




CHAPTER III

Topics in Euclidean Fourier Analysis

Abstract. This chapter takes up several independent topics in Euclidean Fourier analysis, all having
some bearing on the subject of partial differential equations.

Section 1 elaborates on the relationship between the Fourier transform and the Schwartz space,
the subspace ofL1(RN) consisting of smooth functions with the property that the product of any
iterated partial derivative of the function with any polynomial is bounded. It is possible to make
the Schwartz space into a metric space, and then one can consider the space of continuous linear
functionals; these continuous linear functionals are called “tempered distributions.” The Fourier
transform carries the space of tempered distributions in one-one fashion onto itself.

Section 2 concerns weak derivatives, and the main result is Sobolev’s Theorem, which tells how
to recover information about ordinary derivatives from information about weak derivatives. Weak
derivatives are easy to manipulate, and Sobolev’s Theorem is therefore a helpful tool for handling
derivatives without continually having to check the validity of interchanges of limits.

Sections 3–4 concern harmonic functions, those functions on open sets in Euclidean space that
are annihilated by the Laplacian. The main results of Section 3 are a characterization of harmonic
functions in terms of a mean-value property, a reflection principle that allows the extension to all of
Euclidean space of any harmonic function in a half space that vanishes at the boundary, and a result
of Liouville that the only bounded harmonic functions in all of Euclidean space are the constants.
The main result of Section 4 is a converse to properties of Poisson integrals for half spaces, showing
that harmonic functions in a half space are given as Poisson integrals of functions or of finite complex
measures if theirL p norms over translates of the bounding Euclidean space are bounded.

Sections 5–6 concern the Calder´on–Zygmund Theorem, a far-reaching generalization of the
theorem concerning the boundedness of the Hilbert transform. Section 5 gives the statement and
proof, and two applications are the subject of Section 6. One of the applications is to Riesz transforms,
and the other is to the Beltrami equation, whose solutions are “quasiconformal mappings.”

Sections 7–8 concern multiple Fourier series for smooth periodic functions. The theory is
established in Section 7, and an application to traces of integral operators is given in Section 8.

1. Tempered Distributions

We fix normalizations for the Euclidean Fourier transform as inBasic: For f in
L1(RN), the definition is

f̂ (y) = (F f )(y) =
∫

RN
f (x)e−2π i x ·y dx,
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with x · y referring to the dot product and with the 2π in the exponent. The
inversion formula is valid whenever̂f is in L1; it says thatf is recovered as

f (x) = (F−1 f̂ )(x) =
∫

RN
f̂ (y)e−2π i x ·y dy

almost everywhere, including at all points of continuity off . The operatorF
carriesL1 ∩ L2 into L2 and extends to a linear mapF of L2 onto L2 such that
‖F f ‖2 = ‖ f ‖2. This is the Plancherel formula.

The Schwartz spaceS = S(RN) is the vector space of all functionsf in
C∞(RN) such that the product of any polynomial by any iterated partial derivative
of f is bounded. This is a vector subspace ofL1 ∩ L2, and it was shown inBasic
thatF carriesS one-one onto itself. It will be handy sometimes to use a notation
for partial derivatives and their iterates that is different from that in Chapter I.

Namely,1 let Dj = ∂

∂xj
. If α = (α1, . . . , αN) is an N-tuple of nonnegative

integers, we write|α| = ∑N
j =1 αj , α! = α1! · · · αN !, xα = xα1

1 · · · xαN
N , andDα =

Dα1
1 · · · DαN

N . Addition of such tuplesα is defined component by component, and
we say thatα ≤ β if αj ≤ βj for 1 ≤ j ≤ N. We write |α| for the total
orderα1 + · · · + αN , and we callα a multi-index . If Q(x) = ∑

α aαxα is a
complex-valued polynomial onRN , defineQ(D) to be the partial differential
operator

∑
α aα Dα with constant coefficients obtained by substituting, for each

j with 1 ≤ j ≤ N, the operatorDj = ∂
∂xj

for xj . The Schwartz functions are

then the smooth functionsf on R
N such thatP(x)Q(D) f is bounded for each

pair of polynomialsP andQ.
The Schwartz space is directly usable in connection with certain linear par-

tial differential equations with constant coefficients. A really simple example
concerns the Laplacian operator
 = ∂2

∂x2
1

+ · · · + ∂2

∂x2
N

, which we can write as


 = |D|2 in the new notation for differential operators. Specifically the equation

(1 − 
)u = f

has a unique solutionu in S for each f in S. To see this, we take the Fourier
transform of both sides, obtainingFu−F(
u) = F f orFu−F(|D|2(u)) = F f .
Using the formulas relating the Fourier transform, multiplication by polynomials,
and differentiation,2 we can rewrite this equation as(1+ 4π2|y|2)F(u) = F( f ).
Problem 1 at the end of the chapter asks one to check that(1+4π2|y|2)−1g is inS if

1Some authors prefer to abbreviate∂
∂xj

as∂j , reserving the notationDj for the product of∂j and

a certain imaginary scalar that depends on the definition of the Fourier transform.
2These, with hypotheses in place, appear as Proposition 8.1 ofBasic.
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g is inS, and then existence of a solution inS to the differential equation is proved
by the formulau = F−1

(
(1+4π2|y|2)−1F( f )

)
. For uniqueness letu1 andu2 be

two solutions inS corresponding to the samef . Then(1−
)(u1 −u2) = 0, and
hence(1 + 4π2|y|2)F(u1 − u2)(y) = 0 for all y. ThereforeF(u1 − u2)(y) = 0
everywhere. SinceF is one-one onS, we conclude thatu1 = u2.

A deeper use of the Schwartz space in connection with linear partial differential
equations comes about because of the relationship between the Schwartz space
and the theory of “distributions.” Distributions are continuous linear functionals
on vector spaces of smooth functions, i.e., continuous linear maps from such a
space to the scalars, and they will be considered more extensively in Chapter V.
For now, we shall be content with discussing “tempered distributions,” the dis-
tributions associated with the Schwartz space. In order to obtain a well-defined
notion of continuity, we shall describe how to makeS(RN) into a metric space.

For each pair of polynomialsP andQ, we define

‖ f ‖P,Q = sup
x∈RN

|P(x)(Q(D) f )(x)|.

Each function‖ · ‖P,Q onS is aseminormonS in the sense that3

(i) ‖ f ‖P,Q ≥ 0 for all f in S,
(ii) ‖c f ‖P,Q = |c|‖ f ‖P,Q for all f in S and all scalarsc,

(iii) ‖ f + g‖P,Q ≤ ‖ f ‖P,Q + ‖g‖P,Q for all f andg in S.

Collectively these seminorms have a property that goes in the converse direction
to (i), namely

(iv) ‖ f ‖P,Q = 0 for all P andQ implies f = 0.

In fact, f will already be 0 if the seminorm forP = Q = 1 is 0 on f .
Each seminorm gives rise to a pseudometricdP,Q( f, g) = ‖ f − g‖P,Q in

the usual way, and the topology onS is the weakest topology making all the
functionsdP,Q( · , g) continuous. That is, a base for the topology consists of all
setsUg,P,Q,n = { f | ‖ f − g‖P,Q < 1/n}.

A feature ofS is that only countably many of the seminorms are relevant for
obtaining the open sets, and a consequence is that the topology ofS is defined by a
metric. The important seminorms are the ones in whichP andQ are monomials,
each with coefficient 1. In fact, ifP(x) = ∑

α aαxα andQ(x) = ∑
β bβxβ , then

it is easy to check thatdP,Q( f, g) ≤ ∑
α,β |aαbβ |dxα,xβ ( f, g). Hence any open

set thatdP,Q defines is a union of finite intersections of the open sets defined by
the finitely manydxα,yβ ’s.

3The reader may notice that the definition of “seminorm” is the same as the definition of
“pseudonorm” inBasic. The only distinction is that the word “seminorm” is often used in the
context of a whole family of such objects, while the word “pseudonorm” is often used when there is
only one such object under consideration.
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Let us digress and consider the situation more abstractly because it will arise
again later. Suppose we have a real or complex vector spaceV on which are
defined countably many seminorms‖ · ‖n satisfying (i), (ii), and (iii) above.

Each seminorm‖ · ‖n gives rise to a pseudometric̃dn on V and then to open

sets defined relative tõdn. For any pseudometric̃ρ, the functionρ = min{1, ρ̃}
is easily checked to be a pseudometric, andρ defines the same open sets onV as
ρ̃ does. We shall use the following abstract result about pseudometrics; this was
proved as Proposition 10.28 ofBasic, and we therefore omit the proof here.

Proposition 3.1.Suppose thatV is a nonempty set and{dn}n≥1 is a sequence
of pseudometrics onV such thatdn(x, y) ≤ 1 for all n and for allx andy in V .
Thend(x, y) = ∑∞

n=1 2−ndn(x, y) is a pseudometric. If the open balls relative
to dn are denoted byBn(r ; x) and the open balls relative tod are denoted by
B(r ; x), then theBn’s andB’s are related as follows:

(a) whenever someBn(rn; x) is given withrn > 0, there exists someB(r ; x)

with r > 0 such thatB(r ; x) ⊆ Bn(rn; x),
(b) wheneverB(r ; x) is given withr > 0, there exist finitely manyrn > 0,

say forn ≤ K , such that
⋂K

n=1 Bn(rn; x) ⊆ B(r ; x).

In the situation with countably many seminorms‖ · ‖n for the vector spaceV ,
we see that we can introduce a pseudometricd such that three conditions hold:

• d(x, y) = d(0, y − x) for all x andy,
• whenever somex in V is given and an indexn and corresponding number

rn > 0 are given, then there is a numberr > 0 such thatd(x, y) < r
implies‖y − x‖n < rn,

• whenever somex in V is given and somer > 0 is given, then there exist
finitely manyrn > 0, say forn ≤ K , such that anyy with ‖y − x‖n < rn

for n ≤ K impliesd(x, y) < r .

