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CHAPTER IV

Topics in Functional Analysis

Abstract. This chapter pursues three lines of investigation in the subject of functional analysis—one
involving smooth functions and distributions, one involving fixed-point theorems, and one involving
spectral theory.

Section 1 introduces topological vector spaces. These are real or complex vector spaces with a
Hausdorff topology in which addition and scalar multiplication are continuous. Examples include
normed linear spaces, spaces given by a separating family of countably many seminorms, and weak
and weak-star topologies in the context of Banach spaces. Various general properties of topological
vector spaces are proved, and it is proved that the quotient of a topological vector space by a closed
vector subspace is Hausdorff and is therefore a topological vector space.

Section 2 introduces a topology on the sp&ce(U) of smooth functions on an open subset of
RN. The support of a continuous linear functional®@? (U) is defined and shown to be a compact
subset ofU. Accordingly, the continuous linear functionals are called distributions of compact
support.

Section 3 studies weak and weak-star topologies in more detail. The main result is Alaoglu’s
Theorem, which says that the closed unit ball in the weak-star topology on the dual of a normed linear
space is compact. In an earlier chapter a preliminary form of this theorem was used to construct
elements in a dual space as limits of weak-star convergent subsequences.

Section 4 follows Alaoglu’s Theorem along a particular path, giving what amounts to a first
example of the Gelfand theory of Banach algebras. The relevant theorem, known as the Stone
Representation Theorem, says that conjugate-closed uniformly closed subalgebras containing the
constants inB(S) are isomorphic via a norm-preserving algebra isomorphism to the space of all
continuous functions on some compact Hausdorff space. The compact space in question is the space
of multiplicative linear functionals on the subalgebra, and the proof of compactness uses Alaoglu’s
Theorem.

Sections 5-6 return to the lines of study toward distributions and fixed-point theorems. Section 5
studies the relationship between convexity and the existence of separating linear functionals. The
main theorem makes use of the Hahn—Banach Theorem. Section 6 introduces locally convex
topological vector spaces. Application of the basic separation theorem from the previous section
shows the existence of many continuous linear functionals on such a space.

Section 7 specializes to the line of study via smooth functions and distributions. The topic is
the introduction of a certain locally convex topology on the spags,(U) of smooth functions of
compact support o . This is best characterized by a universal mapping property introduced in the
section.

Sections 8-9 pursue locally convex spaces along the other line of study that split off in Section 5.
Section 8 gives the Krein—Milman Theorem, which asserts the existence of a supply of extreme
points for any nonempty compact convex set in a locally convex topological vector space. Section 9
relates compact convex sets to the subject of fixed-point theorems.
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106 IV. Topics in Functional Analysis

Section 10 takes up the abstract theory of Banach algebras, with particular attention to com-
mutative C* algebras with identity. Three examples are the algebras characterized by the Stone
Representation Theorem, ahy® space, and any adjoint-closed commutative Banach algebra
consisting of bounded linear operators on a Hilbert space and containing the identity.

Section 11 continues the investigation of the last of the examples in the previous section and
derives the Spectral Theorem for bounded self-adjoint operators and certain related families of
operators. Powerful applications follow from a functional calculus implied by the Spectral Theorem.
The section concludes with remarks about the Spectral Theorem for unbounded self-adjoint operators.

1. Topological Vector Spaces

In this section we shall work with vector spaces oReor C, and the distinction
between the two fields will not be very important. We wiiitdor this field of
scalars. Aopological vector spacer linear topological spacds a vector space
X overF with a Hausdorff topology such that addition, as a mappingX — X,
and scalar multiplication, as a mappifigx X — X, are continuous. The
mappings that we study between topological vector spaces are the continuous
linear functions, which may be referred to as “continuous linear operators.” An
isomorphism of topological vector spaces ovBiis a continuous linear operator
with a continuous inverse.

The simplest examples of topological vector spaces are the sjfaces
column vectors with the usual metric topology. Since the topologieBNof
FN x FN, andF x FN are given by metrics, continuity of functions defined on
any of these spaces may be tested by sequences. In particular, continuity of the
vector-space operations B reduces to the familiar results about limits of sums
of vectors and limits of scalars times vectors. Moreovel, if FN — Y is
any linear function fromifN into a topological vector space ovEr thenL is
continuous. To see this, &y, . . ., en} be the standard basis of column vectors,
and let(-, -) be the standard inner product &, namely the dot product if
F = R and the usual Hermitian inner producffif= C. Write y; = L(g). For
anyx in FN, we have

N N

LOO =) (. g)Lg) =) (X &)y

=1 j=1

If {xn} is a sequence convergingtdn FN, then the continuity of the inner product
forces(xn, €) — (X, g) for eachj. ThenL(x,) tends toL(x) in Y since the
vector space operations are continuou¥ irHenceL is continuous.
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A second class of examples is the class of normed linear spaces. These were
defined inBasig and the continuity of the operations was established there.
The space&N of column vectors are examples. Further examples include the
spaceB(S) of all bounded scalar-valued functions on a nonemptysseith the
supremum norm, the vector subsp&a&) of continuous members &(S) when
Sis a topological space, the vector subspatgs(S) andCy(S) of continuous
functions of compact support and of continuous functions vanishing at infinity
whenSis locally compact Hausdorff, the spak@(X, n) for 1 < p < oo when
(X, n) is a measure space, and the spibeS) of finite regular Borel complex
measures on a locally compact Hausdorff space with the total variation norm.

Awider class of examples, which includes the normed linear spaces, is the class
of topological vector spaces defined by seminorms. Seminorms were defined in
Section Ill.1. If we have a family| - ||} of seminorms on a vector spa&eover
IF, with indexing given bys in some nonempty s&, the corresponding topology
on X is defined as the weak topology determined by all functiors | X — y||s
fors € Sandy € X. A base for the open sets &f is obtained as follows: For
each triple(y, s, r), with y in X, with s one of the seminorm indices, and with
r > 0, the sel{x | X —vylls < r} is to be in the base, and the base consists of all
finite intersections of these sets@ss, r) varies.

In order to obtain a topological vector space from a system of seminorms, we
must ensure the Hausdorff property, and we do so by insisting that thefonly
in X with || f||g = Oforallsis f = 0. In this case the family of seminorms is
called aseparating family. Let us go through the argument that a space defined
by a separating family of seminorms is a topological vector space.

Proposition 4.1. Let X be a vector space ov&rendowed with a separating
family {|| - ||} of seminorms. Then the weak topology determined by all functions
X — |Ix — y|l makesX into a topological vector space.

PrROOF To see thaX is Hausdorff, letxg andyp be distinct points ofX. By
assumption, there exists somisuch thaf|xo — Yol| is @ positive number. The
sets{x | [Ix — Xolls < r/2} and{y | Ily — yolls < r/2} are disjoint and open, and
they containxg andyyp, respectively. Henc is Hausdorff.

To see that addition is continuous, we are to show that if §®egf v, )} is con-
vergentinX x X to (Xo, Yo), then{X, + Y, } converges txp + Yyo. This means that
if [IXe —Xolls+ I Yo — Yolls tends to O for each, then|| (X, + Yo) — (Xo+ Yo) |l tends
to O for eacts. This is immediate from the triangle inequality for the seminorm
|l - Ils, and hence addition is continuous. The proof that scalar multiplication is
continuous is similar.

1The definition appears in Section V.9Bé&sig and the continuity of the operations is proved in
Proposition 5.55.
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We have encountered two distinctly different kinds of examples of topological
vector spaces defined by families of seminorms. In the first kind a countable
family of seminorms suffices to define the topology. Normed linear spaces are
examples. Soisthe Schwartz sp&RN), consisting of all smooth scalar-valued
functions orRN such that the product of any polynomial with any iterated partial
derivative of the function is bounded. The defining seminorms for the Schwartz
space are

[ fllp g = supP)(Q(D) fH(x)l,
XxeRN
whereP andQ are arbitrary polynomials. We saw in Section IIl.1 that the same
topology arises if we use only the countably many seminorms for wRigh
some monomiax® and Q is some monomiak?. This family of seminorms is a
separating family becauseliff |, ; = 0, thenf = 0.

Another example of a topological vector space whose topology can be defined
by countably many seminorms is the sp&ce(U ) of smooth scalar-valued func-
tions on a nonempty open dgtof RN with the topology of uniform convergence
on compact sets of all derivatives. The family of seminorms is indexed by pairs
(K, P)with K acompact subset bf and withP a polynomial, the corresponding
seminorm being| f || p = supk [(P(D) f)(X)|. The Hausdorff condition is
satisfied because iff ||, ; = 0 for all K, then f = 0. We shall see in the
next section that the topology can be defined by a countable subfamily of these
seminorms.

Still a third space of smooth scalar-valued functions, bes&i@&") and
C>(U), willbe of interestto us. Thisis the spaCg;,,(U) of smooth functions on
a nonempty opebl with compact support contained th. The useful topology
on this space is more complicated than the topologies considered so far. In
particular, it cannot be given by countably many seminorms. Describing the
topology requires some preparation, and we come back to the details in Section 7.

The examples we have encountered of topological vector spaces defined by
an uncountable family of seminorms, but not definable by a countable family,
are qualitatively different from the examples above. Indeed, they lead along a
different theoretical path, as we shall see—one that takes us in the direction of
spectral theory rather than distribution theory.

The first class of such examples is the class of normed linear spawdth
the “weak topology,” as contrasted with the norm topology. Kétbe the set
of linear functionals ofX that are continuous in the norm topology. Tweak
topology on X was defined in Chapter X @asicas the weakest topology that
makes all members of* continuous. Of course, any set that is open in the weak
topology onX is open in the norm topology. A base for the open sets in the weak
topology onX is obtained as follows: For each tripley, x*, r), with X in X, x*
in X*, andr > 0, the sef{x | [x*(X — Xo)| < r} isto be in the base, and the base
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consists of all finite intersections of these set>as x*, r) varies. The weak
topology is given by the family of seminornfis- |x = |x*(-)|. The proof that

the weak topology is Hausdorff requires the fact, for eagh 0 in X, that there

is some membex* with x*(x) # 0; this fact is one of the standard corollaries of
the Hahn—Banach Theorem. Examples of weak topologies will be discussed in
Section 3.

Similarly the weak-star topology oK*, when X is a normed linear space,
was defined irBasicas the weakest topology of* that makes all members of
X continuous. This is given by the family of seminorins ||x = | - (X)|. Here
the relevant fact for seeing that the topology is Hausdorff is that for gaeh0
in X*, there is some& in X with x*(x) # 0. This is just a matter of the definition
of x* # 0 and depends on no theorem. Examples of weak-star topologies will be
discussed in Section 3.

The above classes of examples by no means exhaust the possibilities for topo-
logical vector spaces. Let us mention briefly one example that is not even close
to being definable by seminorms. Itis the sph€¢[0, 1]) with0 < p < 1. This
is the vector space of all real-valued Borel functions ariJ@vith f[o,l] | f|Pdx
finite, exceptthat we identify two functions if they differ only on a set of measure 0.
Let us see thad(f, g) = f[o,l] | f — g|Pdxis a metric. We need only verify the
triangle inequality in the forr’(f[o,l] |[f +glPdx < f[0)1]p| fIPdx+ f[o,l] |g|P dx.

