Advanced Algebra

Final Version, September, 2007
For Publication by Birkhluser Boston
Along with a Companion VolumBasic Algebra
In the Series

Cornerstones

Selected Pages from Chapter VII: pp. 403—408

Anthony W. Knapp

Copyright© 2007 by Anthony W. Knapp
All Rights Reserved



CHAPTER VII

Infinite Field Extensions

Abstract. This chapter provides algebraic background for directly addressing some simple-sounding
yet fundamental questions in algebraic geometry. All the questions relate to the set of simultaneous
zeros of finitely many polynomials in variables over a field.

Section 1 concerns existence of zeros. The main theorem is the Nullstellensatz, which in part
says that there is always a zero if the finitely many polynomials generate a proper ideal and if the
underlying field is algebraically closed.

Section 2 introduces the transcendence degree of a field extensloyfK Iis a field extension,

a subset ofL is algebraically independent ové&r if no nonzero polynomial in finitely many of

the members of the subset vanishes. A transcendence basis is a maximal subset of algebraically
independent elements; atranscendence basis exists, and its cardinality is independent of the particular
basis in question. This cardinality is the transcendence degree of the extensior. iStadgebraic

over the subfield generated by a transcendence basis. Briefly any field extension can be obtained by
a purely transcendental extension followed by an algebraic extension. The dimension of the set of
common zeros of a prime ideal of polynomials over an algebraically closed field is defined to be the
transcendence degree of the field of fractions of the quotient of the polynomial ring by the ideal.

Section 3 elaborates on the notion of separability of field extensions in charactprigicery
algebraic extensioh /K can be obtained by a separable extension followed by an extension that is
purely inseparable in the sense that every elemasftL has a powex P® for some integee > 0
with xP° separable oveK .

Section 4 introduces the Krull dimension of a commutative ring with identity. This number is
one more than the maximum number of ideals occurring in a strictly increasing chain of prime ideals
in the ring. ForK[ X4y, ..., Xp] whenK is a field, the Krull dimension in. If P is a prime ideal in
K[X1, ..., Xn], then the Krull dimension of the integral domat= K[Xjy, ..., X,]/P matches
the transcendence degree o¥enf the field of fractions ofR. Thus Krull dimension extends the
notion of dimension that was defined in Section 2.

Section 5 concerns nonsingular and singular points of the set of common zeros of a prime ideal
of polynomials inn variables over an algebraically closed field. According to Zariski's Theorem,
nonsingularity of a point may be defined in either of two equivalent ways—in terms of the rank of a
Jacobian matrix obtained from generators of the ideal, or in terms of the dimension of the quotient of
the maximal ideal at the pointin question factored by the square of thisideal. The pointis nonsingular
if the rank of the Jacobian matrix isminus the dimension of the zero locus, or equivalently if the
dimension of the quotient of the maximal ideal by its square equals the dimension of the zero locus.
Nonsingular points always exist.

Section 6 extends Galois theory to certain infinite field extensions. In the algebraic case inverse
limit topologies are imposed on Galois groups, and the generalization of the Fundamental Theorem
of Galois Theory to an arbitrary separable normal extenkioid gives a one-one correspondence
between the field& with K € F € L and the closed subgroups of @afK).
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404 VII. Infinite Field Extensions
1. Nullstellensatz

Algebraic geometry studies the geometric properties of sets defined by algebraic
equations. In the simplest case some figlds specified, the equations are
polynomial equations in several variables with coefficient&irand one seeks
solutions to the system of equations with the variables taking valu€oinrsome

larger field.

The nature of the subject is that even fairly simple-sounding geometric ques-
tions require algebraic background beyond what iBasic Algebraand the
first six chapters of the present book. This chapter addresses the necessary
background, largely from the theory of fields, for addressing fundamental ques-
tions concerning existence of solutions, the dimension of the space of solutions,
singularity of the solution set at a particular point, and effects of changing fields.

