




CHAPTER IV

Topics in Functional Analysis

Abstract. This chapter pursues three lines of investigation in the subject of functional analysis—one
involving smooth functions and distributions, one involving fixed-point theorems, and one involving
spectral theory.

Section 1 introduces topological vector spaces. These are real or complex vector spaces with a
Hausdorff topology in which addition and scalar multiplication are continuous. Examples include
normed linear spaces, spaces given by a separating family of countably many seminorms, and weak
and weak-star topologies in the context of Banach spaces. Various general properties of topological
vector spaces are proved, and it is proved that the quotient of a topological vector space by a closed
vector subspace is Hausdorff and is therefore a topological vector space.

Section 2 introduces a topology on the spaceC∞(U ) of smooth functions on an open subset of
R

N . The support of a continuous linear functional onC∞(U ) is defined and shown to be a compact
subset ofU . Accordingly, the continuous linear functionals are called distributions of compact
support.

Section 3 studies weak and weak-star topologies in more detail. The main result is Alaoglu’s
Theorem, which says that the closed unit ball in the weak-star topology on the dual of a normed linear
space is compact. In an earlier chapter a preliminary form of this theorem was used to construct
elements in a dual space as limits of weak-star convergent subsequences.

Section 4 follows Alaoglu’s Theorem along a particular path, giving what amounts to a first
example of the Gelfand theory of Banach algebras. The relevant theorem, known as the Stone
Representation Theorem, says that conjugate-closed uniformly closed subalgebras containing the
constants inB(S) are isomorphic via a norm-preserving algebra isomorphism to the space of all
continuous functions on some compact Hausdorff space. The compact space in question is the space
of multiplicative linear functionals on the subalgebra, and the proof of compactness uses Alaoglu’s
Theorem.

Sections 5–6 return to the lines of study toward distributions and fixed-point theorems. Section 5
studies the relationship between convexity and the existence of separating linear functionals. The
main theorem makes use of the Hahn–Banach Theorem. Section 6 introduces locally convex
topological vector spaces. Application of the basic separation theorem from the previous section
shows the existence of many continuous linear functionals on such a space.

Section 7 specializes to the line of study via smooth functions and distributions. The topic is
the introduction of a certain locally convex topology on the spaceC∞

com(U ) of smooth functions of
compact support onU . This is best characterized by a universal mapping property introduced in the
section.

Sections 8–9 pursue locally convex spaces along the other line of study that split off in Section 5.
Section 8 gives the Krein–Milman Theorem, which asserts the existence of a supply of extreme
points for any nonempty compact convex set in a locally convex topological vector space. Section 9
relates compact convex sets to the subject of fixed-point theorems.
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106 IV. Topics in Functional Analysis

Section 10 takes up the abstract theory of Banach algebras, with particular attention to com-
mutativeC∗ algebras with identity. Three examples are the algebras characterized by the Stone
Representation Theorem, anyL∞ space, and any adjoint-closed commutative Banach algebra
consisting of bounded linear operators on a Hilbert space and containing the identity.

Section 11 continues the investigation of the last of the examples in the previous section and
derives the Spectral Theorem for bounded self-adjoint operators and certain related families of
operators. Powerful applications follow from a functional calculus implied by the Spectral Theorem.
The section concludes with remarks about the Spectral Theorem for unbounded self-adjoint operators.

1. Topological Vector Spaces

In this section we shall work with vector spaces overR or C, and the distinction
between the two fields will not be very important. We writeF for this field of
scalars. Atopological vector spaceor linear topological spaceis a vector space
X overF with a Hausdorff topology such that addition, as a mappingX×X → X,
and scalar multiplication, as a mappingF × X → X, are continuous. The
mappings that we study between topological vector spaces are the continuous
linear functions, which may be referred to as “continuous linear operators.” An
isomorphismof topological vector spaces overF is a continuous linear operator
with a continuous inverse.

The simplest examples of topological vector spaces are the spacesFN of
column vectors with the usual metric topology. Since the topologies ofFN ,
FN × FN , andF × FN are given by metrics, continuity of functions defined on
any of these spaces may be tested by sequences. In particular, continuity of the
vector-space operations onFN reduces to the familiar results about limits of sums
of vectors and limits of scalars times vectors. Moreover, ifL : FN → Y is
any linear function fromFN into a topological vector space overF, then L is
continuous. To see this, let{e1, . . . , eN} be the standard basis of column vectors,
and let( · , · ) be the standard inner product onFN , namely the dot product if
F = R and the usual Hermitian inner product ifF = C. Write yj = L(ej ). For
anyx in FN , we have

L(x) =
N∑

j =1

(x, ej )L(ej ) =
N∑

j =1

(x, ej )yj .

If {xn} is a sequence converging tox in FN , then the continuity of the inner product
forces(xn, ej ) → (x, ej ) for each j . ThenL(xn) tends toL(x) in Y since the
vector space operations are continuous inY. HenceL is continuous.
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A second class of examples is the class of normed linear spaces. These were
defined inBasic, and the continuity of the operations was established there.1

The spacesFN of column vectors are examples. Further examples include the
spaceB(S) of all bounded scalar-valued functions on a nonempty setSwith the
supremum norm, the vector subspaceC(S) of continuous members ofB(S) when
S is a topological space, the vector subspacesCcom(S) andC0(S) of continuous
functions of compact support and of continuous functions vanishing at infinity
whenS is locally compact Hausdorff, the spaceL p(X, µ) for 1 ≤ p ≤ ∞ when
(X, µ) is a measure space, and the spaceM(S) of finite regular Borel complex
measures on a locally compact Hausdorff space with the total variation norm.

A wider class of examples, which includes the normed linear spaces, is the class
of topological vector spaces defined by seminorms. Seminorms were defined in
Section III.1. If we have a family{‖ · ‖s} of seminorms on a vector spaceX over
F, with indexing given bys in some nonempty setS, the corresponding topology
on X is defined as the weak topology determined by all functionsx �→ ‖x − y‖s
for s ∈ S andy ∈ X. A base for the open sets ofX is obtained as follows: For
each triple(y, s, r ), with y in X, with s one of the seminorm indices, and with
r > 0, the set

{
x

∣∣ ‖x − y‖s < r
}

is to be in the base, and the base consists of all
finite intersections of these sets as(y, s, r ) varies.

In order to obtain a topological vector space from a system of seminorms, we
must ensure the Hausdorff property, and we do so by insisting that the onlyf
in X with ‖ f ‖s = 0 for all s is f = 0. In this case the family of seminorms is
called aseparating family. Let us go through the argument that a space defined
by a separating family of seminorms is a topological vector space.

Proposition 4.1. Let X be a vector space overF endowed with a separating
family {‖ · ‖s} of seminorms. Then the weak topology determined by all functions
x �→ ‖x − y‖s makesX into a topological vector space.

PROOF. To see thatX is Hausdorff, letx0 andy0 be distinct points ofX. By
assumption, there exists somes such that‖x0 − y0‖s is a positive numberr . The
sets

{
x

∣∣ ‖x − x0‖s < r/2
}

and
{
y
∣∣ ‖y − y0‖s < r/2

}
are disjoint and open, and

they containx0 andy0, respectively. HenceX is Hausdorff.
To see that addition is continuous, we are to show that if a net{(xα, yα)} is con-

vergent inX × X to (x0, y0), then{xα + yα} converges tox0+ y0. This means that
if ‖xα −x0‖s+‖yα −y0‖s tends to 0 for eachs, then‖(xα +yα)−(x0+y0)‖s tends
to 0 for eachs. This is immediate from the triangle inequality for the seminorm
‖ · ‖s, and hence addition is continuous. The proof that scalar multiplication is
continuous is similar.

1The definition appears in Section V.9 ofBasic, and the continuity of the operations is proved in
Proposition 5.55.
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We have encountered two distinctly different kinds of examples of topological
vector spaces defined by families of seminorms. In the first kind a countable
family of seminorms suffices to define the topology. Normed linear spaces are
examples. So is the Schwartz spaceS(RN), consisting of all smooth scalar-valued
functions onRN such that the product of any polynomial with any iterated partial
derivative of the function is bounded. The defining seminorms for the Schwartz
space are

‖ f ‖P,Q = sup
x∈RN

|P(x)(Q(D) f )(x)|,

whereP andQ are arbitrary polynomials. We saw in Section III.1 that the same
topology arises if we use only the countably many seminorms for whichP is
some monomialxα andQ is some monomialxβ . This family of seminorms is a
separating family because if‖ f ‖1,1 = 0, then f = 0.

Another example of a topological vector space whose topology can be defined
by countably many seminorms is the spaceC∞(U ) of smooth scalar-valued func-
tions on a nonempty open setU of RN with the topology of uniform convergence
on compact sets of all derivatives. The family of seminorms is indexed by pairs
(K , P) with K a compact subset ofU and withP a polynomial, the corresponding
seminorm being‖ f ‖K ,P = supx∈K |(P(D) f )(x)|. The Hausdorff condition is
satisfied because if‖ f ‖K ,1 = 0 for all K , then f = 0. We shall see in the
next section that the topology can be defined by a countable subfamily of these
seminorms.

Still a third space of smooth scalar-valued functions, besidesS(RN) and
C∞(U ), will be of interest to us. This is the spaceC∞

com(U ) of smooth functions on
a nonempty openU with compact support contained inU . The useful topology
on this space is more complicated than the topologies considered so far. In
particular, it cannot be given by countably many seminorms. Describing the
topology requires some preparation, and we come back to the details in Section 7.

The examples we have encountered of topological vector spaces defined by
an uncountable family of seminorms, but not definable by a countable family,
are qualitatively different from the examples above. Indeed, they lead along a
different theoretical path, as we shall see—one that takes us in the direction of
spectral theory rather than distribution theory.

The first class of such examples is the class of normed linear spacesX with
the “weak topology,” as contrasted with the norm topology. LetX∗ be the set
of linear functionals ofX that are continuous in the norm topology. Theweak
topology on X was defined in Chapter X ofBasicas the weakest topology that
makes all members ofX∗ continuous. Of course, any set that is open in the weak
topology onX is open in the norm topology. A base for the open sets in the weak
topology onX is obtained as follows: For each triple(x0, x∗, r ), with x0 in X, x∗
in X∗, andr > 0, the set

{
x

∣∣ |x∗(x − x0)| < r
}

is to be in the base, and the base
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consists of all finite intersections of these sets as(x0, x∗, r ) varies. The weak
topology is given by the family of seminorms‖ · ‖x∗ = |x∗( · )|. The proof that
the weak topology is Hausdorff requires the fact, for eachx �= 0 in X, that there
is some memberx∗ with x∗(x) �= 0; this fact is one of the standard corollaries of
the Hahn–Banach Theorem. Examples of weak topologies will be discussed in
Section 3.

Similarly the weak-star topology onX∗, when X is a normed linear space,
was defined inBasicas the weakest topology onX∗ that makes all members of
X continuous. This is given by the family of seminorms‖ · ‖x = | · (x)|. Here
the relevant fact for seeing that the topology is Hausdorff is that for eachx∗ �= 0
in X∗, there is somex in X with x∗(x) �= 0. This is just a matter of the definition
of x∗ �= 0 and depends on no theorem. Examples of weak-star topologies will be
discussed in Section 3.

The above classes of examples by no means exhaust the possibilities for topo-
logical vector spaces. Let us mention briefly one example that is not even close
to being definable by seminorms. It is the spaceL p([0, 1]) with 0 < p < 1. This
is the vector space of all real-valued Borel functions on [0, 1] with

∫
[0,1] | f |p dx

finite, except that we identify two functions if they differ only on a set of measure 0.
Let us see thatd( f, g) = ∫

[0,1] | f − g|p dx is a metric. We need only verify the
triangle inequality in the form

∫
[0,1] | f + g|p dx ≤ ∫

[0,1] | f |p dx + ∫
[0,1] |g|p dx.

To check this, we observe for nonnegativer that(1+ r )p − (1+ r p) is 0 atr = 0
and has negative derivativep((1 + r )p−1 − r p−1) sincep − 1 is negative. Thus
(1+r )p ≤ 1+r p for r ≥ 0, and consequently|a+b|p ≤ (|a|+|b|)p ≤ |a|p+|b|p

for all reala andb. Takinga = f (x) andb = g(x) and integrating, we obtain the
desired triangle inequality. One readily shows thatL p([0, 1]) with this metric is a
topological vector space. On the other hand, this topological vector space is rather
pathological, as is shown in Problem 8 at the end of the chapter. For example it
has no nonzero continuous linear functionals, whereas nonzero topological vector
spaces whose topologies are given by seminorms always have enough continuous
linear functionals to separate points.2

Now we turn our attention to a few results valid for arbitrary topological vector
spaces.

