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CHAPTER Il

Topics in Euclidean Fourier Analysis

Abstract. This chapter takes up several independent topics in Euclidean Fourier analysis, all having
some bearing on the subject of partial differential equations.

Section 1 elaborates on the relationship between the Fourier transform and the Schwartz space,
the subspace df1(RN) consisting of smooth functions with the property that the product of any
iterated partial derivative of the function with any polynomial is bounded. It is possible to make
the Schwartz space into a metric space, and then one can consider the space of continuous linear
functionals; these continuous linear functionals are called “tempered distributions.” The Fourier
transform carries the space of tempered distributions in one-one fashion onto itself.

Section 2 concerns weak derivatives, and the main result is Sobolev’'s Theorem, which tells how
to recover information about ordinary derivatives from information about weak derivatives. Weak
derivatives are easy to manipulate, and Sobolev's Theorem is therefore a helpful tool for handling
derivatives without continually having to check the validity of interchanges of limits.

Sections 3—4 concern harmonic functions, those functions on open sets in Euclidean space that
are annihilated by the Laplacian. The main results of Section 3 are a characterization of harmonic
functions in terms of a mean-value property, a reflection principle that allows the extension to all of
Euclidean space of any harmonic function in a half space that vanishes at the boundary, and a result
of Liouville that the only bounded harmonic functions in all of Euclidean space are the constants.
The main result of Section 4 is a converse to properties of Poisson integrals for half spaces, showing
that harmonic functions in a half space are given as Poisson integrals of functions or of finite complex
measures if theit. P norms over translates of the bounding Euclidean space are bounded.

Sections 5-6 concern the Calde+Zygmund Theorem, a far-reaching generalization of the
theorem concerning the boundedness of the Hilbert transform. Section 5 gives the statement and
proof, and two applications are the subject of Section 6. One of the applicationsis to Riesz transforms,
and the other is to the Beltrami equation, whose solutions are “quasiconformal mappings.”

Sections 7-8 concern multiple Fourier series for smooth periodic functions. The theory is
established in Section 7, and an application to traces of integral operators is given in Section 8.

1. Tempered Distributions

We fix normalizations for the Euclidean Fourier transform aBasic For f in
LI®RN), the definition is

f(y) = (Fhy) = / f(x)e"Z*Y dx,
RN

54



1. Tempered Distributions 55

with x -y referring to the dot product and with ther2n the exponent. The
inversion formula is valid whenevedr is in L*; it says thatf is recovered as

f0)=F Hx = /

f(y)e z*¥dy
RN

almost everywhere, including at all points of continuity fof The operatotF
carriesL N L2 into L2 and extends to a linear mapof L2 onto L? such that
IFfll, =l fl,. Thisisthe Plancherel formula.

The Schwartz spac§ = S(RN) is the vector space of all functions in
C>(RN) such that the product of any polynomial by any iterated partial derivative
of f is bounded. This is a vector subspacé.bf L2, and it was shown iBasic
thatF carriesS one-one onto itself. It will be handy sometimes to use a notation
for partial derivatives and their iterates that is different from that in Chapter I.

Namely} let D, = % If « = (a1,...,ayN) is an N-tuple of nonnegative
i

integers, we writéo | = ZjN:]_O(j, al =ag!-an! x¥ =xt XY, andD? =
D{*--- Dy". Addition of such tuple is defined component by component, and
we say thatr < g if oy < g for1 < j < N. We write |«| for the total
orderag + --- + an, and we calle a multi-index. If Q(x) = ), a,x* is a
complex-valued polynomial oN, define Q(D) to be the partial differential
operator) _, a, D* with constant coefficients obtained by substituting, for each
j with 1 < j < N, the operatoD; = % for x;. The Schwartz functions are

then the smooth functions on RN such thatP (x) Q(D) f is bounded for each
pair of polynomialsP and Q.

The Schwartz space is directly usable in connection with certain linear par-
tial differential equations with constant coefficients. A really simple example

. 2 2 . .
concerns the Laplacian operatar= %5 + ... + 337 which we can write as
N

ax2
A = |DJ?in the new notation for differential operators. Specifically the equation

1—Au=f

has a unique solution in S for eachf in S. To see this, we take the Fourier
transform of both sides, obtainidgu— F(Au) = Ff or Fu—F(|D|?(u)) = Ff.
Using the formulas relating the Fourier transform, multiplication by polynomials,
and differentiatiorf, we can rewrite this equation &+ 472|y|?) F(u) = F(f).
Problem 1 atthe end of the chapter asks one to checKithatr?|y|%) ~1gisin Sif

1Some authors prefer to abbreviag&je asdj, reserving the notatioB; for the product ob; and
a certain imaginary scalar that depends on the definition of the Fourier transform.
2These, with hypotheses in place, appear as Proposition &4
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gisinS, and then existence of a solutiondrto the differential equation is proved
by the formulau = F~1((1+4x2]y|?) "1 F(f)). For uniqueness let, andus, be
two solutions inS corresponding to the sanfe Then(1— A)(u; —uy) = 0, and
hence(1 + 472|y|?) F(ur — up)(y) = 0 for all y. ThereforeF(u; — up)(y) =0
everywhere. Sinc& is one-one orf, we conclude thali; = uj.

A deeper use of the Schwartz space in connection with linear partial differential
eguations comes about because of the relationship between the Schwartz space
and the theory of “distributions.” Distributions are continuous linear functionals
on vector spaces of smooth functions, i.e., continuous linear maps from such a
space to the scalars, and they will be considered more extensively in Chapter V.
For now, we shall be content with discussing “tempered distributions,” the dis-
tributions associated with the Schwartz space. In order to obtain a well-defined
notion of continuity, we shall describe how to mak&N) into a metric space.

For each pair of polynomial® and Q, we define

Ifllpq = supP()(Q(D) fF)(x)|.

xeRN

Each function| - | pgqoONS is aseminormon S in the sense that

@ If lp o= Oforall finS,
(i) lcfllp.q=1Icllifllp g forall finSandallscalars,

(i) If+9dllpqg=Ifllpq+Idllpqforal fandgins.

Collectively these seminorms have a property that goes in the converse direction
to (i), namely

(V) lIfllp.q=0forallPandQ implies f = 0.

In fact, f will already be 0 if the seminorm fd?P = Q = 1is0Oonf.

Each seminorm gives rise to a pseudometiico(f,9) = [|f — 9llp o in
the usual way, and the topology @his the weakest topology making all the
functionsdp (-, ) continuous. That is, a base for the topology consists of all
setsUg p.on=1{f | If —dllp o <1/n}

A feature ofS is that only countably many of the seminorms are relevant for
obtaining the open sets, and a consequence is that the topolSgyadfined by a
metric. The important seminorms are the ones in wiHamdQ are monomials,
each with coefficient 1. In fact, P(x) = ), a,x* andQ(x) = Zﬁ b,gxﬁ, then
itis easy to check thatp o(f,9) < }_, 5 [8.bgldxe x# (f, 9). Hence any open
set thatdp g defines is a union of finite intersections of the open sets defined by
the finitely manydy« ys's.

3The reader may notice that the definition of “seminorm” is the same as the definition of
“pseudonorm” inBasic The only distinction is that the word “seminorm” is often used in the
context of a whole family of such objects, while the word “pseudonorm” is often used when there is
only one such object under consideration.
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Let us digress and consider the situation more abstractly because it will arise
again later. Suppose we have a real or complex vector spame which are
defined countably many seminorms ||, satisfying (i), (i), and (iii) above.

Each seminorny - ||,, gives rise to a pseudometﬁg onV and then to open

sets defined relative ,. For any pseudometrig, the functionpo = min{1, g}

is easily checked to be a pseudometric, artbfines the same open sets\bas

o does. We shall use the following abstract result about pseudometrics; this was
proved as Proposition 10.28 Basic and we therefore omit the proof here.

Proposition 3.1. Suppose tha¥ is a nonempty set and,}n>1 is a sequence
of pseudometrics o such that,(x, y) < 1 for alln and for allx andy in V.
Thend(x, y) = > o2 ;27 "dn(X, y) is a pseudometric. If the open balls relative
to d, are denoted byB,(r; X) and the open balls relative th are denoted by
B(r; x), then theB,'s andB’s are related as follows:
(a) whenever somB,,(rn; X) is given withr,, > 0, there exists somB(r ; X)
withr > 0 such thaB(r; x) € B, (rn; X),
(b) wheneveB(r; x) is given withr > 0, there exist finitely many, > 0,
say forn < K, such thaf )\, Bn(rn; X) € B(r; X).

