




CHAPTER V

Distributions

Abstract. This chapter makes a detailed study of distributions, which are continuous linear func-
tionals on vector spaces of smooth scalar-valued functions. The three spaces of smooth functions
that are studied are the spaceC∞

com(U ) of smooth functions with compact support in an open set
U , the spaceC∞(U ) of all smooth functions onU , and the space of Schwartz functionsS(RN) on
R

N . The corresponding spaces of continuous linear functionals are denoted byD ′(U ), E ′(U ), and
S ′(RN).

Section 1 examines the inclusions among the spaces of smooth functions and obtains the conclu-
sion that the corresponding restriction mappings on distributions are one-one. It extends fromE ′(U )

to D ′(U ) the definition given earlier for support, it shows that the only distributions of compact
support inU are the ones that act continuously onC∞(U ), it gives a formula for these in terms of
derivatives and compactly supported complex Borel measures, and it concludes with a discussion of
operations on smooth functions.

Sections 2–3 introduce operations on distributions and study properties of these operations.
Section 2 briefly discusses distributions given by functions, and it goes on to work with multiplications
by smooth functions, iterated partial derivatives, linear partial differential operators with smooth
coefficients, and the operation( · )∨ corresponding tox �→ −x. Section 3 discusses convolution at
length. Three techniques are used—the realization of distributions of compact support in terms of
derivatives of complex measures, an interchange-of-limits result for differentiation in one variable
and integration in another, and a device for localizing general distributions to distributions of compact
support.

Section 4 reviews the operation of the Fourier transform on tempered distributions; this was
introduced in Chapter III. The two main results are that the Fourier transform of a distribution
of compact support is a smooth function whose derivatives have at most polynomial growth and
that the convolution of a distribution of compact support and a tempered distribution is a tempered
distribution whose Fourier transform is the product of the two Fourier transforms.

Section 5 establishes a fundamental solution for the Laplacian inR
N for N > 2 and concludes

with an existence theorem for distribution solutions to�u = f when f is any distribution of compact
support.

1. Continuity on Spaces of Smooth Functions

Distributions are continuous linear functionals on vector spaces of smooth func-
tions. Their properties are deceptively simple-looking and enormously helpful.
Some of their power is hidden in various interchanges of limits that need to be
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180 V. Distributions

carried out to establish their basic properties. The result is a theory that is easy to
implement and that yields results quickly. In the last section of this chapter, we
shall see an example of this phenomenon when we show how it gives information
about solutions of partial differential equations involving the Laplacian.

The three vector spaces of scalar-valued smooth functions that we shall con-
sider in the text1 of this chapter areC∞(U ), S(RN), andC∞

com(U ), whereU is a
nonempty open set inRN . Topologies for these spaces were introduced in Section
IV.2, Section III.1, and Section IV.7, respectively. Let{Kp} be an exhausting
sequence of compact subsets ofU , i.e., a sequence such thatKp ⊆ K o

p+1 for all
p and such thatU = ⋃∞

p=1 Kp.
The vector spaceC∞(U ) of all smooth functions onU is given by a separating

family of seminorms such that a countable subfamily suffices. The members of
the subfamily may be taken to be‖ f ‖p,α = supx∈Kp

|Dα f (x)|, where 1≤ p < ∞
and whereα varies over all differentiation multi-indices.2 The space of continuous
linear functionals is denoted byE ′(U ), and the members of this space are called
“distributions of compact support” for reasons that we recall in a moment.

The vector spaceS(RN) of all Schwartz functions is another space given by
a separating family of seminorms such that a countable subfamily suffices. The
members of the subfamily may be taken to be‖ f ‖α,β = supx∈RN |xα Dβ f (x)|,
whereα andβ vary over all differentiation multi-indices.3 The space of contin-
uous linear functionals is denoted byS ′(U ), and the members of this space are
called “tempered distributions.”

The vector spaceC∞
com(U ) of all smooth functions of compact support onU

is given by the inductive limit topology obtained from the vector subspacesC∞
Kp

.
The spaceC∞

Kp
consists of the smooth functions with support contained inKp, the

topology onC∞
Kp

being given by the countable family of seminorms‖ f ‖p,α =
supx∈Kp

|Dα f(x)|. The space of continuous linear functionals is traditionally4

writtenD ′(U ), and the members of this space are called simply “distributions.”
Since the field of scalars is a locally convex topological vector space, Proposition
4.29 shows that the members ofD ′(U ) may be viewed as arbitrary sequences of
consistently defined continuous linear functionals on the spacesC∞

Kp
.