If the seminorms collectively have the property that‖x‖n = 0 for all n only for
x = 0, thend is a metric, and we say that the family of seminorms is aseparating
family . The specific form ofd is not important: in the case ofS, the metricd
depended on the choice of the countable subfamily of pseudometrics and the order
in which they were enumerated, and these choices do not affect any results about
S. The important thing about this construction is that it shows that the topology
is given bysomemetric.

The three conditions marked with bullets enable us to detect continuity of
linear functions with domainV and range another such spaceW by using the
seminorms directly.

Proposition 3.2. Let L : V → W be a linear function between vector spaces
that are both real or both complex. Suppose thatV is topologized by means of
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countably many seminorms‖ · ‖V,m andW is topologized by means of countably
many seminorms‖ · ‖W,n. ThenL is continuous if and only if for eachn, there
is a finite setF = F(n) of m’s and there are corresponding positive numbersδm

such that‖v‖V,m ≤ δm for all m ∈ F implies‖L(v)‖W,n ≤ 1.

PROOF. Let dV anddW be the distance functions inV and W. Whenn is
given, the second item in the bulleted list shows that there is somer > 0 such
thatdW(0, w) ≤ r implies‖w‖W,n ≤ 1. If L is continuous at 0, then there is a
δ > 0 such thatdV (0, v) ≤ δ impliesdW(0, L(v)) ≤ r . From the third item in
the bulleted list, we know that there is a finite setF of indicesm and there are
corresponding numbersδm > 0 such that‖v‖V,m ≤ δm implies dV (0, v) ≤ δ.
Then‖v‖V,m ≤ δm for all m in F implies‖L(v)‖W,n ≤ 1.

Conversely suppose for eachn that there is a finite setF and there are numbers
δm > 0 form in F such that the stated condition holds. To see thatL is continuous
at 0, letε > 0 be given. ChooseK and numbersεn > 0 for n ≤ K such
that ‖w‖W,n ≤ εn for n ≤ K implies dW(0, w) ≤ ε. For eachn ≤ K , the
given condition onL allows us to find a finite setFn of indicesm and numbers
δm > 0 such that‖v‖V,m ≤ δm implies ‖L(v)‖W,n ≤ 1. If ‖v‖V,m ≤ δmεn

for all m in F = ⋃
n≤K Fn, then‖L(v)‖W,n ≤ εn for all n ≤ K and hence

dW(0, L(v)) ≤ ε. We know that there is a numberδ > 0 such thatdV (0, v) ≤ δ

implies‖v‖V,m ≤ δmεn for all m in F , and thendW(0, L(v)) ≤ ε. HenceL is
continuous at 0.

OnceL is continuous at 0, it is continuous everywhere because of the translation
invariance ofdV anddW: dV (v1, v2) = dV (0, v2 − v1) anddW(L(v1), L(v2)) =
dW(0, L(v2) − L(v1)) = dW(0, L(v2 − v1)).

Now we return to the Schwartz spaceS to apply our construction and Propo-
sition 3.2. The bulleted items above make it clear that it does not matter which
countable set of generating seminorms we use nor what order we put them in; the
open sets and the criterion for continuity are still the same. The following corollary
is immediate from Proposition 3.2, the definition ofS, and the behavior of the
Fourier transform under multiplication by polynomials and under differentiation.

Corollary 3.3. For the Schwartz spaceS onR
N ,

(a) a linear functional� is continuous if and only if there is a finite set
F of pairs(P, Q) of polynomials and there are corresponding numbers
δP,Q > 0 such that‖ f ‖P,Q ≤ δP,Q for all (P, Q) in F implies|�( f )| ≤ 1.

(b) the Fourier transform mappingF : S → S is continuous, and so is its
inverse.

A continuous linear functional on the Schwartz space is called atempered
distribution , and the space of all tempered distributions is denoted byS ′ =
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S ′(RN). It will be convenient to write〈T, ϕ〉 for the value of the tempered
distributionT on the Schwartz functionϕ. The space of tempered distributions
is huge. A few examples will give an indication just how huge it is.

EXAMPLES.

(1) Any function f onR
N with | f (x)| ≤ (1+ |x|2)n|g(x)| for some integern

and some integrable functiong defines a tempered distributionT by integration:
〈T, ϕ〉 = ∫

RN f (x)ϕ(x) dx when ϕ is in S. In view of Corollary 3.3a, the
continuity follows from the chain of inequalities

|〈T, ϕ〉| ≤ ∫
RN

(| f (x)|(1 + |x|2)−n
)(

(1 + |x|2)n|ϕ(x)|) dx

≤ ( ∫
RN |g(x)| dx

)(
supx{(1 + |x|2)n|ϕ(x)|})

= ‖g‖1‖ϕ‖P,1 for P(x) = (1 + |x|2)n.

(2) Any function f with | f (x)| ≤ (1+|x|2)n|g(x)| for some integern and some
functiong in L∞(RN) defines a tempered distributionT by integration:〈T, ϕ〉 =∫

RN f (x)ϕ(x) dx. In fact, | f (x)| ≤ (1 + |x|2)n+N
(
(1 + |x|2)−N |g(x)|), and

(1+|x|2)−N |g(x)| is integrable; hence this example is an instance of Example 1.

(3) Any function f with | f (x)| ≤ (1 + |x|2)n|g(x)| for some integern and
some functiong in L p(RN), where 1≤ p ≤ ∞, defines a tempered distribution
T by integration because such a distribution is the sum of one as in Example 1
and one as in Example 2.

(4) Suppose thatf is as in Example 3 and thatQ(D) is a constant-coefficients
partial differential operator. Then the formula〈T, ϕ〉 = ∫

RN f (x)(Q(D)ϕ)(x) dx
defines a tempered distribution.

(5) In the above examples, Lebesgue measuredx may be replaced by any Borel
measuredµ(x) on R

N such that
∫

RN (1 + |x|2)n0 dµ(x) < ∞ for somen0. A
particular case of interest is thatdµ(x) is a point mass at a pointx0; in this case,
the tempered distributionsϕ �→ 〈T, ϕ〉 that are obtained by combining the above
constructions are the linear combinations of iterated partial derivatives ofϕ at the
point x0.

(6) Any finite linear combination of tempered distributions as in Example 5 is
again a tempered distribution.

Two especially useful operations on tempered distributions are multiplication
by a Schwartz function and differentiation. Both of these definitions are arranged
to be extensions of the corresponding operations on Schwartz functions. The
definitions are〈ψT, ϕ〉 = 〈T, ψϕ〉 and 〈DαT, ϕ〉 = (−1)|α|〈T, Dαϕ〉; in the
latter case the factor(−1)|α| is included because integration by parts requires its
presence whenT is given by a Schwartz function.
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A useful feature of distributions in connection with differential equations, as we
shall see in more detail in later chapters, is that we can first look for solutions of a
given differential equation that are distributions and then consider how close those
distributions are to being functions. The special feature oftempereddistributions
is that the Fourier transform makes sense on them, as follows.

As with the operations of multiplication by a Schwartz function and differen-
tiation, the definition of Fourier transform of a tempered distribution is arranged
to be an extension of the definition of the Fourier transform of a memberψ of
S when we identify the functionψ with the distributionψ(x) dx. If ϕ is in S,
then

∫
ψ̂ϕ dx = ∫

ψϕ̂ dx by the multiplication formula,4 which we reinterpret
as〈F(ψ dx), ϕ〉 = 〈ψ dx, ϕ̂ 〉. The definition is

〈F(T), ϕ〉 = 〈T, ϕ̂ 〉
for T ∈ S ′ and ϕ ∈ S. To see thatF(T) is in S ′, we have to check that
F(T) is continuous. The definition isF(T) = T ◦ F, andF is continuous onS
by Corollary 3.3b. Thus the Fourier transform carries tempered distributions to
tempered distributions.

Proposition 3.4. The Fourier transformF is one-one fromS ′(RN) onto
S ′(RN).

PROOF. If T is in S ′ andF(T) = 0, then〈T,F(ϕ)〉 = 0 for all ϕ in S. Since
F carriesS ontoS, 〈T, ψ〉 = 0 for all ψ in S, and thusT = 0. ThereforeF is
one-one onS ′.

If T ′ is given inS ′, put T = T ′ ◦ F−1, whereF−1 is the inverse Fourier
transform as a map ofS to itself. ThenT ′ = T ◦ F andF(T) = T ◦ F = T ′.
ThereforeF is ontoS ′.

2. Weak Derivatives and Sobolev Spaces

A careful study of a linear partial differential equation often requires attention
to the domain of the operator, and it is helpful to be able to work with partial
derivatives without investigating a problem of interchange of limits at each step.
Sobolev spaces are one kind of space of functions that are used for this purpose,
and their definition involves “weak derivatives.” At the end one wants to be
able to deduce results about ordinary partial derivatives from results about weak
derivatives, and Sobolev’s Theorem does exactly that.

We shall make extensive use in this book of techniques for regularizing func-
tions that have been developed inBasic. Let us assemble a number of these in
one place for convenient reference.

4Proposition 8.1e ofBasic.
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Proposition 3.5.

(a) (Theorems 6.20 and 9.13) Letϕ be in L1(RN, dx), defineϕε(x) =
ε−Nϕ(ε−1x) for ε > 0, and putc = ∫

RN ϕ(x) dx.

(i) If f is in L p(RN, dx) with 1 ≤ p < ∞, then

lim
ε↓0

‖ϕε ∗ f − c f ‖p = 0.

(ii) If f is bounded onRN and is continuous atx, then limε↓0(ϕε∗ f )(x) =
c f (x), and the convergence is uniform for any setE of x’s such that
f is uniformly continuous at the points ofE.

(b) (Proposition 9.9) Ifµ is a Borel measure on a nonempty open setU in
R

N and if 1 ≤ p < ∞, thenL p(U, µ) is separable, andCcom(U ) is dense in
L p(U, µ).