Proposition 4.2. In any topological vector space, the closure of any vector
subspace is a vector subspace.

PROOF. Let V be a vector subspace of the topological vector spaceX. If x and
y are inVcl, then(x, y) is in Vcl × Vcl = (V × V)cl. Any continuous function

2More precisely it will be observed in Section 6 that topological vector spaces whose topologies
are given by seminorms are “locally convex,” and it will be proved in that same section that locally
convex spaces always have enough continuous linear functionals to separate points.
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f has the property for any setS that f (Scl) ⊆ f (S)cl. Applying this fact to the
addition function, we see thatx + y is in Vcl sinceV is the image ofV × V under
addition. ThusVcl is closed under addition. SimilarlyVcl is closed under scalar
multiplication.

Lemma 4.3. If X is a real or complex vector space in which addition and
scalar multiplication are continuous and if{0} is a closed subset ofX, thenX is
Hausdorff and hence is a topological vector space.

PROOF. Since translations are homeomorphisms, it is enough to separate 0 and
an arbitraryx �= 0 by disjoint open neighborhoods. SinceX − {0} is open, so
is V = X − {x}. By continuity of subtraction, choose an open neighborhoodU
of 0 such that the set of differences satisfiesU − U ⊆ V . ThenU andx + U
are open neighborhoods of 0 andx. If y is in their intersection, theny is in U ,
andy is of the formx + u for someu in U . Hencex = y − u exhibitsx as in
U − U ⊆ V = X − {x}, contradiction. Thus we can takeU andx + U as the
required disjoint open neighborhoods of 0 andx.

Proposition 4.4. If X is a topological vector space, ifY is a closed vector
subspace, and if the quotient vector spaceX/Y is given the quotient topology,3

then X/Y is a topological vector space, and the quotient mapq : X → X/Y
carries open sets to open sets.

PROOF. If U is open in X, then q−1(q(U )) = ⋃
y∈Y (y + U ) exhibits

q−1(q(U )) as the union of open sets and hence as an open set. By definition
of the topology onX/Y, q(U ) is open inX/Y. Henceq carries open sets inX
to open sets inX/Y.

To see that addition is continuous inX/Y, let x1 andx2 be in X, and letE be
an open neighborhood of the memberx1 + x2 + Y of X/Y. Thenq−1(E) is an
open neighborhood ofx1 + x2 in X. By continuity of addition inX, there exist
open neighborhoodsU1 of x1 andU2 of x2 such thatU1 + U2 ⊆ q−1(E). The
mapq is open and linear, and henceq(U1) andq(U2) are open subsets ofX/Y
with q(U1) + q(U2) ⊆ q(q−1(E)) = E. Thus addition is continuous inX/Y.

To see that scalar multiplication is continuous inX/Y, letc be a scalar, letx be
in X, and letE be an open neighborhood ofcx in X/Y. Thenq−1(E) is an open
neighborhood ofcx in X. By continuity of scalar multiplication inX, there exist
open neighborhoodsAof c in the scalars andU of x in X such thatAU ⊆ q−1(E).
Thenq(U ) is an open subset ofX/Y such thatAq(U ) ⊆ q(q−1(E)) = E. Hence
scalar multiplication is continuous inX/Y.

Applying Lemma 4.3, we see thatX/Y is Hausdorff. ThereforeX/Y is a
topological vector space.

3If q : X → X/Y is the quotient mapping, the open setsE of X/Y are defined as all subsets
such thatq−1(E) is open inX.
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Proposition 4.5. If Y is ann-dimensional topological vector space overF,
thenY is isomorphic toFn.

PROOF. Let y1, . . . , yn be a vector-space basis ofY, and let( · , · ) and| · |
be the usual inner product and norm onFn. If e1, . . . , en is the standard basis of
Fn, defineL

( ∑n
j =1 cj ej

) = ∑n
j =1 cj yj . ThenL is one-one and hence is ontoY.

We saw earlier in this section thatL is continuous. We shall prove thatL−1 is
continuous, and it is enough to do so at 0 inY.

Assuming on the contrary thatL−1 is not continuous at 0, we can find some
ε > 0 such that no open neighborhoodU of 0 in Y maps underL−1 into the
open neighborhood{|x| < ε} of 0 in Fn. For each suchU , find yU in U with
|L−1(yU )| ≥ ε. DefinezU = |L−1(yU )|−1yU . The net{yU } tends to 0 inY by
construction, and the numbers|L−1(yU )|−1 are bounded byε−1. By continuity
of scalar multiplication inY, zU has limit 0 inY. On the other hand, the members
of Fn defined byxU = L−1(zU ) = |L−1(yU )|−1L−1(yU ) have|xU | = 1 for all
U . The unit sphere inFn is compact, and it follows that{xU } has a convergent
subnet, say{xUµ

}, with some limitx0 such that|x0| = 1. We haveL(xU ) = zU ,
and passage to the limit givesL(x0) = limµ L(xUµ

) = limµ zUµ
= 0. On the

other hand,L is one-one, and hence the equalityL(x0) = 0 for somex0 with
|x0| = 1 is a contradiction. We conclude thatL−1 is continuous.

Corollary 4.6. Every finite-dimensional vector subspace of a topological
vector space is closed.

PROOF. Let V be ann-dimensional subspace of a topological vector spaceX,
and suppose thatVcl properly containsV . Choosex0 in Vcl − V , and form the
vector subspaceW = V + Fx0. Then the closure ofV in W, being a vector
subspace (Proposition 4.2), isW. The vector subspaceW has dimensionn + 1,
and Proposition 4.5 shows thatW is isomorphic toFn+1. All vector subspaces of
Fn+1 are closed inFn+1, and henceV is closed inW, contradiction.

Lemma 4.7. If X is a topological vector space,K is a compact subset ofX,
andV is an open neighborhood of 0, then there existsε > 0 such thatδK ⊆ V
whenever|δ| ≤ ε.

PROOF. For eachk ∈ K , chooseεk > 0 and an open neighborhoodUk of k
such thatδUk ⊆ V whenever|δ| ≤ εk; this is possible since scalar multiplication
is continuous at the point where the scalar is 0 and the vector isk. The open sets
Uk cover K , and the compactness ofK implies that there is a finite subcover:
K ⊆ Uk1 ∪ · · · ∪ Ukm. ThenδK ⊆ V whenever|δ| ≤ min1≤ j ≤m εkj .

Proposition 4.8. Every locally compact topological vector space is finite
dimensional.



112 IV. Topics in Functional Analysis

PROOF. Let X be a locally compact topological vector space, letK be a
compact neighborhood of 0, and letU be its interior. Suppose that we have a
sequence{ym} in X with the property that for anyδ > 0, there is an integerM
such thatm ≥ M implies ym lies in δK . Then the result of Lemma 4.7 implies
that{ym} tends to 0.

The sets{k+ 1
2U | k ∈ K } form an open cover ofK . If {k1+ 1

2U, . . . , kn+ 1
2U }

is a finite subcover, we prove that{k1, . . . , kn} spansX. It is enough to prove that
S = {k1, . . . , kn} spansU . If x is in U , thenx is in one of the sets of the finite
subcover, saykj1 + 1

2U . Write x = kj1 + 1
2u1 accordingly. The finite subcover

coversK and hence its interiorU , and thus1
2U is covered by1

2(k1 + 1
2U ), . . . ,

1
2(kn + 1

2U ). Applying this observation to the element1
2u1 of 1

2U , we see thatx
is in kj1 + 1

2(kj2 + 1
2U ) for somekj2. Write x = kj1 + 1

2kj2 + 1
4u2 accordingly.

Continuing in this way, we see that

x is in kj1 + 1
2 kj2 + · · · + 1

2r −1 kjr + 1
2r U for eachr.

Putxr = kj1 + 1
2 kj2 + · · · + 1

2r −1 kjr . This is an element of the finite-dimensional
subspace spanned byS, which is closed by Corollary 4.6; thus if{xr } converges,
it must converge to a memberx0 of this subspace. Using the result of the previous
paragraph, we shall show thatx − xr converges to 0. Then we can conclude that
xr converges tox, hence thatx is in the span ofS. To see thatx − xr converges
to 0, choosel such that|δ0| ≤ 2−l impliesδ0K ⊆ U . Applying the criterion of the
previous paragraph, letδ > 0 be given. ChooseM such that 2−Mδ−1 ≤ 2−l . Then
m ≥ M implies that 2−mδ−1 ≤ 2−Mδ−1 ≤ 2−l . Thus 2−mδ−1 is an allowable
choice ofδ0, and we therefore obtain 2−mδ−1K ⊆ U and 2−mK ⊆ δU . For
m ≥ M , the elementx − xm lies in 2−mU ⊆ 2−mK , and we have just proved that
2−mK ⊆ δU . Thusx − xm lies inδU , and the criterion of the previous paragraph
applies. Hencex − xm tends to 0. This completes the proof.

2. C∞(U ), Distributions, and Support

As was mentioned in Section III.1, distributions are continuous linear func-
tionals on vector spaces of smooth functions. Their properties are deceptively
simple-looking and enormously helpful in working with linear partial differential
equations. We considered tempered distributions in Section III.1; these are the
continuous linear functionals on the spaceS(RN) of Schwartz functions onRN .
In this section we study the topology on the spaceC∞(U ) of arbitrary scalar-
valued smooth functions on an open subsetU of RN , together with the associated
space of distributions.

To topologizeC∞(U ), we use the family of seminorms indexed by pairs(K , P)

with K a compact subset ofU and withP a polynomial, the(K , P)th seminorm
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being‖ f ‖K ,P = supx∈K |(P(D) f )(x)|. The resulting topology is Hausdorff,
andC∞(U ) becomes a topological vector space.

Let us see that this topology is given by a countable subfamily of these semi-
norms and is therefore implemented by a metric. It is certainly sufficient to
consider only the monomialsDα instead of all polynomialsP(D), and thus the
P index of(K , P) can be assumed to run through a countable set. We make use
of a notion already used in Section III.2. Anexhausting sequenceof compact
subsets ofU is an increasing sequence of compact sets with unionU such that
each set is contained in the interior of the next set. An exhausting sequence
exists in any locally compact separable metric space. If{Kn} is an exhausting
sequence forU and if K is a compact subset ofU , then the interiorsK o

n of
the Kn’s form an open cover ofK , and there is a a finite subcover; since the
members of the open cover are nested,K is contained in some singleK o

n and
hence inKn. Therefore‖ f ‖K ,P ≤ ‖ f ‖Kn,P

for every P, and we can discard
all the seminorms except the ones from someKn. In short, the countably many
seminorms‖ f ‖Kn,xα = supx∈Kn

|(Dα f )(x)| suffice to determine the topology of
C∞(U ). In particular, the topology is independent of the choice of exhausting
sequence.

After the statement of Theorem 3.9, we constructed a smooth partition of unity
{ψn}n≥1 associated to an exhausting sequence{Kn}n≥1 of an open subsetU of
RN . Such a partition of unity is sometimes useful, and Problem 9 at the end of
the chapter illustrates this fact. The functionsψn are inC∞(U ) and have the
properties that

∑∞
n=1 ψn(x) = 1 onU , ψ1(x) > 0 on K3, ψ1(x) = 0 on(K o

4)c,
and forn ≥ 2,

ψn(x)

{
> 0 for x ∈ Kn+2 − K o

n+1,

= 0 for x ∈ (K o
n+3)

c ∪ Kn.

SinceC∞(U ) is a metric space, its topology may be characterized in terms of
convergence of sequences: a sequence of functions converges inC∞(U ) if and
only if the functions converge uniformly on each compact subset ofU and so do
each of their iterated partial derivatives

If a particular metric forC∞(U ) is specified as constructed in Section III.1
from an enumeration of some determining countable family of seminorms, then
it is apparent that a sequence of functions is Cauchy inC∞(U ) if and only if the
functions and all their iterated partial derivatives are uniformly Cauchy on each
compact subset ofU . As a consequence we can see thatC∞(U ) is complete as a
metric space: in fact, let us extract limits from each uniformly Cauchy sequence of
derivatives and use the standard theorem on derivatives of convergent sequences
whose derivatives converge uniformly; the result is that we obtain a member of
C∞(U ) to which the Cauchy sequence converges.
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It is unimportant which particular metric is used for this completeness argu-
ment. The relevant consequence is that the Baire Category Theorem4 is applicable
to C∞(U ), and the statement of the Baire Category Theorem makes no reference
to a particular metric.

