverse Fourier transform of both sides yigkd®)v = f + h«x f
as asserted. For the special cdse= §, we havev = k x § = k, and then
P(D)k = é + T. This completes the proof.

The functionh is the inverse Fourier transform of a membemgm(]RN),
specificallyh(x) = [on €7%¥(x (&) — 1)d&. Since the integration is really
taking place on a compact set, we see that we can replaga complex variable
z and obtain a holomorphic function in all éGN. In other wordsh extends
to a holomorphic function oftN. If we single out any variable, sayi, then
the ellipticity of P(D) implies thatD;q has nonzero coefficient iR(D), and
P(D)w = h s therefore an equation to which the global Cauchy—Kovalevskaya
Theorem applies in the form of Theorem 7.4. The theorem says that the equation
P(D)w = h, in the presence of globally holomorphic Cauchy data, has not just a
local holomorphic solution but a global holomorphic one. Theref(®)w =
h has an entire holomorphic solutian. Let us regardw andh as yielding
distributionsT,, andT; on cggm(RN), so that the equation rea®D)T,, = Tj.
Subtracting this fromP(D)k = § + T}, yields P(D)(k — T,,) = 8. In summary
we have the following corollary.

Corollary 7.15. If P(D) is an elliptic operator ofRN with constant coeffi-
cients, then there existsin D’(RN) with P(D)e = 6.

The distributione is called afundamental solution for P(D) in D’/(RV).
A consequence of the existence efs that P(D)u = f has a solutioru in
D’ (RN) for eachf in £'(RN). This represents an improvement in the conclusion
(fundamental solution vs. parametrix) of Theorem 7.14.

Think of Corollary 7.15 as being an existence theorem. We now turn to a
discussion of the regularity of solutions. For this we do not need the existence
result, and thus we shall proceed without making further use of Corollary 7.15.
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Proposition 7.16. Let P(D) be an elliptic operator oiRN with constant
coefficients. Then the tempered distribution= F~(T,), whereo (¢) =
x(£)/P(2ri§), is a smooth function oRN — {0}. Therefore, for any neigh-
borhood of 0, the elliptic operatd?(D) has a parametriky € £'(RN) with
compact support in that neighborhood. In particular, there is a smooth function
h1 with support in that neighborhood such that whenekgs in £'(RN), then
the distributionv = kg * f is in £&/(RN) and satisfie®®(D)v = f + (hy * ).

SKETCH OF PROOE One checks that
DP (k) = (i) P (=271) I F (T puyy)-

Here£#D%o is aC> function, and we are interested in its integrability. It is
enough to consider what happens fiof > R, whereo (§) = 1/P(2ri&). The
function I/P(2ri &) is bounded above by a multiple =™, and an inductive
argument on the order of the derivative shows th&D%o| < C|g|/#I=lI=m for
|£] > R/, for a constan€ independent of .

Takep = 0. If || is large enough, we see thBto is in LY(RN). Then
FY(D%) = (27i)*Ig?k is given by the usual integral formula f&, but with
e 27Xt replaced bye?*¢. Thereforetk is a bounded continuous function
when|«| is large enough. Applying this observation(tgjjf‘:1 |&j |2')k for large
enougH, we find thatk is a continuous function oRN — {0}.

Next take|8| = 1 and increaskby 1, writinga’ for the neww. Theng? D o
is integrable, and it followsthat£ 'k has a pointwise partial derivative of type
and is continuous. Thus the same thing is truk ohRN — {0}.

Iterating this argument by adding 1 to one of the entrieg &b obtaing’,
we find for eachg that we consider, that the functio®’ ( }_1"_, | %)k and

D (Y], 1§k are integrable fo sufficiently large, and we deduce tHatk
has all first partial derivatives continuous. Siféés arbitraryk equals a smooth
function onRN — {0}.

Tofinish the argument, l&tandh be as in Theorem 7.14, and{gin CZ,(RN)
be identically 1 near 0 and have support in whatever neighborhood of 0 has been
specified. If we writk = vk + (1 — )k, thenky = ¥k has supportin that same
neighborhood, an@ = (1 — ¥ )k is of the formT,, for some smooth function
ho, by what we have shown. Substitutikg= ko + Ty, into P(D)k = § + T, we
find thatP (D)ko = § + Th — Tp(pyn,- The functiorh; = h— P(D)hg is smooth,
and it must have compact support sirRéD)ky ands have compact support.

Corollary 7.17. If uis in D’'(RN) and P(D) is elliptic, then sing supp <
sing suppP (D)u, where “sing supp” denotes singular support.