(c) (Corollary 6.19) Suppose thatϕ is a compactly supported function of
classCn onR

N and thatf is in L p(RN, dx) with 1 ≤ p ≤ ∞. Thenϕ ∗ f is of
classCn, andDα(ϕ ∗ f ) = (Dαϕ) ∗ f for any iterated partial derivativeDα of
order≤ n.

(d) (Lemma 8.11) Ifδ1 andδ2 are given positive numbers withδ1 < δ2, then
there existsψ in C∞

com(RN) with values in [0, 1] such thatψ(x) = ψ0(|x|), ψ0 is
nonincreasing,ψ(x) = 1 for |x| ≤ δ1, andψ(x) = 0 for |x| ≥ δ2.

(e) (Consequence of (d)) Ifδ > 0, then there existsϕ ≥ 0 in C∞
com(RN)

such thatϕ(x) = ϕ0(|x|) with ϕ0 nonincreasing,ϕ(x) = 0 for |x| ≥ 1, and∫
RN ϕ(x) dx = 1.

(f) (Proposition 8.12) IfK andU are subsets ofRN with K compact,U
open, andK ⊆ U , then there existsϕ ∈ C∞

com(U ) with values in [0, 1] such that
ϕ is identically 1 onK .

In this section we work with a nonempty open subsetU of R
N , an indexp

satisfying 1≤ p < ∞, and the spacesL p(U ) = L p(U, dx), the underlying
measure being understood to be Lebesgue measure. Letp′ = p/(p − 1) be the
dual index. For Sobolev’s Theorem, we shall impose two additional conditions on
U , namely boundedness forU and a certain regularity condition for theboundary
∂U = U cl−U of the open setU , but we do not impose those additional conditions
yet.

Corollary 3.6. If U is a nonempty open subset ofR
N , thenC∞

com(U ) is

(a) uniformly dense inCcom(U ),
(b) dense inL p(U ) for every p with 1 ≤ p < ∞.

PROOF. Let f in Ccom(U ) be given. Choose by Proposition 3.5e a function
ϕ in C∞

com(RN) that is≥ 0, vanishes outside the unit ball about the origin, and
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has total integral 1. Forε > 0, defineϕε(x) = ε−Nϕ(ε−1x). The function
ϕε ∗ f is of classC∞ by (c). If U = R

N , let ε0 = 1; otherwise letε0 be the
distance from the support off to the complement ofU . Forε < ε0, ϕε ∗ f has
compact support contained inU . As ε decreases to 0, Proposition 3.5a shows
that‖ϕε ∗ f − f ‖sup tends to 0 and so does‖ϕε ∗ f − f ‖p. This proves the first
conclusion of the corollary and proves also thatC∞

com(U ) is L p dense inCcom(U )

if 1 ≤ p < ∞. Since Proposition 3.5b shows thatCcom(U ) is dense inL p(U ),
the second conclusion of the corollary follows.

Suppose thatf andg are two complex-valued functions that arelocally inte-
grable onU in the sense of being integrable on each compact subset ofU . If α

is a differentiation index, we say thatDα f = g in the sense ofweak derivatives
if ∫

U
f (x)Dαϕ(x) dx = (−1)|α|

∫
U

g(x)ϕ(x) dx for all ϕ ∈ C∞
com(U ).

The definition is arranged so thatg gives the result that one would expect
for iterated partial differentiation of typeα if the integrated or boundary term
gives 0 at each stage. More precisely iff is in C|α|(U ), then the weak derivative
of orderα exists and is the pointwise derivative. To prove this, it is enough to
handle a first-order partial derivativeDj h for a functionh in C1(U ), showing that∫

U hDj ϕ dx = − ∫
U (Dj h)ϕ dx for ϕ ∈ C∞

com(U ), i.e., that
∫

U Dj (hϕ) dx = 0.
Becauseϕ is compactly supported inU , ψ = hϕ makes sense as a compactly
supportedC1 function onR

N , and we are to prove that
∫

RN Dj ψ dx = 0. The
Fundamental Theorem of Calculus gives

∫ a
−a Dj ψ dxj = [ψ ]

xj =a
xj =−a for a > 0,

and the compact support implies that this is 0 fora sufficiently large. Thus∫
R

Dj ψ dxj = 0, and Fubini’s Theorem gives
∫

RN Dj ψ dx = 0.
The functiong in the definition of weak derivative is unique up to sets of

measure 0 if it exists. In fact, ifg1 andg2 are both weak derivatives of orderα, then∫
U (g1 − g2)ϕ dx = 0 for all ϕ in C∞

com(U ). Fix an open setV having com-
pact closure contained inU . If f is in Ccom(V), then Corollary 3.6a pro-
duces a sequence of functionsϕn in C∞

com(V) tending uniformly to f . Since
g1 − g2 is integrable onV , the equalities

∫
V (g1 − g2)ϕn dx = 0 for all n imply∫

V (g1 − g2) f dx = 0. By the uniqueness in the Riesz Representation Theorem,
g1 = g2 a.e. onV . SinceV is arbitrary,g1 = g2 a.e. onU .

EXAMPLE. In the open setU = (−1, 1) ⊆ R
1, the functionei /|x| is locally

integrable and is differentiable except atx = 0, but it does not have a weak
derivative. In fact, if it hadg as a weak derivative, we could useϕ’s vanishing in
neighborhoods of the origin to see thatg(x) has to be−i x−2(sgnx)ei /|x| almost
everywhere. But this function is not locally integrable onU .
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If f hasαth weak derivativeDα f andDα f hasβ th weak derivativeDβ(Dα f ),
then f has(β + α)th weak derivativeDβ+α f andDβ+α f = Dβ(Dα f ). In fact, if
ϕ is in C∞

com(U ), then this conclusion follows from the computation∫
U f Dβ+αϕ dx = ∫

U f Dα(Dβϕ) dx = (−1)|α| ∫
U Dα f Dβϕ dx

= (−1)|α|+|β| ∫
U Dβ(Dα f )ϕ dx.

If f has weakj th partial derivativeDj f and ifψ is in C∞(U ), then f ψ has a
weak j th partial derivative, and it is given by(Dj f )ψ+ f (Dj ψ). In fact, this con-
clusion holds because

∫
U f ψ(Dj ϕ) dx = ∫

U f Dj (ψϕ) dx−∫
U f (Dj ψ)ϕ dx =

− ∫
U (Dj f )ψϕ dx − ∫

U f (Dj ψ)ϕ dx = − ∫
U ( f (Dj ψ) + (Dj f )ψ)ϕ dx.

If f hasβ th weak derivativeDβ f for everyβ with β ≤ α and ifψ is inC∞(U ),
then f ψ has anαth weak derivative. It is given by theLeibniz rule :

Dα( f ψ) =
∑
β≤α

α!

β!(α − β)!
(Dβ f )(Dα−βψ).

This formula follows by iterating the formula forDj ( f ψ) in the previous para-
graph.

Now we can give the definition of Sobolev spaces. Letk ≥ 0 be an integer,
and let 1≤ p < ∞. Define

L p
k (U ) = {

f ∈ L p(U )
∣∣ all Dα f exist weakly for|α| ≤ k and are inL p(U )

}
.

Then L p
k (U ) is a vector space, and we make it into a normed linear space by

defining

‖ f ‖L p
k

=
( ∑

|α|≤k

∫
U

|Dα f |p dx
)1/p

.

The normed linear spacesL p
k (U ) are theSobolev spacesfor U . All the remaining

results in this section concern these spaces.5

Proposition 3.7. If k ≥ 0 is an integer and if 1≤ p < ∞, then the normed
linear spaceL p

k (U ) is complete.

5The subject of partial differential equations makes use of a number of families that generalize
these spaces in various ways. Of particular importance is a familyHs such thatHs = L2

k whens is
an integerk ≥ 0 buts is a continuous real parameter with−∞ < s < ∞. The spacesHs(RN) are
introduced in Problems 8–12 at the end of the chapter. For an open setU , the two spacesHs

com(U )

andHs
loc(U ) are introduced in Chapter VIII. All of these spaces are calledSobolev spaces.
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PROOF. If { fm} is a Cauchy sequence inL p
k (U ), then for eachα with |α| ≤ k,

the sequence{Dα fm} is Cauchy inL p(U ). SinceL p(U ) is complete, we can
define f (α) to be theL p(U ) limit of Dα fm. Forϕ in C∞

com(U ), we then have∫
U f (α)ϕ dx = ∫

U (limm Dα fm)ϕ dx = limm
∫

U (Dα fm)ϕ dx,

the second equality holding sinceϕ is in the dual spaceL p′
(U ). In turn, this

expression is equal to

(−1)|α| limm
∫

U ( fm)(Dαϕ) dx = (−1)|α| ∫
U ( f (0))(Dαϕ) dx,

the second equality holding sinceDαϕ is in L p′
(U ). Therefore f (α) = Dα f (0)

and fm tends tof (0) in L p
k (U ).

Proposition 3.8. If k ≥ 0 is an integer and if 1≤ p < ∞, then a functionf
is in L p

k (U ) if f is in L p(U ) and there exists a sequence{ fm} in Ck(U ) such that

(a) limm ‖ f − fm‖p = 0,
(b) for eachα with |α| ≤ k, the iterated pointwise partial derivativeDα fm is

in L p(U ) and converges inL p(U ) asm tends to infinity.

PROOF. By (b),‖Dα( fl − fm)‖p
p for each fixedα tends to 0 asl andm tend to

infinity. Summing onα and taking thepth root, we see that‖ fl − fm‖
L p

k
tends to 0.

In other words,{ fm} is Cauchy inL p
k (U ). By Proposition 3.7,{ fm} converges to

someg in L p
m(U ). The limit functiong has to have the property that‖ fm − g‖p

tends to 0, and (a) shows that we must haveg = f . Thereforef is in L p
k (U ).

The key theorem is the following converse to Proposition 3.8.

Theorem 3.9.If k ≥ 0 is an integer and if 1≤ p < ∞, thenC∞(U )∩ L p
k (U )

is dense inL p
k (U ).