In similar fashion one checks thatS(RN), whose topology is likewise given
by countably many seminorms, is complete as a metric space.

The vector space of continuous linear functionals onC∞(U ), i.e., itscontinu-
ous dual, is called the space of alldistributions of compact supportonU and is
traditionally5 denoted byE ′(U ). The words “of compact support” require some
explanation and justification, which we come back to after giving an example.

EXAMPLE. Take finitely many complex Borel measuresρα of compact support
on U , the indexing being by the set ofn-tuplesα of nonnegative integers with
|α| ≤ m, and define

T(ϕ) =
∑

|α|≤m

∫
U

Dαϕ(x) dρα(x).

It is easy to check thatT is a distribution of compact support onU . A theorem
in Chapter V will provide a converse, saying essentially that every continuous
linear functional onC∞(U ) is of this form.

Let us observe that the vector subspaceC∞
com(U ) is dense inC∞(U ). In fact, let

{Kj } be an exhausting sequence of compact sets inU , and chooseψj ∈ C∞
com(Rn)

by Proposition 3.5f to be 1 onKj and 0 offKj +1. If f is in C∞(U ), thenψj f is
in C∞

com(U ) and tends tof in every seminorm onC∞(U ).
To obtain a useful notion of “support” for a distribution, we need the following

lemma.

Lemma 4.9. If U1 and U2 are nonempty open sets inRN and if ϕ is in
C∞

com(U1 ∪ U2), then there existϕ1 ∈ C∞
com(U1) andϕ2 ∈ C∞

com(U2) such that
ϕ = ϕ1 + ϕ2.

PROOF. Let L be the compact support ofϕ, and choose a compact setK such
that L ⊆ K o ⊆ K ⊆ U1 ∪ U2. Then {U1,U2} is a finite open cover ofK ,
and Lemma 3.15b ofBasicproduces an open cover{V1, V2} of K such thatVcl

1
is a compact subset ofU1 andVcl

2 is a compact subset ofU2. Proposition 3.5f
produces functionsg1 ∈ C∞

com(U1) andg2 ∈ C∞
com(U2) with values in [0, 1] such

thatg1 is 1 onVcl
1 andg2 is 1 onVcl

2 . Theng = g1 + g2 is in C∞
com(U1 ∪ U2) and

4Theorem 2.53 ofBasic.
5The tradition dates back to Laurent Schwartz’s work, in whichE(U ) was the notation forC∞(U )

andE ′(U ) was the space of continuous linear functionals.
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is 1 onK . If W is the open set whereg �= 0, then Proposition 3.5f produces a
functionh in C∞

com(W) with values in [0, 1] such thath is 1 onK . The function
1 − h is smooth, has values in [0, 1], is 1 whereg �= 0, and is 0 onK . Hence
g + (1− h) is a smooth function that is everywhere positive onRN and equalsg
on K . Therefore the functionsg1/(g + 1 − h) andg2/(g + 1 − h) are smooth
functions onRN compactly supported inU1 andU2, respectively, with sum equal
to 1 onK . If we defineϕ1 = g1ϕ andϕ2 = g2ϕ, thenϕ1 andϕ2 have the required
properties.

Proposition 4.10. If T is an arbitrary linear functional onC∞
com(U ) and ifU ′

is the union of all open subsetsUγ of U such thatT vanishes onC∞
com(Uγ ), then

T vanishes onC∞
com(U ′).

PROOF. Let ϕ be inC∞
com(U ′), and letK be the support ofϕ. The open sets

Uγ form an open cover ofK , and some finite subcollection must haveK ⊆
Uγ1 ∪ · · · ∪ Uγp. Lemma 4.9 applied inductively shows thatϕ is the sum of
functions inC∞

com(Uj ), 1 ≤ j ≤ p. SinceT is 0 on each of these, it is 0 on the
sum.

If T is inE ′(U ), thesupport of T is the complement of the setU ′ in Proposition
4.10, i.e., the complement of the union of all open setsUγ such thatT vanishes on
C∞

com(Uγ ). If T has empty support, thenT = 0 becauseT vanishes onC∞
com(U )

andC∞
com(U ) is dense inC∞(U ).

Proposition 4.11.Every memberT of E ′(U ) has compact support.

REMARKS. For the moment this proposition justifies using the name “distri-
butions of compact support” for the continuous linear functionals onC∞(U ).
After we define general distributions in Section V.1, we shall have to return to
this matter.

PROOF. Let {Kn} be an exhausting sequence of compact sets inU . If T is not
supported in anyKn, then there is somefn in C∞

com(U − Kn) with T( fn) �= 0.
Put gn = fn/T( fn), so thatT(gn) = 1. If K is any compact subset ofU , then
K ⊆ Kn for largen, andgn

∣∣
K = 0 for suchn. Thusgn tends to 0 inC∞(U )

while T(gn) tends to 1�= 0 = T(0), in contradiction to continuity ofT .

Similarly we can use Proposition 4.10 to define thesupport of a tempered
distributionT in S ′(RN) as the complement of the union of all open setsUγ such
that T vanishes onC∞

com(Uγ ). Tempered distributions need not have compact
support; for example, the function 1 defines a tempered distribution whose support
is RN .



116 IV. Topics in Functional Analysis

In the case of tempered distributions, a little argument is required to show that
the only tempered distribution with empty support is the 0 distribution. What is
needed is the following fact.

Proposition 4.12.C∞
com(RN) is dense inS(RN).

REMARKS. If T in S ′(RN) has empty support, thenT vanishes onC∞
com(RN).

Proposition 4.12 and the continuity ofT imply thatT = 0 onS(RN). Thus the
only tempered distribution with empty support is the 0 distribution.

PROOF. Fix h in C∞
com(RN) with values in [0, 1] such thath(x) is 1 for |x| ≤ 1

and is 0 for|x| ≥ 2. DefinehR(x) = h(R−1x). If ϕ is in S(RN), we shall
show that limR→∞ hRϕ = ϕ in the metric spaceS(RN), and then the proposition
will follow. Thus we want limR→∞ supx∈RN |xγ Dα(ϕ − hRϕ)(x)| = 0. By
the Leibniz rule,Dα(hRϕ) = hRDαϕ + ∑

β<α cβ(Dα−βhR)(Dβϕ). Hence it is
enough to prove that

lim
R→∞

sup
x∈RN

|xγ (1 − hR)Dαϕ| = 0

lim
R→∞

sup
x∈RN

|xγ (Dα−βhR)(Dβϕ)| = 0 for β < α.and

The first of these limit formulas is a consequence of the fact thatxγ Dαϕ van-
ishes at infinity, which in turn follows from the fact thatxγ (1 + |x|2)Dαϕ is
bounded, i.e., that‖ϕ‖xγ (1+|x|2),xα is finite. For the second of these limit formu-

las, we observe from the chain rule thatDα−βhR(x) = R−|α−β|Dα−βh(R−1x).
For β < α, this function is dominated in absolute value bycα R−1. Hence
supx∈RN |xγ (Dα−βhR)(Dβϕ)| ≤ cα R−1 ∑

β<α ‖ϕ‖xγ ,xβ , and the limit onR is 0.

3. Weak and Weak-Star Topologies, Alaoglu’s Theorem

Let X be a normed linear space, and letX∗ be its dual, which we know to be
a Banach space. We have defined theweak topologyon X to be the weakest
topology onX making all members ofX∗ continuous, i.e., makingx �→ x∗(x)

continuous for eachx∗ in X∗. This topology is given by the family of seminorms
‖x‖x∗ = |x∗(x)| indexed byX∗. Theweak-star topologyon X∗ relative toX
is the weakest topology onX∗ making all members ofι(X) continuous,6 i.e.,
making x∗ �→ x∗(x) continuous for eachx in X. This topology is given by
the family of seminorms‖x∗‖x = |x∗(x)| indexed byX. In this section we

6The symbolι denotes the canonical mapX → X∗∗ given byι(x)(x∗) = x∗(x).
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study these topologies7 in more detail, proving an important theorem about the
weak-star topology.

We shall discuss some examples in a moment. The spaceX∗ is a normed linear
space in its own right, and therefore it has a well-defined weak topology. The
definitions make the weak topology onX∗ the same as the weak-star topology on
X∗ relative toX if X is reflexive, but we cannot draw this conclusion in general.

The weak topology onX is of less importance to real analysis than the weak-
star topology onX∗, and thus the main interest in the weak topology onX will
be in the case thatX is reflexive. It is also true that exact conditions that interpret
the weak or weak-star topology in a particular example tend not to be useful.
Nevertheless, it may still be helpful to consider examples in order to get a better
sense of what these topologies do.

We shall discuss the examples in terms of convergence. However, the conver-
gence will involve only convergence of sequences, not convergence of general
nets. A difficulty with nets is that one cannot draw familiar conclusions from
convergence of nets even in the case of nets in the real numbers; for example, a
convergent net of real numbers need not be bounded, just eventually bounded.

In order to have it available in the discussion, we prove one fact about con-
vergence of sequences in weak and weak-star topologies before coming to the
examples.

Proposition 4.13.Let X be a normed linear space, and letX∗ be its dual space.

(a) If {xn} is a sequence inX converging tox0 in the weak topology onX, then
{‖xn‖} is a bounded sequence inR and‖x0‖ ≤ lim infn ‖xn‖.

(b) If X is a Banach space and if{x∗
n} is a sequence inX∗ converging tox∗

0 in
the weak-star topology onX∗ relative toX, then{‖x∗

n‖} is a bounded sequence
in R and‖x∗

0‖ ≤ lim infn ‖x∗
n‖.

PROOF. For the first half of (a), letι : X → X∗∗ be the canonical map. Since
the sequence{ι(xn)(x∗)} converges tox∗(x0) for eachx∗ in X∗, {ι(xn)} is a set
of bounded linear functionals on the Banach spaceX∗ with {ι(xn)(x∗)} bounded
for eachx∗ in X∗. By the Uniform Boundedness Theorem the norms‖ι(xn)‖
are bounded. Sinceι preserves norms as a consequence of the Hahn–Banach
Theorem, the norms‖xn‖ are bounded. For the second half of (a), letx∗ be
arbitrary inX∗ with ‖x∗‖ ≤ 1. Then

|x∗(x0)| = lim |x∗(xn)| ≤ lim inf ‖x∗‖‖xn‖ ≤ lim inf ‖xn‖.
Taking the supremum overx∗ with ‖x∗‖ ≤ 1 and applying the formula‖x0‖ =
sup‖x∗‖≤1 |x∗(x0)|, which is known from the Hahn–Banach Theorem, we obtain
‖x0‖ ≤ lim inf ‖xn‖.

7The weak topology onX is also called theX∗ topology of X, and the weak-star topology on
X∗ is also called theX topology ofX∗.
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For the first half of (b),{x∗
n} is a set of bounded linear functionals on the Banach

spaceX with {x∗
n(x)} bounded for eachx in X. Then the Uniform Boundedness

Theorem shows that the norms‖x∗
n‖ are bounded. For the second half of (b), let

x be arbitrary inX with ‖x‖ ≤ 1. Then

|x∗
0(x)| = lim |x∗

n(x)| ≤ lim inf ‖x∗
n‖‖x‖ ≤ lim inf ‖x∗

n‖.

Taking the supremum overx and applying the definition of‖x∗
0‖, we obtain

‖x∗
0‖ ≤ lim inf ‖x∗

n‖.

EXAMPLES OF CONVERGENCE IN WEAK TOPOLOGIES.