To check this, we observe for nonnegativthat(1+r)P — (1+rP)isOatr =0

and has negative derivatiyi (1 + r)P~1 — r P~1) sincep — 1 is negative. Thus
(14r)P < 1+rPforr > 0,and consequentfg+b|P < (Ja|+|b])P < |a|P+|b|P

for all reala andb. Takinga = f (x) andb = g(x) and integrating, we obtain the
desired triangle inequality. One readily shows th&g[0, 1]) with this metric is a
topological vector space. On the other hand, this topological vector space is rather
pathological, as is shown in Problem 8 at the end of the chapter. For example it
has no nonzero continuous linear functionals, whereas nonzero topological vector
spaces whose topologies are given by seminorms always have enough continuous
linear functionals to separate poirts.

Now we turn our attention to a few results valid for arbitrary topological vector
spaces.

Proposition 4.2. In any topological vector space, the closure of any vector
subspace is a vector subspace.

PrROOF. LetV be a vector subspace of the topological vector spacké x and
y are inV, then(x, y) isin V% x V% = (V x V). Any continuous function

2More precisely it will be observed in Section 6 that topological vector spaces whose topologies
are given by seminorms are “locally convex,” and it will be proved in that same section that locally
convex spaces always have enough continuous linear functionals to separate points.
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f has the property for any sétthat f (%) C f(S)¢. Applying this fact to the
addition function, we see that+ y is in V sinceV is the image o¥/ x V under
addition. Thusv® is closed under addition. Similariy® is closed under scalar
multiplication.

Lemma 4.3. If X is a real or complex vector space in which addition and
scalar multiplication are continuous and @ is a closed subset of, thenX is
Hausdorff and hence is a topological vector space.

PrROOF Since translations are homeomorphisms, it is enough to separate 0 and
an arbitraryx # 0 by disjoint open neighborhoods. Sin¥e— {0} is open, so
isV = X — {x}. By continuity of subtraction, choose an open neighborHdod
of 0 such that the set of differences satisfies- U € V. ThenU andx 4+ U
are open neighborhoods of 0 ard If y is in their intersection, theg is in U,
andy is of the formx + u for someu in U. Hencex = y — u exhibitsx as in
U-U CV = X — {x}, contradiction. Thus we can takéandx + U as the
required disjoint open neighborhoods of 0 and

Proposition 4.4. If X is a topological vector space, Yf is a closed vector
subspace, and if the quotient vector spXger is given the quotient topology,
then X/Y is a topological vector space, and the quotient mapX — X/Y
carries open sets to open sets.

ProOOF. If U is open inX, theng=t(qU)) = Uer (y + U) exhibits
q~1(q(U)) as the union of open sets and hence as an open set. By definition
of the topology onX/Y, q(U) is open inX/Y. Henceq carries open sets iK
to open setsirX/Y.

To see that addition is continuous Xy Y, let x; andx, be in X, and letE be
an open neighborhood of the membxer+ x> + Y of X/Y. Thenq1(E) is an
open neighborhood of; + x; in X. By continuity of addition inX, there exist
open neighborhoodd; of x; andU, of x, such thatJ; + U, € q~1(E). The
mapq is open and linear, and henqéU;) andq(U,) are open subsets &f/Y
with q(Uy) + q(U2) < q(q~*(E)) = E. Thus addition is continuous iX/Y.

To see that scalar multiplication is continuousdpy, letc be a scalar, let be
in X, and letE be an open neighborhood ok in X/Y. Theng=1(E) is an open
neighborhood o€x in X. By continuity of scalar multiplication iiX, there exist
open neighborhood& of cin the scalars and of x in X such thatAU < q—%(E).
Thenq(U) is an open subset &f/ Y such thatAq(U) € q(g~(E)) = E. Hence
scalar multiplication is continuous X/Y.

Applying Lemma 4.3, we see that/Y is Hausdorff. ThereforeX/Y is a
topological vector space.

81f g : X — X/Y is the quotient mapping, the open s&sf X/Y are defined as all subsets
such thay~1(E) is open inX.
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Proposition 4.5. If Y is ann-dimensional topological vector space ow&r
thenY is isomorphic tdr".

PROOF Letys, ..., ¥y be a vector-space basis ¥f and let(-, -) and| - |
be the usual inner product and normIdh If ey, ..., &, is the standard basis of
F", defineL (> _7_; ¢jg) = Y_{_; ¢jy;. ThenL is one-one and hence is orito
We saw earlier in this section thatis continuous. We shall prove that* is
continuous, and it is enough to do so at 0rin

Assuming on the contrary that* is not continuous at 0, we can find some
e > 0 such that no open neighborhobdof 0 in Y maps undel ! into the
open neighborhoofix| < ¢} of 0 in F". For each suchJ, find yy in U with
IL=Y(yu)| > €. Definezy = |L=(yy)|"*yu. The net{yy} tends to 0 inY by
construction, and the numbeis—(yy )|~ are bounded by . By continuity
of scalar multiplication irY, z;, has limit 0 inY. On the other hand, the members
of F" defined byxy = L™(zy) = |L~(yu)|"*L~(yy) have|xy| = 1 for all
U. The unit sphere ifi™ is compact, and it follows thdixy} has a convergent
subnet, sayxy, }, with some limitxo such thatxo| = 1. We havel (xy) = zy,
and passage to the limit givésgxo) = lim, L(xy,) = lim, zy, = 0. On the
other handL is one-one, and hence the equalityxg) = O for somex, with
Ixo| = 1 is a contradiction. We conclude that?! is continuous.

Corollary 4.6. Every finite-dimensional vector subspace of a topological
vector space is closed.

PrROOF. LetV be ann-dimensional subspace of a topological vector space
and suppose that® properly containg/. Choosexg in V¢ — V, and form the
vector subspac®/ = V + Fxg. Then the closure o in W, being a vector
subspace (Proposition 4.2),\l8. The vector subspad® has dimensiom + 1,
and Proposition 4.5 shows that is isomorphic td™ 2. All vector subspaces of
F"+! are closed if"*+1, and hence/ is closed inw, contradiction.

Lemma 4.7. If X is a topological vector spack, is a compact subset &f,
andV is an open neighborhood of 0, then there exists 0 such that K C V
whenevels| < e.

ProOOF For eactk € K, choosesx > 0 and an open neighborhodtj of k
such thaUyx C V whenevels| < ¢; this is possible since scalar multiplication
is continuous at the point where the scalar is 0 and the veckorTibe open sets
Uk coverK, and the compactness &f implies that there is a finite subcover:
K CUgU---UUg,. ThendK C V whenevers| < ming<j<me; -

Proposition 4.8. Every locally compact topological vector space is finite
dimensional.
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PrOOF Let X be a locally compact topological vector space, Hetbe a
compact neighborhood of 0, and ldtbe its interior. Suppose that we have a
sequencdym} in X with the property that for any > 0O, there is an intege¥
such thaim > M impliesyy, lies in§K. Then the result of Lemma 4.7 implies
that{ym} tends to 0.

The setgk+32U | k € K} forman open cover df. If {(ky+3U, ..., ka+3U}
is a finite subcover, we prove thig, . . ., k,} spansX. Itis enough to prove that
S={ky,...,ky} spandJ. If xisin U, thenx is in one of the sets of the finite
subcover, sa;, + %U. Write x = k;j, + %ul accordingly. The finite subcover
coversK and hence its interidd, and thusjU is covered by (ky + 3U), ...,
£(kn + 2U). Applying this observation to the elemet; of U, we see thak
is inkj, + 3(kj, + 3U) for somek;,. Write x = kj, + 3k, + 3u, accordingly.
Continuing in this way, we see that

X isin ki+3k,+--+z5k,+2U  foreachr.

Putx, = kj, + 3 ki, + - + 51 kj, . This is an element of the finite-dimensional
subspace spanned Bywhich is closed by Corollary 4.6; thusfik } converges,

it must converge to a membxg of this subspace. Using the result of the previous
paragraph, we shall show that- x, converges to 0. Then we can conclude that
X converges tx, hence thak is in the span o6. To see thak — x; converges

to 0, choosésuch thatsy| < 2! impliessoK < U. Applying the criterion of the
previous paragraph, |&t> 0 be given. Choosk! suchthat2Ms—1 < 2=, Then

m > M implies that 2Ms~1 < 2-Ms—1 < 2-!. Thus 2™M5~1 is an allowable
choice of8y, and we therefore obtain?s 1K < U and 2™K < sU. For

m > M, the elemenx — xp, liesin 27U € 2-™K, and we have just proved that
2"™K C §U. Thusx — xn, lies insU, and the criterion of the previous paragraph
applies. Hence — xny, tends to 0. This completes the proof.

2. C*®(U), Distributions, and Support

As was mentioned in Section Ill.1, distributions are continuous linear func-
tionals on vector spaces of smooth functions. Their properties are deceptively
simple-looking and enormously helpful in working with linear partial differential
equations. We considered tempered distributions in Section IIl.1; these are the
continuous linear functionals on the spa&@N) of Schwartz functions ofRN.
In this section we study the topology on the sp&f&(U) of arbitrary scalar-
valued smooth functions on an open sulisetf RN, together with the associated
space of distributions.

TotopologizeC>°(U), we use the family of seminorms indexed by péifs P)
with K a compact subset &f and with P a polynomial, thg K, P)!" seminorm
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being || fllx p = supek [(P(D) f)(X)|. The resulting topology is Hausdorff,
andC>(U) becomes a topological vector space.

Let us see that this topology is given by a countable subfamily of these semi-
norms and is therefore implemented by a metric. It is certainly sufficient to
consider only the monomialB® instead of all polynomial$ (D), and thus the
P index of (K, P) can be assumed to run through a countable set. We make use
of a notion already used in Section I1l.2. Agxhausting sequencef compact
subsets ofJ is an increasing sequence of compact sets with ubicguch that
each set is contained in the interior of the next set. An exhausting sequence
exists in any locally compact separable metric spacgK}f} is an exhausting
sequence fotJ and if K is a compact subset &f, then the interior&K? of
the K,’s form an open cover oK, and there is a a finite subcover; since the
members of the open cover are nestidis contained in some singl€;, and
hence inK,. Therefore| f|l p < |If Ik,.p for every P, and we can discard
all the seminorms except the ones from sdfye In short, the countably many
seminormg| f || . = SURk, I(D*F)(X)] suffice to determine the topology of
C>(U). In particular, the topology is independent of the choice of exhausting
sequence.

After the statement of Theorem 3.9, we constructed a smooth partition of unity
{¥n}n>1 associated to an exhausting sequefi€g}n>1 of an open subsdl of
RN. Such a partition of unity is sometimes useful, and Problem 9 at the end of
the chapter illustrates this fact. The functiofpg are inC*(U) and have the
properties thad o2 ; ¥n(X) = 1 onU, y1(X) > 0 onKs, ¥1(x) = 0 on(KQ)E,
and forn > 2,

>0 forx € Knyo — K2, 4,
¥n(X) "
=0  forx e (K3 5)°®UKy.