On the other hand, despite Corollary 3.6b, it will be a consequence of Sobolev’s
Theorem thatC∞

com(U ) is not dense inL p
k (U ) if k is sufficiently large. The proof

of the present theorem will be preceded by a lemma affirming that at least the
members ofL p

k (U ) with compact support inU can be approximated by members
of C∞

com(U ).
In addition, the proof of the theorem will make use of an “exhausting sequence”

and a smooth partition of unity based on it. SinceU is locally compact and
σ -compact, we can find a sequence{Kn}∞n=1 of compact subsets ofU with union
U such thatKn ⊆ K o

n+1 for all n. This sequence is called anexhausting sequence
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for U . We construct the partition of unity{ψn}n≥1 as follows. Forn ≥ 1, we use
Proposition 3.5f to choose aC∞ functionϕn with values in [0, 1] such that

ϕ1(x) =
{

1 for x ∈ K3,

0 for x ∈ (K o
4)c,

ϕn(x) =
{

1 for x ∈ Kn+2 − K o
n+1,

0 for x ∈ (K o
n+3)

c ∪ Kn.

and forn ≥ 2,

In the sum
∑∞

n=1 ϕn(x), eachx has a neighborhood in which only finitely many
terms are nonzero and some term is nonzero. Thereforeϕ = ∑∞

n=1 ϕn is a
well-defined member ofC∞(U ). If we putψn = ϕn

/
ϕ, thenψn is in C∞(U ),∑∞

n=1 ψn = 1 onU , ψ1(x) is > 0 on K3 and is= 0 on(K o
4)c, and forn ≥ 2,

ψn(x)

{
> 0 for x ∈ Kn+2 − K o

n+1,

= 0 for x ∈ (K o
n+3)

c ∪ Kn.

Lemma 3.10. Let ϕ be a member ofC∞
com(RN) vanishing for|x| ≥ 1 and

having total integral 1, putϕε(x) = ε−Nϕ(ε−1x) for ε > 0, and let f be a
function in L p

k (U ) whose support is a compact subset ofU . For ε sufficiently
small,ϕε ∗ f is in C∞

com(U ), and

lim
ε↓0

‖ϕε ∗ f − f ‖L p
k

= 0.

PROOF. As in the proof of Corollary 3.6,ϕε ∗ f has compact support contained
in U if ε < ε0, whereε0 is 1 if U = R

N andε0 is the distance of the support
of f to the complement ofU if U �= R

N . Moreover, the functionϕε ∗ f is in
C∞(RN) with Dα(ϕε ∗ f ) = (Dαϕε) ∗ f for eachα. Thusϕε ∗ f is in C∞

com(U )

if ε < ε0. By the first remark after the definition of weak derivative,ϕε ∗ f
has weak derivatives of all orders forε < ε0, and they are given by the ordinary
derivativesDα(ϕε ∗ f ). Forε < ε0,

Dα(ϕε ∗ f )(x) = ∫
U f (y)(Dαϕε)(x − y) dy

= (−1)|α| ∫
U f (y)Dα(y �→ ϕε(x − y)) dy.

Since f by assumption has weak derivatives through orderk and sincey �→
ϕε(x − y) has compact support inU , the right side is equal to∫

U Dα f (y)ϕε(x − y) dy = (ϕε ∗ Dα f )(x)

for |α| ≤ k. Therefore, forε < ε0 and|α| ≤ k, we have

‖Dα(ϕε ∗ f − f )‖p = ‖ϕε ∗ (Dα f ) − Dα f ‖p.

For these sameα’s, Proposition 3.5a shows that the right side tends to 0 asε tends
to 0. Thereforeϕε ∗ f − f tends to 0 inL p

k (U ).
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PROOF OFTHEOREM 3.9. Let f be in L p
k (U ). The idea is to breakf into a

countable sum of functions of compact support, apply the lemma to each piece,
and add the results. The difficulty lies in arranging that each of the pieces off
have controlled weak derivatives through orderk. Thus instead of using indicator
functions to break upf , we shall use an exhausting sequence{Kn}n≥1 and an
associated partition of unity{ψn}n≥1 of the kind described after the statement of
the theorem. The discussion above concerning the Leibniz rule shows that each
ψn f has weak derivatives of all orders≤ k, and the construction shows thatψn f
has support inK o

5 for n = 1 and inK o
n+4 − Kn−1 for n ≥ 2.

Let ε > 0 be given, letϕ be a member ofC∞
com(RN) vanishing for|x| ≥ 1 and

having total integral 1, and putϕε(x) = ε−Nϕ(ε−1x) for ε > 0. Applying Lemma
3.10 toψn f , chooseεn > 0 small enough so that the functionun = ϕεn ∗ (ψn f )

has support inK o
5 for n = 1 and inK o

n+4 − Kn−1 for n ≥ 2 and so that

‖un − ψn f ‖L p
k

< 2−nε.

Putu = ∑∞
n=1 un. Eachx in U has a neighborhood on which only finitely many

of the functionsun are not identically 0, and thereforeu is in C∞(U ). Also,

u =
∞∑

n=1

(un − ψn f ) + f since
∞∑

n=1

ψn = 1.

Since for each compact subset ofU , only finitely manyun − ψn f are not
identically 0 on that set, the weak derivatives of order≤ k satisfy Dαu =∑∞

n=1 Dα(un − ψn f ) + Dα f . Hence

Dα(u − f ) =
∞∑

n=1

Dα(un − ψn f ).

Minkowski’s inequality for integrals therefore gives

‖Dα(u − f )‖p ≤
∞∑

n=1

‖Dα(un − ψn f )‖p ≤
∞∑

n=1

‖un − ψn f ‖L p
k

≤
∞∑

n=1

ε

2n
= ε.

Finally we raise both sides to thepth power, sum forα with |α| ≤ k, and extract
the pth root. If m(k) denotes the number of suchα’s, we obtain

‖u − f ‖L p
k

≤ m(k)1/p ε,

and the proof is complete.
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Now we come to Sobolev’s Theorem. For the remainder of the section, the
open setU will be assumed bounded, and we shall impose a regularity condition
on its boundary∂U = U cl − U . When we isolate one of the coordinates of
points inR

N , say thej th, let us writey′ for the otherN − 1 coordinates, so that
y = (yj , y′). We say thatU satisfies the cone conditionif there exist positive
constantsc andh such that for eachx in U , there are a sign± and an indexj
with 1 ≤ j ≤ N for which the closed truncated cone

�x = x + {
y = (yj , y′)

∣∣ ± yj ≥ c|y′| and|y| ≤ h
}

lies inU for one choice of the sign±. See Figure 3.1. Problem 4 at the end of the
chapter observes that if the bounded open setU has aC1 boundary in a certain
sense, thenU satisfies the cone condition.

yj

�x

y′x

FIGURE 3.1. Cone condition for a bounded open set.

Theorem 3.11(Sobolev’s Theorem). LetU be a nonempty bounded open set
in R

N , and suppose thatU satisfies the cone condition with constantsc andh.
If 1 ≤ p < ∞ andk > N/p, then there exists a constantC = C(N, c, h, p, k)

such that
sup
x∈U

|u(x)| ≤ C‖u‖L p
k

for all u in C∞(U ) ∩ L p
k (U ).

REMARK. Under the stated conditions onk and p, the theorem says that the
inclusion ofC∞(U )∩L p

k (U ) into the Banach spaceC(U ) of boundedcontinuous
functions onU is a bounded linear operator relative to the norm ofL p

k (U ). Since
C∞(U )∩ L p

k (U ) is dense inL p
k (U ) by Theorem 3.9 and sinceC(U ) is complete,

the inclusion extends to a continuous map ofL p
k (U ) into C(U ). In other words,

every member ofL p
k (U ) can be regarded as a bounded continuous function on

U .

PROOF. Fix g in C∞
com(R1) with g(t) equal to 1 for|t | ≤ 1

2 and equal to 0 for
|t | ≥ 3

4. Fix x in U and its associated sign± and indexj . We introduce spherical
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coordinates aboutx with the indices reordered so thatj comes first, writingx + y
for a point nearx with

yj = ±r cosϕ,

y1 = r sinϕ cosθ1,

... (with yj omitted)

yN−1 = r sinϕ sinθ1 · · · sinθN−3 cosθN−2,

yN = r sinϕ sinθ1 · · · sinθN−3 sinθN−2,

when
0 ≤ ϕ ≤ π,

0 ≤ θi ≤ π for i < N−2,

0 ≤ θN−2 ≤ 2π.

All the pointsx + y with 0 ≤ ϕ ≤ �(c), where�(c) is some positive number
and 0≤ r ≤ h, lie in the cone�x atx. For suchϕ’s and for 0≤ t ≤ 1, we define

F(t) = g
(

t
h

)
u
(
x + (±t cosϕ, t sinϕ cosθ1, . . . )

)
and expandF in a Taylor series through orderk − 1 with remainder about the
point t = h. Because of the behavior ofg, F and all its derivatives vanish at
t = h. ThereforeF(t) is given by the remainder term:

F(t) = 1
(k−1)!

∫ t
h (t − s)k−1F (k)(s) ds.

Puttingt = 0, we obtain

u(x) = 1
(k−1)!

∫ 0
h (−r )k−1 ∂k

∂r k

[
g
(

r
h

)
u
(
x + (· · · ))] dr

= (−1)k

(k−1)!

∫ h
0 r k−N ∂k

∂r k

[
g
(

r
h

)
u
(
x + (· · · ))] r N−1 dr.