(1) X = L p(S, µ) when 1< p < ∞. Then X∗ ∼= L p′
(X, µ), wherep′ is

the dual index8 of p. The assertion is that a sequence{ fn} tends weakly tof
in L p if and only if {‖ fn‖p} is bounded and lim

∫
E fn dµ = ∫

E f dµ for every
measurable subsetE of S of finite measure. The necessity is immediate from
Proposition 4.13a and from taking the member ofX∗ to be the indicator function
of E. Let us prove the sufficiency. From lim

∫
E fn dµ = ∫

E f dµ, we see that
lim

∫
S fnt dµ = ∫

S f t dµ for t simple if t is 0 off a set of finite measure. Letg
be given inL p′

(S, µ), and choose a sequence{tm} of simple functions equal to 0
off sets of finite measure such that limm tm = g in the norm topology ofL p′

. For
all m andn, we have∣∣ ∫

S fng dµ − ∫
S f g dµ

∣∣
≤ ∣∣ ∫

S fn(g − tm) dµ
∣∣ + ∣∣ ∫

S fntm dµ − ∫
S f tm dµ

∣∣
+ ∣∣ ∫

S f (tm − g) dµ
∣∣

≤ ‖ fn‖p‖g−tm‖p′ +
∣∣ ∫

S fntm dµ−∫
S f tm dµ

∣∣ + ‖ f ‖p‖g−tm‖p′ .

The first and third terms on the right tend to 0 asm tends to infinity, uniformly in
n. If ε > 0 is given, choosem such that those two terms are< ε, and then, with
m fixed, choosen large enough to make the middle term< ε.

(2) X = C(S) with Scompact Hausdorff,C(S) being the space of continuous
scalar-valued functions onS. ThenX∗ may be identified with the spaceM(S) of
(signed or) complex regular Borel measures onS, with the total-variation norm.9

The assertion is that a sequence{ fn} tends weakly tof in C(S) if and only if
{‖ fn‖} is bounded and limfn = f pointwise. The necessity is immediate from
Proposition 4.13a and from taking the member ofX∗ to be any point mass at a point

8The indexp′ is defined by1
p + 1

p′ = 1. This duality was proved in Theorem 9.19 ofBasic
whenµ is σ -finite, but it holds without this restrictive assumption onµ.

9This identification was obtained inBasicin Theorem 11.24 for real scalars and in Theorem 11.26
for complex scalars. The starting point for the identification is the Riesz Representation Theorem.
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of S. For the sufficiency we simply observe that any member ofM(S) is a finite
linear combination of regular Borel measuresµ onSand lim

∫
S fn dµ = ∫

S f dµ

for any Borel measureµ by dominated convergence.

(3) X = C0(S) with Slocally compact separable metric,C0(S) being the space
of continuous scalar-valued functions vanishing at infinity. Again the dualX∗
may be identified with the spaceM(S) of complex regular Borel measures on
S, with the total-variation norm. This example can be handled by applying the
previous example to the one-point compactification ofS. All signed or complex
Borel measures are automatically regular in this case. A sequence{ fn} tends
weakly to f in C0(S) if and only if {‖ fn‖} is bounded and limfn = f pointwise.

EXAMPLES OF CONVERGENCE IN WEAK-STAR TOPOLOGIES.

(1) X = L p(S, µ) and X∗ ∼= L p′
(S, µ) when 1 < p < ∞, p′ being the

dual index ofp. This X is reflexive. Therefore the first example of convergence
in weak topologies shows that{ fn} converges weak-star inL p′

(S, µ) relative to
L p(S, µ) if and only if {‖ fn‖p′ } is bounded and lim

∫
E fn dµ = ∫

E f dµ for
every measurable subsetE of Sof finite measure.

(2) X = L1(S, µ) andX∗ ∼= L∞(S, µ) whenµ is σ -finite. This X is usually
not reflexive. However, the condition for weak-star convergence is the same
as in the previous example:{ fn} converges weak-star inL∞(S, µ) relative to
L1(S, µ) if and only if {‖ fn‖∞} is bounded and lim

∫
E fn dµ = ∫

E f dµ for
every measurable subsetE of S of finite measure. The argument in the first
example of convergence in weak topologies can easily be modified to prove this.

(3) X = C(S) with S compact Hausdorff, andX = C0(S) with S locally
compact separable metric. Weak-star convergence of complex regular Borel
measures does not have a useful necessary and sufficient condition beyond the
definition. The notion of weak-star convergence in this situation is, nevertheless,
quite helpful as a device for producing new complex measures out of old ones.10

A theorem about the weak topology, due to Banach, is that the vector subspaces
that are closed in the weak topology are the same as the vector subspaces that are
closed in the norm topology. More generally the closed convex sets coincide in
the weak and norm topologies. We shall not have occasion to use this theorem or
mention any of its applications, and we therefore omit the proof.

The weak-star topology has results of more immediate interest, and we turn
our attention to those. Theorem 5.58 ofBasic established for any separable
normed linear spaceX that any bounded sequence in the dualX∗ has a weak-
star convergent subsequence; this was called a “preliminary form of Alaoglu’s
Theorem.”

10Warning. Many probabilists and some other people use the unfortunate term “weak conver-
gence” for this instance of weak-star convergence.
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Theorem 4.14Let X be a normed linear space with dualX∗.

(a) (Alaoglu’s Theorem) The closed unit ball ofX∗ is compact in the weak-
star topology relative toX.

(b) If X is separable, then the closed unit ball ofX∗ is a separable metric space
in the weak-star topology.

REMARKS. By (a), any net{x∗
α} in X∗ with ‖x∗

α‖ bounded has a subnet{x∗
αµ

}
and an elementx∗

0 in X∗ such thatx∗
αµ

(x) → x∗
0(x) for everyx in X. By (b),

this conclusion about nets can be replaced by a conclusion about sequences if
X is separable. Thus we recover the “preliminary form” of Alaoglu’s Theorem.
The results of Section III.4 give an example of the utility of the two parts of this
theorem; together they lead to a proof that harmonic functions inHp(RN+1

+ ) are
automatically Poisson integrals of functions ifp > 1 or of complex measures if
p = 1.

PROOF. Let B be the closed unit ball inX∗, let D(r ) be the closed disk inC
with radiusr and center 0, and letC = ×x∈X D(‖x‖). DefineF : B → C by
F(x∗) = ×x∈Xx∗(x). The functionF is well defined since|x∗(x))| ≤ ‖x‖ for
all x∗ in B and allx in X. It is continuous as a map into the product space since
x∗ �→ x∗(x) is continuous for eachx, it is one-one sincex∗ is determined by
its values on eachx, and it is a homeomorphism with its image by definition of
weak topology. SinceC is compact by the Tychonoff Product Theorem, (a) will
follow if it is shown thatF(B) is closed inC. Let px denote the projection of
C to its xth coordinate. Ifx andx′ are inX and if { fα} is a net inC convergent
to f0 in C, then an equalitypx+x′( fα) = px( fα) + px′( fα) for all α implies that
px+x′( f0) = px( f0) + px′( f0) by continuity ofpx+x′ , px, andpx′ . Thus the set

S(x, x′) = { f ∈ C | px+x′( f ) = px( f ) + px′( f )}
is closed, and similarly the set

T(x, c) = { f ∈ C | cpx( f ) = px(c f )}
is closed. The intersection of allS(x, x′)’s and allT(x, c)’s is the set of linear
members ofC, hence is exactlyF(B). ThusF(B) is closed.

For (b), we continue withB and D(r ) as above, but we changeC and F
slightly. Let {xn} be a countable dense set in the norm topology ofX, let C =
×xn

D(‖xn‖), and defineF : B → C by F(x∗) = ×xn
x∗(xn). As in the

proof of (a), F is continuous. It is one-one since anyx∗, being continuous, is
determined by its values on the dense set{xn}. The domain is compact by (a). The
range spaceC is a separable metric space and is in particular Hausdorff. Hence
B is exhibited as homeomorphic toF(B), which is a subspace of the separable
metric spaceC and is therefore separable.
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4. Stone Representation Theorem

In this section we begin to follow Alaoglu’s Theorem along paths different from
its use for creating limit functions and measures out of sequences that are bounded
in a weak-star topology. We shall work in this section with what amounts to an
example—one of the motivating examples behind a stunning idea of I. M. Gelfand
around 1940 that brings algebra, real analysis, and complex analysis together in
a profound way. The example gives a view of subalgebras of the algebraB(S)

of all bounded functions on a setS in terms of compactness. The stunning idea
that came out, on which we shall elaborate shortly, is that the mechanism in the
proof is the same mechanism that lies behind the Fourier transform onRN , that
this mechanism can be cast in abstract form as a theory of commutative Banach
algebras, and that the theory gives a new perspective about spectra. In particular,
it leads directly to the full Spectral Theorem for bounded and unbounded self-
adjoint operators, extending the theorem for compact self-adjoint operators that
was proved as Theorem 2.3. In turn, the Spectral Theorem has many applications
to the study of particular operators.

Let us first state the theorem aboutB(S), then discuss Gelfand’s stunning idea
about the mechanism, and finally give the proof of the theorem. We shall pursue
the Gelfand idea in Sections 10–11 later in this chapter.

We have discussedB(S) as the Banach space of bounded complex-valued
functions on a nonempty setS, the norm being the supremum norm. In this
Banach space pointwise multiplication makesB(S) into a complex associative
algebra11 with identity (namely the function 1), there is an operation of complex
conjugation, and there is a notion of positivity (namely pointwise positivity of a
function). The theorem concerns subalgebras ofB(S) containing 1, closed under
conjugation, and closed under uniform limits.

Theorem 4.15(Stone Representation Theorem). LetS be a nonempty set,
and letA be a uniformly closed subalgebra ofB(S) with the properties thatA
is stable under complex conjugation and contains 1. Then there exist a compact
Hausdorff spaceS1, a function p : S → S1 with dense image, and a norm-
preserving algebra isomorphismU of A ontoC(S1) preserving conjugation and
positivity, mapping 1 to 1, and having the property thatU ( f )(p(s)) = f (s) for
all s in S. If S is a Hausdorff topological space andA consists of continuous
functions, thenp is continuous.

11An associative algebraA overC is a vector space with aC bilinear associative multiplication,
i.e., with an operationA×A → A satisfying(ab)c = a(bc), a(b+c) = ab+ac, (a+b)c = ac+bc,
anda(λc) = (λa)c = λ(ac) if λ is in C anda, b, c are inA. This definition does not assume the
existence of an identity element.
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The idea of the proof is to consider the Banach-space dualA∗ and focus on those
members ofA∗ that are nonzero and respect multiplication—the nonzero contin-
uous multiplicative linear functionals onA. The ones that come immediately to
mind are the evaluations at each point: for a pointsof S, the evaluation ats is given
by es( f ) = f (s), and it is a multiplicative linear functional, certainly of norm 1.
The setS1 in the theorem will be the set of all such continuous multiplicative
linear functionals, the functionp will be given by p(s) = es for s ∈ S, and
the mappingU will be given byU ( f )(�) = �( f ) for each multiplicative linear
functional�.

The Banach spaceA ⊆ B(S), with its multiplication, is aBanach algebrain
the sense that it is an associative algebra overC, with or without identity, such
that‖ f g‖ ≤ ‖ f ‖‖g‖ for all f andg in A. Another well-known Banach algebra
is L1(RN). The norm in this case is the usualL1 norm, and the multiplication is
convolution, which satisfies‖ f ∗ g‖1 ≤ ‖ f ‖1‖g‖1 for all f andg in L1(RN).

The stunning idea of Gelfand’s is that the formula that definesU in the Stone
theorem is the same formula that gives the Fourier transform in the case ofL1(RN).
Specifically the nonzero multiplicative linear functionals in the case ofL1(RN)

are the evaluations at points of the Fourier transform, i.e., the mappings
f �→ f̂ (y) = ∫

RN f (x)e−2π i x ·y dx. These linear functionals are multiplicative
because convolution goes into pointwise product under the Fourier transform.

What A ⊆ B(S) and L1(RN) have in common is, in the first place, that
they are commutative Banach algebras. In addition, each has a conjugate-linear
mapping f �→ f ∗ that respects multiplication: complex conjugation in the case
of A and the mapf �→ f ∗ with f ∗(x) = f (−x) in the case ofL1(RN). These
conjugate-linear mappings interact well with the norm. The subalgebraA of
B(S) satisfies

(i) ‖ f f ∗‖ = ‖ f ‖‖ f ∗‖ for all f ,
(ii) ‖ f ∗‖ = ‖ f ‖ for all f ,

while L1(RN) satisfies just (ii). The theory that Gelfand developed applies best
when both (i) and (ii) are satisfied, as is the case withA and also anyL∞ space,
and it works somewhat when just (ii) holds, as withL1(RN).