In the situation with countably many seminorins ||, for the vector spac¥,
we see that we can introduce a pseudometisach that three conditions hold:
e d(x,y) =d(0,y — x) for all x andy,
e whenever somein V is given and an indes and corresponding number
rn > 0 are given, then there is a numbrer- 0 such thad(x,y) < r
implies|ly — x|, < 'n,
e whenever somg in V is given and some > 0 is given, then there exist
finitely manyr, > 0, say fom < K, such that any with ||y — x||,, < n
forn < K impliesd(x, y) <r.
If the seminorms collectively have the property that,, = O for all n only for
x = 0, thend is a metric, and we say that the family of seminormsssparating
family. The specific form ofl is not important: in the case &, the metricd
depended on the choice of the countable subfamily of pseudometrics and the order
in which they were enumerated, and these choices do not affect any results about
S. The important thing about this construction is that it shows that the topology
is given bysomemetric.
The three conditions marked with bullets enable us to detect continuity of
linear functions with domairv and range another such spatkby using the
seminorms directly.

Proposition 3.2.Let L : V — W be a linear function between vector spaces
that are both real or both complex. Suppose thas topologized by means of
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countably many seminornis- |, ., andW is topologized by means of countably
many seminormg - ||\, ,- ThenL is continuous if and only if for each, there
is a finite setF = F(n) of m's and there are corresponding positive numisgrs
such thatf|vlly ,, < dm forallm e F implies|[L(v) [y, < 1.

ProoFr Letdy anddy be the distance functions M andW. Whenn is
given, the second item in the bulleted list shows that there is somed such
thatdw (0, w) < r implies ||wll,, , < 1. If L is continuous at 0, then there is a
§ > 0 such thaty (0, v) < § impliesdw(0, L(v)) < r. From the third item in
the bulleted list, we know that there is a finite $epf indicesm and there are
corresponding numbe#, > 0 such thafvll,, ,, < m impliesdy (0, v) < 4.
Then|lvlly , < ém forall min F implies||L(v) |y, < 1.

Conversely suppose for easltthat there is a finite sét and there are numbers
dm > Oformin F such that the stated condition holds. To seelthatcontinuous
at 0, lete > 0 be given. Choos& and numberg, > 0 forn < K such
that [wlly,, < €n for n < K impliesdw(0, w) < €. For eachn < K, the
given condition orL allows us to find a finite sef, of indicesm and numbers
ém > 0 such thatjv|ly , < dm implies [L)lly, < 1. If [[vlly 5 < Smen

forallmin F = (J,-x Fn, then||[L(v)|ly, < e for alln < K and hence
dw (0, L(v)) < €. We know that there is a numbé&r> 0 such thatly (0, v) < 8
implies [[v]ly , < dmen for all min F, and therdw (0, L (v)) < €. HenceL is
continuous at 0.

Oncel is continuous at0, itis continuous everywhere because of the translation
invariance ofdy anddy: dy (v1, v2) = dy (0, v2 — v1) anddw (L (v1), L(v2)) =

dw (0, L(v2) — L(v1)) = dw(0, L (v2 — v1)).

Now we return to the Schwartz spa§eo apply our construction and Propo-
sition 3.2. The bulleted items above make it clear that it does not matter which
countable set of generating seminorms we use nor what order we put them in; the
open sets and the criterion for continuity are still the same. The following corollary
is immediate from Proposition 3.2, the definition&fand the behavior of the
Fourier transform under multiplication by polynomials and under differentiation.

Corollary 3.3. For the Schwartz spacgonRN,

(a) a linear functionak is continuous if and only if there is a finite set
F of pairs(P, Q) of polynomials and there are corresponding numbers
8p,q > Osuchthaf f lpo = sp,gforall (P, Q)in Fimplies|¢(f)| < 1.

(b) the Fourier transform mapping : S — S is continuous, and so is its
inverse.

A continuous linear functional on the Schwartz space is calleshgpered
distribution, and the space of all tempered distributions is denoted by=
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S’(RN). It will be convenient to write(T, ) for the value of the tempered
distributionT on the Schwartz functiop. The space of tempered distributions
is huge. A few examples will give an indication just how huge it is.

EXAMPLES.

(1) Any function f onRN with | f ()| < (14 |x]®)"|g(x)| for some integen
and some integrable functiandefines a tempered distributidnby integration:
(T, @) = [en T(XO@(x)dx wheng is in S. In view of Corollary 3.3a, the
continuity follows from the chain of inequalities

KT o) < fan (1T OOIA+ XD ™) (A + [XI2)"e(x)]) dx
< (fan 19001 dX) (sUp{(L + [XI)"e(X)]})
=lglllelp,  for P(x) = (1+ |x|?)".

(2) Any functionf with | f (x)| < (1+]x]|)"|g(x)| for some integen and some
functiongin L>°(RN) defines a tempered distributidnby integration:(T, ¢) =
Jen TG00 dx. In fact, [FO0] < (1 + xH™N(@ + [x)~Mg(l), and
(1+x12~N|g(x)| is integrable; hence this example is an instance of Example 1.

(3) Any function f with | f (x)| < (1 + |x|®)"|g(x)| for some integen and
some functiorg in LP(RN), where 1< p < oo, defines a tempered distribution
T by integration because such a distribution is the sum of one as in Example 1
and one as in Example 2.

(4) Suppose that is as in Example 3 and thg(D) is a constant-coefficients
partial differential operator. Thenthe formyfg, ) = [ f (X)(Q(D)¢)(x) dx
defines a tempered distribution.

(5) Inthe above examples, Lebesgue meagumay be replaced by any Borel
measured(x) on RN such that/,y (1 + [x|)™ du(X) < oo for someng. A
particular case of interest is théi (x) is a point mass at a poimp; in this case,
the tempered distributions— (T, ¢) that are obtained by combining the above
constructions are the linear combinations of iterated partial derivativeaithe
point Xo.

(6) Any finite linear combination of tempered distributions as in Example 5 is
again a tempered distribution.

Two especially useful operations on tempered distributions are multiplication
by a Schwartz function and differentiation. Both of these definitions are arranged
to be extensions of the corresponding operations on Schwartz functions. The
definitions are(y' T, ¢) = (T, ¥) and (DT, ¢) = (=1)I*(T, D%); in the
latter case the factar-1)*! is included because integration by parts requires its
presence wheif is given by a Schwartz function.
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A useful feature of distributions in connection with differential equations, as we
shall see in more detail in later chapters, is that we can first look for solutions of a
given differential equation that are distributions and then consider how close those
distributions are to being functions. The special featutewiperedlistributions
is that the Fourier transform makes sense on them, as follows.

As with the operations of multiplication by a Schwartz function and differen-
tiation, the definition of Fourier transform of a tempered distribution is arranged
to be an extension of the definition of the Fourier transform of a membef
S when we identify the functiony with the distributiony (x) dx. If ¢ isin S,
then [ Yo dx = [ ¥ @ dx by the multiplication formuld, which we reinterpret
as(F(y dx), ¢) = (¥ dx, @). The definition is

(F(TM),0) = (T, 9)

forT € S"andg € S. To see thatF(T) is in S’, we have to check that
JF(T) is continuous. The definition i5(T) = T o F, andF is continuous orf

by Corollary 3.3b. Thus the Fourier transform carries tempered distributions to
tempered distributions.

Proposition 3.4. The Fourier transforns is one-one fromS’(RN) onto
S'(RN).

PrOOF If TisinS’ andF(T) = 0, then(T, F(¢)) = 0forall¢ in S. Since
F carriesS onto S, (T, ¥) = 0 for all ¢ in S, and thusT = 0. ThereforeF is
one-one ors’.

If T'is given inS’, putT = T’ o 71, whereF 1 is the inverse Fourier
transform as a map & to itself. ThenT' = To FandAT) =T o F =T
ThereforeF is ontoS’.

2. Weak Derivatives and Sobolev Spaces

A careful study of a linear partial differential equation often requires attention
to the domain of the operator, and it is helpful to be able to work with partial
derivatives without investigating a problem of interchange of limits at each step.
Sobolev spaces are one kind of space of functions that are used for this purpose,
and their definition involves “weak derivatives.” At the end one wants to be
able to deduce results about ordinary partial derivatives from results about weak
derivatives, and Sobolev’s Theorem does exactly that.

We shall make extensive use in this book of techniques for regularizing func-
tions that have been developedBasic Let us assemble a number of these in
one place for convenient reference.