We regard the integral on the right side as taking place over the radial part of the
spherical coordinates that describe the set ofy’s in �x, and we want to extend
the integration over all of�x. To do so, we have to integrate over all values
of θ1, . . . , θN−2 and for 0≤ ϕ ≤ �(c). We multiply by the spherical part of
the Jacobian determinant for spherical coordinates and integrate both sides. The
integrand on the left side is constant, being independent ofy, and gives apositive
multiple ofu(x). Dividing by that multiple, we get

u(x) = c1
∫
�x−x |y|k−N ∂k

∂r k

[
g
( |y|

h

)
u(x + y)

]
dy.
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Suppose temporarily thatp > 1. With p′ still denoting the index dual top,
application of Hölder’s inequality gives

|u(x)| ≤ c1
( ∫

�x−x |y|(k−N)p′
dy

)1/p′( ∫
�x−x

∣∣ ∂k

∂r k

[
g
( |y|

h

)
u(x + y)

]∣∣p
dy

)1/p
.

The first integral on the right side is the critical one. The radius extends from
0 to h, and the integral is finite if and only if(k − N)p′ > −N > 0, i.e.,
k > N − N/p′ = N/p. This is the condition in the theorem.

The differentiation ∂k

∂r k in the second factor on the right can be expanded in
terms of derivatives in Cartesian coordinates, and then the integration can be
extended over all ofU . The result is that the second factor is dominated by a
multiple of‖u‖

L p
k
. This completes the proof whenp > 1.

Now suppose thatp = 1. Then the above result from applying H¨older’s
inequality is replaced by the inequality

|u(x)| ≤ c1

∥∥|y|k−N
∥∥

∞,�x−x

∫
�x−x

∣∣ ∂k

∂r k

[
g
( |y|

h

)
u(x + y)

]∣∣ dy.

The first factor is finite ifk ≥ N, and the second factor is handled as before. This
completes the proof ifp = 1.

Corollary 3.12. Suppose thatU is a nonempty bounded open subset ofR
N

satisfying the cone condition, and suppose that 1< p < ∞ and thatm andk are
integers≥ 0 such thatk > m + N/p. If f is in L p

k (U ), then f can be redefined
on a set of measure 0 so as to be inCm(U ).

PROOF. Choose by Theorem 3.9 a sequence{ fi } in C∞(U )∩ L p
k (U ) such that

lim fi = f in L p
k (U ). For |α| ≤ m, we apply Theorem 3.11 to see that

sup
U

|Dα fi − Dα f j |

tends to 0 asi and j tend to infinity. Thus all theDα fi converge uniformly. It
follows that the uniform-limit functioñf = lim fi is in Cm(U ). Since fi → f
in L p(U ) and fi → f̃ uniformly, we conclude that̃f = f almost everywhere.
Thus f̃ tells how to redefinef on a set of measure 0 so as to be inCm(U ).

3. Harmonic Functions

LetU be an open set inRN . The discussion will not be very interesting forN = 1,
and we exclude that case. A functionu in C2(U ) is harmonic in U if 
u = 0
identically inU . Harmonic functions were introduced already in Chapter I and
investigated in connection with certain boundary-value problems. In the present
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section we examine properties of harmonic functions more generally. Harmonic
functions in a half space, through their boundary values and the Poisson integral
formula, become a tool in analysis for working with functions on the Euclidean
boundary, and the behavior of harmonic functions on general open sets becomes
a prototype for the behavior of solutions of further “elliptic” second-order partial
differential equations.

Harmonic functions will be characterized shortly in terms of a certain mean-
value property. To get at this characterization and its ramifications, we need the
N-dimensional “Divergence Theorem” of Gauss for two special cases—a ball
and a half space. The result for a ball will be formulated as in Lemma 3.13
below; we give a proof since this theorem was not treated inBasic. The argument
for a half space is quite simple, and we will incorporate what we need into the
proof of Proposition 3.15 below. For the case of a ball, recall6 that the change-
of-variables formulax = r ω, with r ≥ 0 and|ω| = 1, for transforming integrals
in Cartesian coordinates forR

N into spherical coordinates involves substituting
dx = r N−1 dr dω, wheredω is a certain rotation-invariant measure on the unit
sphereSN−1 that can be expressed in terms ofN − 1 angular variables. The
open ball of radiusx0 and radiusr is denoted byB(r ; x0), and its boundary is
∂ B(r ; x0).

Lemma 3.13.If F is aC1 function in an open set onRN containing the closed
ball B(r ; 0)cl and if 1≤ j ≤ N, then∫

x∈B(r ;0)

∂F

∂xj
(x0 + x) dx =

∫
r ω∈∂ B(r ;0)

xj F(x0 + r ω)r N−2 dω.

REMARKS. The usual formula of theDivergence Theoremis
∫

U div F dx =∫
∂U (F · n) dS, whereU is a suitable bounded open set,∂U = U cl − U is its

boundary,n is the outward-pointing unit normal,F is a vector-valuedC1 function,
anddS is surface area. In Lemma 3.13,U is specialized to the ballB(r ; 0), dS
is the(N − 1)-dimensional area measurer N−1 dω on the surface∂ B(r ; 0) of the
ball, F is taken to be the product ofF by the j th standard basis vectorej , and
ej · n is r −1xj .

PROOF. Without loss of generality, we may takej = 1 andx0 = 0. Write
x = (x1, x′), wherex′ = (x2, . . . , xN), and writeω = (ω1, ω

′) similarly. The
left side in the displayed formula is equal to∫

|x′|≤r

∫ √
r 2−|x′|2

x1=−
√

r 2−|x′|2
∂F
∂x1

(x1, x′) dx1 dx′

= ∫
|x′|≤r

[
F(

√
r 2 − |x′|2, x′) − F(−

√
r 2 − |x′|2, x′)

]
dx′.

6From Section VI.5 ofBasic.
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Thus the lemma will follow if it is proved that∫
|x′|≤r

F(
√

r 2 − |x′|2, x′) dx′ = ∫
|ω|=1, ω1≥0

x1F(r ω)r N−2 dω (∗)

and

− ∫
|x′|≤r

F(−
√

r 2 − |x′|2, x′) dx′ = ∫
|ω|=1, ω1≤0

x1F(r ω)r N−2 dω. (∗∗)

Let us use ordinary spherical coordinates forω, with

( r ω1

...
r ωN

)
=


r cosθ1

r sinθ1 cosθ2

...
r sinθ1··· sinθN−2 cosθN−1

r sinθ1··· sinθN−2 sinθN−1


and

dω = sinN−2 θ1 sinN−3 θ2 · · · sinθN−2 dθ1 · · · dθN−1.

The right side of(∗) is equal to∫
|ω|=1, ω1≥0

F(r ω)ω1r N−2 dω

= ∫
0≤θ1≤π/2,

0≤θj ≤π for 1< j <N−1,
0≤θN−1≤2π

F(r ω)r N−1 cosθ1 sinN−2 θ1 sinN−3 θ2 · · · sinθN−2 dθ1 · · · dθN−1,

and we show that it equals the left side of(∗) by carrying out for the left side of
(∗) the change of variablesx′ ↔ (θ1, . . . , θN−1) given withr constant by

x′ =
( x2

...
xN

)
=


r sinθ1 cosθ2

...
r sinθ1··· sinθN−2 cosθN−1

r sinθ1··· sinθN−2 sinθN−1

 .

The Jacobian matrix is the same as for the change to spherical coordinates
(r, θ2, . . . , θN−1) except that the first column has a factorr cosθ1 instead of 1
and the other columns have an extra factor of sinθ1. Consequently

dx′ = r N−1(| cosθ1| sinN−2 θ1
)(

sinN−3 θ2 · · · sinθN−2
)

dθ1 · · · dθN−1.

Therefore the measures match in the two transformed sides, the sets of integration
for (θ1, . . . , θN−1) are the same, and the integrands are the same because cosθ1 =
| cosθ1|. This proves(∗). For(∗∗) we make the same computation but the interval
of integration forθ1 isπ/2 ≤ θ1 ≤ π . To get a match, the minus sign is necessary
because cosθ1 = −| cosθ1|.
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Proposition 3.14(Green’s formula7 for a ball). LetB be an open ball inRN ,
let ∂ B be its surface, and letdσ be the surface-area measure of∂ B. If u andv

areC2 functions in an open set containingBcl, then∫
B

(u
v − v
u) dx =
∫

∂ B

(
u

∂v

∂n
− v

∂u

∂n

)
dσ,

wheren : ∂S → R
N is the outward-pointing unit normal vector.

PROOF. Apply Lemma 3.13 toF = u ∂v
∂xj

and then toF = v ∂u
∂xj

, and subtract
the results. Then sum onj .

Let�N−1 be the surface area
∫

SN−1 dω of the unit sphere inRN . A continuous
functionu on an open subsetU of R

N is said to have themean-value property
in R if the value ofu at each pointx in U equals the average value ofu over each
sphere centered atx and lying inU , i.e., if

u(x) = 1

�N−1

∫
ω∈SN−1

u(x + tω) dω

for everyx in U and for every positivet less than the distance fromx to Uc.
The mean-value property over spheres implies a corresponding average-value

property over balls. In fact, the volume|B(t0; 0)| of the ballB(t0; 0) is given by∫ t0
0

∫
SN−1 t N−1 dω dt = N−1t N

0

∫
SN−1 dω = N−1t N

0 �N−1. When the mean-value
property over spheres is satisfied andt0 is less than the distance fromx to Uc, we
can apply the operationNt−N

0

∫ t0
0 (—) dt to both sides of the mean-value formula

and obtain

u(x) = Nt−N
0

�N−1

∫ t0

0

∫
ω∈SN−1

u(x+tω)t N−1 dω dt = 1

|B(t0; 0)|
∫

B(t0;0)

u(x+y) dy.

Proposition 3.15(Green’s formula for a half space). LetR+ be the subset of
R

N = {(x′, xn) | x′ ∈ R
N−1 andxn ∈ R} wherexn > 0. Denote its boundary by

∂ R+ = R
N−1, and suppose thatu andv areC2 functions on an open subset of

R
N−1 containing(R+)cl and that at least one ofu andv is compactly supported.

Then ∫
x∈R+

(u
v − v
u) dx =
∫

x′∈RN−1

(
v

∂u

∂xn
− u

∂v

∂xn

)
dx′.