SinceC*(U) is a metric space, its topology may be characterized in terms of
convergence of sequences: a sequence of functions convergé&€g ) if and
only if the functions converge uniformly on each compact subset ahd so do
each of their iterated partial derivatives

If a particular metric forC*>(U) is specified as constructed in Section 1ll.1
from an enumeration of some determining countable family of seminorms, then
it is apparent that a sequence of functions is Cauclg (U ) if and only if the
functions and all their iterated partial derivatives are uniformly Cauchy on each
compact subset @f . As a consequence we can see D&t(U ) is complete as a
metric space: infact, let us extract limits from each uniformly Cauchy sequence of
derivatives and use the standard theorem on derivatives of convergent sequences
whose derivatives converge uniformly; the result is that we obtain a member of
C(U) to which the Cauchy sequence converges.
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It is unimportant which particular metric is used for this completeness argu-
ment. The relevant consequence is that the Baire Category Thisrapplicable
to C*°(U), and the statement of the Baire Category Theorem makes no reference
to a particular metric.

In similar fashion one checks th&RN), whose topology is likewise given
by countably many seminorms, is complete as a metric space.

The vector space of continuous linear functional€6t(U), i.e., itscontinu-
ous dual is called the space of aistributions of compact supportonU and is
traditionally’? denoted by¢’(U). The words “of compact support” require some
explanation and justification, which we come back to after giving an example.

ExampPLE. Take finitely many complex Borel measuggsof compact support
on U, the indexing being by the set aftuplesa of nonnegative integers with
|| < m, and define

T =Y [ D%poodao.

le|<m

It is easy to check thal is a distribution of compact support @&h. A theorem
in Chapter V will provide a converse, saying essentially that every continuous
linear functional orC* (U) is of this form.

Let us observe that the vector subsp@gg,(U) isdense ir€*°(U). Infact, let
{K;} be an exhausting sequence of compact st Bnd choose; € C5(R™)
by Proposition 3.5f to be 1 oK; and 0 offK;1. If f isinC>(U), theny; f is
in C&m(U) and tends tof in every seminorm o€ (U).

To obtain a useful notion of “support” for a distribution, we need the following
lemma.

Lemma 4.9. If U; and U, are nonempty open sets RN and if ¢ is in
C&m(U1 U Uy), then there exisp; € C3(U1) andge € C3(U2) such that

¢ = @1+ 2.

PrROOF. Let L be the compact support of and choose a compact détsuch
thatL € K°® € K € U; U U, Then{U1, Uy} is a finite open cover oK,
and Lemma 3.15b dBasicproduces an open covéV, Vo} of K such that\/f'
is a compact subset &f; andvzc' is a compact subset &f,. Proposition 3.5f
produces functiong; € C3(U1) andg, € C,(Uz2) with values in [Q 1] such
thatg; is 1 onV andgz is 1 onVE. Theng = g1 + gz is in C, (U1 U Up) and

4Theorem 2.53 oBasic
5The tradition dates back to Laurent Schwartz’s work, in wisidh) was the notation foE > (U)
and¢’(U) was the space of continuous linear functionals.
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is 1 onK. If W is the open set whemg £ 0, then Proposition 3.5f produces a
functionh in C,,(W) with values in [0 1] such thath is 1 onK. The function

1 — his smooth, has values in [@], is 1 whereg # 0, and is 0 orK. Hence
g+ (1 — h) is a smooth function that is everywhere positivefh and equals)
on K. Therefore the functiong; /(g + 1 — h) andg,/(g + 1 — h) are smooth
functions oriRN compactly supported id; andUs, respectively, with sum equal
to 1 onK. If we definep; = g1¢ andy, = go¢, theng; andg, have the required

properties.

Proposition 4.10.1f T is an arbitrary linear functional 0G5,(U) and ifU’
is the union of all open subsdts, of U such thafl vanishes orC3,,(U, ), then
T vanishes o€ (U").

PROOF. Lety be inCZ(U"), and letK be the support op. The open sets
U, form an open cover oK, and some finite subcollection must hake C
U, U---uuy,. Lemma 4.9 applied inductively shows thatis the sum of
functions inC3,(Uj), 1 < j < p. SinceT is 0 on each of these, it is 0 on the
sum.

If Tisin&’(U), thesupportof T isthe complement of the gt in Proposition
4.10, i.e., the complement of the union of all open &ktsuch thall vanishes on
Cam(U,y). If T has empty support, théh = 0 becausd vanishes o€ (U)
andCg,(U) is dense irC>(U).

Proposition 4.11.Every membeil of £/(U) has compact support.

REMARKS. For the moment this proposition justifies using the name “distri-
butions of compact support” for the continuous linear functional<C8hU ).
After we define general distributions in Section V.1, we shall have to return to
this matter.

PrOOF Let{K,} be an exhausting sequence of compact sdtk.ilf T is not
supported in an¥K,, then there is somé, in C3,(U — Ky) with T(f,) # 0.
Putg, = f,/T(f,), sothatT(g,) = 1. If K is any compact subset &f, then
K C K, for largen, andgn|K = 0 for suchn. Thusg, tends to 0 inC*(U)
while T (gn) tends to 1A 0 = T (0), in contradiction to continuity of .

Similarly we can use Proposition 4.10 to define Hupport of a tempered
distributionT in S'(RN) as the complement of the union of all open 4&tssuch
that T vanishes orCZ,(U,). Tempered distributions need not have compact
support; for example, the function 1 defines atempered distribution whose support
isRN.
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In the case of tempered distributions, a little argument is required to show that
the only tempered distribution with empty support is the 0 distribution. What is
needed is the following fact.

Proposition 4.12.C%, (RN) is dense inS(RN).

REMARKS. If T in S’(RN) has empty support, théhvanishes o€, (RV).
Proposition 4.12 and the continuity @fimply thatT = 0 onS(RN). Thus the
only tempered distribution with empty support is the 0 distribution.

PROOF. Fix hin ngm(RN) with values in [Q 1] such that(x) is 1 for|x| < 1
and is 0 for|x| > 2. Definehr(x) = h(R™1x). If ¢ is in S(RN), we shall
show that link_, ., hrg = ¢ in the metric spac&(RN), and then the proposition
will follow. Thus we want limk_, o SURrn XY D¥(@ — hre)(X)] = 0. By
the Leibniz rule,D*(hrg) = hrD¢ + Y _;_, cs(D* Fhr)(DP¢). Hence itis
enough to prove that

lim sup|x’(1—hr)D%| =0
R—o00 xeRN

and lim sup|x”(D*Phr)(DPp)| =0 forp < a.

R—o0 xeRN

The first of these limit formulas is a consequence of the factxth&t*¢ van-
ishes at infinity, which in turn follows from the fact that (1 + |x|) D% is
bounded, i.e., that¢||xy(1+\x|2) « 1S finite. For the second of these limit formu-

las, we observe from the chain rule tidt #hg(x) = R1*=fID*Ph(R1x).
For B < «a, this function is dominated in absolute value yR~1. Hence
SURegn XY (D*Phr)(DPp)| < caRTTY, @l s» @and the limit onRis 0.

3. Weak and Weak-Star Topologies, Alaoglu’s Theorem

Let X be a normed linear space, and ¥t be its dual, which we know to be
a Banach space. We have defined waak topologyon X to be the weakest
topology onX making all members oX* continuous, i.e., making — Xx*(x)
continuous for eack* in X*. This topology is given by the family of seminorms
IX]lxx = |[x*(X)] indexed byX*. Theweak-star topologyon X* relative to X

is the weakest topology oX* making all members of(X) continuous i.e.,
making x* +— x*(x) continuous for eaclx in X. This topology is given by
the family of seminormg|x*|x = |x*(x)| indexed byX. In this section we

5The symbol denotes the canonical map— X** given by:(x)(x*) = x*(x).
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study these topologiésn more detail, proving an important theorem about the
weak-star topology.

We shall discuss some examples in amoment. The sgaisea normed linear
space in its own right, and therefore it has a well-defined weak topology. The
definitions make the weak topology otf the same as the weak-star topology on
X* relative toX if X is reflexive, but we cannot draw this conclusion in general.

The weak topology oiX is of less importance to real analysis than the weak-
star topology onX*, and thus the main interest in the weak topology>owill
be in the case tha( is reflexive. Itis also true that exact conditions that interpret
the weak or weak-star topology in a particular example tend not to be useful.
Nevertheless, it may still be helpful to consider examples in order to get a better
sense of what these topologies do.

We shall discuss the examples in terms of convergence. However, the conver-
gence will involve only convergence of sequences, not convergence of general
nets. A difficulty with nets is that one cannot draw familiar conclusions from
convergence of nets even in the case of nets in the real numbers; for example, a
convergent net of real numbers need not be bounded, just eventually bounded.

In order to have it available in the discussion, we prove one fact about con-
vergence of sequences in weak and weak-star topologies before coming to the
examples.

Proposition 4.13.Let X be a normed linear space, andXétbe its dual space.

(a) If {xn} is a sequence iX converging takg in the weak topology oiX, then
{IIXnll} is @ bounded sequenceland| xg| < liminfy ||Xn]l.

(b) If X is a Banach space and{i;} is a sequence iX* converging taxj in
the weak-star topology oX* relative toX, then{||x*||} is a bounded sequence
inR and||xg|l < liminfq [|x;].

PrROOF For the first half of (a), let : X — X** be the canonical map. Since
the sequencé (x,)(x*)} converges toc*(Xp) for eachx™ in X*, {¢(xy)} is a set
of bounded linear functionals on the Banach spd€avith {¢(x,)(x*)} bounded
for eachx* in X*. By the Uniform Boundedness Theorem the nonn&y)||
are bounded. Sincepreserves norms as a consequence of the Hahn—Banach
Theorem, the normg§x,| are bounded. For the second half of (a), xétbe
arbitrary in X* with || x*|| < 1. Then

IX*(Xo)| = lim [x*(xp)| < liminf [IX* || ]l < liminf [|Xq]|.

Taking the supremum over* with |x*|| < 1 and applying the formulixo| =
SUP k<1 IX* (Xo)|, Which is known from the Hahn—-Banach Theorem, we obtain
[%oll < liminf [, .

"The weak topology oiX is also called théX* topology of X, and the weak-star topology on
X* is also called theX topology of X*.
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For the first half of (b){x;} is a set of bounded linear functionals on the Banach
spaceX with {x*(x)} bounded for eack in X. Then the Uniform Boundedness
Theorem shows that the norriis! || are bounded. For the second half of (b), let
X be arbitrary inX with ||x|| < 1. Then

X3 = lim x5 ()| < liminf X5 (Ix]| < liminf [[x3]].

Taking the supremum over and applying the definition ofx;||, we obtain
X351 < liminf [[x;1].