1A fourth space, the space of periodic smooth functions onR
N , is considered in Problems 12–19

at the end of the chapter and again in the problems at the end of Chapter VII.
2The notation for the seminorms in Chapter IV was chosen for the entire separating subfamily

and amounted to‖ f ‖Kp,Dα . The subscripts have been simplified to take into account the nature of
the countable subfamily.

3The notation for the seminorms in Chapter III was chosen for the entire separating subfamily
and amounted to‖ f ‖

xα,xβ . The subscripts have been simplified to take into account the nature of
the countable subfamily.

4The tradition dates back to Laurent Schwartz’s work, in whichD(U ) was the notation for
C∞

com(U ) andD ′(U ) denoted the space of continuous linear functionals.
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For the spaces of smooth functions, there are continuous inclusions

C∞
com(U ) ⊆ C∞(U ) for all U,

C∞
com(RN) ⊆ S(RN) ⊆ C∞(RN) for U = R

N .

We observed in Section IV.2 thatC∞
com(U ) ⊆ C∞(U ) has dense image. Proposi-

tion 4.12 showed thatC∞
com(RN) ⊆ S(RN) has dense image, and it follows that

S(RN) ⊆ C∞(RN) has dense image.
If i : A → B denotes one of these inclusions andT is a continuous linear

functional onB, thenT ◦ i is a continuous linear functional onA, and we can
regardT ◦ i as the restriction ofT to A. Sincei has dense image,T ◦ i cannot
be 0 unlessT is 0. Thus each restriction mapT �→ T ◦ i as above is one-one.
We therefore haveone-onerestriction maps

E ′(U ) → D ′(U ) for all U,

E ′(RN) → S ′(RN) → D ′(RN) for U = R
N .

This fact justifies using the term “distribution” for any member ofD ′ and for
using the term “distribution” with an appropriate modifier for members ofE ′ and
S ′.

As in Section III.1 it will turn out often to be useful to write the effect of a
distributionT on a functionϕ as〈T, ϕ〉, rather than asT(ϕ), and we shall adhere
to this convention systematically for the moment.5

We introduced in Section IV.2 the notion of “support” for any member ofE ′(U ),
and we now extend that discussion toD ′(U ). We saw in Proposition 4.10 that if
T is an arbitrary linear functional onC∞

com(U ) and ifU ′ is the union of all open
subsetsUγ of U such thatT vanishes onC∞

com(Uγ ), thenT vanishes onC∞
com(U ′).

We accordingly define thesupport of any distribution to be the complement in
U of the union of all open setsUγ such thatT vanishes onC∞

com(Uγ ). If T has
empty support, thenT = 0 becauseT vanishes onC∞

com(U ) and becauseC∞
com(U )

is dense in the domain ofT . Proposition 4.11 showed that the members ofE ′(U )

have compact support in this sense; we shall see in Theorem 5.1 that no other
members ofD ′(U ) have compact support.

An example of a member ofE ′(U ) was given in Section IV.2: Take finitely
many complex Borel measuresρα of compact support withinU , the indexing be-
ing by multi-indicesα with |α| ≤ m, and put〈T, ϕ〉=∑

|α|≤m

∫
U Dαϕ(x) dρα(x).

ThenT is inE ′(U ), and the support ofT is contained in the union of the supports
of theρα ’s. Theorem 5.1 below gives a converse, but it is necessary in general
to allow theρα ’s to have support a little larger than the support of the given
distributionT .

5A different convention is to write
∫

U ϕ(x) dT(x) in place of〈T, ϕ〉. This notation emphasizes
an analogy between distributions and measures and is especially useful when more than oneR

N

variable is in play. This convention will provide helpful motivation in one spot in Section 3.
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Theorem 5.1.If T is a member ofD ′(U ) with support contained in a compact
subsetK of U , thenT is in E ′(U ). Moreover, if K ′ is any compact subset of
U whose interior containsK , then there exist a positive integerm and, for each
multi-indexα with |α| ≤ m, a complex Borel measureρα supported inK ′ such
that

〈T, ϕ〉 =
∑

|α|≤m

∫
K ′

Dαϕ dρα for all ϕ ∈ C∞(U ).