PROOF. SupposeF is aC1 function compactly supported on an open subset of
R

N−1 containing(R+)cl. If 1 ≤ j ≤ N−1, then
∫

R+
∂F
∂xj

dx = 0 since the integral

7This formula is related to but distinct from the formula with the same name at the beginning of
Section I.3.
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with respect todxj is the difference between two values ofF and since these are 0
by the compactness of the support. Forj = N, however, one of the boundary
terms may fail to be 0, and the result is that

∫
R+

∂F
∂xN

dx = − ∫
RN−1 F(x′) dx′.

Apply the j th of these formulas first toF = u ∂v
∂xj

and then toF = v ∂u
∂xj

, sum
the results onj , and subtract the two sums. The result is the formula of the
proposition.

Theorem 3.16.Let U be an open set inRN , and letu be a continuous scalar-
valued function onU . If u is harmonic onU , thenu has the mean-value property
on U . Conversely ifu has the mean-value property onU , thenu is in C∞(U )

and is harmonic onU .

PROOF. Suppose thatu is harmonic onU . We prove thatu has the mean-value
property. It is enough to treatx = 0. Green’s formula, as in Proposition 3.14,
directly extends from balls to the difference of two balls.8 Thus we have∫

E (u
v − v
u) dx = ∫
∂E

(
u ∂v

∂n − v ∂u
∂n

)
dσ (∗)

wheneverE is a closed ballBt of radiust contained inU or is the difference
Bt − (Bε)

o of two concentric balls withε < t . TakingE = Bt andv = 1 in (∗),
we obtain ∫

∂ Bt

∂u
∂n dσ = 0. (∗∗)

Routine computation shows that the function given by

v(x) =
{ |x|−(N−2) for N > 2,

log |x| for N = 2,

is harmonic forx �= 0 and has∂v
∂r equal to a nonzero multiple of|x|−(N−1), r being

the spherical coordinate radius|x|. If we apply(∗) to thisv and our harmonicu
whenE = Bt − (Bε)

o, we obtain∫
∂(Bt−(Bε )o)

(
u ∂v

∂n − v ∂u
∂n

)
dσ = 0.

Sincev depends only on|x|, (∗∗) shows that the second term of the integrand
yields 0. Thus this formula becomes∫

∂(Bt−(Bε )o)
u ∂v

∂n dσ = 0.

8For the extended result, suppose that the balls have radiir1 < r2. Thenu andv are defined from
radiusr1 − ε to r2 + ε for someε > 0. We can adjustu andv by multiplying by a suitable smooth
function that is identically 1 for radius≥ r1 − 1

3ε and identically 0 for radius≤ r1 − 2
3ε, and then

u andv will extend as smooth functions for radius< r2 + ε. Consequently Proposition 3.14 will
apply on each ball to the adjusted functions, and subtraction of the results gives the desired version
of Green’s formula.
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The normal vector for the inner sphere points toward the center. Hence we can
rewrite our equality as ∫

|x|=ε
u ∂v

∂r dσ = ∫
|x|=t u ∂v

∂r dσ.

Since∂v
∂r = c|x|−(N−1) with c �= 0, we obtain

ε−(N−1)
∫
|x|=ε

u dσ = t−(N−1)
∫
|x|=t u dσ.

On the left side,dσ = εN−1 dω, while on the right side,dσ = t N−1 dω.
Therefore ∫

|ω|=1 u(εω) dω = ∫
|ω|=1 u(tω) dω

whenever 0< ε < t and Bt is contained inU . Dividing by �N−1, letting ε

decrease to 0, and using the continuity ofu, we see thatu(0) = ∫
ω∈SN−1 u(tω) dω.

Thusu has the mean-value property.
For the converse direction suppose initially thatu is in C2(U ). Define

mt (u)(x) = �−1
N−1

∫
|ω|=1 u(x + tω) dω

wheneverx is in U andt is a positive number less than the distance ofx to Uc.
With x fixed, the functionmt (u)(x) has two continuous derivatives. We shall
show that

d2

dt2
mt (u)(x)

∣∣
t=0 = N−1
u(x), (†)

the derivatives being understood to be one-sided derivatives ast decreases to 0.
If u is assumed to have the mean-value property,mt (u)(x) is constant int , and
we can conclude from(†) that
u(x) = 0. The computation ofd

2

dt2 mt (u)(x) is

mt (u)(x) = �−1
N−1

∫
|ω|=1 u(x1 + tω1, . . . , xN + tωN) dω,

d
dt mt (u)(x) = �−1

N−1

∫
|ω|=1

∑N
j =1 ωj Dj u(x + tω) dω,

d2

dt2 mt (u)(x) = �−1
N−1

∫
|ω|=1

∑N
j,k=1 ωj ωk Dj Dku(x + tω) dω.

Letting t decrease to 0, we obtain

d2

dt2 mt (u)(x)
∣∣
t=0 = �−1

N−1

∑N
j,k=1 Dj Dku(x)

∫
|ω|=1 ωj ωk dω.

If j �= k, then
∫
|ω|=1 ωj ωk dω = 0 since the integrand is an odd function of

the j th variable taken over a set symmetric about 0. The integral
∫
|ω|=1 ω2

j dω is
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independent ofj and has the property thatN times it is equal to
∫
|ω|=1 |ω|2 dω =∫

|ω|=1 dω = �N−1. Thus
∫
|ω|=1 ω2

j dω = N−1�N−1, and

d2

dt2 mt (u)(x)
∣∣
t=0 = N−1 ∑N

j =1 D2
j u(x) = N−1
u(x).

This proves(†) and completes the argument that aC2 function in U with the
mean-value property is harmonic.

Finally suppose thatu has the mean-value property and is assumed to be
merely continuous. Proposition 3.5e allows us to choose a functionϕ ≥ 0 in
C∞

com(RN) with ϕ(x) = ϕ0(|x|), ∫
RN ϕ(x) dx = 1, andϕ(x) = 0 for |x| ≥ 1. Put

ϕε(x) = ε−Nϕ(ε−1x), and defineuε(x) = ∫
RN u(x − y)ϕε(y) dy in the open set

Uε = {x ∈ U | D(x,Uc) > ε}. Proposition 3.5c shows thatuε is in C∞(Uε),
and the mean-value property ofu, in combination with the radial nature ofϕε as
expressed by the equalityϕε(tω) = ϕε(te1), forcesuε(x) = u(x) for all x in Uε:

uε(x) = ∫ ε

t=0

∫
|ω|=1 u(x − tω)ϕε(tω)t N−1 dω dt

= ∫ ε

t=0 �N−1u(x)ϕε(te1)t N−1 dt

= u(x)
∫

RN ϕε(y) dy = u(x).

Sinceε is arbitrary,u is in C∞(U ). The functionu has now been shown to be in
C2(U ), and it is assumed to have the mean-value property. Therefore the previous
case shows that it is harmonic.

Corollary 3.17. If u is harmonic on an open subsetU of R
N , thenu is in

C∞(U ).

PROOF. This follows by using both directions of Theorem 3.16.

A sequence of functions{un} on a locally compact Hausdorff spaceX is said
to convergeuniformly on compact subsetsof X if lim un = u pointwise onX
and if for each compact subsetK of X, the convergence is uniform onK . For
example the sequence{xn} converges to the 0 function on(0, 1) uniformly on
compact subsets.

Corollary 3.18. If {un} is a sequence of harmonic functions on an open subset
U of R

N and if {un} converges uniformly on compact subsets tou, thenu is
harmonic onU .

PROOF. About any point ofU is a compact neighborhood lying inU , and
the convergence is uniform on that neighborhood. Thereforeu is continuous.
Each integration needed for the mean-value property occurs on a compact subset
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of U , and the uniform convergence allows us to interchange limit and integral.
Therefore the mean-value property for eachun, valid because of one direction of
Theorem 3.16, implies the mean-value property foru. Henceu is harmonic by
the converse direction of Theorem 3.16.

Suppose thatU is open inR
N and thatu is harmonic onU . If B is an

open ball inU , then
∫

U u
ψ dx = 0 for all ψ ∈ C∞
com(B) by Green’s formula

(Proposition 3.14), sinceψ and ∂ψ

∂n are both identically 0 on the boundary ofB.
We shall use a smooth partition of unity to show that

∫
U u
ψ dx is therefore 0

for all ψ ∈ C∞
com(U ). Corollary 3.19 below provides a converse; we shall use the

converse in a crucial way in Corollary 3.23 below.
The argument to construct the partition of unity goes as follows. To each point

of K = support(ψ), we can associate an open ball centered at that point whose
closure is contained inU . As the point varies, these open balls coverK , and
we extract a finite subcover{U1, . . . ,Uk}. Lemma 3.15b ofBasicconstructs an
open cover{W1, . . . , Wk} of K such thatWcl

i is a compact subset ofUi for eachi .
Now we argue as in the proof of Proposition 3.14 ofBasic. A second application
of Lemma 3.15b ofBasicgives an open cover{V1, . . . , Vk} of K such thatVcl

i is
compact andVcl

i ⊆ Wi for eachi . Proposition 3.5f constructs a smooth function
gi ≥ 0 that is 1 onVcl

i and is 0 offWi . Theng = ∑k
i =1 gi is smooth and≥ 0

on R
N and is> 0 everywhere onK . A second application of Proposition 3.5f

produces a smooth functionh ≥ 0 onR
N that is 1 on the set whereg is 0 and is 0

onK . Theng+h is everywhere positive onRN , and the functionsϕi = gi /(g+h)

form the smooth partition of unity that we shall use.
To apply the partition of unity, we writeψ = ∑

i ϕi ψ . Then each termϕi ψ

is smooth and compactly supported in an open ball whose closure is contained in
U . Consequently we have

∫
U u
(ϕi ψ) dx = 0 for eachi . Summing oni , we

obtain
∫

U u
ψ dx = 0, which was what was being asserted.

Corollary 3.19. Suppose thatU is open inRN , thatu is continuous onU , and
that

∫
U u
ψ dx = 0 for all ψ ∈ C∞

com(U ). Thenu is harmonic onU .