EXAMPLES OF CONVERGENCE IN WEAK TOPOLOGIES

(1) X = LP(S, u) when 1< p < oo. ThenX* = LP (X, ), wherep' is
the dual inde% of p. The assertion is that a sequeridg} tends weakly tof
in LP if and only if {|| fn|l .} is bounded and linfg fndu = f¢ f du for every
measurable subsét of S of finite measure. The necessity is immediate from
Proposition 4.13a and from taking the membekKaéfto be the indicator function
of E. Let us prove the sufficiency. From lifa f,du = J¢ f du, we see that
lim [g fatdu = 4 ftdu for t simple ift is O off a set of finite measure. Lgt
be giveninLP (S, ), and choose a sequenitg} of simple functions equal to 0
off sets of finite measure such that jirty, = g in the norm topology of_P". For
all mandn, we have

| Js fngdu — [5 fodu|
< | [s fn(@—tm) due| + | fs fatmdp — [g ftmdp|
+ | J f(tm — @) i
< [ fallpllg—tmlly + | /5 fatmd— fg ftmdu| + I Fllllg—tmll -

The first and third terms on the right tend to Onagends to infinity, uniformly in
n. If ¢ > 0 is given, choosen such that those two terms atee, and then, with
m fixed, choosen large enough to make the middle tekme.

(2) X = C(9) with Scompact HausdorffC (S) being the space of continuous
scalar-valued functions d& ThenX* may be identified with the spadé(S) of
(signed or) complex regular Borel measuresSpwith the total-variation norr.
The assertion is that a sequerdg} tends weakly tof in C(S) if and only if
{l fnll} is bounded and linf, = f pointwise. The necessity is immediate from

Proposition 4.13a and from taking the membexéto be any point mass at a point
8The indexp’ is defined by% + L = 1. This duality was proved in Theorem 9.19Rdsic
wheny is o-finite, but it holds without this restrictive assumption @n
9This identification was obtained Basicin Theorem 11.24 for real scalars and in Theorem 11.26
for complex scalars. The starting point for the identification is the Riesz Representation Theorem.



3. Weak and Weak-Star Topologies, Alaoglu's Theorem 119

of S. For the sufficiency we simply observe that any membédvigf) is a finite
linear combination of regular Borel measuresn Sand IimfS fadu = [ fdu
for any Borel measurg by dominated convergence.

(3) X = Cy(S) with Slocally compact separable metrigy(S) being the space
of continuous scalar-valued functions vanishing at infinity. Again the &tfal
may be identified with the spadd (S) of complex regular Borel measures on
S, with the total-variation norm. This example can be handled by applying the
previous example to the one-point compactificatioisofll signed or complex
Borel measures are automatically regular in this case. A sequdpgéends
weakly to f in Co(S) if and only if {|| f,||} is bounded and linf, = f pointwise.

EXAMPLES OF CONVERGENCE IN WEAKSTAR TOPOLOGIES

(1) X = LP(S, u) and X* = LP(S, u) when 1< p < oo, p’ being the
dual index ofp. This X is reflexive. Therefore the first example of convergence
in weak topologies shows thaf,} converges weak-star in” (S, u) relative to
LP(S, w) if and only if {|| fn||p,} is bounded and IinfE fndu = fE f du for
every measurable subdetof S of finite measure.

(2) X = LY(S, p) and X* = L>®(S, u) wheny is o-finite. This X is usually
not reflexive. However, the condition for weak-star convergence is the same
as in the previous exampld:f,} converges weak-star ih* (S, ) relative to
LY(S, w) if and only if {|| f,|l.} is bounded and linfz fodu = [ f du for
every measurable subsgtof S of finite measure. The argument in the first
example of convergence in weak topologies can easily be modified to prove this.

(3) X = C(S) with S compact Hausdorff, an& = Cp(S) with S locally
compact separable metric. Weak-star convergence of complex regular Borel
measures does not have a useful necessary and sufficient condition beyond the
definition. The notion of weak-star convergence in this situation is, nevertheless,
quite helpful as a device for producing new complex measures out of old®nes.

Atheorem about the weak topology, due to Banach, is that the vector subspaces
that are closed in the weak topology are the same as the vector subspaces that are
closed in the norm topology. More generally the closed convex sets coincide in
the weak and norm topologies. We shall not have occasion to use this theorem or
mention any of its applications, and we therefore omit the proof.

The weak-star topology has results of more immediate interest, and we turn
our attention to those. Theorem 5.58 Bésic established for any separable
normed linear spacX that any bounded sequence in the dd&lhas a weak-
star convergent subsequence; this was called a “preliminary form of Alaoglu’s
Theorem.”

10warning Many probabilists and some other people use the unfortunate term “weak conver-
gence” for this instance of weak-star convergence.
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Theorem 4.14Let X be a normed linear space with dust.

(a) (Alaoglu’s Theorem) The closed unit ball oK* is compact in the weak-
star topology relative tX.

(b) If X is separable, then the closed unit balXfis a separable metric space
in the weak-star topology.

REMARKS. By (a), any nefx;} in X* with ||x;| bounded has a subngt; }
and an element; in X* such thab(;u (X) — X§(x) for everyx in X. By (b),
this conclusion about nets can be replaced by a conclusion about sequences if
X is separable. Thus we recover the “preliminary form” of Alaoglu’s Theorem.
The results of Section I11.4 give an example of the utility of the two parts of this
theorem; together they lead to a proof that harmonic functioﬁfﬁﬁﬁ[&ﬂ*l) are
automatically Poisson integrals of functionsif>- 1 or of complex measures if
p=1.

PROOF. Let B be the closed unit ball itX*, let D(r) be the closed disk i@
with radiusr and center 0, and l& = X ,_, D(||x])). DefineF : B — C by
F(X*) = X cxX*(X). The functionF is well defined sincgx*(x))| < |Ix]| for
all x* in B and allx in X. Itis continuous as a map into the product space since
X* > X*(X) is continuous for eachl, it is one-one since* is determined by
its values on eacR, and it is a homeomorphism with its image by definition of
weak topology. Sinc€ is compact by the Tychonoff Product Theorem, (a) will
follow if it is shown thatF (B) is closed inC. Let psx denote the projection of
C to its x™ coordinate. Ifx andx’ are inX and if{ f,} is a net inC convergent
to fo in C, then an equalitypxx () = px(fa) + px(fy) for all « implies that
Pxix (fo) = px(fo) + px (fo) by continuity of pyxix, Px, andpy . Thus the set

S(x, x") = {f € C| pxgx(f) = px(f) + pu(f)}
is closed, and similarly the set
T(x,0)={f € C|cp(f) = px(chH}

is closed. The intersection of dl(x, x')’s and all T (X, ¢)’s is the set of linear
members ofZ, hence is exactly (B). ThusF(B) is closed.

For (b), we continue withB and D(r) as above, but we chande and F
slightly. Let{x,} be a countable dense set in the norm topolog¥XpfetC =
Xan(”Xn”)v and defineF : B - C by F(x*) = Xxnx*(xn). As in the
proof of (a), F is continuous. It is one-one since axy, being continuous, is
determined by its values on the dense{gg}. The domainis compactby (a). The
range spac€ is a separable metric space and is in particular Hausdorff. Hence
B is exhibited as homeomorphic f(B), which is a subspace of the separable
metric spac€&C and is therefore separable.
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4. Stone Representation Theorem

In this section we begin to follow Alaoglu’s Theorem along paths different from

its use for creating limit functions and measures out of sequences that are bounded
in a weak-star topology. We shall work in this section with what amounts to an
example—one of the motivating examples behind a stunning idea of I. M. Gelfand
around 1940 that brings algebra, real analysis, and complex analysis together in
a profound way. The example gives a view of subalgebras of the al@i®a

of all bounded functions on a s8tin terms of compactness. The stunning idea
that came out, on which we shall elaborate shortly, is that the mechanism in the
proof is the same mechanism that lies behind the Fourier transfoiiNothat

this mechanism can be cast in abstract form as a theory of commutative Banach
algebras, and that the theory gives a new perspective about spectra. In particular,
it leads directly to the full Spectral Theorem for bounded and unbounded self-
adjoint operators, extending the theorem for compact self-adjoint operators that
was proved as Theorem 2.3. In turn, the Spectral Theorem has many applications
to the study of particular operators.

Let us first state the theorem ab®1(S), then discuss Gelfand’s stunning idea
about the mechanism, and finally give the proof of the theorem. We shall pursue
the Gelfand idea in Sections 10-11 later in this chapter.

We have discusse8(S) as the Banach space of bounded complex-valued
functions on a nonempty s&, the norm being the supremum norm. In this
Banach space pointwise multiplication mak&&S) into a complex associative
algebra! with identity (namely the function 1), there is an operation of complex
conjugation, and there is a notion of positivity (namely pointwise positivity of a
function). The theorem concerns subalgebraB @) containing 1, closed under
conjugation, and closed under uniform limits.

Theorem 4.15(Stone Representation Theorem). I1Sbe a nonempty set,
and letA be a uniformly closed subalgebra BfS) with the properties thatl
is stable under complex conjugation and contains 1. Then there exist a compact
Hausdorff spaces, a functionp : S — § with dense image, and a norm-
preserving algebra isomorphidthof .4 ontoC(S;) preserving conjugation and
positivity, mapping 1 to 1, and having the property tbigtf ) (p(s)) = f(s) for
all sin S. If Sis a Hausdorff topological space anticonsists of continuous
functions, therp is continuous.

1An associative algebrad overC is a vector space with@ bilinear associative multiplication,
i.e., with an operationt x A — A satisfying(ab)c = a(bc), a(b+c) = ab+ac, (a+hb)c = ac+bc,
anda(ic) = (Aa)c = A(ac) if A isinC anda, b, c are inA. This definition does not assume the
existence of an identity element.
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The idea ofthe proofisto consider the Banach-spacedtiahd focus on those
members of4* that are nonzero and respect multiplication—the nonzero contin-
uous multiplicative linear functionals oA. The ones that come immediately to
mind are the evaluations at each point: for a pswitS, the evaluation atis given
by es(f) = f(s), and itis a multiplicative linear functional, certainly of norm 1.
The setS; in the theorem will be the set of all such continuous multiplicative
linear functionals, the functiop will be given by p(s) = e; fors € S, and
the mappindJ will be given byU (f)(¢) = £(f) for each multiplicative linear
functional®.

The Banach spacd € B(S), with its multiplication, is @Banach algebrain
the sense that it is an associative algebra @ewith or without identity, such
that| fg|l < || f|lllg| forall f andgin A. Another well-known Banach algebra
is LYRN). The norm in this case is the usual norm, and the multiplication is
convolution, which satisfief = gll, < || fIl,[lgll, for all f andgin L1(RN).

The stunning idea of Gelfand’s is that the formula that defines the Stone
theorem is the same formula that gives the Fourier transform in the ca$€t).
Specifically the nonzero multiplicative linear functionals in the case'dRN)
are the evaluations at points of the Fourier transform, i.e., the mappings
f = f(y) = [gn f (x)e=Z"*Ydx. These linear functionals are multiplicative
because convolution goes into pointwise product under the Fourier transform.

What A € B(S) and LY(RN) have in common is, in the first place, that
they are commutative Banach algebras. In addition, each has a conjugate-linear
mappingf — f* that respects multiplication: complex conjugation in the case
of A and the mapf — f*with f*(x) = f(—x) in the case oL.}(RN). These
conjugate-linear mappings interact well with the norm. The subalgdbod
B(S) satisfies

@) = =1t forall f,

@y Nf*)=\f|foral f,
while L1(RN) satisfies just (ii). The theory that Gelfand developed applies best
when both (i) and (ii) are satisfied, as is the case witand also any.*° space,
and it works somewhat when just (i) holds, as with(RN).