The present section supplies background for the question of existence. We
have a system of polynomial equationsiimariables with coefficients i, and
we are interested in simultaneous solutions in a given extensiorLfiefdK. A
solution can be regarded as a column vectarinThink of the equations as of the
formF (Xy, ..., Xn) = Owith eachF a polynomial, and then the set of solutions
is the locus of common zeros of thg’s in L". The locus of common zeros is
unaffected by enlarging the system of equations by allowing all equations of the
form Y, Gi K = 0 with eachG; is arbitrary inK[X4, ..., Xy]; thus we may as
well regard the left sides as all members of some idléalK[ X4, ..., Xp]. The
Hilbert Basis Theorem says that any ideakipXy, ..., Xp]is finitely generated,
and hence studying the common zero locus for an ideal is always the same as
studying the common zero locus for a finite set of polynomials.

A properideal need not have a nonempty locus of common zeros. For example,
if K = R, then the single equatioX? + Y? + 1 = 0 has no solutions iR
Hilbert's Nullstellensatzis partly the affirmative statement that any proper ideal
has a nonzero locus of common zeros under the additional assumptidf ihat
algebraically closed.

Theorem 7.1(Nullstellensatz). LeK be afield, leKK be an algebraic closure,

and letn be a positive integer. Then every maximal iddabf K[ X4, ..., Xq]
has the property th& [X, ..., Xn]/J is a finite algebraic extension &f, and
in particular the maximal ideals &[ Xy, ..., X;] are of the form

(xl_ala"-ﬁxn_aﬂ)a

where(ay, . . ., ay) is an arbitrary member o€ ". Consequently if is any proper
ideal inK[ Xy, ..., Xy], then

(a) the locus of common zeros bfin K" is nonempty,

1German for “zero-locus theorem.”
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(b) any f in K[X4y, ..., Xp] that vanishes on the locus of common zeros of
| in K™ has the property thatk is in | for some integek > 0.

Before coming to the proof, we mention an important corollary.

Corollary 7.2. Let K be a field, letK be an algebraic closure, latbe a
positive integer, and lett be aprimeideal in K[ Xy, ..., Xy]. Thenl contains
every polynomial inrK[ X4, ..., Xp] that vanishes on the locus of common zeros
of I in K[Xq, ..., Xn]

Proor If f is a member oK[X4,..., Xy] that vanishes on the locus of
common zeros of, then (b) in the theorem shows théf is in | for somek.
Sincel is prime, one of the factors df = f ... f liesin|. O

EXAMPLE FOR COROLLARY. LetK = L = C, and letl be the principal ideal in
C[X, Y] generated byr?2 — X(X 4+ 1)(X — 1). ConsiderC[X, Y] as isomorphic
to C[X][Y]. As a polynomial inY overC[X], p(X,Y) = Y2— X(X+1)(X —1)
is irreducible becausk (X + 1)(X — 1) is not the square of a polynomial .
SinceC[ X, Y]is a unique factorization domaip( X, Y) is prime. Thereforé =
(p(X,Y)) is a prime ideal. The corollary says that every polynomial vanishing
on the locus of pointgx, y) € C? for which y? = x(x 4+ 1)(x — 1) is the product
of Y2 — X(X 4+ 1)(X — 1) and a polynomial in(X, Y). Consequently the ring
of restrictions of polynomials to the locus for whigh = x(x + 1)(x — 1) is
isomorphic toC[ X, Y]/(Y2 — X(X + 1)(X — 1)).

Theorem 7.1b has a tidy formulation in terms of the “radical” of an ideal. If
R is a commutative ring with identity andis an ideal inR, then theradical of
I, denoted bw/1 , is the set of alt in Rsuch that¥isin | for somek > 1. Itis
immediate that the radical éfis an ideal containindg) and that/1 is proper ifl
is proper. Ifl is anideal inK[ X4, ..., Xp]and if f isin+/I , thenfXisin | for
somek > 0, and hencd vanishes on the locus of common zerod offheorem
7.1b says conversely that afiyvanishing on the locus of common zerod dfas
fKin | for somek > 0. This means thatf is in /I . We can therefore rewrite
(b) in the theorem as follows:

(b) theideal of allf in K[Xq, ..., X,] that vanish on the locus of common

zeros ofl in K" is exactly+/1 .

The proof of Theorem 7.1 will follow comparatively easily from the following
two lemmas.