PROOF. Let B be an open ball of radiusr with closure contained inU , fix ε > 0
so as to be< r , and letBε be the open ball of radiusr − ε with the same center as
B. Constructϕε as in the proof of Theorem 3.16, and letuε = u ∗ ϕε. Suppose
thatψ is in C∞

com(Bε). For t andx in R
N with |t | ≤ ε, defineψt (x) = ψ(t + x).

Sinceψ is supported inBε, ψt is supported inB, and therefore∫
B u(x − t)
ψ(x) dx = ∫

B u(x)
ψ(x + t) dx = ∫
B u
ψt dx = 0,

the last equality holding by the hypothesis. Multiplying byϕε(t), integrating for
|t | ≤ ε, and interchanging integrals, we obtain

0 = ∫
B

∫
RN u(x − t)ϕε(t)
ψ(x) dt dx = ∫

B uε(x)
ψ(x) dx.
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Sinceψ vanishes identically near the boundary ofB, this identity and Green’s
formula (Proposition 3.14) together yield

∫
B ψ(x)
uε(x) dx = 0 for all ψ in

C∞
com(Bε). Application of Corollary 3.6a allows us to extend this conclusion to

all ψ in Ccom(Bε), and then the uniqueness in the Riesz Representation Theorem
shows that we must have
uε(x) = 0 for all x in Bε. As ε decreases to 0,uε

tends tou uniformly on compact sets. By Corollary 3.18,u is harmonic inB.
Since the ballB is arbitrary inU , u is harmonic inU .

Corollary 3.20. Let U be a connected open set inR
N . If u is harmonic inU

and|u| attains a maximum somewhere inU , thenu is constant inU .

PROOF. Suppose that|u| attains a maximum atx0. Multiplying u by a suitable
constantei θ , we may assume thatu(x0) = M > 0. The subsetE of U where
u(x) equalsM is closed and nonempty. It is enough to prove thatE is open. Let
x1 be in E, and choose an open ballB centered atx1, say of some radiusr > 0,
that lies inU . We show thatB lies in E. For 0< t < r , Theorem 3.16 says that
u has the mean-value property

�−1
N−1

∫
SN−1 u(x1 + tω) dω = u(x1) = M.

Arguing by contradiction, suppose thatu(x1 + t0ω0) �= u(x1) for somet0ω0 with
0 < t0 < r . Then Reu(x1 + t0ω0) < M − ε for someε > 0, and continuity
produces a nonempty open setS in the sphereSN−1 such that Reu(x1 + t0ω) <

M − ε for ω in S. If σ is the name of the measure onSN−1, then we have

M�N−1 = Re
( ∫

SN−1 u(x1 + tω) dω
)

= ∫
S Reu(x1 + tω) dω + ∫

SN−1−S Reu(x1 + tω) dω

≤ ∫
S (M − ε) dω + ∫

SN−1−S M dω

= (M − ε)σ (S) + Mσ(SN−1 − S)

= M�N−1 − εσ (S),

and we have arrived at a contradiction sinceσ(S) > 0.

Corollary 3.21. Let U be a bounded open subset ofR
N , and let∂U be its

boundary. Ifu is harmonic inU and isu is continuous onU cl, then supx∈U |u(x)|=
maxx∈∂U |u(x)|.

PROOF. Sinceu is continuous andU cl is compact,|u| assumes its maximum
M somewhere onU cl. If |u(x0)| = M for somex0 in U , then Corollary 3.20
shows thatu is constant on the component ofU to whichx0 belongs. The closure
of that component cannot equal that component sinceR

N is connected. Thus the
closure of that component contains a point of∂U , and|u| must equalM at that
point of ∂U . Consequently supx∈U |u(x)| ≤ maxx∈∂U |u(x)|. Since every point
of ∂U is the limit of a sequence of points inU , the reverse inequality is valid as
well, and the corollary follows.
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Corollary 3.22 (Liouville). Any bounded harmonic function onRN is
constant.

REMARKS. The best-known result of Liouville of this kind is one from complex
analysis—that a bounded function analytic on all ofC is constant. This complex-
analysis result is actually a consequence of Corollary 3.22 because the real and
imaginary parts of a bounded analytic function onC are bounded harmonic
functions onR2.

PROOF. Suppose thatu is harmonic onRN with |u(x)| ≤ M . Let x1 andx2

be distinct points ofRN , and letR > 0. Sinceu has the mean-value property
over spheres by Theorem 3.16,u equals its average value over balls. Hence
u(x1) = |B(R; 0)|−1

∫
B(R;x1)

u(x) dx andu(x2) = |B(R; 0)|−1
∫

B(R;x2)
u(x) dx.

Subtraction gives

u(x1)−u(x2) = |B(R; 0)|−1
( ∫

B(R;x1)
u(x) dx − ∫

B(R;x2)
u(x) dx

)
= |B(R; 0)|−1

(∫
B(R;x1)−B(R;x2)

u(x) dx−∫
B(R;x2)−B(R;x1)

u(x) dx
)
.

Therefore

|u(x1) − u(x2)| ≤ |B(R; 0)|−1 ∫
B(R;x1)
B(R;x2)

|u(x)| dx,

whereB(R; x1)
B(R; x2) is the symmetric difference(B(R; x1) − B(R; x2)) ∪
(B(R; x2) − B(R; x1)). Hence

|u(x1)−u(x2)| ≤ M |B(R; x1)
B(R; x2)|
|B(R; 0)| = M RN |B(1; x1/R)
B(1; x2/R)|

RN |B(1; 0)| .

The right side is|B(1; x1/R)
B(1; x2/R)|, apart from a constant factor, and the
setsB(1; x1/R)
B(1; x2/R) decrease and have empty intersection asR tends
to infinity. By complete additivity of Lebesgue measure, the measure of the
symmetric difference tends to 0. We conclude thatu(x1) = u(x2). Thereforeu
is constant.

In the final two corollaries letRN+1
+ be the open half space of points(x, t) in

R
N+1 such thatx is in R

N andt > 0.

Corollary 3.23 (Schwarz Reflection Principle). Suppose thatu(x, t) is har-
monic in R

N+1
+ , thatu is continuous on(RN+1

+ )cl, and thatu(x, 0) = 0 for all
x. Then the definitionu(x, −t) = −u(x, t) for t > 0 extendsu to a harmonic
function on all ofRN+1.
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PROOF. Define

w(x, t) =
{

u(x, t) for t ≥ 0,

−u(x, −t) for t ≤ 0.

The functionw is continuous. We shall show that
∫

RN w
ψ dx = 0 for all
ψ ∈ C∞

com(RN+1), and then Corollary 3.19 shows thatw is harmonic. Writeψ
as the sum of functions even and odd in the variablet . Sincew is odd int , the
contribution to

∫
RN w
ψ dx from the even part ofψ is 0. We may thus assume

thatψ is odd int .
For ε > 0, let Rε = {(x, t) | t > ε}. It is enough to show that

∫
Rε

u
ψ dx dt
has limit 0 asε decreases to 0 since

∫
RN+1 w
ψ dx dt is twice this limit. We

apply Green’s formula for a half space (Proposition 3.15) withv = ψ on the set
Rε ⊆ R

N+1 except for one detail: to get the hypothesis of compact support to be
satisfied, we temporarily multiplyψ by a smooth function that is identically 1 for
t ≥ ε and is identically 0 fort ≤ 1

2ε. Sinceu is harmonic inRε, the result is that

− ∫
Rε

u
ψ dx dt = ∫
Rε

(ψ
u − u
ψ) dx dt = ∫
{(x,t) | t=ε}

(
u ∂ψ

∂t − ψ ∂u
∂t

)
dx.

On the right side, limε↓0
∫
{(x,t) | t=ε} u ∂ψ

∂t dx = 0 sinceu( · , ε) tends uniformly

to 0 on the relevant compact set ofx’s in R
N .

Thus it is enough to prove that limε↓0
∫
{(x,t) | t=ε} ψ ∂u

∂t dx = 0. Sinceψ(x, t)

is of classC2, is odd inx, and is compactly supported, we have|ψ(x, t)| ≤ Ct
uniformly in x for small positivet . Thus it is enough to prove that

lim
t↓0

∣∣∣ t
∂u

∂t
(x, t)

∣∣∣ = 0 (∗)

uniformly on compact subsets ofR
N .

To prove(∗), let ϕ be a function as in Proposition 3.5e, and letϕε(x, t) =
ε−(N+1)ϕ(ε−1(x, t)). Fix x0 in R

N , and defineX0 = (x0, t0) and X = (x0, t).
If |X − X0| < 1

3t0, then the mean-value property ofu in R
N+1
+ givesu(X) =

(u ∗ ϕ 1
3 t0)(X). Hence we have

∂u
∂t (X) = ∂

∂t

∫
RN+1 ϕ 1

3 t0(X − Y)u(Y) dY

= ∫
RN+1

∂
∂t

[
(1

3t0)−(N+1)ϕ
(
(1

3t0)−1(X − Y)
)]

u(Y) dY.

In the computation of the partial derivative on the right side, the variablet appears
as the last coordinate ofX. Therefore this expression is equal to

(1
3t0)−1

∫
RN+1 (1

3t0)−(N+1) ∂ϕ

∂t

(
(1

3t0)−1(X − Y)
)
u(Y) dY.
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Changing variables in the integration by a dilation inY shows that this expression
is equal also to

(1
3t0)−1

∫
RN+1

∂ϕ

∂t

(
(1

3t0)−1X − Y
)
u(1

3t0Y) dY.

If we write Y = (y, s) and take absolute values, we obtain∣∣ ∂u
∂t (x0, t)

∣∣ ≤ 3t−1
0

∥∥ ∂ϕ

∂t

∥∥
1 sup

|s−t0|<2t0/3,

Y nearX0

|u(Y)|.

The required behavior oft ∂u
∂t follows from this estimate.