REMARK. Problems 8–10 at the end of the chapter discuss the question of
taking K ′ = K under additional hypotheses.

PROOF. Let ψ be a member ofC∞
com(U ) with values in [0, 1] that is 1 on a

neighborhood ofK and is 0 onK ′c; such a function exists by Proposition 3.5f.
If ϕ is in C∞

com(U ), then we can writeϕ = ψϕ + (1 − ψ)ϕ with ψϕ in C∞
K ′

and with(1 − ψ)ϕ in C∞
com(K c). The assumption about the support ofT makes

〈T, (1 − ψ)ϕ〉 = 0, and therefore

〈T, ϕ〉 = 〈T, ψϕ〉 + 〈T, (1 − ψ)ϕ〉 = 〈T, ψϕ〉 for all ϕ in C∞
com(U ). (∗)

Since the inclusionC∞
K ′ → C∞

com(U ) is continuous, we can define a continuous
linear functionalT1 onC∞

K ′ byT1(φ) = 〈T, φ〉 for φ in C∞
K ′ . For anyϕ in C∞

com(U ),
φ = ψϕ is in C∞

K ′ , and(∗) gives〈T, ϕ〉 = 〈T, ψϕ〉 = T1(ψϕ). The continuity
of T1 onC∞

K ′ means that there existm andC such that

|T1(φ)| ≤ C
∑

|α|≤m
sup
x∈K ′

|Dαφ(x)| for all φ ∈ C∞
K ′ . (∗∗)

Let M be the number of multi-indicesα with |α| ≤ m.
We introduce the Banach spaceX of M-tuples of continuous complex-valued

functions onK ′, the norm forX being the largest of the norms of the components.
The Banach-space dual of this space is the space ofM-tuples of continuous linear
functionals on the components, thus the space ofM-tuples of complex Borel
measures onK ′.

We can embedC∞
K ′ as a vector subspace ofX by mappingφ to theM-tuple with

componentsDαφ for |α| ≤ m. We transferT1 from C∞
K ′ to its image subspace

within X, and the result, which we still callT1, is a linear functional continuous
relative to the norm onX as a consequence of(∗∗). Applying the Hahn–Banach
Theorem, we extendT1 to a continuous linear functional̃T1 on all of X without
an increase in norm. TheñT1 is given onX by an M-tuple of complex Borel
measuresρ ′

α on K ′, i.e., T̃1({ fα}|α|≤m) = ∑
|α|≤m

∫
K ′ fα dρ ′

α. Therefore anyϕ in
C∞

com(U ) has

〈T, ϕ〉 = T1(ψϕ) = T̃1
({Dα(ψϕ)}|α|≤m

) = ∑
|α|≤m

∫
K ′ Dα(ψϕ) dρ ′

α. (†)



1. Continuity on Spaces of Smooth Functions 183

The right side of(†) is continuous onC∞(U ), and thereforeT extends to a
member ofE ′(U ). The formula in the theorem follows by expanding out each
Dα(ψϕ) in (†) by the Leibniz rule for differentiation of products, grouping the
derivatives ofψ with the complex measures, and reassembling the expression
with new complex measuresρα.

In Chapters VII and VIII we shall be interested also in a notion related to
support, namely the notion of “singular support.” Iff is a locally integrable
function on the open setU , then f defines a memberTf of D ′(U ) by

〈Tf , ϕ〉 =
∫

U
f ϕ dx for ϕ ∈ C∞

com(U ).

If U ′ is an open subset ofU andT is a distribution onU , we say thatT equals
a locally integrable function on U ′ if there is some locally integrable function
f on U ′ such that〈T, ϕ〉 = 〈Tf , ϕ〉 for all ϕ in C∞

com(U ). We say thatT equals
a smooth functiononU ′ if this condition is satisfied for somef in C∞(U ′). In
the latter case the member ofC∞(U ′) is certainly unique.