“4Proposition 8.1e oBasic
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Proposition 3.5.

(@) (Theorems 6.20 and 9.13) Letbe in LY(RN, dx), defineg,(x) =
e Np(e71x) for e > 0, and put = [,y ¢(X) dx.

(i) If fisinLP(RN, dx)with 1< p < oo, then

lim f —cf|,=0.
im llg: *  —cf

(ii) If fisboundedoi®N andis continuous at, then lim: o(@ex F)(X) =
cf(x), and the convergence is uniform for any &bf x’s such that
f is uniformly continuous at the points &.

(b) (Proposition 9.9) Ifu is a Borel measure on a nonempty openlséeh
RN andif 1 < p < oo, thenLP(U, ) is separable, an@.,m(U) is dense in
LP(U, ).

(c) (Corollary 6.19) Suppose thatis a compactly supported function of
classC" onRN and thatf isin LP(RN, dx) with 1 < p < co. Theng x f is of
classC", andD*(¢ x f) = (D%p) * f for any iterated partial derivativB® of
order< n.

(d) (Lemma 8.11) 11 andé, are given positive numbers with < §», then
there exists/ in C&(RN) with values in [Q 1] such thaty (x) = ¥o(X|), Yo is
nonincreasingy (x) = 1 for |x| < 81, andyr(x) = 0 for |x| > J5.

(e) (Consequence of (d)) & > 0, then there existy > 0 in CZ(RN)
such thatp(x) = @o(|X|) with ¢ nonincreasingg(x) = 0 for |x| > 1, and
Jrn o) dx = 1.

() (Proposition 8.12) IfK andU are subsets RN with K compact,U
open, andK < U, then there existp € CZ,,(U) with values in [Q 1] such that
@ is identically 1 onK.

In this section we work with a nonempty open sulddesf RN, an indexp
satisfying 1< p < oo, and the spacesP(U) = LP(U, dx), the underlying
measure being understood to be Lebesgue measurg’ ketp/(p — 1) be the
dualindex. For Sobolev’'s Theorem, we shall impose two additional conditions on
U, namely boundedness fdrand a certain regularity condition for theundary
U = U%—U ofthe open satl, but we do notimpose those additional conditions
yet.

Corollary 3.6. If U is a nonempty open subsetRf, thenCZ (U) is

com
(a) uniformly dense itCcom((U),
(b) dense in_P(U) for everypwith 1 < p < oc.

PrROOF Let f in Ceom(U) be given. Choose by Proposition 3.5e a function
@ in CE(RN) that is> 0, vanishes outside the unit ball about the origin, and
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has total integral 1. Fos > 0, defineg,(x) = ¢ Np(e~1x). The function

@e * T is of classC® by (c). IfU = RN, leteg = 1; otherwise let, be the
distance from the support df to the complement df. Fore < &g, ¢, * f has
compact support contained Uh. As ¢ decreases to 0, Proposition 3.5a shows
that|jg, * f — f ||Suptends toOand so dodg, « f — f llp- This proves the first
conclusion of the corollary and proves also t68§,(U) is LP dense irCeom(U)

if 1 < p < oco. Since Proposition 3.5b shows th@f,m(U) is dense inLP(U),

the second conclusion of the corollary follows.

Suppose that andg are two complex-valued functions that doeally inte-
grable onU in the sense of being integrable on each compact sub&ét tfa
is a differentiation index, we say thB*f = g in the sense ofveak derivatives
if

/ f(x)Do‘(p(x)dx:(—l)"‘/ gxX)e(x)dx  forallg e CZ (U).
U U

The definition is arranged so thgtgives the result that one would expect
for iterated partial differentiation of type if the integrated or boundary term
gives 0 at each stage. More precisely ifs in Cl%/(U), then the weak derivative
of ordera exists and is the pointwise derivative. To prove this, it is enough to
handle a first-order partial derivatii h for a functionh in C(U), showing that
JuhDjedx = — [, (Djhyedxfor ¢ € CHL(U), i.e., thatf, Dj(hg)dx = 0.
Becausep is compactly supported i, ¥ = hgp makes sense as a compactly
supportedC?! function onRN, and we are to prove thgty Djy dx = 0. The
Fundamental Theorem of Calculus givey Djy dx = [w]ﬁ; —%_ fora >0,
and the compact support implies that this is 0 $osufficiently large. Thus
[z Dj¥ dx; = 0, and Fubini’s Theorem giveg,y Djy dx = 0.

The functiong in the definition of weak derivative is unique up to sets of
measure O ifitexists. Infact, i andg, are both weak derivatives of orderthen
Ju (g1 — @2)pdx = 0 for all ¢ in CZ5(U). Fix an open seV having com-
pact closure contained . If f is in C,om(V), then Corollary 3.6a pro-
duces a sequence of functiopg in CZ,(V) tending uniformly tof. Since
01 — G2 is integrable oV, the equalities|, (91 — g2)¢n dx = O for all n imply
Jy (91— g2) f dx = 0. By the uniqueness in the Riesz Representation Theorem,
01 = gz a.e.onV. SinceV is arbitrary,g; = g, a.e. onJ.

EXAMPLE. In the open set = (—1,1) < R, the functione/*! is locally
integrable and is differentiable except»at= 0, but it does not have a weak
derivative. In fact, if it hady as a weak derivative, we could ugs vanishing in
neighborhoods of the origin to see thk) has to be—ix ~2(sgnx)e/*I almost
everywhere. But this function is not locally integrableldn
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If f hasa™ weak derivativeD*f andDf hasp" weak derivativeD? (D*f),
then f has(8 + o)™ weak derivativeD?+*f andD#+*f = D#(D*f). In fact, if
@ isin Cg(U), then this conclusion follows from the computation

f, fDFregdx = [, fD*(DPp)dx = (- [, D*f DPpdx
= (=D)lHIP [ DF(DF)p dx,

If f has wealj™ partial derivativeD; f and ify isinC*(U), thenfy has a
weakj " partial derivative, and itis given gD; f)y + f (Dj¥). Infact, this con-
clusion holds becausg, fv (Djp)dx = [, fDj(¥e)dx— [, f(Dj¥)pdx =
— Ju(Dy DHyedx— [, F(Djy)pdx = — [, (f(Dj¥) + (Dj HHy)pdx.

If f hasg™™weak derivativeD?f for everyp with 8 < o andify isinC>(U),
then f ¥ has anv'™ weak derivative. It is given by thieeibniz rule:

|
D (fy) =Y ﬁ,(“—ﬂ) (DPF)(D* ).

p=a

This formula follows by iterating the formula fdd; ( f ¥) in the previous para-
graph.

Now we can give the definition of Sobolev spaces. ket 0 be an integer,
and let 1< p < co. Define

LE(U) = {f e LP(U) | all D*f exist weakly forle| < k and are inLP(U)}.

Then Llf(U) is a vector space, and we make it into a normed linear space by

defining
11 = Z/ Dt [Pdx)”

|| <k

The normed linear spacei)(U) are theSobolev spacefor U. Allthe remaining
results in this section concern these sp&ces.

Proposition 3.7. If k > 0 is an integer and if & p < oo, then the normed
linear spaceLl'j(U) is complete.

5The subject of partial differential equations makes use of a number of families that generalize
these spaces in various ways. Of particular importance is a fafilyuch thatHs = LE whensis
an integek > 0 buts is a continuous real parameter withoo < s < co. The space$iS(RN) are
introduced in Problems 8-12 at the end of the chapter. For an opeh et two spacesiS,(U)
andHg .(U) are introduced in Chapter VIII. All of these spaces are cafletolev spaces
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PrOOF If { fh} is a Cauchy sequence hf(U), then for eacla with || < K,
the sequencéD®fy} is Cauchy inLP(U). SinceLP(U) is complete, we can
define f @ to be theLP(U) limit of D*f,,. Fore in C _(U), we then have

com
Ju F@pdx = [, (imy D*fn)e dx = limy, [, (D*fm)edx,

the second equality holding singeis in the dual spacé P (U). In turn, this
expression is equal to

(=D limm [, (f)(D¥@) dx = (=) f;, (f©@)(D*¢) dx,

the second equality holding sin@#¢ is in LP (U). Thereforef @ = D«f©
and fr, tends tof @ in L (U).

Proposition 3.8.If k > 0 is an integer and if ¥ p < oo, then a functionf
isinLP(U)if fisinLP(U)and there exists a sequer{da} in C¥(U) such that
(a) “mm || f - fm”p - 01
(b) for eachx with || < k, the iterated pointwise partial derivati f, is
in LP(U) and converges ib P(U) asm tends to infinity.