Another example of a Banach algebra is the algdgfid, H) of bounded
linear operators from a Hilbert spate to itself, with the operator norm. The
conjugate-linear mapping dfi(H, H) is passage to the adjoint, and (i) and (ii)
both hold. The thing that is missing is commutativity #8¢H, H). However,
if we take a single operatok and its adjointA*, assume thafA commutes with
A*, and take the Banach algebra generated\land A*, then we have another
example to which the Gelfand theory applies well. The Spectral Theorem for
bounded self-adjoint operators is the eventual consequence.

The idea of considering the Banach subalgebra generatel ibya natural
one because of one’s experience in the subject of modern algebra: the study of
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all complex polynomials in a square matixis a useful tool in understanding a
single linear transformation, including obtaining canonical forms for it like the
Jordan form. Thus the use of an analogy with a topic in algebra leads one to a
better understanding of a topic in analysis.

In this case ideas flowed in the reverse direction as well. The multiplicative
linear functionals correspond, by passage to their kernels, to those ideals in the
algebra that are maxim#. In effect the Banach algebra was being studied
through its space of maximal ideals. About 1960, no doubt partly because of the
success of the idea of considering the maximal ideals of a Banach algebra, the
consideration of the totality of prime ideals of a commutative ring as a space began
to play an important role in algebraic number theory and algebraic geometry.

ProOF OFTHEOREM4.15. LetS; be the set of all nonzero continuous multi-
plicative linear functionalg on A with ¢(f) = ¢(f). Let us see that each such
has norm 1. In fact, chooskwith £(f) # 0. Thent(f) = £(f1) = ¢(f)¢(1)
shows that(1) = 1, and hencg¢|| > 1. For anyf with || f [|5,, < 1, if we had
[£(f)] > 1, thenle(f)|" = |€(f™)| < ||£| for all n would give a contradiction as
soon ad is sufficiently large. We conclude thif| < 1.

ThereforeS; is a subset of the unit ball of the Banach-space dlialWe give
S the relative topology from the weak-star topology di. Let us define the
functionp : S— S, andinthe process we shall have proved Sés$ not empty.
Everysin Sdefines an evaluation linear functiorgin S; by es(f) = f (s), and
the functionp is defined byp(s) = esfor sin S. To see tha§ is a closed subset
of the unit ball of.4* in the weak-star topology, 1¢t,} be a net inS; converging
to somef € A*, the convergence being in the weak-star topology. Then we have
Lo (fg) = £y (F)Ly(Q) and, () = £,(T) forall f andg in A. Passing to the
limit, we obtain¢(fg) = €(f)¢(g) ande(f) = €¢(f). HenceS, is closed. By
Alaoglu’s Theorem (Theorem 4.14&), is compact. It is Hausdorff sincd* is
Hausdorff in the weak-star topology.

Certainly we have supsles(f)| = || flls,, Since anyin § has|¢|| < 1,
we obtain

suple(f)l = Il fllsyp ()
leS

The definitionol) : A — C(S)isU(f)(¥) = ¢(f),andthismaked (f)(p(s))

= U(f)(e) = e(f) = f(s). The functionU(f) on S is continuous by
definition of the weak-star topology. Because of the definitiorgofU is an
algebra homomorphism respecting complex conjugation and mapping 1 to 1.

12Checking that there are no other maximal ideals than the kernels of multiplicative linear
functionals requires proving that every complex “Banach field” is 1-dimensional, an early result in
the subject of Banach algebras and one that uses complex analysis in its proof. Details appear in
Section 10.
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Also, (x) shows thatl is an isometry. Sincel is Cauchy complete, so $(A).
Therefored (A) is a uniformly closed subalgebra®{S;) stable under complex
conjugation and containing the constants. It separates poi&ibgthe definition
of equality of linear functionals. By the Stone—Weierstrass Theote() =
C(S). SinceU is an isometrylJ is one-one. Thub is an algebra isomorphism
of A ontoC(S).

If p(S) were notdense i6(S;), then Urysohn’s Lemma would allow us to find
a nonzero continuous functidh on C(S;) with values in [Q 1] such that- is O
everywhere orp(S). SinceU is ontoC(S;), choosef € AwithU(f) = F. If
sisin S, then 0= F(p(s)) = U(f)(p(s)) = f(s). Hence|l f lsup = 0. By (x),
L(f)y=0forall¢ € S. Thenevery € S has 0= ¢(f) = U(f)() = F¥),
andF = 0, contradiction. We conclude thatS) is dense.

To see thatJ carries functions> 0 to functions> 0, we observe first that
the identity¢(f) = ¢(f) for £ € S; and the equalityf = f for f real together
imply that¢(f) = ¢(f) = ¢(f) for f real. Hencef real implies¢(f) real.
If f >0, then| I llsup — f”supg I fllsypy Sincell¢| < 1, we therefore have
U Fllsyp— ) < 1 Fllsup— f||Sup < [ fllsyy Sincef(l) = 1, this says that
£(f) > 0. This inequality for alk implies thatU (f) > 0.

Finally suppose tha$ is a Hausdorff topological space and th&tc C(S).
We are to show thap : S — S is continuous. Ifs, — s for a net inS, we
wantp(sy) — p(s).i.e.,e;, — €5,. According to the definition of the weak-star
topology, we are thus to show thats,) — f(s) for every f in A. But this is
immediate from the continuity of on S.

We give three examples. A fourth example, concerning “almost periodic
functions,” will be considered in the problems at the end of Chapter VI. For
this fourth example the compact Hausdorff space of Theorem 4.15 admits the
structure of a compact group, and the representation theory of Chapter VI is
applicable to describe the structure of the space of almost periodic functions.

Problems 21-25 at the end of the chapter develop the theory of Theorem 4.15
further.

EXAMPLES.

(1) A = C(S) with S compact Hausdorff. Thep is a homeomorphism of
Sonto §. In fact, p(S) is always dense if5,. Here p is continuous and is
compact. Thup(S) is closed and must equél. The mapp is one-one because
Urysohn’s Lemma produces functions taking different values at two distinct points
s ands’ of Sand thus exhibitingy andes as distinct linear functionals. Singe
is continuous and one-one from a compact space onto a Hausdorff space, it is a
homeomorphism.

(2) One-point compactification. L& be a locally compact Hausdorff space,
and letA be the subalgebra 6f(S) consisting of all continuous functions having
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limits at infinity. For a functionf , this condition means that there is some number
¢ such that for eackh > 0, some compact subskt of S has the property that
|f(s) —c| < eforall snotin K. ThenS, may be identified with the one-point
compactification ofS.

(3) Stone€ech compactification. LeB be a topological space, and ldt=
C(S). The resulting compact Hausdorff spageis called theStone-Cech
compactification of S. This space tends to be huge. For examples i&
[0, +00), the correspondin&, has cardinality greater than the cardinalityfof

5. Linear Functionals and Convex Sets

For this section and the next we discuss aspects of functional analysis that lead
toward the theory of distributions and toward the use of fixed-point theorems.
The topic is the role of convex sets in real and complex vector spaces—first
without any topology and then with an overlay of topology consistent with convex
sets. Sections 7-9 will then explore the consequences of this development, first
in connection with smooth functions and then in connection with fixed-point
theorems.

Let X be areal or complex vector space. A suliseif X is convexif for each
x andy in E, all points(1 —t)x +tyareinEfor0O<t < 1.

Proposition 4.16. Convex sets in a real or complex vector space have the
following elementary properties:

(a) the arbitrary intersection of convex sets is convex,

(b) if Eisconvexanday, ..., X, areinE andty, ..., t, are nonnegative reals
withty +--- +t, = 1, thentyxy + - - - +thXq iSin E,

(c) if E; andE; are convex, then so af&; + E,, E; — E», andcE for any
scalarc,

(d) if L : X — Y is linear between two vector spaces with the same scalars
and if E is a convex subset of, thenL (E) is convex inY,

(e) if L : X — Y islinear between two vector spaces with the same scalars
and if E is a convex subset of, thenL ~(E) is convex inX.

PrOOF. Conclusions (a), (c), (d), and (e) are completely straightforward. For
(b), we induct om, the case = 2 being the definition of “convex.” Suppose that
the result is known fon and that members,, ..., x,;1 of X and nonnegative
realsty, ..., thy1 with sum 1 are given. We may assume that# 1. Put
S=ty+-- - +therandy = (1 —t)) " L(toxo + - - - + @np1Xns1). Since the reals
(1 —t) o, ..., (1 -ty th.1 are nonnegative and have sum 1, the inductive
hypothesis shows thatis in E. Sincet; ands are nonnegative and have sum 1,
t1Xg + Sy =t1Xg + - - - + thr1Xna1 iS in E. This completes the induction.
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Let E be a subset of our vector spa¥e We say that a poinp in E is an
internal point of E if for eachx in X, there is are > 0 such thatp + §x is in
E for all scalar$® § with |§| < e. If pin X is neither an internal point d& nor
an internal point of£®, we say thatp is abounding point of E. These notions
make no use of any topology of.

Let K be a convex subset of, and suppose that 0 is an internal pointof
For eachx in X, let

p(x) =inffa>0]|a'x € KJ.

The functionp (x) is called thesupport function of K. For an example leX be
a normed linear space, and ktbe the unit ball; themw (x) = ||X]|.

We are going to see that(x) has some bearing on controlling the linear
functionals orX, as a consequence of the Hahn—Banach Theorem. By the “Hahn—
Banach Theorem” here, we mean not the usual theorem for normed linear'$paces
but the more primitive stateméftfrom which that is derived:

HAHN—-BANACH THEOREM. Let X be areal vector space, and lgi be a real-
valued function orX with

p(x +x) < p(x) + p(x) and  p(tx) = tp(x)

for all x andx’ in X and all realt > 0. If f is a linear functional on a vector
subspacer of X with f(y) < p(y) for all y in Y, then there exists a linear
functional F on X with F(y) = f(y) forally € Y andF(x) < p(x) for all

X e X.

Before discussing linear functionals in our present context, let us observe
some properties of the support functipix). Properties (b), (c), and (e) in the
next lemma are the properties of the dominating funcpon the Hahn—Banach
Theorem as stated above.

Lemma 4.17. Let K be a convex subset of a vector spateand suppose
that 0 is an internal point. Then the support functiam) of K satisfies

(@ p(x) =0,

(b) p(X) < o0,

(c) p(@ax) = ap(x) fora > 0,

(d) p(x) <1forallxinK,

(€) p(X+Y) < p(X)+ p(y),

(H p(x) < lifandonly ifx is an internal point oK,

(9) p(x) = 1 characterizes the bounding pointskof

13The scalars are complex numberiis complex, real numbers K is real.
14As in Theorem 12.13 dBasic
15As in Lemma 12.14 oBasic
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PrOOFE. Conclusions (a), (c), and (d) are immediate, and (b) follows since 0 is
an internal point oK.