Another example of a Banach algebra is the algebraB(H, H) of bounded
linear operators from a Hilbert spaceH to itself, with the operator norm. The
conjugate-linear mapping onB(H, H) is passage to the adjoint, and (i) and (ii)
both hold. The thing that is missing is commutativity forB(H, H). However,
if we take a single operatorA and its adjointA∗, assume thatA commutes with
A∗, and take the Banach algebra generated byA and A∗, then we have another
example to which the Gelfand theory applies well. The Spectral Theorem for
bounded self-adjoint operators is the eventual consequence.

The idea of considering the Banach subalgebra generated byA is a natural
one because of one’s experience in the subject of modern algebra: the study of
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all complex polynomials in a square matrixA is a useful tool in understanding a
single linear transformation, including obtaining canonical forms for it like the
Jordan form. Thus the use of an analogy with a topic in algebra leads one to a
better understanding of a topic in analysis.

In this case ideas flowed in the reverse direction as well. The multiplicative
linear functionals correspond, by passage to their kernels, to those ideals in the
algebra that are maximal.12 In effect the Banach algebra was being studied
through its space of maximal ideals. About 1960, no doubt partly because of the
success of the idea of considering the maximal ideals of a Banach algebra, the
consideration of the totality of prime ideals of a commutative ring as a space began
to play an important role in algebraic number theory and algebraic geometry.

PROOF OFTHEOREM 4.15. LetS1 be the set of all nonzero continuous multi-
plicative linear functionals� onA with �( f̄ ) = �( f ). Let us see that each such
has norm 1. In fact, choosef with �( f ) �= 0. Then�( f ) = �( f 1) = �( f )�(1)

shows that�(1) = 1, and hence‖�‖ ≥ 1. For any f with ‖ f ‖sup ≤ 1, if we had
|�( f )| > 1, then|�( f )|n = |�( f n)| ≤ ‖�‖ for all n would give a contradiction as
soon asn is sufficiently large. We conclude that‖�‖ ≤ 1.

ThereforeS1 is a subset of the unit ball of the Banach-space dualA∗. We give
S1 the relative topology from the weak-star topology onA∗. Let us define the
functionp : S → S1, and in the process we shall have proved thatS1 is not empty.
Everys in Sdefines an evaluation linear functionales in S1 by es( f ) = f (s), and
the functionp is defined byp(s) = es for s in S. To see thatS1 is a closed subset
of the unit ball ofA∗ in the weak-star topology, let{�α} be a net inS1 converging
to some� ∈ A∗, the convergence being in the weak-star topology. Then we have
�α( f g) = �α( f )�α(g) and�α( f̄ ) = �α( f ) for all f andg in A. Passing to the
limit, we obtain�( f g) = �( f )�(g) and�( f̄ ) = �( f ). HenceS1 is closed. By
Alaoglu’s Theorem (Theorem 4.14a),S1 is compact. It is Hausdorff sinceA∗ is
Hausdorff in the weak-star topology.

Certainly we have sups∈S |es( f )| = ‖ f ‖sup. Since any� in S1 has‖�‖ ≤ 1,
we obtain

sup
�∈S1

|�( f )| = ‖ f ‖sup. (∗)

The definition ofU : A → C(S1) isU ( f )(�) = �( f ), and this makesU ( f )(p(s))
= U ( f )(es) = es( f ) = f (s). The functionU ( f ) on S1 is continuous by
definition of the weak-star topology. Because of the definition ofS1, U is an
algebra homomorphism respecting complex conjugation and mapping 1 to 1.

12Checking that there are no other maximal ideals than the kernels of multiplicative linear
functionals requires proving that every complex “Banach field” is 1-dimensional, an early result in
the subject of Banach algebras and one that uses complex analysis in its proof. Details appear in
Section 10.
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Also, (∗) shows thatU is an isometry. SinceA is Cauchy complete, so isU (A).
ThereforeU (A) is a uniformly closed subalgebra ofC(S1) stable under complex
conjugation and containing the constants. It separates points ofS1 by the definition
of equality of linear functionals. By the Stone–Weierstrass Theorem,U (A) =
C(S1). SinceU is an isometry,U is one-one. ThusU is an algebra isomorphism
of A ontoC(S1).

If p(S) were not dense inC(S1), then Urysohn’s Lemma would allow us to find
a nonzero continuous functionF on C(S1) with values in [0, 1] such thatF is 0
everywhere onp(S). SinceU is ontoC(S1), choosef ∈ A with U ( f ) = F . If
s is in S, then 0= F(p(s)) = U ( f )(p(s)) = f (s). Hence‖ f ‖sup = 0. By (∗),
�( f ) = 0 for all � ∈ S1. Then every� ∈ S1 has 0= �( f ) = U ( f )(�) = F(�),
andF = 0, contradiction. We conclude thatp(S) is dense.

To see thatU carries functions≥ 0 to functions≥ 0, we observe first that
the identity�( f̄ ) = �( f ) for � ∈ S1 and the equalityf̄ = f for f real together
imply that �( f ) = �( f̄ ) = �( f ) for f real. Hencef real implies�( f ) real.
If f ≥ 0, then

∥∥‖ f ‖sup − f
∥∥

sup ≤ ‖ f ‖sup. Since‖�‖ ≤ 1, we therefore have

�(‖ f ‖sup − f ) ≤ ∥∥‖ f ‖sup − f
∥∥

sup ≤ ‖ f ‖sup. Since�(1) = 1, this says that
�( f ) ≥ 0. This inequality for all� implies thatU ( f ) ≥ 0.

Finally suppose thatS is a Hausdorff topological space and thatA ⊆ C(S).
We are to show thatp : S → S1 is continuous. Ifsα → s0 for a net inS, we
want p(sα) → p(s0), i.e.,esα

→ es0. According to the definition of the weak-star
topology, we are thus to show thatf (sα) → f (s0) for every f in A. But this is
immediate from the continuity off on S.

We give three examples. A fourth example, concerning “almost periodic
functions,” will be considered in the problems at the end of Chapter VI. For
this fourth example the compact Hausdorff space of Theorem 4.15 admits the
structure of a compact group, and the representation theory of Chapter VI is
applicable to describe the structure of the space of almost periodic functions.

Problems 21–25 at the end of the chapter develop the theory of Theorem 4.15
further.

EXAMPLES.

(1) A = C(S) with S compact Hausdorff. Thenp is a homeomorphism of
S onto S1. In fact, p(S) is always dense inS1. Here p is continuous andS is
compact. Thusp(S) is closed and must equalS1. The mapp is one-one because
Urysohn’s Lemma produces functions taking different values at two distinct points
s ands′ of Sand thus exhibitinges′ andes as distinct linear functionals. Sincep
is continuous and one-one from a compact space onto a Hausdorff space, it is a
homeomorphism.

(2) One-point compactification. LetS be a locally compact Hausdorff space,
and letA be the subalgebra ofC(S) consisting of all continuous functions having
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limits at infinity. For a functionf , this condition means that there is some number
c such that for eachε > 0, some compact subsetK of S has the property that
| f (s) − c| ≤ ε for all s not in K . ThenS1 may be identified with the one-point
compactification ofS.

(3) Stone–̌Cech compactification. LetS be a topological space, and letA =
C(S). The resulting compact Hausdorff spaceS1 is called theStone–̌Cech
compactification of S. This space tends to be huge. For example, ifS =
[0, +∞), the correspondingS1 has cardinality greater than the cardinality ofR.

5. Linear Functionals and Convex Sets

For this section and the next we discuss aspects of functional analysis that lead
toward the theory of distributions and toward the use of fixed-point theorems.
The topic is the role of convex sets in real and complex vector spaces—first
without any topology and then with an overlay of topology consistent with convex
sets. Sections 7–9 will then explore the consequences of this development, first
in connection with smooth functions and then in connection with fixed-point
theorems.

Let X be a real or complex vector space. A subsetE of X is convexif for each
x andy in E, all points(1 − t)x + ty are inE for 0 ≤ t ≤ 1.

Proposition 4.16. Convex sets in a real or complex vector space have the
following elementary properties:

(a) the arbitrary intersection of convex sets is convex,
(b) if E is convex andx1, . . . , xn are inE andt1, . . . , tn are nonnegative reals

with t1 + · · · + tn = 1, thent1x1 + · · · + tnxn is in E,
(c) if E1 andE2 are convex, then so areE1 + E2, E1 − E2, andcE for any

scalarc,
(d) if L : X → Y is linear between two vector spaces with the same scalars

and if E is a convex subset ofX, thenL(E) is convex inY,
(e) if L : X → Y is linear between two vector spaces with the same scalars

and if E is a convex subset ofY, thenL−1(E) is convex inX.

PROOF. Conclusions (a), (c), (d), and (e) are completely straightforward. For
(b), we induct onn, the casen = 2 being the definition of “convex.” Suppose that
the result is known forn and that membersx1, . . . , xn+1 of X and nonnegative
reals t1, . . . , tn+1 with sum 1 are given. We may assume thatt1 �= 1. Put
s = t2 + · · · + tn+1 andy = (1 − t1)−1(t2x2 + · · · + an+1xn+1). Since the reals
(1 − t1)−1t2, . . . , (1 − t1)−1tn+1 are nonnegative and have sum 1, the inductive
hypothesis shows thaty is in E. Sincet1 ands are nonnegative and have sum 1,
t1x1 + sy = t1x1 + · · · + tn+1xn+1 is in E. This completes the induction.
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Let E be a subset of our vector spaceX. We say that a pointp in E is an
internal point of E if for eachx in X, there is anε > 0 such thatp + δx is in
E for all scalars13 δ with |δ| ≤ ε. If p in X is neither an internal point ofE nor
an internal point ofEc, we say thatp is abounding point of E. These notions
make no use of any topology onX.

Let K be a convex subset ofX, and suppose that 0 is an internal point ofK .
For eachx in X, let

ρ(x) = inf{a > 0 | a−1x ∈ K }.
The functionρ(x) is called thesupport function of K . For an example letX be
a normed linear space, and letK be the unit ball; thenρ(x) = ‖x‖.

We are going to see thatρ(x) has some bearing on controlling the linear
functionals onX, as a consequence of the Hahn–Banach Theorem. By the “Hahn–
Banach Theorem” here, we mean not the usual theorem for normed linear spaces14

but the more primitive statement15 from which that is derived:

HAHN–BANACH THEOREM. Let X be areal vector space, and letp be a real-
valued function onX with

p(x + x′) ≤ p(x) + p(x′) and p(t x) = tp(x)

for all x andx′ in X and all realt ≥ 0. If f is a linear functional on a vector
subspaceY of X with f (y) ≤ p(y) for all y in Y, then there exists a linear
functional F on X with F(y) = f (y) for all y ∈ Y and F(x) ≤ p(x) for all
x ∈ X.

Before discussing linear functionals in our present context, let us observe
some properties of the support functionρ(x). Properties (b), (c), and (e) in the
next lemma are the properties of the dominating functionp in the Hahn–Banach
Theorem as stated above.

Lemma 4.17. Let K be a convex subset of a vector spaceX, and suppose
that 0 is an internal point. Then the support functionρ(x) of K satisfies

(a) ρ(x) ≥ 0,
(b) ρ(x) < ∞,
(c) ρ(ax) = aρ(x) for a ≥ 0,
(d) ρ(x) ≤ 1 for all x in K ,
(e) ρ(x + y) ≤ ρ(x) + ρ(y),
(f) ρ(x) < 1 if and only if x is an internal point ofK ,
(g) ρ(x) = 1 characterizes the bounding points ofK .

13The scalars are complex numbers ifX is complex, real numbers ifX is real.
14As in Theorem 12.13 ofBasic.
15As in Lemma 12.14 ofBasic.
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PROOF. Conclusions (a), (c), and (d) are immediate, and (b) follows since 0 is
an internal point ofK .