PrROOF By (b), [D*(fj — fm)||,§’ for each fixedx tends to 0 asandm tend to
infinity. Summing orx and taking the™ root, we see thatf, — fu,|| _»tendstoO.
k

In other words{ fm} is Cauchy inL} (U). By Proposition 3.7{ f} converges to
someg in L (U). The limit functiong has to have the property thiaf,, — all,
tends to 0, and (a) shows that we must hgwe f. Thereforef is in Llf(U).

The key theorem is the following converse to Proposition 3.8.

Theorem 3.9.1f k > Oisanintegerand if ¥ p < oo, thenC>®U)N LE(U)
is dense inL} (V).

Onthe other hand, despite Corollary 3.6b, it will be a consequence of Sobolev’s
Theorem thaCZ5(U) is not dense in_lf(U) if k is sufficiently large. The proof
of the present theorem will be preceded by a lemma affirming that at least the
members OLE(U) with compact support ikl can be approximated by members
of C&m(U).

In addition, the proof of the theorem will make use of an “exhausting sequence”
and a smooth partition of unity based on it. Singes locally compact and
o-compact, we can find a sequer{¢&,};° ; of compact subsets &f with union

U suchthaK, € Kg, , foralln. This sequenceis called arhausting sequence
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for U. We construct the partition of unity/,}n>1 as follows. Fom > 1, we use
Proposition 3.5f to choose@> function gy, with values in [Q 1] such that

) = { 1 forx € Ks,
%= 10 forxe (K9S,

and forn > 2,
1 forx e Knjo — K%, .,
On(X) = { n+2 n+1

0 forxe (KR 9)°UKn.

In the sumy_-7; ¢n(X), eachx has a neighborhood in which only finitely many
terms are nonzero and some term is nonzero. Therefore > 2 ¢n is a
well-defined member o€ (U). If we puty, = ¢n /e, thenyy, is in C*(U),

Y ome1¥n=1onU, y1(x) is > 0 onKz and is= 0 on(K})¢, and forn > 2,

>0 forx € Kny2 — K34,

=0 forx e (K2, 3)°U Kp.

Yn(X) {

Lemma 3.10. Let ¢ be a member o€ (RN) vanishing for|x| > 1 and
having total integral 1, pup.(X) = ¢ Ngp(e~1x) for ¢ > 0, and letf be a
function in Llf(U) whose support is a compact subsetaf For ¢ sufficiently

small,¢, * f isinCZ,(U), and

im g x £ — =0,

PrOOF As in the proof of Corollary 3.6y, x f has compact support contained
inU if ¢ < &g, Wheregp is 1 if U = RN andeg is the distance of the support
of f to the complement of) if U # RN. Moreover, the functiorp, * f is in
C®(RN) with D¥(g, * f) = (D%p,) * f for eacha. Thusg, * f isin CZ,(U)
if ¢ < g9. By the first remark after the definition of weak derivatiyg,* f
has weak derivatives of all orders for< &g, and they are given by the ordinary
derivativesD? (¢, * ). Fore < &,

D¥(¢: x 1)(X) = [, T(N(D*@:)(x — y) dy
= (=D i FMDU(Y > e(x — y)) dy.

Since f by assumption has weak derivatives through otdand sincey —
. (X — Yy) has compact support lt, the right side is equal to

Ju DUF(Y)@e(x — y) dy = (¢ * D*f)(x)
for |a| < k. Therefore, foe < g9 and|a| < k, we have
ID%(ge * f — £)ll, = llge * (D*F) — D*F |,

For these same’s, Proposition 3.5a shows that the right side tends todXesds
to 0. Thereforep, * f — f tends to 0 inL (V).
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PROOF OFTHEOREM 3.9. Let f be in LE(U). The idea is to breal into a
countable sum of functions of compact support, apply the lemma to each piece,
and add the results. The difficulty lies in arranging that each of the piecés of
have controlled weak derivatives through orkierhus instead of using indicator
functions to break ug, we shall use an exhausting sequefi€g} -1 and an
associated partition of unity}n>1 Of the kind described after the statement of
the theorem. The discussion above concerning the Leibniz rule shows that each
Y f has weak derivatives of all ordessk, and the construction shows thiat f
has supportirkg forn = 1 and inK?, , — K1 forn > 2.

Lete > O be given, letp be a member oS, (RN) vanishing forjx| > 1 and
having total integral 1, and put (x) = e Np(s1x) fore > 0. Applying Lemma
3.10 toyn, f, chooses, > 0 small enough so that the function = ¢, * (¥ T)
has support irkg for n = 1 and inKy, , — K1 for n > 2 and so that

[un — 1//nf|||_lg <2

Putu = ) o2, un. Eachx in U has a neighborhood on which only finitely many
of the functionau, are not identically 0, and therefores in C*°(U). Also,

o0 o0
U=Z(Un—l//nf)+f sinceZ%:l.
n=1 n=1

Since for each compact subset 0Gf only finitely manyu, — v, f are not
identically 0 on that set, the weak derivatives of orderk satisfy D*u =
Y meq1 D¥(un — ¥n f) + D*f. Hence

D“(u—f) =) DUn—ynf).
n=1
Minkowski’s inequality for integrals therefore gives

€

on = €.

o o o
1D = )llp < D ID*WUn =¥ Oy < D llun — Y fllp < D
n=1 n=1

n=1

Finally we raise both sides to th#" power, sum forr with |o| < k, and extract
the p" root. If m(k) denotes the number of suaf’s, we obtain

lu— fll,p <mao™Pe,

and the proof is complete.
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Now we come to Sobolev’s Theorem. For the remainder of the section, the
open setJ will be assumed bounded, and we shall impose a regularity condition
on its boundangU = U® — U. When we isolate one of the coordinates of
points inRN, say thej™, let us writey’ for the otherN — 1 coordinates, so that
y = (yj, Y). We say that) satisfies the cone conditiorif there exist positive
constants andh such that for eachl in U, there are a sige- and an indexj
with 1 < j < N for which the closed truncated cone

Tx=x+{y=(y.Y)| £y > clyland]y| <h}

liesinU for one choice of the sigtt. See Figure 3.1. Problem 4 at the end of the
chapter observes that if the bounded operiséias aC! boundary in a certain
sense, theb) satisfies the cone condition.

Y

I'x

X y/

FIGURE 3.1. Cone condition for a bounded open set.

Theorem 3.11(Sobolev’s Theorem). L&l be a nonempty bounded open set
in RN, and suppose that satisfies the cone condition with constaatandh.
If1 < p < ocoandk > N/p, then there exists a constabt= C(N, c, h, p, k)
such that
suplu(x)| < Clull p
xelU k

foralluin C*(U) N LP(U).

REMARK. Under the stated conditions é&rand p, the theorem says that the
inclusion ofC*(U)N LE(U) into the Banach spac&(U) of boundedtontinuous
functions orlJ is a bounded linear operator relative to the norril@(U). Since
C*U)NLPU)isdenseir}(U) by Theorem 3.9 and sin€U ) is complete,
the inclusion extends to a continuous map_gStU) into C(U). In other words,
every member of_lf(U) can be regarded as a bounded continuous function on
u.

PROOF. Fix g in C (R1) with g(t) equal to 1 forit| < % and equal to O for

com
[t] > %. Fix x in U and its associated sighnand indexj. We introduce spherical
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coordinates aboutwith the indices reordered so thatomes first, writingc + y
for a point neax with

Vi = =4r cosyp,
Y1 = I Sing c0sH1,
(with y; omitted)
YN—1 =T singo sin@l oo SinQN_g COSHN_2,

YN = I SiNg Sindy - - - SiNON_3 SiNfn 2,

when
O<g¢=m,

0<6 <mfori < N-2,
0<6n_2 <2m.

All the pointsx 4+ y with 0 < ¢ < ®(c), whered(c) is some positive number
and0<r < h,lieinthe cond’y atx. For suchy’s and for 0< t < 1, we define

F(t) = g(£)u(x + (£t cosp, t sing cosy, .. .))
and expand- in a Taylor series through ord&r— 1 with remainder about the
pointt = h. Because of the behavior gf F and all its derivatives vanish at
t = h. ThereforeF (t) is given by the remainder term:
Ft) = o5 Jn (€ — 9 IF®(s)ds.

Puttingt = 0, we obtain

U = g o (D2 [g(F)u(x + ()] dr

=t Jo PN ela(R)ulx + ()] rNtdr.