Corollary 3.24. Suppose thatu(x, t) is harmonic inRN+1
+ , thatu is continuous

on(RN+1
+ )cl, and thatu(x, 0) = 0 for all x. If u is bounded, thenu is identically 0.

REMARK. Without the assumption of boundedness, the functionu(x, t) = t is
a counterexample.

PROOF. Corollary 3.23 shows thatu extends to a bounded harmonic function
on all ofRN+1, and Corollary 3.22 shows that the extended function is constant,
hence identically 0.

4. Hp Theory

As was said at the beginning of Section 3, harmonic functions in a half space,
through their boundary values and the Poisson integral formula, become a tool in
analysis for working with functions on the Euclidean boundary. The Poisson in-
tegral formula, which was introduced in Chapters VIII and IX ofBasic, generates
harmonic functions from boundary values.

The details are as follows. LetR
N+1
+ be the open half space of pairs(x, t) in

R
N+1 with x ∈ R

N and witht > 0 inR
1. We view the boundary

{
(x, 0)

∣∣ x ∈ R
N
}

asR
N . The function

P(x, t) = Pt (x) = cN t

(t2 + |x|2) 1
2 (N+1)

,

for t > 0, with cN = π− 1
2 (N+1)�

(
N+1

2

)
, is called thePoisson kernelfor R

N+1
+ .

The Poisson integral formula for R
N+1
+ is u(x, t) = (Pt ∗ f )(x), where f is

any given function inL p(RN) and 1≤ p ≤ ∞, and the functionu is called the
Poisson integralof f .
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If f is in L p, thenu is harmonic onRN+1
+ , u( · , t) is in L p for eacht > 0, and

‖u( · , t)‖p ≤ ‖ f ‖p. For 1≤ p < ∞, limt↓0 u( · , t) = f in the norm topology of
L p, while for p = ∞, limt↓0 u( · , t) = f in the weak-star topology ofL∞ against
L1. In both cases, limt↓0 ‖u( · , t)‖p = ‖ f ‖p, and limt↓0 u(x, t) = f (x) a.e.; this
latter result is known asFatou’s Theorem. Whenp = ∞, the a.e. convergence
occurs at any point wheref is continuous, and the pointwise convergence is
uniform on any subset ofRN where f is uniformly continuous.

TheL p theory forp = 1 extends from integrable functions to the Banach space
M(RN) of finite complex Borel measures. Specifically ifν is a finite complex
Borel measure onRN , then the Poisson integral ofν is defined to be the function
u(x, t) = (Pt ∗ µ)(x) = ∫

RN Pt (x − y) dν(y). Thenu is harmonic onRN+1
+ ,

‖u( · , t)‖1 ≤ ‖ν‖ for eacht > 0, limt↓0 u( · , t) = ν in the weak-star topology of
M(RN) againstCcom(RN), and limt↓0 ‖u( · , t)‖1 = ‖µ‖.

The new topic for this section is a converse to the above considerations. For
1 ≤ p ≤ ∞, we defineHp(RN+1

+ ) to be the vector space of functionsu(x, t) on
R

N+1
+ such that

(i) u(x, t) is harmonic onRN+1
+ ,

(ii) supt>0 ‖u( · , t)‖p < ∞.

With ‖u‖Hp defined as supt>0 ‖u( · , t)‖p, the vector spaceHp(RN+1
+ ) is a normed

linear space. Iff is in L p(RN), then the facts about the Poisson integral formula
show that the Poisson integral off is in Hp(RN+1

+ ) and itsHp(RN+1
+ ) norm

matches theL p(RN) norm of f . For p = 1, we readily produce further examples.
Specifically ifν is any member ofM(RN), then the Poisson integral ofν is in
H1(RN+1

+ ), with theH1(RN+1
+ ) norm matching theM(RN) norm. The theorem

of this section will say that there are no other examples.
The members ofH∞(RN+1

+ ) are exactly the bounded harmonic functions in
the half spaceRN+1

+ , and the tool for obtaining anL∞ function onR
N from

this harmonic function is the preliminary form of Alaoglu’s Theorem proved in
Basic:9 any norm-bounded sequence in the dual of a separable normed linear
space has a weak-star convergent subsequence.10 We shall use Corollary 3.24 to
see that the harmonic function has to be the Poisson integral of thisL∞ function.

Theorem 3.25. If 1 < p ≤ ∞, then any harmonic function inHp(RN+1
+ ) is

the Poisson integral of a function inL p(RN). For p = 1, any harmonic function
in H1(RN+1

+ ) is the Poisson integral of a finite complex measure inM(RN).

PROOF. We begin by proving thatu(x, t) is bounded fort ≥ t0. For this step
we may assume thatp < ∞. Theorem 3.16 shows thatu has the mean-value

9Theorem 5.58 ofBasic.
10The full-fledged version of Alaoglu’s Theorem will be stated and proved in Chapter IV.
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property. We know as a consequence that ifB denotes the ball with center(x, t)
and radius1

2t0, then the value ofu at (x, t) equals the average value overB:

u(x, t) = 1
|B|

∫
B u(y, s) dy ds.

Since the measure|B|−1 dy dson B has total mass 1, H¨older’s inequality gives

|u(x, t)|p ≤ 1
|B|

∫
B |u(y, s)|p dy ds

≤ 1
|B|

∫
|s−t |≤ 1

2 t0

∫
y∈RN |u(y, s)|p dy ds

≤ [(1
2t0)N+1�N ]−1(N + 1)t0‖u‖p

Hp,

and the boundedness is proved.
For each positive integerk, define fk(x) = u(x, 1/k) and w(x, t) =

(Pt ∗ fk)(x). Then the functionwk(x, t) − u(x, t + 1/k) is

(i) harmonic in(x, t) for t > 0 sincewk and any translate ofu are harmonic,
(ii) bounded as a function of(x, t) for t ≥ 0 sinceu(x, t + 1/k) is bounded

for t ≥ 0, according to the previous paragraph, and sincewk is the Poisson
integral of the bounded functionfk,

(iii) continuous in(x, t) for t ≥ 0 sinceu(x, t + 1/k) andwk(x, t) both have
this property, the latter becausefk is continuous and bounded.

By Corollary 3.24,wk(x, t) − u(x, t + 1/k) = 0. That is,

u(x, t + 1/k) = ∫
RN Pt (x − y) fk(y) dy.

Now supposep > 1, so thatL p is the dual space toL p′
if p−1 + p′−1 = 1.

Sinceu is in Hp, ‖ fk‖p ≤ M for the constantM = ‖u‖Hp
. By the preliminary

form of Alaoglu’s Theorem, there exists a subsequence{ fkj } of { fk} that is weak-
star convergent to some functionf in L p. Since for each fixedt , Pt is in L1∩ L∞

and hence is inL p′
, each(x, t) has the property that

u(x, t + 1/kj ) = ∫
RN Pt (x − y) fkj (y) dy → ∫

RN Pt (x − y) f (y) dy.

But u(x, t + 1/kj ) → u(x, t) by continuity ofu. We conclude thatu(x, t) =∫
RN Pt (x − y) f (y) dy.

This proves the theorem forp > 1. If p = 1, the above argument falls short
of constructing a functionf in L1 sinceL1 is not the dual ofL∞. Instead, we
treat fk as a complex measurefk(x) dx. The norm offk(x) dx in M(RN) equals
‖ fk‖1, and thus the norms of the complex measuresfk(x) dx are bounded. The
spaceM(RN) is the dual ofCcom(RN) and hence also of its uniform closure,
which is the Banach spaceC0(R

N) of continuous functions onRN vanishing at
infinity. Let { fkj (x) dx} be a weak-star convergent subsequence of{ fk(x) dx},
with limit ν in M(RN). Since each functiony �→ Pt (x − y) is in C0(R

N), we
have limk

∫
RN Pt (x − y) fkj (y) dy = ∫

RN Pt (x − y) dν(y). This completes the
proof.
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For N = 1, every analytic function in the upper half planeR
2
+ is automatically

harmonic, and one can ask for a characterization of the subspace of analytic
members ofHp(R2

+). Aspects of the corresponding theory are discussed in
Problems 13–20 at the end of the chapter.

5. Calderón–Zygmund Theorem

The Calder´on–Zygmund Theorem asserts the boundedness of certain kinds of
important operators onL p(RN) for 1 < p < ∞. It is an N-dimensional
generalization of the theorem giving the boundedness of the Hilbert transform,
which was proved in Chapters VIII and IX ofBasic. We state and prove the
Calderón–Zygmund Theorem in this section, and we give some applications to
partial differential equations in the next section.

Theorem 3.26(Calderón–Zygmund Theorem). LetK (x) be aC1 function on
R

N − {0} homogeneous11 of degree 0 with mean value 0 over the unit sphere,
i.e., with ∫

SN−1
K (ω) dω = 0.

For eachε > 0, define

Tε f (x) =
∫

|t |≥ε

K (t)

|t |N
f (x − t) dt

whenever 1< p < ∞ and f is in L p(RN). Then

(a) ‖Tε f ‖p ≤ Ap‖ f ‖p for a constantAp independent ofε and f ,
(b) lim

ε↓0
Tε f = T f exists as anL p limit,

(c) ‖T f ‖p ≤ Ap‖ f ‖p for a constantAp independent off .

REMARKS. If 1 ≤ p < ∞ and if p′ is the dual index top, then the function
equal toK (t)/|t |N for |t | ≥ ε and equal to 0 for|t | < ε is in L p′

. Therefore, for
each suchp, Tε f is the convolution of anL p′

function and anL p function and is
a well-defined bounded uniformly continuous function. In proving the theorem,
we shall use less aboutK (x) than the assumedC1 condition onRN −{0} but more
than continuity. The precise condition that we shall use is that|K (x) − K (y)| ≤
ψ(|x−y|) onSN−1 for a nondecreasing functionψ(δ) of one variable that satisfies∫ 1

0
ψ(δ)

δ
dδ < ∞.

11A function F of several variables ishomogeneous of degreem if F(r x) = r mF(x) for all
r > 0 and allx �= 0.