For (e), letc be arbitrary withc > ρ(x) + ρ(y). We show thatc−1(x + y)

is in K . Sincec is arbitrary, it follows that the infimum of all numbersd with
d−1(x + y) in K is ≤ ρ(x) + ρ(y); consequentlyρ(x + y) will have to be
≤ ρ(x) + ρ(y), and (e) will be proved. Thus writec = a + b with a > ρ(x) and
b > ρ(y). SinceK is convex,

c−1(x + y) = (a + b)−1(x + y) = a
a+b a−1x + b

a+b b−1y

is in K , as required.
For (f), let x be an internal point ofK . Thenx + εx = (1 + ε)x is in K for

someε > 0, and henceρ(x) ≤ (1 + ε)−1 < 1.
Conversely suppose thatρ(x) < 1, and putε = 1 − ρ(x). Fix y. Since 0 is

an internal point ofK , we can findµ > 0 such thatδy is in K for |δ| ≤ µ. If c is
any scalar of absolute value 1, thencµy is in K , and henceρ(cy) ≤ µ−1. If δ is
a scalar with|δ| < εµ, write δ = c′|δ| with |c′| = 1. Thenρ(δy) = |δ|ρ(c′y) ≤
|δ|µ−1 < ε. Applying (e) gives

ρ(x + δy) ≤ ρ(x) + ρ(δy) = (1 − ε) + ρ(δy) < (1 − ε) + ε = 1.

By definition ofρ, 1−1(x + δy) is in K , i.e.,x + δy is in K . Thusx is an internal
point of K .

For (g), we can argue in the same way as with (f) to see thatρ(x) > 1
characterizes the internal points ofK c. Thereforeρ(x) = 1 characterizes the
bounding points ofK .

We shall now apply the Hahn–Banach Theorem to prove the basic separation
theorem.

Theorem 4.18. Let M andN be disjoint nonempty convex subsets of a real
or complex vector spaceX, and suppose thatM has an internal point. Then there
exists a nonzero linear functionalF on X such that for some realc, ReF ≤ c
on M and ReF ≥ c on N.

PROOF. First suppose thatX is real. Ifm is an internal point ofM , then 0 is
an internal point ofM − m, and we can replaceM andN by M − m andN − m.
Changing notation, we may assume from the outset that 0 is an internal point of
M .

If x0 is in N, then−x0 is an internal point ofM − N, and 0 is an internal
point of K = M − N + x0. SinceM and N are assumed disjoint,M − N
does not contain 0; thusK does not containx0. Let ρ be the support function
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of K ; this function satisfies the properties of the functionp in the Hahn–Banach
Theorem, according to Lemma 4.17. Moreover,ρ(x0) ≥ 1 by Lemma 4.17f.
Define f (ax0) = aρ(x0) for all (real) scalarsa. Then f is a nonzero linear
functional on the 1-dimensional space of real multiples ofx0, and it satisfies

a ≥ 0 implies f (ax0) = aρ(x0) = ρ(ax0),

a < 0 implies f (ax0) = a f (x0) < 0 ≤ ρ(ax0).

The Hahn–Banach Theorem shows thatf extends to a linear functionalF on
X with F(x) ≤ ρ(x) for all x. ThenF(x0) ≥ 1, and Lemma 4.17 shows that
ρ(K ) ≤ 1. Hence

F(x0) ≥ 1 and F(M − N + x0) ≤ 1.

Thus we haveF(M − N + x0) ≤ F(x0), F(M − N) ≤ 0, F(m − n) ≤ 0 for all
m in M andn in N, andF(m) ≤ F(n) for all m andn. Taking the supremum
overm in M and the infimum overn in N gives the conclusion of the theorem
for X real.

Now suppose that the vector spaceX is complex. We can initially regardX
as a real vector space by forgetting about complex scalars, and then the previous
case allows us to construct a real-linearF such thatF(M) ≤ c ≤ F(N). Put
G(x) = F(x)− i F (i x). SinceG(i x) = F(i x)− i F (i 2x) = F(i x)− i F (−x) =
F(i x)+ i F (x) = i (F(x)− i F (i x)) = iG(x), G is complex linear. The real part
of G equalsF , and thereforeG satisfies the conclusion of the theorem.

6. Locally Convex Spaces

In this section we shall apply the discussion of convex sets and linear functionals
in the context of topological vector spaces. A topological vector spaceX is said
to belocally convexif there is a base for its topology that consists of convex sets.

Let us see that any topological vector spaceX whose topology is given by a
family of seminorms‖ · ‖s is locally convex. A base for the open sets consists
of all finite intersections of setsU (y, s, r ) = {

x
∣∣ ‖x − y‖s < r

}
with y in X, s

equal to one of the seminorm indices, andr > 0. If x andx′ are inU (y, s, r )

and if 0≤ t ≤ 1, then

‖((1 − t)x + t x′) − y‖s = ‖(1 − t)(x − y) + t (x′ − y)‖s

≤ ‖(1 − t)(x − y)‖s + ‖t (x′ − y)‖s

= (1 − t)‖x − y‖s + t‖x′ − y‖s

< (1 − t)r + tr = r.
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Hence((1−t)x+t x′ is inU (y, s, r ), andU (y, s, r ) is convex. Since the arbitrary
intersection of convex sets is convex by Proposition 4.16a, every member of the
base for the topology is convex. ThusX is locally convex.

We are going to show that every locally convex topological vector space has
many continuous linear functionals, enough to distinguish any two disjoint closed
convex sets when one of them is compact. This result will in particular be
applicable to the spacesS(RN) andC∞(U ) since their topologies are given by
seminorms.

We begin with two lemmas that do not need an assumption of local convexity
on the topological vector space.

Lemma 4.19. In any topological vector space ifK1 and K2 are closed sets
with K1 compact, then the setK1 − K2 of differences is closed.

PROOF. It is simplest to use nets. Thus letx be a limit point ofK1 − K2, and
let {xn} be any net inK1 − K2 converging tox. Since eachxn is in K1 − K2,
we can write it asxn = k(1)

n − k(2)
n with k(1)

n in K1 andk(2)
n in K2. SinceK1

is compact,{k(1)
n } has a convergent subnet, say{k(1)

nj }. Let k(1) be the limit of

{k(1)
nj } in K1. Both{xnj } and{k(1)

nj } are convergent, and{k(2)
nj } must be convergent

becausek(2)
nj = k(1)

nj − xnj and subtraction is continuous. Letk2 be its limit. This
limit has to be inK2 sinceK2 is closed, and then the equationx = k(1) − k(2)

exhibitsx as inK1 − K2. HenceK1 − K2 is closed.

Lemma 4.20. Let X be any topological vector space, letK1 and K2 be
disjoint convex sets, and suppose thatK1 has nonempty interior. Then there
exists a nonzero continuous linear functionalF on X with ReF(K1) ≤ c and
c ≤ ReF(K2) for some real numberc.

PROOF. The key observation is that any interior point of a subsetE of X is
internal. In fact, ifp is in Eo andx is in X, thenp + δx is in Eo for δ = 0. By
continuity of the vector-space operations and openness ofEo, p+ δx is in Eo for
|δ| sufficiently small. Thereforep is an internal point.

SinceK1 consequently has an internal point, Theorem 4.18 produces a nonzero
linear functionalF such that

ReF(K1) ≤ c and c ≤ ReF(K2) (∗)

for some real numberc. We complete the proof of the lemma by showing thatF
is continuous. Letf andg be the real and imaginary parts ofF . Theng(x) =
−i f (i x), and it is enough to show thatf is continuous. Fix an interior pointp
of K1, and choose an open neighborhoodU of 0 such thatp + U ⊆ K1. Then
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f (U ) ⊆ f (K1)− f (p)since f is real linear, and(∗)shows thatf (U ) ≤ c− f (p).
So f (U ) ≤ a for somea > 0. If V = U ∩ (−U ), then

f (V) = f (U ∩ (−U )) ⊆ f (U ) ∩ f (−U ) = f (U ) ∩ (− f (U )) ⊆ [−a, a],

and thereforef (εa−1V) ⊆ [−ε, ε]. In other words,f is continuous at 0. Then
f (x + εa−1V) ⊆ f (x) + [−ε, ε], and f is continuous everywhere.

Theorem 4.21.Let X be a locally convex topological vector space, letK1 and
K2 be disjoint closed convex subsets ofX, and suppose thatK1 is compact. Then
there existε > 0, a real constantc, and a continuous linear functionalF on X
such that

ReF(K2) ≤ c − ε and c ≤ ReF(K1).

PROOF. Lemma 4.19 shows thatK1 − K2 is closed, andK1 − K2 does not
contain 0 becauseK1 and K2 are disjoint. SinceX is locally convex, we can
choose a convex open neighborhoodU of 0 disjoint fromK1 − K2. Proposition
4.16c shows thatK1 − K2 is convex, and Lemma 4.20 therefore applies to the
setsU and K1 − K2 and yields a nonzero continuous linear functionalF such
that

ReF(U ) ≤ d and d ≤ ReF(K1 − K2)

for some reald. SinceF is not zero, we can findx0 in X with F(x0) = 1. Choose
ε > 0 such that|a| < ε impliesax0 is in U . Then

d ≥ ReF(U ) ⊇ ReF({ax0

∣∣ |a| < ε} = (−ε, ε),

and henced ≥ ε. Therefore allk1 in K1 andk2 in K2 have

ReF(k1) − ReF(k2) = ReF(k1 − k2) ≥ d ≥ ε,

so that ReF(k1) ≥ ε + ReF(k2). Takingc = infk1∈K1 ReF(k1) now yields the
conclusion of the theorem.

Corollary 4.22. Let X be a locally convex topological vector space, letK be
a closed convex subset ofX, and letp be a point ofX not in K . Then there exists
a continuous linear functionalF on X such that

sup
k∈K

ReF(k) < ReF(p).

PROOF. This is the special case of Theorem 4.21 in which the given compact
set is a singleton set.
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Corollary 4.23. If X is a locally convex topological vector space and ifp and
q are distinct points ofX, then there exists a continuous linear functionalF on
X such thatF(p) �= F(q).

PROOF. This is the special case of Corollary 4.22 in which the given closed
convex set is a singleton set.

We conclude this section with a simple result about locally convex topological
vector spaces that we shall need in the next section.

Proposition 4.24.If X is a locally convex topological vector space andY is a
closed vector subspace, then the topological vector spaceX/Y is locally convex.

REMARK. X/Y is a topological vector space by Proposition 4.4.

PROOF. Let E be an open neighborhood of a given point ofX/Y. Without loss
of generality, we may take the given point to be the 0 coset. Ifq : X → X/Y is
the quotient map,q−1(E) is an open neighborhood of 0 inX. SinceX is locally
convex, there is a convex open neighborhoodU of 0 in X with U ⊆ q−1(E). The
mapq carries open sets to open sets by Proposition 4.4 and carries convex sets to
convex sets by Proposition 4.16d, and thusq(U ) is an open convex neighborhood
of the 0 coset inX/Y contained inE.

7. Topology onC∞
com(U )

In this section we carry the discussion of local convexity in Sections 5–6 along the
path toward applications to smooth functions. Our objective will be to topologize
the spaceC∞

com(U ) of smooth functions of compact support on the open setU
of RN . The members ofC∞

com(U ) extend to functions inC∞
com(RN) by defining

them to be 0 outsideU , and we often make this identification without special
comment.

The important thing about the topology will be what it accomplishes, rather
than what the open sets are, and we shall therefore work toward a characterization
of the topology, together with an existence proof. The characterization will be
in terms of a universal mapping property, and local convexity will be part of that
property. Ultimately it is possible to give an explicit description of the open
sets, but we leave such a description for Problem 9 at the end of the chapter.
The explicit description will show in particular that the topology is given by an
uncountable family of seminorms that cannot be reduced to a countable family
except whenU is empty.

Let us state the universal mapping property informally now, so that the ingre-
dients become clear. LetK be any compact subset of the given open setU of RN ,
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and defineC∞
K to be the vector space of all smooth functions of compact support

on RN with support contained inK . The spaceC∞
K becomes a locally convex

topological vector space when we impose the countable family of seminorms
‖ f ‖α = supx∈K |Dα f (x)|, with α running over all differentiation multi-indices.
Set-theoretically,C∞

com(U ) is the union of allC∞
K asK runs through the compact

subsets ofU . The topology onC∞
com(U ) will be arranged so that

(i) every inclusionC∞
K ⊆ C∞

com(U ) is continuous,
(ii) whenever a linear mappingC∞

com(U ) → X is given into a locally convex
linear topological spaceX and the compositionC∞

K → C∞
com(U ) → X

is continuous for everyK , then the given mappingC∞
com(U ) → X is

continuous.