We regard the integral on the right side as taking place over the radial part of the
spherical coordinates that describe the sey'sfin I'y, and we want to extend

the integration over all of'x. To do so, we have to integrate over all values

of 1,...,0n—2 and for 0< ¢ < ®(c). We multiply by the spherical part of

the Jacobian determinant for spherical coordinates and integrate both sides. The
integrand on the left side is constant, being independeptarid gives gositive
multiple of u(x). Dividing by that multiple, we get

ux) =1 fi N S [g(H)ux + y)] dy.
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Suppose temporarily that > 1. With p’ still denoting the index dual tq,
application of Hlder’s inequality gives

O = G fr, L VNP dy) P ([ 25 [g(E)ucc+ y)] [P dy) ™.

The first integral on the right side is the critical one. The radius extends from
0 to h, and the integral is finite if and only itk — N)p’ > —N > 0, i.e,,
k> N — N/p’ = N/p. This is the condition in the theorem.

The differentiation;’Tkk in the second factor on the right can be expanded in
terms of derivatives in Cartesian coordinates, and then the integration can be
extended over all 0. The result is that the second factor is dominated by a
multiple of |ju]| ,. This completes the proof whem> 1.

Now supposke thap = 1. Then the above result from applyingldér's
inequality is replaced by the inequality

el < callIYR N Ly So 2R [(B)uex + ]| dy.

The first factor is finite ik > N, and the second factor is handled as before. This
completes the proof ip = 1.

Corollary 3.12. Suppose thalt) is a nonempty bounded open subseRdf
satisfying the cone condition, and suppose that i < co and thatm andk are
integers> 0 such thak > m+ N/p. If fisin LE(U), thenf can be redefined
on a set of measure 0 so as to b&€RU).

PrROOF. Choose by Theorem 3.9 a sequeffgin C>*U)N Llf(U) such that
lim fi = fin LE(U). For|a| < m, we apply Theorem 3.11 to see that

sup|D*f; — D*fj|
U

tends to 0 as and j tend to infinity. Thus all theD*f; converge uniformly. It
follows that the unifoNrm—Iimit functionf = lim f; is~in C™U). Sincef; — f
in LP(U) and fi — f uniformly, we conclude that = f almost everywhere.
Thus f tells how to redefind on a set of measure 0 so as to b&fR(U).

3. Harmonic Functions

LetU be anopensetiRN. The discussion will not be very interesting fér= 1,

and we exclude that case. A functiarin C2(U) is harmonic in U if Au=0
identically inU. Harmonic functions were introduced already in Chapter | and
investigated in connection with certain boundary-value problems. In the present
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section we examine properties of harmonic functions more generally. Harmonic
functions in a half space, through their boundary values and the Poisson integral
formula, become a tool in analysis for working with functions on the Euclidean
boundary, and the behavior of harmonic functions on general open sets becomes
a prototype for the behavior of solutions of further “elliptic” second-order partial
differential equations.

Harmonic functions will be characterized shortly in terms of a certain mean-
value property. To get at this characterization and its ramifications, we need the
N-dimensional “Divergence Theorem” of Gauss for two special cases—a ball
and a half space. The result for a ball will be formulated as in Lemma 3.13
below; we give a proof since this theorem was not treat&hisic The argument
for a half space is quite simple, and we will incorporate what we need into the
proof of Proposition 3.15 below. For the case of a ball, rédhkit the change-
of-variables formula = r w, withr > 0 and|w| = 1, for transforming integrals
in Cartesian coordinates f&" into spherical coordinates involves substituting
dx = rN-1dr dw, wheredw is a certain rotation-invariant measure on the unit
sphereSN—! that can be expressed in termsNf— 1 angular variables. The
open ball of radiug and radiug is denoted byB(r; Xp), and its boundary is
dB(r; Xp).

Lemma 3.13.1f F is aC* function in an open set dRN containing the closed
ball B(r; 0% andif 1< j < N, then

/ a—(xo+x)dx_f X F (X0 + ro)yrN?do.
xeB(r:0) 90X wedB(r;0)

REMARKS. The usual formula of th®ivergence Theoremis [, divFdx =
fau (F - n)dS whereU is a suitable bounded open sgt) = U — U is its
boundaryn is the outward-pointing unit normdf,is a vector-value@* function,
anddSis surface area. In Lemma 3.13,is specialized to the baB(r; 0), dS
is the(N — 1)-dimensional area measur® 1 dw on the surfac@ B(r ; 0) of the
ball, F is taken to be the product d¢F by the j™ standard basis vectey, and
g -nisr1x.

PrOOF Without loss of generality, we may take= 1 andxp, = 0. Write
X = (X1, X), wherex’ = (X, ..., Xn), and writew = (w1, @) similarly. The
left side in the displayed formula is equal to

fx’|<r f g

X1=— I‘2 % |2 3X1

Sz [FWP2= X2, X)) = F(=y/r2 —|x'12,x)] dX’

8From Section VI.5 oBasic

F (x1, X') dxq dX’
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Thus the lemma will follow if it is proved that

[ FGZ=IX2xh)dX = [ xFrorN2de (%)

[X'|<r lo|=1, @1>0

and

— f F(— /r2 — |X/|2, X’)dx/: f xlF(ra))rN_zda). (**)

[X'|<r lw|=1, w1=<0
Let us use ordinary spherical coordinatesdomwith

r cosf

( rowg ) r sind;, costy
ron r sind;--- sinfy_2 COSHN _1

r sinfy--- Sindn—_2 SiNfn_1

and
dew = sinfN =26, sinN"26, - .. sinOy_odb; - - - don_1.

The right side of(x) is equal to
i F(row)wirN2dw

lw|=1, w1>0

= [ FroyrN=tcosd; sinN=26;sifN =36, sindy_d6; - - - dn_1,
0<01<7/2,
0<6; <m for 1<j<N-1,
0<On-_1=27
and we show that it equals the left side(ej by carrying out for the left side of
(x) the change of variables < (64, ..., On_1) given withr constant by

I sind, coshy

X2
! __ . _ N
x‘ I sinfy--- Sinfn_» COSAN_1
N

r sindy--- sinfn_2 SiNHN_1

The Jacobian matrix is the same as for the change to spherical coordinates
(r, 62, ...,60N_1) except that the first column has a factarost; instead of 1
and the other columns have an extra factor obgirConsequently

dx' =rN"1(|cossy| sifN26,)(sin" 26, - - sindn_2) dby - - - dOn_1.

Therefore the measures match in the two transformed sides, the sets of integration
for (64, ..., 6n-_1) are the same, and the integrands are the same becaudse-€os

| coshy|. This proveg). For(xx) we make the same computation but the interval

of integration fow, is7/2 < 6; < . To get a match, the minus sign is necessary
because co® = —| cosh,|.
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Proposition 3.14(Green’s formula for a ball). LetB be an open ball iiRN,
let 9B be its surface, and lelo be the surface-area measured®. If u andv
areC? functions in an open set containifg§', then

av au
./I;(UAU_UAU)dX:/w (u%—v%)do,

wheren : 3S — RN is the outward-pointing unit normal vector.

PROOF. Apply Lemma 3.13 tdF = u ;7“1 and then toF = v 5’7“1 and subtract
the results. Then sum gn

Let 2n_1 be the surface arg@N_l dw of the unit sphere ilRN. A continuous
functionu on an open subsét of RN is said to have thenean-value property
in Rif the value ofu at each poink in U equals the average valuewbver each
sphere centered atand lying inU, i.e., if

1
ux) = / u(X +tw) do
QN-1 Jwesn-1

for everyx in U and for every positivé less than the distance frorito U°.
The mean-value property over spheres implies a corresponding average-value
property over balls. In fact, the volumB(tp; 0)| of the ballB(ty; 0) is given by
(§° S tNTdodt = N7t (1 do = N2t)'Qn_1. When the mean-value
property over spheres is satisfied agis less than the distance fraxto U°¢, we
can apply the operatioN to‘N fé" (—) dt to both sides of the mean-value formula
and obtain

NN [t
ux) = o / / ux+to)tNtdwdt =
Qn-1 Jo Jowesn-t

1
[B(to; 0)| JB(t:0)

u(x+y)dy.