The singular support of a memberT of D ′(U ) is the complement of the
union of all open subsetsU ′ of U such thatT equals a smooth function onU ′.
The uniqueness of the smooth function on such a subset implies that ifT equals
the smooth functionf1 on U ′

1 and equals the smooth functionf2 on U ′
2, then

f1(x) = f2(x) for x in U ′
1 ∩ U ′

2. In fact,T equals the smooth functionf1
∣∣
U ′

1∩U ′
2

onU ′
1 ∩ U ′

2 and also equals the smooth functionf2
∣∣
U ′

1∩U ′
2

there. The uniqueness

forces f1
∣∣
U ′

1∩U ′
2
= f2

∣∣
U ′

1∩U ′
2
. Taking the union of all the open subsets on whichT

equals a smooth function, we see thatT is a smooth function on the complement
of its singular support.

EXAMPLE. TakeU = R
1, and define

〈T, ϕ〉 = lim
ε↓0

∫
|x|≥ε

ϕ(x) dx

x
for ϕ ∈ C∞

com(R1).

To see that this is well defined, we chooseη in C∞
com(R1) with η identically 1

on the support ofϕ and withη(x) = η(−x) for all x. Taylor’s Theorem gives
ϕ(x) = ϕ(0) + x R(x) with R in C∞(R1). Multiplying by η(x) and integrating
for |x| ≥ ε, we obtain∫

|x|≥ε
ϕ(x) dx

x = ϕ(0)
∫
|x|≥ε

η(x) dx
x + ∫

|x|≥ε
R(x)η(x) dx.

The first term on the right side is 0 for everyε, and therefore

〈T, ϕ〉 = ∫
R1 R(x)η(x) dx.
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It follows thatT is inD ′(R1). On any function compactly supported inR
1 −{0},

the original integral definingT is convergent. ThusT equals the function 1/x
on R

1 − {0}. Since 1/x is nowhere zero onR1 − {0}, the (ordinary) support of
T has to be a closed subset ofR

1 containingR
1 − {0}. ThereforeT has support

R
1. On the other hand,T does not equal a function on all ofR

1, andT has{0}
as its singular support.

Starting in Section 2, we shall examine various operations on distributions.
Operations on distributions will be defined by duality from corresponding opera-
tions on smooth functions. For that reason it is helpful to know about continuity
of various operations on spaces of smooth functions. These we study now.

We begin with multiplication by smooth functions and with differentiation. If
ψ is in C∞(U ), then multiplicationϕ �→ ψϕ carriesC∞

com(U ) into itself and also
C∞(U ) into itself. The same is true of any iterated partial derivative operator
ϕ �→ Dαϕ. We shall show that these operations are continuous. A multiplication
ϕ �→ ψϕ need not carryS(RN) into itself, and we put asideS(RN) for further
consideration later.

The kind of continuity result forC∞(U ) that we are studying tends to follow
from an easy computation with seminorms, and it is often true that the same
argument can be used to handle alsoC∞

com(U ). Here is the general fact.

Lemma 5.2.Suppose thatL : C∞(U ) → C∞(U ) is a continuous linear map
that carriesC∞

com(U ) into C∞
com(U ) in such a way that for each compactK ⊆ U ,

C∞
K is carried intoC∞

K ′ for some compactK ′ ⊇ K . ThenL is continuous as a
linear map fromC∞

com(U ) into C∞
com(U ).

PROOF. Proposition 4.29b shows that it is enough to prove for eachK that
the composition ofL : C∞

K → C∞
K ′ followed by the inclusion ofC∞

K ′ into
C∞

com(U ) is continuous, and we know that the inclusion is continuous. Fix
K , chooseKp in the exhausting sequence containing the correspondingK ′,
and letα be a multi-index. By the continuity ofL : C∞(U ) → C∞(U ),
there exist a constantC, some integerq with q ≥ p, and finitely many multi-
indicesβi such that‖L(ϕ)‖p,α ≤ C

∑
i ‖ϕ‖q,βi

. Since L(ϕ) has support in
K ′ ⊆ Kp andϕ has support inK ⊆ K ′ ⊆ Kp ⊆ Kq, this inequality shows that
supx∈K ′ |Dα(L(ϕ))(x)| ≤ C

∑
i supx∈K |Dβi ϕ(x)|. HenceL : C∞

K → C∞
K ′ is

continuous, and the lemma follows.