For (e), letc be arbitrary withc > p(x) + p(y). We show that=(x + y)
is in K. Sincec is arbitrary, it follows that the infimum of all numbedswith
d=X(x +y) in K is < p(X) + p(y); consequentlyo(x + y) will have to be
< p(X) + p(y), and (e) will be proved. Thus wrie= a+bwitha > p(x) and
b > p(y). SinceK is convex,

clx+y)=@+b T x+y) =25a X+ bty

isin K, as required.

For (f), letx be an internal point oK. Thenx + ex = (1 + ¢)x isin K for
somee > 0, and hence(x) < (1+¢€)~1 < 1.

Conversely suppose thatx) < 1, and put = 1 — p(Xx). Fixy. Since O is
an internal point oK, we can findu > 0 such thady is in K for |§| < u. If cis
any scalar of absolute value 1, themy is in K, and hencep(cy) < u =t If § is
a scalar with§| < eu, write § = ¢/|§| with |c'| = 1. Thenp(8y) = |8|p(C'y) <
|8l < €. Applying (e) gives

p(X+38y) = p(X)+p@EY) =1 —-€)+p@y) <1-€)+e=1

By definition of p, 1"X(x + 8y) isin K, i.e.,x + 8y is in K. Thusx is an internal
point of K.

For (g), we can argue in the same way as with (f) to see g} > 1
characterizes the internal points f. Thereforep(x) = 1 characterizes the
bounding points oK.

We shall now apply the Hahn—-Banach Theorem to prove the basic separation
theorem.

Theorem 4.18.Let M andN be disjoint nonempty convex subsets of a real
or complex vector space, and suppose thall has an internal point. Then there
exists a nonzero linear functionkl on X such that for some real ReF < c
onM and ReF > conN.

PrROOF. First suppose thaX is real. Ifmis an internal point oM, then O is
an internal point oM — m, and we can repladgl andN by M —mandN —m.
Changing notation, we may assume from the outset that 0 is an internal point of
M.

If Xpis in N, then—Xxg is an internal point oM — N, and 0 is an internal
point of K = M — N + Xg. SinceM and N are assumed disjointl — N
does not contain 0; thul§ does not contairxy. Let p be the support function
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of K; this function satisfies the properties of the functim the Hahn—Banach
Theorem, according to Lemma 4.17. Moreovetxo) > 1 by Lemma 4.17f.
Define f (axp) = ap(xp) for all (real) scalara. Then f is a nonzero linear
functional on the 1-dimensional space of real multiplegfnd it satisfies

a>0 implies f(ax) = ap(Xo) = p(axo),
a<0 implies f(axg) = af(xg) <0< p(axy).

The Hahn—Banach Theorem shows thiagxtends to a linear functiond on
X with F(X) < p(x) for all x. ThenF(Xy) > 1, and Lemma 4.17 shows that
p(K) < 1. Hence

F(xg) > 1 and F(IM —N+x) <1.

Thus we havd=(M — N + Xg) < F(Xg), F(M — N) < 0,F(m—n) < Ofor all
min M andnin N, andF(m) < F(n) for all m andn. Taking the supremum
overmin M and the infimum oven in N gives the conclusion of the theorem
for X real.

Now suppose that the vector spaXds complex. We can initially regar
as a real vector space by forgetting about complex scalars, and then the previous
case allows us to construct a real-lindaisuch thatF (M) < ¢ < F(N). Put
G(X) = F(x)—iF (ix). SinceG(ix) = F(ix) —iF (i?x) = F(ix) —iF (=x) =
F(ix)+iF(X) =i(F(x)—iF(ix)) =iG(x), G is complex linear. The real part
of G equalsF, and thereforé&s satisfies the conclusion of the theorem.

6. Locally Convex Spaces

In this section we shall apply the discussion of convex sets and linear functionals

in the context of topological vector spaces. A topological vector spaisesaid

to belocally convexif there is a base for its topology that consists of convex sets.
Let us see that any topological vector spacghose topology is given by a

family of seminormg| - ||s is locally convex. A base for the open sets consists

of all finite intersections of setd (y, s,r) = {x| X — ylls < r} with y in X, s

equal to one of the seminorm indices, and 0. If x andx’ are inU(y, s, r)

andif0<t < 1, then

(A =DX+tX) = yls =L -DX=y) +tX = Y)ls
<A -DX=Ylls + It = y)lls
=1 -0lx—yls +tIX = yls
<@A-tr +tr=r.
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Hence((1-t)x+tx"isinU (y, s, r), andU (y, s, r) is convex. Since the arbitrary
intersection of convex sets is convex by Proposition 4.16a, every member of the
base for the topology is convex. Thifsis locally convex.

We are going to show that every locally convex topological vector space has
many continuous linear functionals, enough to distinguish any two disjoint closed
convex sets when one of them is compact. This result will in particular be
applicable to the spaceXRN) andC>(U) since their topologies are given by
seminorms.

We begin with two lemmas that do not need an assumption of local convexity
on the topological vector space.

Lemma 4.19. In any topological vector space i, andK; are closed sets
with K; compact, then the sé&t; — K, of differences is closed.

PrROOF It is simplest to use nets. Thus bkebe a limit point ofK; — K3, and
let {x,} be any net inK; — K, converging tox. Since eaclx, is in K; — K»,
we can write it ast, = ki — k@ with k¥ in K; andk® in K,. SinceK;
is compact{ki"} has a convergent subnet, s’} Letk® be the limit of
{kiP} in K1. Both {x, } and{ki} are convergent, angky’’} must be convergent
becausd? = ki — xn, and subtraction is continuous. Lletbe its limit. This
limit has to be inK, sinceKs is closed, and then the equatign= k® — k@
exhibitsx as inK; — K,. HenceK, — K5, is closed.

Lemma 4.20. Let X be any topological vector space, Iy and K, be
disjoint convex sets, and suppose tlat has nonempty interior. Then there
exists a nonzero continuous linear functiofabn X with ReF(K;) < ¢ and
¢ < ReF(Ky») for some real numbaer.

PrROOF The key observation is that any interior point of a sulisetf X is
internal. In fact, ifpisin E° andx is in X, thenp + éx isin E° for § = 0. By
continuity of the vector-space operations and openneB$,gb + §x is in E° for
|8] sufficiently small. Thereforg is an internal point.

SinceK; consequently has aninternal point, Theorem 4.18 produces a nonzero
linear functionalF such that

ReF(Ky) <c and c<ReF(Ky) (%)

for some real number. We complete the proof of the lemma by showing that
is continuous. Letf andg be the real and imaginary parts Bf Theng(x) =
—if (ix), and it is enough to show thdtis continuous. Fix an interior poirg
of K41, and choose an open neighborhdadf 0 such thatp + U C K;. Then
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f(U) C f(K1)— f(p)sincef isreallinear, ang«) showsthatf (U) < c— f (p).
Sof(U) <aforsomea> 0. IfV=UnN(-U), then

f(V)y=fUnEU) cfU)nf-U)=1fU)N(fU) c[-a a],

and thereforef (ca=1V) C [—e¢, €]. In other words,f is continuous at 0. Then
f(x +ealV) C f(X)+[—¢, €], and f is continuous everywhere.

Theorem 4.21.Let X be a locally convex topological vector space Kgtand
K2 be disjoint closed convex subsetstfand suppose th#t; is compact. Then
there exisk > 0, a real constart, and a continuous linear functiongl on X
such that

ReF(Ky) <c—€ and c < ReF(Kjy).

Proor Lemma 4.19 shows tha€; — K is closed, anK; — K, does not
contain 0 becaus&; and K, are disjoint. SinceX is locally convex, we can
choose a convex open neighborhadaf 0 disjoint fromK; — K». Proposition
4.16c shows thakK; — K is convex, and Lemma 4.20 therefore applies to the
setsU andK; — K, and yields a nonzero continuous linear functioRasuch
that

ReFU) <d and d<ReF(K;—Kby)

for some reatl. SinceF is not zero, we can fingy in X with F(Xg) = 1. Choose
€ > 0 such thata| < ¢ impliesaxgisinU. Then

d > ReF(U) 2 ReF(faxo | lal < €} = (=€, e),
and henceal > €. Therefore alk; in K; andk, in K, have
ReF(kl) - ReF(kz) = ReF(kl - kz) > d > €,

so that Re= (k1) > € + ReF (k). Takingc = infy,ck, ReF (ki) now yields the
conclusion of the theorem.

Corollary 4.22. Let X be a locally convex topological vector space,Kebe
a closed convex subset ¥f and letp be a point ofX notin K. Then there exists
a continuous linear function® on X such that

supReF (k) < ReF(p).
keK

PrROOF. This is the special case of Theorem 4.21 in which the given compact
set is a singleton set.
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Corollary 4.23. If X is a locally convex topological vector space ang #nd
g are distinct points oK, then there exists a continuous linear functioRabn
X such that~ (p) # F(Q).

PrROOF This is the special case of Corollary 4.22 in which the given closed
convex set is a singleton set.

We conclude this section with a simple result about locally convex topological
vector spaces that we shall need in the next section.

Proposition 4.24.1f X is a locally convex topological vector space ani a
closed vector subspace, then the topological vector sa¥es locally convex.

ReEMARK. X/Y is a topological vector space by Proposition 4.4.

PrROOF. Let E be an open neighborhood of a given poinXofY. Without loss
of generality, we may take the given point to be the 0 coset.:IK — X/Y is
the quotient mapg—1(E) is an open neighborhood of 0 K. SinceX is locally
convex, there is a convex open neighborhblodf 0 in X with U < q~%(E). The
mapq carries open sets to open sets by Proposition 4.4 and carries convex sets to
convex sets by Proposition 4.16d, and thdd ) is an open convex neighborhood
of the 0 coset inX/Y contained inE.

7. Topology onCg,(U)

In this section we carry the discussion of local convexity in Sections 5-6 along the
path toward applications to smooth functions. Our objective will be to topologize
the spaceCS,(U) of smooth functions of compact support on the openlset

of RN. The members o€,,(U) extend to functions i€ (RN) by defining

them to be 0 outsid&), and we often make this identification without special
comment.

The important thing about the topology will be what it accomplishes, rather
than what the open sets are, and we shall therefore work toward a characterization
of the topology, together with an existence proof. The characterization will be
in terms of a universal mapping property, and local convexity will be part of that
property. Ultimately it is possible to give an explicit description of the open
sets, but we leave such a description for Problem 9 at the end of the chapter.
The explicit description will show in particular that the topology is given by an
uncountable family of seminorms that cannot be reduced to a countable family
except wherJ is empty.

Let us state the universal mapping property informally now, so that the ingre-
dients become clear. L&t be any compact subset of the given opertsef RN,
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and defineC° to be the vector space of all smooth functions of compact support
on RN with support contained itlK. The spaceC3® becomes a locally convex
topological vector space when we impose the countable family of seminorms
I fll, = supck |D*f (x)|, with @ running over all differentiation multi-indices.
Set-theoreticallyCS,(U) is the union of allCZ® asK runs through the compact
subsets oU. The topology orC%,,(U) will be arranged so that

(i) everyinclusionCg® € CZ,(U) is continuous,

(i) whenever a linear mappings;,(U) — Xis given into a locally convex
linear topological spacX and the compositio€g® — CZ,(U) — X
is continuous for everK, then the given mappin@s,,(U) — X is
continuous.