It will automatically have the additional property

(iii) every inclusionC∞
K ⊆ C∞

com(U ) is a homeomorphism with its image.

We shall proceed somewhat abstractly, so as to be able to construct the topology
of a locally convex topological vector space out of simpler data. If(X, T ) is a
topological space andp is in X, we define alocal neighborhood basefor T at
p to be a collectionNp of neighborhoods ofp, not necessarily open, such that if
V is any open set containingp, then there existsN in Np with N ⊆ V . If X is a
topological vector space with topologyT and ifN0 is a local neighborhood base
at 0, then{p+ N | N ∈ N0} is a local neighborhood base atp because translation
by x is a homeomorphism. A set is open if and only if it is a neighborhood of
each of its points. Consequently we can recoverT from a local neighborhood
baseN0 at 0 by this description: a subsetV of X is open if and only if for each
p in V , there existsNp in N0 such thatp + Np ⊆ V .

Let us observe two properties of a local neighborhood baseN0 at 0 for a
topological vector spaceX. The first follows from the fact thatX is Hausdorff,
more particularly that each one-point subset ofX is closed. The property is that
for eachx �= 0 in X, there is someMx in N0 with x not in Mx.

The second follows from the fact that 0 is an interior point of each memberN
of N0. The property is that 0 is an internal point ofN in the sense of Section 5.
The fact that interior implies internal was proved in the first paragraph of the
proof of Lemma 4.20.

We shall show in Lemma 4.25 that we can arrange in the locally convex case
for each memberN of a local neighborhood baseN0 at 0 to have the additional
property of beingcircled in the sense thatzN ⊆ N for all scalarsz with |z| ≤ 1.

Then we shall see in Proposition 4.26 that we can formulate a tidy necessary
and sufficient condition for a system of sets containing 0 in a real or complex
vector spaceX to be a local neighborhood base for a topology onX that makes
X into a locally convex topological vector space.
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Lemma 4.25.Any locally convex topological vector space has a local neigh-
borhood base at 0 consisting of convex circled sets.

PROOF. It is enough to show that ifV is an open neighborhood of 0, then
there is an open subneighborhoodU of 0 that is convex and circled. Since the
underlying topological vector space is locally convex, we may assume thatV
is convex. ReplacingV by V ∩ (−V), we may assume by parts (a) and (c) of
Proposition 4.16 thatV is stable under multiplication by−1. SinceV is convex,
it follows thatcV ⊆ V for any realc with |c| ≤ 1. If the field of scalars isR,
then the proof of the lemma is complete at this point.

Thus suppose that the field of scalars isC. If V is a convex open neighborhood
of 0, put

W = {u ∈ V | zu ∈ V for all z ∈ C with |z| ≤ 1}.
Then W is convex by Proposition 4.16a, and it is circled. Let us show that
W ⊇ 1

2V ∩ 1
2 iV . Thus letu be an element of12V ∩ 1

2 iV , and write it as
u = 1

2v1 = 1
2 i v2 with v1 andv2 in V . Let z ∈ C be given with|z| ≤ 1, and let

x and y be the real and imaginary parts ofz. The vectors±v1 and 0 are inV ,
andV is convex; since|x| ≤ 1, xv1 is in V . Similarly −yv2 is in V . We can
write zu = 1

2(x + iy)v1 = 1
2(xv1)+ 1

2(−yv2), and this is inV sinceV is convex.
Thereforezu is in V , andu is in U . HenceW ⊇ 1

2V ∩ 1
2 iV , as asserted.

Let U be the interiorWo of W. ThenU is an open neighborhood of 0, and
we show that it is convex and circled; this will complete the proof. Letu andv

be inU . SinceU is open, we can find an open neighborhoodN of 0 such that
u + N ⊆ U andv + N ⊆ U . If n is in N and if t satisfies 0≤ t ≤ 1, then
(1 − t)u + tv + n = (1 − t)(u + n) + t (v + n) exhibits(1 − t)u + tv + n as a
convex combination of a member ofu + N ⊆ W and a member ofv + N ⊆ W,
hence as a member ofW. Therefore every member of(1 − t)u + tv + N lies in
W, andU is convex.

To see thatU is circled, letu and N be as in the previous paragraph with
u + N ⊆ U . If |z| ≤ 1, thenu + N ⊆ W implies z(u + N) ⊆ W since
W is circled. Hencezu + zN ⊆ W. SincezN is open,zu + zN is an open
neighborhood ofzu contained inW, and we must havezu+ zN ⊆ Wo = U .
ThereforeU is circled.

Proposition 4.26. Let X be a real or complex vector space. IfX has a
topology making it into a locally convex topological vector space, thenX has a
local neighborhood baseN0 at 0 for that topology such that

(a) eachN in N0 is convex and circled with 0 as an internal point,
(b) wheneverM andN are inN0, there is someP in N0 with P ⊆ M ∩ N,
(c) wheneverN is in N0 anda is a nonzero scalar, thenaN is in N0,
(d) eachx �= 0 in X has some associatedMx in N0 such thatx is not in Mx.
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Conversely ifN0 is any family of subsets of the vector spaceX such that (a), (b),
(c), and (d) hold, then there exists one and only one topology onX making X
into a locally convex topological vector space in such a way thatN0 is a local
neighborhood base at 0.

PROOF. For the direct part of the proof, Lemma 4.25 shows that there is some
local neighborhood base at 0 consisting of convex circled sets. To such a local
neighborhood base we are free to add any additional neighborhoods of 0. Thus
we may takeN0 to consist ofall convex circled neighborhoods of 0. Then (b)
and (c) hold, and (d) holds since the topology is Hausdorff. Since 0 is an internal
point of any neighborhood of 0, (a) holds. This proves existence.

For the converse there is only one possibility for the topologyT : V is open
if for eachx in V , there is someNx in N0 with x + Nx ⊆ V . This proves the
uniqueness ofT, and we are to prove existence. For existence we define open sets
in this way and defineT to be the collection of all open sets. The definition makes
∅ open and the arbitrary union of open sets open, and (b) makes the intersection
of two open sets open.

We shall show that the complement of any{x0} is open. Then it follows by
taking unions thatX is open, so thatT is a topology; also we will have proved
that every one-point set is closed. Ifx1 �= x0, we use (d) to chooseMx0−x1 in N0

with x0 − x1 not in Mx0−x1. Thenx1 + Mx0−x1 ⊆ X − {x0}. Sincex1 is arbitrary,
X − {x0} is open.

With T established as a topology, let us see that every member ofN0 is a
neighborhood of 0. This step involves considering the family of setsaN for
fixed N in N0 and for arbitrary positivea. If 0 < t < 1 and if n1 and n2

are in N, then(1 − t)n1 + tn2 is in N since (a) says thatN is convex. Hence
(1 − t)N + t N ⊆ N. If a > 0 andb > 0, then we can taket = b(a + b)−1 and
obtaina(a + b)−1N + b(a + b)−1N ⊆ N. Multiplying by a + b gives

aN + bN ⊆ (a + b)N for all positivea andb. (∗)

In particular the setsaN are nested fora > 0, i.e., 0< a < a′ impliesaN ⊆ a′N.
From these facts we can show that eachN in N0 is a neighborhood of 0. Given

N, defineU = ⋃
0<a<1 aN. This is a subset ofN by the nesting property, and

we shall prove that it is open. Ifx is in U , thenx is in aN for somea with
0 < a < 1, and(∗) shows thatx + 1

2(1− a)N ⊆ U . By (c), 1
2(1− a)N is inN0,

and therefore12(1−a)N can serve as a memberNx of N0 such thatx + Nx ⊆ U .
We conclude thatU is open. ThereforeN is a neighborhood of 0.

Next let us see that translations are homeomorphisms. IfV is open and ifx0

is given, we know that eachx in V has an associatedNx such thatx + Nx ⊆ V .
If y is in x0 + V , thenx = y − x0 is in V and we see that(y − x0) + Ny−x0 ⊆ V
and y + Ny−x0 ⊆ x0 + V . Hencex0 + V is open, and every translation is a
homeomorphism.



7. Topology onC∞
com(U ) 135

Let us see that addition is continuous at(0, 0), and then the fact that translations
are homeomorphisms implies that addition is continuous everywhere. IfV is an
open neighborhood of 0, then the definition of open set says that there is some
N in N0 with 0 + N ⊆ V . By (c), 1

2 N is in N0. It is enough to prove that
(1

2 N, 1
2 N) maps intoV under addition. But this is immediate from(∗) since

1
2 N + 1

2 N ⊆ N ⊆ V .
Next we investigate continuity of the mappingx �→ ax for a �= 0. It is enough

to show that ifV is open, then so isa−1V . SinceV is open, everyx in V has an
associatedNx in N0 such thatx + Nx ⊆ V . The most general element ofa−1V
is of the forma−1x with x in V , and we havea−1x + a−1Nx ⊆ a−1V . Since (c)
showsa−1Nx to be inN0, we conclude thata−1V is open.

Let us see that scalar multiplication is continuous at(1, x), and then the fact that
x �→ ax is continuous fora �= 0 implies that scalar multiplication is continuous
everywhere except possibly at(0, x). Let V be an open neighborhood ofx, and
chooseN in N0 with x + N ⊆ V . SinceN is in N0, (c) shows that13 N is in
N0. Then 0 is an internal point of13 N by (a), and there existsε > 0 such that
−ε ≤ c ≤ ε implies thatcx is in 1

3 N. There is no loss of generality in taking
ε < 1. Since1

3 N is circled by (a),cx is in 1
3 N for |c| ≤ ε. Let A be the set of

scalars with|a−1| < ε. We show that scalar multiplication carriesA×(x+ 1
3 N)

into V . In fact, if a is in A and 1
3n1 is in 1

3 N, then|a| < 2, 1
3an1 is in 2

3 N, and
(∗) gives

a(x + 1
3n1) = (ax − x) + (x + 1

3an1) ∈ 1
3 N + (x + 2

3 N) ⊆ x + N ⊆ V.

To complete the proof of continuity of scalar multiplication, we show conti-
nuity at all points(0, x). Let V be an open neighborhood of 0 inX, and choose
N in N0 with 0+ N ⊆ V . Since 0 is an internal point ofN, there is someε > 0
such thatcx is in N for realc with |c| ≤ ε. For thisε, 1

2εx is in 1
2 N. If |z| < 1

andy is in 1
2 N, then(z, 1

2εx + y) maps to1
2zεx + zy, which lies in 1

2 N + 1
2 N

sinceN is circled. In turn, this is contained inN by (∗) and therefore is contained
in V . So(1

2εz, x + 2ε−1y) maps intoV if |z| < 1 andy is in 1
2 N. Altering the

definitions ofz andy, we conclude that(z, x + y) maps intoV if |z| < 1
2ε andy

is in ε−1N. This proves the continuity.
Since{0} is a closed set, Lemma 4.3 is applicable and shows thatX is Hausdorff,

hence is a topological vector space. Inside any open neighborhoodV of 0 lies
some setN in U0, and

⋃
0<a<1 aN is a convex open subneighborhood ofV .

Therefore the topology is locally convex.

We are almost in a position to topologizeC∞
com(U ). If i K denotes the inclusion

of C∞
K into C∞

com(U ), we shall define a convex circled subsetN in C∞
com(U )
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having 0 as an internal point to be in a local neighborhood base at 0 ifi −1
K (N) is

a neighborhood of 0 inC∞
K for every compact subsetK of U . Then conditions

(a), (b), and (c) in Proposition 4.26 will be met, and an examination of the
proof of that proposition shows that we obtain a topology forC∞

com(U ) in which
addition and scalar multiplication are continuous. What is lacking is the Hausdorff
property, which follows once (d) holds in Proposition 4.26. Verifying (d) requires
a construction, whose main step is given in the following lemma.

Lemma 4.27. Let X be a locally convex topological vector space, letY be a
closed vector subspace, and letY be given the relative topology, which is locally
convex. If N is a convex circled neighborhood of 0 inY andx0 is a point inX
not in N, then there exists a convex circled neighborhoodM of 0 in X such that
M ∩ Y = N and such thatx0 is not in M .

M1

R1 M2 R2x0

Y
0 N

FIGURE 4.1. Extension of convex circled neighborhood of 0.
The lemma extendsN to the set given in the figure

by M3 = R1 ∪ M2 ∪ R2.