Proposition 5.3. If ψ is in C∞(U ), thenϕ �→ ψϕ is continuous fromC∞(U )

to C∞(U ) and fromC∞
com(U ) to C∞

com(U ). If α is any differentiation multi-index,
thenϕ �→ Dαϕ is continuous fromC∞(U ) to C∞(U ) and fromC∞

com(U ) to
C∞

com(U ).



1. Continuity on Spaces of Smooth Functions 185

PROOF. The Leibniz rule for differentiation of products givesDα(ψϕ) =∑
β≤α cβ(Dβ−αψ)(Dβϕ) for certain integerscβ . Then

‖ψϕ‖p,α ≤ ∑
β≤α cβmβ‖ϕ‖p,β ,

wheremβ = supx∈Kp
|Dβ−αψ(x)|, and it follows thatϕ �→ ψϕ is continuous

from C∞(U ) into itself. TakingK ′ = K in Lemma 5.2, we see thatϕ �→ ψϕ is
continuous fromC∞

com(U ) into itself.
Since‖Dαϕ‖p,β = ‖ϕ‖p,α+β , the functionϕ �→ Dαϕ is continuous from

C∞(U ) into itself, and Lemma 5.2 withK ′ = K shows thatϕ �→ Dαϕ is
continuous fromC∞

com(U ) into itself.

We can combine these two operations into the operation of alinear partial
differential operator

P(x, D) =
∑

|α|≤m

cα(x)Dα with all cα in C∞(U )

by means of the formulaP(x, D)ϕ = ∑
|α|≤m cα(x)Dαϕ. It is to be understood

that the operator has smooth coefficients. It is immediate from Proposition 5.3
that P(x, D) is continuous fromC∞(U ) into itself and fromC∞

com(U ) into itself.
An operatorP(x, D) as above is said to be oforder m if somecα(x) with

|α| = m hascα not identically 0. The operator reduces to an operator of the form
P(D) if the coefficient functionscα are all constant functions.

We introduce thetranspose operatorP(x, D)tr by the formula

P(x, D)trϕ(x) =
∑

|α|≤m

(−1)|m|Dα
(
cα(x)ϕ(x)

)
.

Expanding out the termsDα
(
cα(x)ϕ(x)

)
by means of the Leibniz rule, we see

that P(x, D)tr is some linear partial differential operator of the formQ(x, D).
The next proposition gives the crucial property of the transpose operator.

Proposition 5.4.Suppose thatP(x, D) is a linear partial differential operator
onU . If u andv are inC∞(U ) and at least one of them is inC∞

com(U ), then∫
U

(
P(x, D)tru(x)

)
v(x) dx =

∫
U

u(x)
(
P(x, D)v(x)

)
dx.

PROOF. It is enough to prove that the partial derivative operatorDj with respect
to xj satisfies

∫
U (Dj u)v dx = − ∫

U u(Dj v) dx since iteration of this formula
gives the result of the proposition. Moving everything to one side of the equation
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and puttingw = uv, we see that it is enough to prove that
∫

RN IU Dj w dx = 0
if w is in C∞

com(U ), where IU is the indicator function ofU . We can drop the
IU from the integration sinceDj w is 0 off U , and thus it is enough to prove that∫
RN Dj w dx = 0 for w in C∞

com(RN). By Fubini’s Theorem the integral may be
computed as an iterated integral. The integral on the inside extends over the set
wherexj is arbitrary inR and the other variables take on particular values, say
xi = ci for i �= j . The integral on the outside extends over all choices of theci

for i �= j . The inside integral is already 0, because for suitablea andb, it is of
the form

∫ b
a Dj w dxj = [w]

xj =b
xj =a = 0 − 0 = 0.

Next let us consider convolution, takingU = R
N . We shall be interested in

the functionψ ∗ ϕ given by

ψ ∗ ϕ(x) = ∫
RN ψ(x − y)ϕ(y) dy = ∫

RN ψ(y)ϕ(x − y) dy,

under the assumption thatψ andϕ are inC∞(RN) and that one of them has
compact support.