It will automatically have the additional property
(iii) every inclusionCg® € Cg,(U) is a homeomorphism with its image.

We shall proceed somewhat abstractly, so as to be able to construct the topology
of a locally convex topological vector space out of simpler dataXIf7) is a
topological space angd is in X, we define docal neighborhood baseor 7 at
p to be a collectionV, of neighborhoods op, not necessarily open, such that if
V is any open set containing, then there existdl in AV, with N C V. If Xisa
topological vector space with topologyand if A is a local neighborhood base
at0,ther{p+ N | N € Np}isalocal neighborhood basembecause translation
by x is a homeomorphism. A set is open if and only if it is a neighborhood of
each of its points. Consequently we can recadrom a local neighborhood
baseM\j at 0 by this description: a subsétof X is open if and only if for each
pinV, there existdN, in Mg such thatp + N, C V.

Let us observe two properties of a local neighborhood béseat O for a
topological vector spac¥. The first follows from the fact thaX is Hausdorff,
more particularly that each one-point subseXak closed. The property is that
for eachx £ 0 in X, there is soméVl, in Ay with x not in My.

The second follows from the fact that 0 is an interior point of each meiNber
of Np. The property is that 0 is an internal pointNfin the sense of Section 5.
The fact that interior implies internal was proved in the first paragraph of the
proof of Lemma 4.20.

We shall show in Lemma 4.25 that we can arrange in the locally convex case
for each membeN of a local neighborhood basé€; at 0 to have the additional
property of beingeircled in the sense thatN C N for all scalars with |z] < 1.

Then we shall see in Proposition 4.26 that we can formulate a tidy necessary
and sufficient condition for a system of sets containing O in a real or complex
vector spaceX to be a local neighborhood base for a topology>othat makes
X into a locally convex topological vector space.
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Lemma 4.25.Any locally convex topological vector space has a local neigh-
borhood base at 0 consisting of convex circled sets.

PROOF. It is enough to show that i¥/ is an open neighborhood of 0, then
there is an open subneighborhdddof O that is convex and circled. Since the
underlying topological vector space is locally convex, we may assumevthat
is convex. Replaciny by V N (—V), we may assume by parts (a) and (c) of
Proposition 4.16 tha¥ is stable under multiplication by 1. SinceV is convex,
it follows thatcV C V for any realc with |c| < 1. If the field of scalars iR,
then the proof of the lemma is complete at this point.

Thus suppose that the field of scalar€idf V is a convex open neighborhood
of 0, put

W={ueV|zueVforall ze Cwith |z| < 1}.

Then W is convex by Proposition 4.16a, and it is circled. Let us show that
W 2 2V N iV. Thus letu be an element okV N 3iV, and write it as
U= Sv; = 3ivp With v; andv, in V. Letz € C be given withz] < 1, and let

x andy be the real and imaginary parts of The vectorstv; and O are inv,
andV is convex; sincdx| < 1, xvy isin V. Similarly —yv, is in V. We can
write zu= (X +iy)vy = 3(Xvy) + 3(—Yyv), and this is inV sinceV is convex.
Thereforezuis in V, andu is inU. HenceW 2 1V N 3iV, as asserted.

Let U be the interiotW° of W. ThenU is an open neighborhood of 0, and
we show that it is convex and circled; this will complete the proof. landv
be inU. SinceU is open, we can find an open neighborhddaf 0 such that
u+NCcCUandv+ N C U. Ifnisin N and ift satisfies 0< t < 1, then
AI-tu+tv+n=>A-t)(u+n)+t(v+n)exhibits(1 -t)u+tv+nasa
convex combination of a memberof+ N € W and a memberaf + N C W,
hence as a member @f. Therefore every member ¢f — t)u + tv + N liesin
W, andU is convex.

To see that is circled, letu and N be as in the previous paragraph with
u+ N C U. If |zl <1, thenu+ N € W impliesz(u + N) € W since
W is circled. Hencezu+ zN € W. SincezN is open,zu+ zN is an open
neighborhood ofzu contained inW, and we must haveu+ zN € W° = U.
Thereforel is circled.

Proposition 4.26. Let X be a real or complex vector space. Xf has a
topology making it into a locally convex topological vector space, themas a
local neighborhood bask¥j at 0 for that topology such that

(@) eachN in A is convex and circled with 0 as an internal point,

(b) wheneveM andN are inNp, there is somé in Ao with P € M NN,
(c) wheneve is in My anda is a nonzero scalar, therN is in AV,

(d) eachx # 0in X has some associatéd in Ay such thaix is not in My.
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Conversely ifNy is any family of subsets of the vector spaXeuch that (a), (b),
(c), and (d) hold, then there exists one and only one topolog¥ enaking X
into a locally convex topological vector space in such a way Mats a local
neighborhood base at 0.

PrOOF. For the direct part of the proof, Lemma 4.25 shows that there is some
local neighborhood base at 0 consisting of convex circled sets. To such a local
neighborhood base we are free to add any additional neighborhoods of 0. Thus
we may take\; to consist ofall convex circled neighborhoods of 0. Then (b)
and (c) hold, and (d) holds since the topology is Hausdorff. Since 0 is an internal
point of any neighborhood of 0, (a) holds. This proves existence.

For the converse there is only one possibility for the topol@gyV is open
if for eachx in V, there is soméN, in Np with x + Ny € V. This proves the
uniqueness df, and we are to prove existence. For existence we define open sets
in this way and defin@ to be the collection of all open sets. The definition makes
@ open and the arbitrary union of open sets open, and (b) makes the intersection
of two open sets open.

We shall show that the complement of afxg} is open. Then it follows by
taking unions thai is open, so thaf is a topology; also we will have proved
that every one-point set is closed xif # xo, we use (d) to chooskly,_x, in Ao
with Xo — X1 not in My,_x,. Thenxs + My,_x, € X — {Xo}. Sincex, is arbitrary,

X — {xo} is open.

With 7 established as a topology, let us see that every memhaf o a
neighborhood of 0. This step involves considering the family of aétsfor
fixed N in A and for arbitrary positivea. If 0 <t < 1 and ifn; andn;
are inN, then(1 — t)n; + tny is in N since (a) says thall is convex. Hence
(1—t)N +tN < N. Ifa> 0andb > 0, then we can take= b(a+ b)~! and
obtaina(a + b) "N 4 b(a + b)"*N € N. Multiplying by a + b gives

aN+bN C (a+b)N for all positivea andb. ()

In particular the setaN are nested faa > 0,i.e.,0< a < @ impliesaN C a'N.
From these facts we can show that edcim A\ is a neighborhood of 0. Given
N, defineU = | J,_,.;aN. This is a subset o\ by the nesting property, and
we shall prove that it is open. K is in U, thenx is in aN for somea with
0 < a < 1, and(x) shows thak + 2(1—a)N € U. By (c), 3(1 —a)N is in A,
and therefor%(l —a)N can serve as a membig of Ay such thax + N, € U.
We conclude that) is open. Therefordl is a neighborhood of 0.
Next let us see that translations are homeomorphismé.isfopen and ity
is given, we know that eackin V has an associatedy such thaix + Ny C V.
If yisinxg+V, thenx =y —XpisinV and we see thaty — Xo) + Ny_x, €V
andy + Ny_y, € Xo + V. Hencexp + V is open, and every translation is a
homeomorphism.
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Let us see that addition is continuous@t0), and then the fact that translations
are homeomorphisms implies that addition is continuous everywheyeislin
open neighborhood of 0, then the definition of open set says that there is some
N in Mo with 0+ N € V. By (c), 3N is in Np. It is enough to prove that
(3N, 2N) maps intoV under addition. But this is immediate from) since
IN+INCSNCV.

Next we investigate continuity of the mappirg—~ axfora # 0. Itis enough
to show that ifV is open, then so ia~1V. SinceV is open, everx in V has an
associatedN, in A such thaix + Ny € V. The most general elementaf!'V
is of the forma~1x with x in V, and we hava~x +a~tN, € a~1V. Since (c)
showsa~1Ny to be inAj, we conclude thaa~1V is open.

Letus see that scalar multiplication is continuoudak), and then the fact that
X > axis continuous fola # 0 implies that scalar multiplication is continuous
everywhere except possibly @, x). LetV be an open neighborhood »f and
chooseN in Ay with x + N € V. SinceN is in Ny, (c) shows tha%N isin
No. Then 0 is an internal point (ﬁN by (a), and there exists > 0 such that
—e < € < e implies thatcx is in %N. There is no loss of generality in taking
€ < 1. SinceiN is circled by (a)cx is in 2N for |c| < e. Let A be the set of
scalars withla— 1| < €. We show that scalar multiplication carrifs< (x + % N)
into V. In fact, ifais in Aandin; isin $N, thenja] < 2, san, is in £N, and
(*) gives

a(x +3n1) = (@x—x) + (x+ 3am) € 5N+ (X + 5N) Sx+ N C V.

To complete the proof of continuity of scalar multiplication, we show conti-
nuity at all points(0, x). LetV be an open neighborhood of 0 ¥y and choose
N in Mowith 0+ N C V. Since 0 is an internal point &, there is some > 0
such thatx is in N for realc with |c| < e. For thise, Zexisin 3N. If [z] <1
andy is in $N, then(z, 3ex + y) maps tojzex + zy, which lies ingN + IN
sinceN is circled. Inturn, this is contained M by (x) and therefore is contained
in V. So(3€z, x + 2¢~1y) maps intoV if |z < 1 andy is in 2N. Altering the
definitions ofz andy, we conclude thatz, x + y) maps intoV if |z| < %e andy
is ine~IN. This proves the continuity.

Since{0} isaclosed set, Lemma4.3is applicable and showsélsitausdorff,
hence is a topological vector space. Inside any open neighboNMard lies
some setN in Uy, and| J,_,.,aN is a convex open subneighborhood \6f
Therefore the topology is locally convex.

We are almost in a position to topologi@es,(U). If ik denotes the inclusion

of C¢° into Cg(U), we shall define a convex circled subdetin CS5,(U)
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having 0 as an internal point to be in a local neighborhood base e'ap;é)(iﬂ) is

a neighborhood of 0 i€ for every compact subsét of U. Then conditions

(a), (b), and (c) in Proposition 4.26 will be met, and an examination of the
proof of that proposition shows that we obtain a topology3g,,,(U) in which
addition and scalar multiplication are continuous. Whatis lacking is the Hausdorff
property, which follows once (d) holds in Proposition 4.26. Verifying (d) requires
a construction, whose main step is given in the following lemma.

Lemma 4.27.Let X be a locally convex topological vector space,Yebe a
closed vector subspace, andYebe given the relative topology, which is locally
convex. IfN is a convex circled neighborhood of 0Yhandxg is a point in X
not in N, then there exists a convex circled neighborhdaf 0 in X such that
M NY = N and such thatg is not in M.

M;
- - AN
~ - \
Rl M2 RZ N
Xo _ = N\
° * Y
0 N

FIGURE 4.1. Extension of convex circled neighborhood of 0.
The lemma extendhl to the set given in the figure
by M3 = RiU My U Ry.