PROOF. SinceN is a neighborhood of 0 inY and sinceY has the relative
topology, there exists a neighborhoodM1 of 0 in X such thatM1 ∩ Y = U . We
shall adjustM1 to make it convex circled and to arrange thatx0 is not in it. Since
X is locally convex, we can find a convex circled neighborhoodM2 of 0 contained
in M1. Taking a cue from Figure 4.1, define

M3 = {(1 − t)n + tm2 | n ∈ N, m2 ∈ M2, 0 ≤ t ≤ 1}.

This is a neighborhood of 0 since it containsM2, and it is convex circled sinceN
andM2 are convex circled.

We shall prove that
M3 ∩ Y = N.

CertainlyM3 ∩ Y ⊇ N. For the reverse inclusion letm3 be inM3 ∩ Y, and write
m3 = (1 − t)n + tm2 with n ∈ N, m2 ∈ M2, and 0≤ t ≤ 1. If t = 0, then
m3 = n is already inN. If t > 0, thenm2 = t−1(m3 − (1− t)n) exhibitsm2 as a
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linear combination of members ofY, hence as a member ofY. SinceM2 ⊆ M1,
m2 is in M1 ∩ Y = N. Thereforem3 is a convex combination of the membersn
andm2 of N and must lie inN sinceN is convex. ConsequentlyM3 ∩ Y = N.

If x0 lies in Y, then we can takeM = M3 sincex0 is by assumption not inN
and cannot therefore be in the larger setM3. If x0 is not inY, then Proposition
4.24 says thatX/Y is a locally convex topological vector space. Sincex0 + Y is
not the 0 coset, we can find a convex circled neighborhoodP of the 0 coset that
does not containx0 + Y. If q : X → X/Y is the quotient map, thenq−1(P) by
Proposition 4.16e is a convex circled neighborhood of 0 inX that does not contain
x0 and satisfiesq−1(P) ∩ Y = Y. ThereforeM = M3 ∩ q−1(P) is a convex
circled neighborhood of 0 inX that does not containx0 and satisfiesM ∩Y = N.

Proposition 4.28.Let X be a real or complex vector space, and suppose thatX
is the increasing unionX = ⋃∞

p=1 Xp of a sequence of locally convex topological
vector spaces such that for eachp, Xp is a closed vector subspace ofXp+1 and
has the relative topology. Then there exists a unique topology onX making it
into a locally convex topological vector space in such a way that

(a) each inclusioni p : Xp → X is continuous,
(b) wheneverL : X → Y is a linear function fromX into a locally convex

topological vector spaceY such thatL ◦ i p : Xp → X is continuous for
all p, thenL is continuous.

This unique topology has the property that

(c) each inclusioni p : Xp → X is a homeomorphism with its image.

PROOF. Let N0 be the family of all convex circled subsetsN of X having 0
as an internal point such thati −1

p (N) is a neighborhood of 0 inXp for all p. We
shall prove thatN0 satisfies the four conditions (a) through (d) of Proposition
4.26, so thatX has a unique topology making it into a locally convex topological
vector space in such a way thatN0 is a local neighborhood base at 0. Condition
(a) holds by definition. Condition (b) holds because the intersection of two
convex circled subsets with 0 as an internal point is again a convex circled set
with 0 as an internal point and because the intersection of two neighborhoods is
a neighborhood. Condition (c) holds because multiplication by a nonzero scalar
sends convex circled sets with 0 as an internal point into convex circled sets
with 0 as an internal point and because multiplication by a nonzero scalar sends
neighborhoods of 0 to neighborhoods of 0.

We have to prove (d) in Proposition 4.26, namely that eachx0 �= 0 in X has
some associatedM in N0 such thatx0 is not in M . SinceX = ⋃∞

p=1 Xp, choose
p0 as small as possible so thatx0 is in Xp0. SinceXp0 satisfies (a) through (d) and
sincex0 �= 0, we can find some convex circled neighborhoodMp0 of 0 in Xp0 that
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does not containx0. Proceeding inductively by means of Lemma 4.27, we can
find, for eachp > p0, a convex circled neighborhoodMp of 0 in Xp that does not
containx0 such thatMp ∩ Xp−1 = Mp−1. DefineM = ⋃

p≥p0
Mp. ThenM is

convex circled since eachMp has this property. To see that 0 is an internal point
of M , we argue as follows: for eachx in X, x lies in someXp, the setMp has 0
as an internal point sinceMp is a neighborhood of 0,Mp contains allcx for c
real and small, and the larger setM contains allcx for c real and small. For each
p ≥ p0, the seti −1

p (M) equalsMp, which was constructed as a neighborhood

of 0 in Xp. The intersectioni −1
k (M) = Mp ∩ Xk has to be a neighborhood of 0 in

Xk for k < p sinceMp is a neighborhood of 0 inXp, and the setM is therefore
in N0. ThusM meets the requirement of being a member ofN0 that does not
containx0, and (d) holds in Proposition 4.26.

We are left with proving (a) through (c) in the present proposition and with
proving that no other topology meets these conditions. For (a), sincei p is linear,
it is enough to prove continuity at 0. Hence we are to see that ifN is in N0,
then i −1

p (N) is a neighborhood of 0 inXp. But this is just one of the defining
conditions for the setN to be inN0.

For (b), sinceL is linear, it is enough to prove continuity at 0. SinceY is locally
convex, the convex circled neighborhoods of 0 inY form a local neighborhood
base. If E is such a neighborhood, we are to show thatN = L−1(E) is a
neighborhood of 0 inX. The setE is convex and circled with 0 as an internal
point, and hence the same thing is true ofN. Also, i −1

p (N) = i −1
p L−1(E) =

(L◦i p)
−1(E) is a neighborhood of 0 inXp sinceL◦i p is by assumption continuous.

ThereforeN = L−1(E) is inN0, and thenL−1(E) is a neighborhood of 0 in the
topology imposed onX. HenceL is continuous at 0 and is continuous.

For (c), we again use Lemma 4.27, except that this time we do not need a
point x0. We are to show that ifNp0 is a neighborhood of 0 inXp0, theni (Np0)

is a neighborhood of 0 in the relative topology thatX defines onXp0. SinceXp0

is locally convex, there is no loss of generality in assuming thatNp0 is convex
circled. Proceeding inductively forp > p0, we use the lemma to construct a
convex circled neighborhoodNp of 0 in Xp such thatNp ∩ Xp−1 = Np−1. Put
N = ⋃

p≥p0
Np. Arguing in the same way as earlier in the proof, we see thatN

is in N0. Theni (Np0) = Xp0 ∩ N, andi (Np0) is exhibited as the intersection of
Xp0 with a neighborhood of 0 inX. This proves (c).

Finally suppose that the constructed topology onX isT and thatT ′ is a second
topology makingX into a locally convex topological vector space in such a way
that (a) and (b) hold. Let 1T be the identity map from(X, T ) to (X, T ′). By
(a) for T ′, the composition 1T ◦ i p : Xp → X is continuous. By (b) forT , 1T
is continuous from(X, T ) to (X, T ′). Reversing the roles ofT andT ′, we see
that the identity map is continuous from(X, T ′) to (X, T ). Therefore 1T is a
homeomorphism.
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In the terminology of abstract functional analysis, one says thatX in Proposi-
tion 4.28 is astrict inductive limit 16 of the spacesXp. With extra hypotheses that
are satisfied in our case of interest, one says thatX acquires theL F topology17

from theXp’s.
Now let us apply the abstract theory toC∞

com(U ). If {Kp} is any exhausting
sequence of compact subsets ofU , then we apply Proposition 4.28 withX =
C∞

com(U ) and Xp = C∞
Kp

. For the inclusionXp ⊆ Xp+1, the restriction toC∞
Kp

of the seminorms onC∞
Kp+1

yields the seminorms forC∞
Kp

, and thereforeXp has
the relative topology as a vector subspace ofXp+1. The spaceXp is a closed
subspace becauseC∞

Kp
is Cauchy complete and because complete subsets of a

metric space are closed. Thus the hypotheses are satisfied, andC∞
com(U ) acquires

a unique topology as a locally convex topological vector space such that

(i) each inclusionC∞
Kp

⊆ C∞
com(U ) is continuous,

(ii) whenever a linear mappingC∞
com(U ) → X is given into a locally convex

linear topological spaceX and the compositionC∞
Kp

→ C∞
com(U ) → X

is continuous for everyp, then the given mappingC∞
com(U ) → X is

continuous.

Furthermore

(iii) each inclusionC∞
Kp

⊆ C∞
com(U ) is a homeomorphism with its image.

To complete our construction, all we have to do is show that the resulting topology
onC∞

com(U ) does not depend on the choice of exhausting sequence.

Proposition 4.29.The inductive limit topology onC∞
com(U ) is independent of

the choice of exhausting sequence. Consequently

(a) each inclusionC∞
K ⊆ C∞

com(U ) is a homeomorphism with its image,
(b) whenever a linear mappingC∞

com(U ) → X is given into a locally convex
linear topological spaceX and the compositionC∞

K → C∞
com(U ) → X

is continuous for every compact subsetK of U , then the given mapping
C∞

com(U ) → X is continuous.

16The words “direct limit” mean the same thing as “inductive limit,” but “inductive” is more com-
mon in this situation. The term “strict” refers to the fact that the successive inclusions
i p+1,p : Xp → Xp+1 are one-one withi p+1,p(Xp) homeomorphic toXp. The notion of “di-
rect limit” is a construction in category theory that is useful within several different categories.
Uniqueness of the direct limit up to canonical isomorphism is a formality built into the definition;
existence depends on the particular category. For this situation the construction is taking place within
the category of locally convex topological vector spaces (and continuous linear maps). A direct-limit
construction within a different category plays a role in Problems 26–30 at the end of the chapter,
and those problems are continued at the end of Chapter VI.

17“ L F” refers to “Fréchet limit.” In the usual situation the spacesXp are assumed to be locally
convex complete metric topological vector spaces, i.e., “Fr´echet spaces.” TheXp’s have this property
in the application toC∞

com(U ).
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PROOF. Write X for C∞
com(U )with its topology defined relative to an exhausting

sequence{Kp}of compact subsets ofU , and writeY for C∞
com(U )with its topology

defined relative to an exhausting sequence{K ′
p}. If Kk is a member of the sequence

{Kp}, thenKk ⊆ K ′
p for p ≥ some indexp0 depending onk since the interiors

of the setsK ′
p cover the compact setKk. The inclusionKk ⊆ K ′

p is continuous
for p ≥ p0, and therefore the compositionKk → K ′

p0
→ Y is continuous. This

continuity for all k implies that the identity map fromX into Y is continuous.
Reversing the roles ofX andY, we see that the identity map is a homeomorphism.

8. Krein–Milman Theorem

In this section we carry the discussion of local convexity in Sections 5–6 along the
path toward fixed-point theorems. Our objective will be to prove a fundamental
existence theorem about “extreme points.”

If K is a convex set in a real or complex vector space and ifx0 is in K , we say
thatx0 is anextreme point of K if x0 is not in the interior of anyline segment
belonging toK , i.e., if

x0 = (1− t)x + ty with 0 < t < 1 and x, y ∈ K implies x0 = x = y.

Let X be a topological vector space, and letK be a closed convex subset of
X. A nonempty closed convex subsetS of K is called aface if whenever� is a
line segment belonging toK , in the above sense, and� has an interior point inS,
then the whole line segment belongs toS. With this definition,x0 is an extreme
point of K if and only if the singleton set{x0} is a face.

If E is a subset ofX, then theclosed convex hullof E is defined to be the
intersection of all closed convex subsets ofX that containE. It may be described
explicitly as the closure of the set of all convex combinations of members ofE.

Theorem 4.30(Krein–Milman Theorem). IfK is a compact convex set in a
locally convex topological vector space, thenK is the closed convex hull of the
set of extreme points ofK . In particular, ifK is nonempty, thenK has an extreme
point.

PROOF. Let X be the underlying topological vector space. We may assume,
without loss of generality, thatK is nonempty. Let us see that iff is any
continuous linear functional onX, then the subset ofK on which Ref assumes its
maximum value is a face. In fact, letSbe the subset whereg = Ref assumes its
maximum valuem. ThenS is nonempty sinceK is compact andg is continuous,
and the continuity and real linearity ofg imply that S is closed and convex. To