5The precise result to use is Proposition 8.1Bakic
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REMARK. At first glance it might seem that the rough spotsRifD)u are
surely at least as bad as the rough spots fafr any D. But consider a function
onR? of the formu(x, y) = g(y) and applyP(D) = 8/dx. The result is 0, and
thus sing supp can properly contain sing supp(D)u for P(D) = 3/dx. The
corollary says that this kind of thing does not happeR (D) is elliptic.

PrROOF. Let E = (sing sup@P(D)u)€. By definition the restriction oP(D)u
to CEm(E) is of the formT,, with v in C*°(E). LetU be any nonempty open
set withU® compact and witHJ® < E. It is enough to exhibit a smooth
function equal tou onU. Choose an open s&t with VS compact such that
U c v c v c E. Multiply ¥ by a smooth function of compact supportin
that equals 1 oW, obtaining a function/g € C,(E) such thatjp = v onV.

Choose an open neighborhoWd of 0 such thaWw = —W and such that the
set of sum&J ¢ + W is contained itV . Applying Proposition 7.16, we can write
P(D)ko = § +h' with kg € £'(RN) andh’ € C(RN). The proposition allows
us to insist that the support &f be contained ifW. Then alsdh’ has support
contained inw.

We are to producg € C>(U) with (T,, ¢) = (u, ¢) for all ¢ € CZE,(U).
Our choice ofW forcesk; ¢ to have support itv. Hence

{koxP(D)u, @) = (P(D)u, Ky*¢) = (Ty, ky*p) = (Tyy. kg x9) = (Koxvo. 9).
On the other hand, application of Corollary 5.14 gives
(ko * P(D)u, ) = (P(D)ko * U, 9) = ((§ + ") x U, ) = (U, ) + (h" x u, ¢).

Combining the two computations, we see thaty) = (ko * ¥ —h’ % u, ¢), and
the proof is complete if we takgto bekg * ¥o — h’ x u.

The final step is to localize the result of Corollary 7.17.

Corollary 7.18. If P(D) is elliptic with constant coefficients, @ is nonempty
and open ilRN, and ifu and f are members oP’(U) with P(D)u = f, then
sing suppu C sing suppf. Consequently iff is a smooth function otJ, then
SO isu.

REMARKS. For the Laplacian this result gives something beyond the results in
Chapter lll: Part of the statement is tleatty distribution solutioru of Au = 0 on
an open sety equals a smooth function d. Previously the best result of this
kind that we had was Corollary 3.17, which says that any distribution solution
equal to aC? function is a smooth function.
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PrROOF Itis enough to prove thd N sing supp € E Nsing suppf for each
open se€ with EY compact an€E® < U. Choosey in C&,(U) with ¢ equal
to 1onE®. The equalityyru, ) = (u, ¥¢) = (u, ) forallp € CZ(E) shows
that E N sing suppu = E N sing supp/u. Regardyu as in€’(RN), and define

g = P(D)(yu). Bothyu andg are in’(RN), and every e Cam(E) satisfies

(9, ¢) = (P(D)(Yu), @) = (Yu, P(D)"p)
= (u, P(D)"p) = (P(D)u, ¢) = (f, ¢).

Hence E N sing supm = E N sing suppf. Application of Corollary 7.17
therefore gives

E N'sing suppu = E N sing supp/u € E N sing supm = E N sing suppf,

and the result follows.

6. Method of Pseudodifferential Operators

Linear elliptic equations with variable coefficients were already well understood
by the end of the 1950s. The methods to analyze them combined compactness
arguments for operators between Banach spaces with the use of Sobolev spaces
and similar spaces of functions. Those methods were of limited utility for other
kinds of linear partial equations, but some isolated methods had been developed
to handle certain cases of special interest. In the 1960s a general theory of
pseudodifferential operators was introduced to include all these methods under
a single umbrella, and it and its generalizations are now a standard device for
studying linear partial differential equations. They provide a tool for taking
advantage of point-by-point knowledge of the zero locus of the principal symbol.

As with distributions, pseudodifferential operators make certain kinds of cal-
culations quite natural, and many verifications lie behind their use. We shall omit
most of this detail and concentrate on some of the ideas behind extending the
theory of the previous section to variable-coefficient operators.

We start with a nonempty open subsedf RN and a linear differential operator
P(x, D) = Z‘a‘smaa(x)D“ whose coefficients, (x) are inC>®U). If uisin
C.,(U), we can regard as inCZ(RN). The functionu is then a Schwartz
function, and the Fourier inversion formula holds:

ux) = / eTXE0(E) de,
RN