ProOOF SinceN is a neighborhood of O ity and sinceY has the relative
topology, there exists a neighborhobt of 0 in X such thatM; NY = U. We
shall adjustV; to make it convex circled and to arrange tRgts not in it. Since
Xis locally convex, we can find a convex circled neighborhiybf 0 contained
in M1. Taking a cue from Figure 4.1, define

Mz={l-t)n+tmy|ne N, me My 0<t <1}

This is a neighborhood of 0 since it contaids, and it is convex circled sincd
and M, are convex circled.
We shall prove that
M3zNY = N.

CertainlyM3zNY D N. For the reverse inclusion latz be inM3N'Y, and write
ms=A-t)n+tmywithne N,my e My, and 0<t < 1. Ift =0, then
ms = nis already inN. If t > 0, thenm, = t~1(mz — (1 — t)n) exhibitsm, as a
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linear combination of members &f, hence as a member ¥t SinceM, C My,
my isin M1 N'Y = N. Thereforems is a convex combination of the members
andm; of N and must lie inN sinceN is convex. ConsequentiyizNY = N.

If o liesinY, then we can takél = Mg sincexg is by assumption not i
and cannot therefore be in the larger B&L If Xg is notinY, then Proposition
4.24 says thaX/Y is a locally convex topological vector space. Singe- Y is
not the 0 coset, we can find a convex circled neighbori@ad the O coset that
does not contaimg + Y. If g : X — X/Y is the quotient map, theqi *(P) by
Proposition 4.16e is a convex circled neighborhood ofR that does not contain
Xo and satisfies|1(P) N Y = Y. ThereforeM = M3z N q~%(P) is a convex
circled neighborhood of 0 iiX that does not contaixy and satisfieM NY = N.

Proposition 4.28.Let X be areal or complex vector space, and supposethat
is the increasing uniokX = U‘F’f:l Xp of a sequence of locally convex topological
vector spaces such that for eaghX, is a closed vector subspace Xf1 and
has the relative topology. Then there exists a unique topology¥ amaking it
into a locally convex topological vector space in such a way that

(a) eachinclusiom, : X, — X is continuous,

(b) whenevell : X — Y is a linear function fromX into a locally convex
topological vector spacé such thatl oip : X, — X is continuous for
all p, thenL is continuous.

This unique topology has the property that
(c) eachinclusiom, : X, — X is a homeomorphism with its image.

PROOF. Let A be the family of all convex circled subsetsof X having 0
as an internal point such thi%tl(N) is a neighborhood of 0 iiX,, for all p. We
shall prove that\; satisfies the four conditions (a) through (d) of Propaosition
4.26, so thalX has a unique topology making it into a locally convex topological
vector space in such a way thi is a local neighborhood base at 0. Condition
(a) holds by definition. Condition (b) holds because the intersection of two
convex circled subsets with 0 as an internal point is again a convex circled set
with 0 as an internal point and because the intersection of two neighborhoods is
a neighborhood. Condition (c) holds because multiplication by a nonzero scalar
sends convex circled sets with 0 as an internal point into convex circled sets
with 0 as an internal point and because multiplication by a nonzero scalar sends
neighborhoods of 0 to neighborhoods of 0.

We have to prove (d) in Proposition 4.26, namely that eack 0 in X has
some associatel in Ap such thaio is notinM. SinceX = [ ;2 Xp, choose
po as small as possible so thatis in Xp,. SinceX, satisfies (a) through (d) and
sincexp # 0, we can find some convex circled neighborhddg of 0 in X, that
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does not contaixg. Proceeding inductively by means of Lemma 4.27, we can
find, for eachp > po, a convex circled neighborhodd, of 0 in X, that does not
containxo such thatMp N Xp_1 = Mp_1. DefineM = (J,.,, Mp. ThenM is
convex circled since eadtl, has this property. To see that O is an internal point
of M, we argue as follows: for eaohin X, x lies in someX, the setM, has 0

as an internal point sinckl,, is a neighborhood of OM,, contains allcx for ¢

real and small, and the larger 9dtcontains alcx for ¢ real and small. For each

p > po, the set Igl(M) equalsM;, which was constructed as a neighborhood

of 0in X,. The intersectiofy (M) = M, N X, has to be a neighborhood of 0 in
Xk for k < p sinceMy, is a neighborhood of 0 iXp, and the seM is therefore
in Mo. ThusM meets the requirement of being a membeAgfthat does not
containxg, and (d) holds in Proposition 4.26.

We are left with proving (a) through (c) in the present proposition and with
proving that no other topology meets these conditions. For (a), ginsdinear,
it is enough to prove continuity at 0. Hence we are to see thist i§ in Ao,
thenigl(N) is a neighborhood of 0 iX,,. But this is just one of the defining
conditions for the sel to be inAf.

For (b), sinceL is linear, itis enough to prove continuity at 0. Sinces locally
convex, the convex circled neighborhoods of Orifiorm a local neighborhood
base. IfE is such a neighborhood, we are to show that= L~Y(E) is a
neighborhood of 0 inX. The setE is convex and circled with O as an internal
point, and hence the same thing is trueNof Also, i ;2 (N) = i *L~H(E) =
(Loi p)*l(E) is aneighborhood of 0 X, sincel oi, is by assumption continuous.
ThereforeN = L~Y(E) is in N, and thernL ~%(E) is a neighborhood of 0 in the
topology imposed orX. Hencel is continuous at O and is continuous.

For (c), we again use Lemma 4.27, except that this time we do not need a
point xo. We are to show that iNp, is a neighborhood of 0 iiX,, theni (Np,)
is a neighborhood of 0 in the relative topology txatlefines onXp,. SinceX,
is locally convex, there is no loss of generality in assuming Mgtis convex
circled. Proceeding inductively fop > po, we use the lemma to construct a
convex circled neighborhool, of 0 in X, such thatN, N Xp_1 = Np_1. Put
N = Upzpo Np. Arguing in the same way as earlier in the proof, we see khat
is in Mo. Theni (Np) = Xp, NN, andi (Np,) is exhibited as the intersection of
Xp, With a neighborhood of 0 iX. This proves (c).

Finally suppose that the constructed topology<is 7 and that7” is a second
topology makingX into a locally convex topological vector space in such a way
that (a) and (b) hold. LetAbe the identity map froniX, 7) to (X, 7). By
(a) for 7', the composition o i : X, — X is continuous. By (b) fof7, 17
is continuous from(X, 7) to (X, 7"). Reversing the roles af and7’, we see
that the identity map is continuous froX, 7') to (X, 7). Therefore ¥ is a
homeomorphism.
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In the terminology of abstract functional analysis, one saysXhatProposi-
tion 4.28 is astrict inductive limit 16 of the spaceX,. With extra hypotheses that
are satisfied in our case of interest, one saysXhatquires the. F topology*’
from the X,’s.

Now let us apply the abstract theory @5, (U). If {K} is any exhausting
sequence of compact subsetsibfthen we apply Proposition 4.28 with =
Ceom(U) and X, = CL°. For the inclusionX, < Xp1, the restriction taCg®
of the seminorms o,°  yields the seminorms foZi®, and thereforeX, has
the relative topology as a vector subspacexXgf;. The spaceX; is a closed
subspace becausqé; is Cauchy complete and because complete subsets of a
metric space are closed. Thus the hypotheses are satisfiedga(id ) acquires
a unique topology as a locally convex topological vector space such that

(i) eachinclusiorCi® < C,(U) is continuous,

(i) whenever a linear mappingg,(U) — X is given into a locally convex
linear topological spacX and the compositioﬁ:ﬁ‘; - CEnU) — X
is continuous for everyp, then the given mappin@%,(U) — X is
continuous.

Furthermore
(i) each incIusionC%; C C&m(U) is a homeomorphism with its image.

To complete our construction, all we have to do is show that the resulting topology
onCZ(U) does not depend on the choice of exhausting sequence.

Proposition 4.29.The inductive limit topology oiC,,(U) is independent of
the choice of exhausting sequence. Consequently

(a) eachinclusiol€y® < Cg,,(U) is a homeomorphism with its image,
(b) whenever a linear mappir€s,,(U) — X is given into a locally convex

linear topological spacX and the compositio€g" — C%,(U) — X

is continuous for every compact subgebf U, then the given mapping
C3n(U) — Xis continuous.

16The words “direct limit” mean the same thing as “inductive limit,” but “inductive” is more com-
mon in this situation. The term “strict” refers to the fact that the successive inclusions
ipt1,p : Xp — Xpy1 are one-one withp, 1 p(Xp) homeomorphic taXp. The notion of “di-
rect limit” is a construction in category theory that is useful within several different categories.
Uniqueness of the direct limit up to canonical isomorphism is a formality built into the definition;
existence depends on the particular category. For this situation the construction is taking place within
the category of locally convex topological vector spaces (and continuous linear maps). A direct-limit
construction within a different category plays a role in Problems 26-30 at the end of the chapter,
and those problems are continued at the end of Chapter VI.

7L F” refers to “Fréchet limit.” In the usual situation the spacég are assumed to be locally
convex complete metric topological vector spaces, i.egCRet spaces.” Thép’s have this property
in the application taCg5,(U).
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ProoFr. Write X for CS;,(U) with its topology defined relative to an exhausting
sequencégK )} of compact subsets tf, and writeY for CS;,(U) with its topology
defined relative to an exhausting sequeftcg}. If Ky isamember ofthe sequence
{Kp}, thenKy € K for p > some indexpo depending ork since the interiors
of the setsK") cover the compact sé&ty. The inclusionKy C K;, is continuous
for p > po, and therefore the compositisty — K, — Y is continuous. This
continuity for allk implies that the identity map fronX into Y is continuous.
Reversing the roles of andY, we see that the identity map is a homeomorphism.

8. Krein—Milman Theorem

In this section we carry the discussion of local convexity in Sections 5-6 along the
path toward fixed-point theorems. Our objective will be to prove a fundamental
existence theorem about “extreme points.”

If K is a convex setin a real or complex vector space arglig in K, we say
thatxg is anextreme pointof K if Xq is not in the interior of anyine segment
belonging toK, i.e., if

Xo=(A—-t)x+ty with 0 <t <1 andx,y € K implies Xo=X=1Y.

Let X be a topological vector space, and ketbe a closed convex subset of
X. A nonempty closed convex subsgbf K is called afaceif whenever? is a
line segment belonging t4, in the above sense, addas an interior point iry,
then the whole line segment belongsSoWith this definition,Xg is an extreme
point of K if and only if the singleton s€xg} is a face.

If E is a subset o, then theclosed convex hullof E is defined to be the
intersection of all closed convex subsetsiathat contairk. It may be described
explicitly as the closure of the set of all convex combinations of membeis of

Theorem 4.30(Krein—Milman Theorem). K is a compact convex set in a
locally convex topological vector space, thiénis the closed convex hull of the
set of extreme points &€ . In particular, ifK is nonempty, theilk has an extreme
point.

PrROOF. Let X be the underlying topological vector space. We may assume,
without loss of generality, thaK is nonempty. Let us see that if is any
continuous linear functional 0K, then the subset &€ on which Ref assumes its
maximum value is a face. In fact, I8tbe the subset whege= Ref assumes its
maximum valuan. ThenSis nonempty sinc& is compact angj is continuous,
and the continuity and real linearity gfimply thatSis closed and convex. To