Proposition 3.15(Green’s formula for a half space). LBt™ be the subset of
RN = {(X, xn) | X' € RN"T andx, € R} wherex, > 0. Denote its boundary by
dRt = RN~ and suppose thatandv areC? functions on an open subset of
RN-1 containing(R1)® and that at least one afandv is compactly supported.
Then

(uAv—vAu)dx:/ (va—u—ua—v)dx/.
'eRN-1

xeR*t X aXn 8Xn

PROOF. Supposé is aC? function compactly supported on an open subset of
RN~Icontaining RM). If1 < j < N—1,then/y, % dx = Osince the integral

"This formula is related to but distinct from the formula with the same name at the beginning of
Section |.3.
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with respect talx; is the difference between two valuesfofind since these are 0
by the compactness of the support. Foe= N, however, one of the boundary
terms may fail to be 0, and the result is thfat 2F oF —dx=— [ru1 F(x’) dx.

Apply the j of these formulas first t& = u % v and then toF = v2¥, sum

ox; !
the results onj, and subtract the two sums. The result is the formula of the
proposition.

Theorem 3.16.Let U be an open set iR, and letu be a continuous scalar-
valued function otJ. If uis harmonic orJ, thenu has the mean-value property
onU. Conversely ifu has the mean-value property bh thenu is in C>*(U)
and is harmonic ol.

PROOF. Suppose that is harmonic orJ. We prove thati has the mean-value
property. It is enough to treat = 0. Green'’s formula, as in Proposition 3.14,
directly extends from balls to the difference of two b&lFhus we have

Je WAV —vAW dx = [,z (UL -y N)do (%)

wheneverE is a closed balB; of radiust contained inU or is the difference
B; — (B.)° of two concentric balls witlk < t. TakingE = B; andv = 1 in (%),
we obtain

fog, 5n Mo = 0. (%%)

Routine computation shows that the function given by

00 = |x|~(N=2 for N > 2,
log|X| for N = 2,

is harmonic fox # 0 and ha%% equal to a nonzero multiple pf|~N— r being
the spherical coordinate radipg. If we apply (x) to thisv and our harmonic
whenE = B; — (B,)°, we obtain

oo (Ugh —viy) do =0,

Sincev depends only ofx|, (xx) shows that the second term of the integrand
yields 0. Thus this formula becomes

Joe~@ e Uan do = 0.

8For the extended result, suppose that the balls havergadiir,. Thenu andv are defined from
radiusri — ¢ tory + ¢ for somes > 0. We can adjust andv by multiplying by a sunable smooth
function that is identically 1 for radius r 38 and identically O for radiug rq — 35 and then
u andv will extend as smooth functions for radiksr, + ¢. Consequently Proposition 3.14 will
apply on each ball to the adjusted functions, and subtraction of the results gives the desired version
of Green’s formula.
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The normal vector for the inner sphere points toward the center. Hence we can
rewrite our equality as

Jv _ v
Jixj=e UGt do = [, ugp do.

Since2 = ¢|x|~™~V with ¢ # 0, we obtain

E_(N—l) Ix|=e u do- — t—(N—l) f"X|:t u dU.
On the left side,dc = €N~'dw, while on the right sidedo = tN~!dow.
Therefore

f\w\:l U(ew) do = fla}l:l U(tw) dw

whenever O< ¢ < t and By is contained inJ. Dividing by Qn_1, letting e
decrease to 0, and using the continuitypive see thati(0) = fweSN_l U(tw) dow.
Thusu has the mean-value property.

For the converse direction suppose initially thas in C?(U). Define

Me(U)(X) = Q1 f,_g UX + tw) do

whenevelx is in U andt is a positive number less than the distance ¢ U°.
With x fixed, the functionm;(u)(x) has two continuous derivatives. We shall

show that )

d
gz MWEO]_ = N"Au0), (1)

the derivatives being understood to be one-sided derivativesesreases to 0.
If uis assumed to have the mean-value propentyu)(x) is constant irt, and

we can conclude fromt) that Au(x) = 0. The computation oftiz me (U)(X) is
me(U)(X) = Q. ﬁw|:1 UXy + twr, ..., XN + ton) do,
S MW = 231 [l YL @ DjuX + te) do,
3—:2 m(u)(x) = QL o1 Zj'\,'kzl wjwkDj DxU(X + tw) dw.
Lettingt decrease to 0, we obtain
& MW ()| g = 2311 X fhees Dy DkU(X) [, _y @jox do,

If j # Kk, thenflwl:1 wjwxdw = 0 since the integrand is an odd function of
the j variable taken over a set symmetric about 0. The intefral, »? do is
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independent of and has the property thaktimes it is equal tQﬂw\Zl lw|?dw =
flw\:l dow = Qn_1. Thusflw\:l a)j2 dw = N_]'QN,;L, and

& mW|,_, = N"TXN; DAU) = N"tAu(x).

This proves(t) and completes the argument thaCa function inU with the
mean-value property is harmonic.
Finally suppose thati has the mean-value property and is assumed to be

merely continuous. Proposition 3.5e allows us to choose a fungtionO in

C2 (RN with (x) = go(|X]), Jen @(X) dx =1, andp(x) = 0 for x| > 1. Put
9e(x) = e Np(e71x), and definai, (x) = [pn U(X — Y)@:(y) dyin the open set

U, ={xeU | DX U® > ¢}. Proposition 3.5¢c shows that is in C*(U,),

and the mean-value property wfin combination with the radial nature @f as
expressed by the equaligy (tw) = ¢.(tey), forcesu, (x) = u(x) for all x in U,:

U () = fiZg Jipjy UX — t@)ge (to)tN "t dw dt
= Ji_o Qn-2u(X) g, (teptN 1 dt
= U(X) fpn @e(Y) dy = u(x).

Sinces is arbitrary,u is in C*°(U). The functionu has now been shown to be in
C2(U), and itis assumed to have the mean-value property. Therefore the previous
case shows that it is harmonic.

Corollary 3.17. If u is harmonic on an open subdégtof RN, thenu is in
C>®U).

PrOOF This follows by using both directions of Theorem 3.16.

A sequence of functionfu,} on a locally compact Hausdorff spa¥eis said
to convergauniformly on compact subsetsof X if lim u, = u pointwise onX
and if for each compact subskt of X, the convergence is uniform df. For
example the sequenda"} converges to the O function qi, 1) uniformly on
compact subsets.

Corollary 3.18. If {u,} is a sequence of harmonic functions on an open subset
U of RN and if {u,} converges uniformly on compact subsetsutathenu is
harmonic orJ.

PROOF About any point ofU is a compact neighborhood lying 1o, and
the convergence is uniform on that neighborhood. Theraioisecontinuous.
Each integration needed for the mean-value property occurs on a compact subset
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of U, and the uniform convergence allows us to interchange limit and integral.
Therefore the mean-value property for eaghvalid because of one direction of
Theorem 3.16, implies the mean-value propertydoHenceu is harmonic by

the converse direction of Theorem 3.16.

Suppose that) is open inRN and thatu is harmonic onU. If B is an
open ball inU, then [, uAy dx = 0 for all v € C3(B) by Green’s formula
(Proposition 3.14), sinc¢r and% are both identically O on the boundary Bf
We shall use a smooth partition of unity to show thauAy dx is therefore 0
forall ¢ € C&(U). Corollary 3.19 below provides a converse; we shall use the
converse in a crucial way in Corollary 3.23 below.

The argument to construct the partition of unity goes as follows. To each point
of K = supporty ), we can associate an open ball centered at that point whose
closure is contained ). As the point varies, these open balls coterand
we extract a finite subcovglJ, ..., Ux}. Lemma 3.15b oBasicconstructs an
open covefW,, ..., Wi} of K such thaWiC' is a compact subset tf for eachi.

Now we argue as in the proof of Proposition 3.18afkic A second application
of Lemma 3.15b oBasicgives an open coveiy, ..., Vk} of K such thal\/ic' is
compact and/® € W, for eachi. Proposition 3.5f constructs a smooth function
g > Othatis 1 onV® and is 0 offW;. Theng = Zik:1 g is smooth and> 0
onRN and is> 0 everywhere oK. A second application of Proposition 3.5f
produces a smooth functién> 0 onRN that is 1 on the set whergis 0 and is 0
onK. Theng+his everywhere positive dRN, and the functiong; = g;/(g+h)
form the smooth partition of unity that we shall use.

To apply the partition of unity, we writ¢y = ), ;. Then each termp;
is smooth and compactly supported in an open ball whose closure is contained in
U. Consequently we havg; uA(g;y)dx = 0 for eachi. Summing oni, we
obtain f, uAy dx = 0, which was what was being asserted.

Corollary 3.19. Suppose thatl is open inRN, thatu is continuous otJ, and
that [, uAy dx =0 forally € C3,(U). Thenu is harmonic orU.