A simple device of localization helps with the analysis of this function: IfK
is the support ofψ , then the values ofψ ∗ ϕ(x) for x in a bounded open setS
depend only on the value ofϕ on the bounded open set of differencesS− K .
Consequently we can replaceϕ by ηϕ, whereη is a member ofC∞

com(RN) that
is 1 onS− K , and the values ofψ ∗ ϕ(x) will match those ofψ ∗ (ηϕ)(x) for x
in S. The latter function is the convolution of two smooth functions of compact
support and is smooth by Proposition 3.5c. Thereforeψ ∗ϕ is always inC∞(RN)

if ψ is in C∞
com(RN) andϕ is in C∞(RN). We shall use this same device later in

treating convolution of distributions.

Proposition 5.5. If ψ is in C∞
com(RN) andϕ is in C∞(RN), then

(a) Dα(ψ ∗ ϕ) = (Dαψ) ∗ ϕ = ψ ∗ (Dαϕ),
(b) convolution of three functions inC∞(RN) is associative when at least

two of the three functions have compact support,
(c) convolution withψ is continuous fromC∞(RN) into itself and from

C∞
com(RN) into itself,

(d) convolution withϕ is continuous fromC∞
com(RN) into C∞(RN).

PROOF. For (a), letK be the support ofψ . Concentrating onx’s lying in a
bounded open setS, choose a functionη in C∞

com(RN) that is 1 onS− K , and
thenψ ∗ ϕ(x) = ψ ∗ (ηϕ)(x) for x in S. Proposition 3.5c says that

Dα(ψ ∗ (ηϕ))(x) = (Dαψ) ∗ (ηϕ)(x) = ψ ∗ Dα(ηϕ)(x)

for all x in R
N , and consequently

Dα(ψ ∗ ϕ)(x) = (Dαψ) ∗ ϕ(x) = ψ ∗ Dαϕ(x)
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for all x in S. SinceS is arbitrary, (a) follows. The proof of (b) is similar.
For (c), again letK be the support ofψ , and apply (a). Then

‖ψ ∗ ϕ‖p,α = sup
x∈Kp

|Dα(ψ ∗ ϕ)(x)| = sup
x∈Kp

|ψ ∗ (Dαϕ)(x)|

≤ sup
x∈Kp

∫
K |ψ(y)||Dαϕ(x − y)| dy

∣∣ ≤ ‖ψ‖1 supz∈Kp−K |Dαϕ(z)|,

and the right side is≤ ‖ψ‖1‖ϕ‖q,α if q is large enough so thatKp − K ⊆ Kq.
This proves the continuity onC∞(RN), and the continuity onC∞

com(RN) then
follows from Lemma 5.2.

For (d), Proposition 4.29b shows that it is enough to prove thatψ �→ ψ ∗ ϕ is
continuous fromC∞

K into C∞(RN) for each compact setK . The same estimate
as for (c) gives

‖ψ ∗ ϕ‖p,α ≤ ‖ψ‖1‖ϕ‖q,α ≤ |K |‖ϕ‖q,α(sup
x∈K

|ψ(x)|)

if q is large enough so thatKp − K ⊆ Kq. The result follows.

2. Elementary Operations on Distributions

In this section we take up operations on distributions. Iff is a locally integrable
function on the open setU , we defined the memberTf of D ′(U ) by

〈Tf , ϕ〉 =
∫

U
f ϕ dx

for ϕ in C∞
com(U ). If f vanishes outside a compact subset ofU , thenTf is in

E ′(U ), extending to operate on all ofC∞(U ) by the same formula.
Starting from certain continuous operationsL on smooth functions, we want

to extend these operations to operations on distributions. So that we can regard
L as an extension from smooth functions to distributions, we insist on having
L(Tf ) = TL( f ) if f is smooth. To tie the definition ofL on distributionsTf to the
definition on general distributionsT , we insist thatL be the “transpose” ofsome
continuous operationM on functions, i.e., that〈L(T), ϕ〉 = 〈T, M(ϕ)〉. Taking
T = Tf in this equation, we see that we must have

∫
U L( f )ϕ dx = ∫

U f M(ϕ) dx.
On the other hand, once we have found a continuousM on smooth functions with∫

U L( f )ϕ dx = ∫
U f M(ϕ) dx, then we can make the definition〈L(T), ϕ〉 =

〈T, M(ϕ)〉 for the effect ofL on distributions. In particular the operatorM on
smooth functions is unique if it exists. We writeL tr = M for it. In summary, our