PrROOF Let B be an open ball of radiuswith closure contained i, fix e > 0
so as to bec r, and letB, be the open ball of radius— ¢ with the same center as
B. Constructy, as in the proof of Theorem 3.16, and let= u x ¢.. Suppose
thaty is in C,,(B,). Fort andx in RN with |t| < &, definey (X) = ¥ (t + X).
Sinceyr is supported irB,, vy is supported irB, and therefore

Jeux =AY () dx = [guX)AY (X +t)dx = [guAydx =0,

the last equality holding by the hypothesis. Multiplyingdyt), integrating for
[t| < e, and interchanging integrals, we obtain

0= [5 [en UX — Do, (DAY (X)dtdx = [5u.(X) Ay (x)dx.
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Sinceyr vanishes identically near the boundary®fthis identity and Green’s
formula (Proposition 3.14) together yielt ¥ (x) Au.(x) dx = 0 for all ¥ in
CSm(B:). Application of Corollary 3.6a allows us to extend this conclusion to
all ¥ in Ceom(B;), and then the uniqueness in the Riesz Representation Theorem
shows that we must hawku,(x) = O for all x in B,. As ¢ decreases to @,

tends tou uniformly on compact sets. By Corollary 3.18,is harmonic inB.

Since the balB is arbitrary inU, u is harmonic inJ.

Corollary 3.20. Let U be a connected open setiY. If u is harmonic inU
and|u| attains a maximum somewherelin thenu is constant irlJ.

PROOF. Suppose thgti| attains a maximum ag. Multiplying u by a suitable
constant?, we may assume that(xg) = M > 0. The subseE of U where
u(x) equalsM is closed and nonempty. It is enough to prove tGas open. Let
X1 be in E, and choose an open b&lcentered ak;, say of some radius > 0,
that lies inU. We show thaB liesinE. ForO< t < r, Theorem 3.16 says that
u has the mean-value property

QN1 o1 UK + tw) dw = u(xg) = M.
Arguing by contradiction, suppose thatx; + towo) # u(x1) for sometgwg with
0 < tg < r. Then Rau(xy + towp) < M — € for somee > 0, and continuity
produces a nonempty open £in the spheresN—1 such that Re(x; + tow) <
M — e for w in S. If o is the name of the measure 80—, then we have
MQn_1 = RE(fSN,l u(Xy + tw) da))
= [sReu(xy + tw) dw + [qu1_gReu(xy + tw) dw
<fsM—e)dw+ [ _gMdw
=(M=€)0o(S)+Ma(SV1-9
= MQN-1—€0(S),
and we have arrived at a contradiction siad&) > 0.

Corollary 3.21. Let U be a bounded open subset®Y¥, and letdU be its
boundary. liuis harmonicirJ and isuis continuous ok ©, then sup,; [u(x)| =
maXesu [U(X)].

PROOF. Sinceu is continuous ant) ® is compact)u| assumes its maximum
M somewhere otJ®. If |u(xo)| = M for somexg in U, then Corollary 3.20
shows thati is constant on the componentldfto whichxg belongs. The closure
of that component cannot equal that component skités connected. Thus the
closure of that component contains a poinbbf, and|u| must equaM at that
point of 9U. Consequently syp,, [u(X)| < maxesu [U(X)|. Since every point
of dU is the limit of a sequence of points W, the reverse inequality is valid as
well, and the corollary follows.
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Corollary 3.22 (Liouville). Any bounded harmonic function oRN is
constant.

REMARKS. The best-known result of Liouville of this kind is one from complex
analysis—that a bounded function analytic on alCdé constant. This complex-
analysis result is actually a consequence of Corollary 3.22 because the real and
imaginary parts of a bounded analytic function Gnare bounded harmonic
functions onR?.

PROOF. Suppose that is harmonic orRN with [u(x)] < M. Let x; andx,
be distinct points oRN, and letR > 0. Sinceu has the mean-value property
over spheres by Theorem 3.1i6,equals its average value over balls. Hence
u(x1) = [B(R; 0)] ™ [y U dx andu(xz) = [B(R; )| [ g.y, UX) dX.
Subtraction gives

u(x) —U(x2) = [B(R; 0)7H( fg(Roxy) YOO dX = [ (Rix,) U AX)
= [B(R; 01 (fiz(Rexy)— B(Rox YO AX= [5(Resep)— B(R:xy UX) AX).
Therefore
U(xa) — U(2)| < [BR; 0)1 ™ [g(mixp) aB(Rogy UCOI A,

whereB(R; x1) AB(R; x2) is the symmetric differenceB(R; x1) — B(R; X2)) U
(B(R; x2) — B(R; x1)). Hence

M|B(R: x)AB(R: x2)| _ MRN|B(L x1/R)AB(L X/R)|
IB(R; 0)] N RNIB(L; 0)] '

[U(Xy) —u(xx)| <

The right side i$B(1; x1/R)AB(L; x2/R)|, apart from a constant factor, and the
setsB(1; x1/R)AB(1; xo/R) decrease and have empty intersectiorRagnds

to infinity. By complete additivity of Lebesgue measure, the measure of the
symmetric difference tends to 0. We conclude th@g) = u(xp). Thereforeu

is constant.

In the final two corollaries IR} ™ be the open half space of poirits, t) in
RN+1 such that is in RN andt > 0.

Corollary 3.23 (Schwarz Reflection Principle). Suppose thét, t) is har-
monic inRY™, thatu is continuous onRY™)¢!, and thatu(x, 0) = 0 for all
X. Then the definitioru(x, —t) = —u(x,t) fort > 0 extendau to a harmonic
function on all ofRN*L,
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ProoF. Define

u(x, t) fort > 0,

wixt) = : —u(x, —t) fort < 0.

The functionw is continuous. We shall show thgﬂﬁN wAYy dx = 0 for all

¥ € CZ(RNTY, and then Corollary 3.19 shows thatis harmonic. Writey
as the sum of functions even and odd in the variabl8incew is odd int, the
contribution to v wAv dx from the even part of is 0. We may thus assume
thatyr is odd int.

Fore > 0, letR, = {(x,1t) |t > &}. Itis enough to show thqﬁRg UAYy dx dt
has limit 0 as¢ decreases to 0 sincg., wAy dx dtis twice this limit. We
apply Green’s formula for a half space (Proposition 3.15) with ¢ on the set
R. € RN*! except for one detail: to get the hypothesis of compact support to be
satisfied, we temporarily multiply by a smooth function that is identically 1 for
t > ¢ and is identically O fot < %e. Sinceu is harmonic inR, the result is that

— Jg UAY dxdt= [p (WAU—UAY)dXdt= [,y (U3 — y &) dx.

On the right side, limjo f{(x T u% dx = 0 sinceu(-, &) tends uniformly
to 0 on the relevant compact setxd$ in RN.
Thus it is enough to prove that liqy j{(x’t) lt=e) %—‘t‘ dx = 0. Sincey(x,1)

is of classC?, is odd inx, and is compactly supported, we hayex, t)| < Ct
uniformly in x for small positivet. Thus it is enough to prove that

LU
im ‘tﬁ(x,t)‘ —0 )

uniformly on compact subsets BfV.

To prove(x), let ¢ be a function as in Proposition 3.5e, anddgtx,t) =
e~ NHDy(e=1(x,1)). Fix xg in RN, and defineXy = (Xo, to) and X = (Xo, t).
If X — Xo| < 3to, then the mean-value property ofin R} ** givesu(X) =
(U * (p%to)(X). Hence we have

g_ltj(x) = % Jrnsa ‘P%to(x - Yuy)dy
= fans 5[ Gto) "NV ((Bto) 71X = Y))Ju(Y) dY.

In the computation of the partial derivative on the right side, the varizdghpears
as the last coordinate of. Therefore this expression is equal to

Gt fenn (G0~ M F(Glo X = V)u) dY.
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Changing variables in the integration by a dilatioryishows that this expression
is equal also to

(3107w 3 (GGt X = Y)u(3toY) dY.

If we write Y = (y, s) and take absolute values, we obtain

il —-1] 0
G0 0] =3 5],  sup Ju(Y)l.
[s—to|<2to/3,
Y nearXg

The required behavior Gf?)—? follows from this estimate.

Corollary 3.24. Suppose that(x, t) is harmonic irR Y **, thatu is continuous
on(RY*HY “and thati(x, 0) = Oforallx. If uis bounded, theais identically 0.

REMARK. Without the assumption of boundedness, the funaiiont) =t is
a counterexample.

PrROOFE Corollary 3.23 shows that extends to a bounded harmonic function
on all of RN+, and Corollary 3.22 shows that the extended function is constant,
hence identically O.

4. HP Theory

As was said at the beginning of Section 3, harmonic functions in a half space,
through their boundary values and the Poisson integral formula, become a tool in
analysis for working with functions on the Euclidean boundary. The Poisson in-
tegral formula, which was introduced in Chapters VIII and DBafsig generates
harmonic functions from boundary values.

The details are as follows. L&"™ be the open half space of paips t) in
RN*1withx € RN andwitht > 0inRR®. We view the boundarj(x, 0) | x € RN}
asRN. The function

cnt
(12 4 [x|2) 2N+

P(x.t) = P(x) =

fort > 0, withcy = n‘%“\‘“)l“(%), is called thePoisson kerneffor RY 2.

The Poisson integral formulafor RY ! is u(x,t) = (P * f)(x), where f is

any given function inLP(RN) and 1< p < oo, and the functiom is called the
Poisson integralof f.
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If fisinLP,thenuisharmonic oRY ™ u(-,t)isinLP for eacht > 0, and
luC-, Oll, = | f llp- Forl< p < oo, limyou(-,t) = finthe normtopology of
LP, whileforp = oo, lim¢ou(-,t) = f inthe weak-star topology &f* against
LY. Inboth cases, limo [u(-. t)]l, = I| | ,, and lim o u(x, t) = f(x) a.e.; this
latter result is known aBatou’s Theorem Whenp = oo, the a.e. convergence
occurs at any point wheré is continuous, and the pointwise convergence is
uniform on any subset &N where f is uniformly continuous.

TheL P theoryforp = 1 extends from integrable functions to the Banach space
M (RN) of finite complex Borel measures. Specificallyiis a finite complex
Borel measure oRN, then the Poisson integral ofis defined to be the function
uX,t) = (P * w)(X) = fun PiX — y)dv(y). Thenu is harmonic oriRY 2,
lu(-, O, < llv| foreacht > 0O, limgou(-,t) = v inthe weak-star topology of
M(RN) againstCeom(RN), and lim o u(-, t)ll; = llull.

The new topic for this section is a converse to the above considerations. For
1 < p < oo, we definegHP(RY ™) to be the vector space of functiongx, t) on
RY*! such that

(i) u(x, t) is harmonic orRY 1,

(i) sup_glluC-, t)llp < oo.
With [|ull,,, defined as syp |lu( -, t) |, the vector spack P(R ) is a normed
linear space. Iff isin LP(RN), then the facts about the Poisson integral formula
show that the Poisson integral dfis in HP(RY*Y) and its HP(RY™) norm
matches thé& P(RN) norm of f. Forp = 1, we readily produce further examples.
Specifically ifv is any member oM (RN), then the Poisson integral ofis in
HARY ), with the HE(RY ) norm matching theV (RN) norm. The theorem
of this section will say that there are no other examples.

The members oH>® (R ™) are exactly the bounded harmonic functions in
the half spaceR_'E“, and the tool for obtaining ah> function onRN from
this harmonic function is the preliminary form of Alaoglu’s Theorem proved in
Basic® any norm-bounded sequence in the dual of a separable normed linear
space has a weak-star convergent subsequénake. shall use Corollary 3.24 to
see that the harmonic function has to be the Poisson integral dfthfsinction.

Theorem 3.25.1f 1 < p < oo, then any harmonic function ik P(RY 1) is
the Poisson integral of a function irP(RN). For p = 1, any harmonic function
in Hl(]Rﬁ“) is the Poisson integral of a finite complex measurMigRN).

PROOF. We begin by proving thai(x, t) is bounded fot > ty. For this step
we may assume thgt < oo. Theorem 3.16 shows thathas the mean-value

9Theorem 5.58 oBasic
10The full-fledged version of Alaoglu’s Theorem will be stated and proved in Chapter IV.
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property. We know as a consequence th& denotes the ball with centéx, t)
and radiu%to, then the value ofi at (x, t) equals the average value o\&r

ux,t) = % fgu(y,s)dyds
Since the measur®|~1dy dson B has total mass 1, éider’s inequality gives
lux, OIP < ; fg lu(y. )P dyds

ﬁ f\S—tIS%to nyRN |U(y, S)|pdyds

< [GtoNIQN]HN + Dto|lullFp.

and the boundedness is proved.
For each positive integek, define fy(x) = u(x,1/k) and w(x,t) =
(P % f)(X). Then the functionuk(x, t) — u(x,t + 1/k) is
(i) harmonicin(x, t) fort > 0 sincewy and any translate af are harmonic,
(i) bounded as a function ak, t) fort > 0 sinceu(x, t + 1/k) is bounded
fort > 0, according to the previous paragraph, and singes the Poisson
integral of the bounded functiofy,
(iii) continuous in(x, t) fort > 0 sinceu(x, t 4+ 1/k) andwg(X, t) both have
this property, the latter becaudgis continuous and bounded.
By Corollary 3.24w (X, t) —u(x,t + 1/k) = 0. Thatis,

uX, t+1/k) = fon Pi(x —y) fi(y) dy.

Now supposep > 1, so thatLP is the dual space taP if p~* + p'~1 = 1.
Sinceu is in HP, | fx|lp < M for the constanM = ||u||Hp. By the preliminary
form of Alaoglu’s Theorem, there exists a subsequerige of { fx} that is weak-
star convergent to some functidrin LP. Since for each fixet] P, isin L1NL>®
and hence is i, P, each(x, t) has the property that

ux, t+1/kj) = fen P(x = y) fis (W) dy = [on PX — y) f(y) dy.
Butu(x,t + 1/kj) — u(x,t) by continuity ofu. We conclude thati(x, t) =
Jen Px=y) f(y) dy.

This proves the theorem fqgr > 1. If p = 1, the above argument falls short
of constructing a functiorf in L! sinceL? is not the dual ol.*>°. Instead, we
treat f, as a complex measurfig(x) dx. The norm offi (x) dxin M(RN) equals
| fkll;, and thus the norms of the complex measuigs) dx are bounded. The
spaceM (RN) is the dual ofCcm(RN) and hence also of its uniform closure,
which is the Banach spa&y(RN) of continuous functions oRN vanishing at
infinity. Let { fy, (x) dx} be a weak-star convergent subsequencgfgdx) dx],
with limit v in M(RN). Since each functioy — Py (x — ) is in Co(RN), we
have lim [on Pi(x — y) fi (y) dy = [pn P(X — y) du(y). This completes the
proof.

IA
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ForN = 1, every analytic function in the upper half pldﬁé is automatically
harmonic, and one can ask for a characterization of the subspace of analytic
members of’H,p(Ri). Aspects of the corresponding theory are discussed in
Problems 13-20 at the end of the chapter.

5. Calderon—Zygmund Theorem

The Caldeoh—Zygmund Theorem asserts the boundedness of certain kinds of
important operators oh.P(RN) for 1 < p < oo. It is an N-dimensional
generalization of the theorem giving the boundedness of the Hilbert transform,
which was proved in Chapters VIl and IX @&asic We state and prove the
Caldeon—Zygmund Theorem in this section, and we give some applications to
partial differential equations in the next section.

Theorem 3.26(Caldesn—-Zygmund Theorem). Lé€ (x) be aC* function on
RN — {0} homogeneous of degree 0 with mean value 0 over the unit sphere,

i.e., with
/ K(w)dw = 0.
SN-1

For eachke > 0, define

Tsf(X):/ @f(x—t)dt
|

t|>e |t|N

whenever 1< p < oo and f isin LP(RN). Then

(@) T fllp < Apll f|lp for a constantd, independent of and f,
(b) Iiirg T.f = Tf exists as aP limit,

©) ITflp < Apll fllp for a constan®h, independent off .

REMARKS. If 1 < p < oo and if p’ is the dual index tq, then the function
equal toK (t)/|t|N for |t| > ¢ and equal to O foft| < ¢ is in LP". Therefore, for
each suclp, T, f is the convolution of at P function and arL P function and is
a well-defined bounded uniformly continuous function. In proving the theorem,
we shall use less abolt(x) than the assume@! condition onRN — {0} but more
than continuity. The precise condition that we shall use is|R&x) — K (y)| <
¥ (Jx—y|) onSN~1for a nondecreasing functiaf(s) of one variable that satisfies

NA)
./O S d(S < Q.

1A function F of several variables isomogeneous of degrem if F(rx) = r™F(x) for all
r > 0and allx # 0.