Lemma 7.3. If K is a field andL is an extension field that is generated as a
K algebra byn elementsy, ..., Xn, i.e., if L = K[Xq, ..., Xa], then everyx; is
algebraic oveK.
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REMARKS. Conversely ifxy, ..., X, are elements of an extension fidldhat
are algebraic ovelK, thenK (xg, ..., Xn) = K[X, ..., Xa]. The reason is that
K(X1, ..., %) = K(X1, ..., Xq—1) (Xn) = K(X1, ..., Xn_1)[Xn]
= K(X1, ..., Xn—2) Xn-D[%n] = K(Xq, . . ., Xn—2)[Xn-1][Xn]
== K[xq] - - [Xn_1][Xn] = K[Xq1, ..., Xn].

PrOOF. We proceed by induction om. Forn = 1, if L = K[X4], then we
know from the elementary theory of fields thatis algebraic oveK.

For the inductive step, suppose that= K[x, ..., Xps]. Sincel is a field,
K(x1) € L, and hencd = K(x)[X2, ..., Xn]. By the inductive hypothesis
applied toL andK (x1), the elements,, ..., X, are algebraic oveK (x;). To

complete the proof, it is enough to show thatis algebraic oveK.
Fix j > 2. The elemenx;, being algebraic ove( (x1), satisfies a polynomial
equation
X"+ an 1 X"+ +29=0

witham_1, ..., agin K(xy). Clearing fractions, we see thqtsatisfies an equation
b X™ 4+ b1 X™ 1 ... 4 by =0

with b, . .., b in K[x1] andby, # 0. Multiplying through byb—* shows that
X; satisfies

(B X)™ 4+ b1 (b X)™ ™ + - - - + be(bm)™ ™t = 0,

and we see thabyx; is integral over the rindK[x;]. Let us writec; for the
elementb,, € K[x1] that we have just produced for thjs

In the case of = 1, we can usen = 1 andag = —X; in the above argument,
andwe arethenled @ = x;. If x'll e an is any monomial irK[Xa, ..., Xa] and
if | is defined a$ = max(l4, ..., |n), then the fact that the integral elements over
K[x1] form a ring implies thatc; - - - cn)'x'l1 ... xInis integral ovelK [x;]. Hence
for any f in K[xy, ..., Xn], (C1---¢y)' f is integral overK[x4] for a suitable
integerl = I(f). SinceK(x1) € K[Xg,...,Xy], this conclusion applies in
particular to any membef of K (x1).

The ringK[x1] is a principal ideal domain and is therefore integrally closed
in its field of fractionsK (x1). For f in K(x1), we have seen thdt; - - - c,)' f
is integral overK [x1] for somel = I (f). The elementc; - - - ¢,)' f isin K (x1),
and the integral-closure property therefore implies that- - ¢,)' f is in K[x4].

Consequently there exists a fixed elenteat K [x;] such that every elemerit
of K (x1) is of the formg/ h! for someg in K [x1] and some integér> 0. We apply
this observation td = q(x;)~* for each irreducible polynomiaj(X) in K[X],
and we obtairg(x1)g = h' with g andl depending om(X). If x; is transcen-
dental ovelK , this equality implies the polynomial identity X)g(X) = h(X)".
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Consequently every irreducible polynomiglX) dividesh(X). If K is infinite,

this is a contradiction because there are infinitely many distinct polynoxiaks

in K[X]; if K is finite, this is a contradiction because there exists at least one
irreducible polynomial of each degreel. We arrive at a contradiction in either
case, and thereforg is algebraic oveK. This completes the induction and the
proof. O

Lemma 7.4. Let K be a field, and let. be an algebraic extension &f. If
| is a proper ideal irK[ X4, ..., Xy], thenIL[Xy, ..., X,] is a proper ideal in
L[ Xy, ..., Xql.

REMARK. As usual, the notatiohL [ X, ..., X;] refers to the set of sums of
products of elements dfand elements df [ X4, ..., Xp].

PrROOF First let us identify the integral closure Bf[ Xy, ..., X;] in the field
L(X1,..., Xp) asL[Xy,..., Xy]. TheringL[X4, ..., Xp] is a unique factor-
ization domain, and Proposition 8.41Bésic Algebrashows that it is integrally
closed. Consequently the integral closuré&giX4, ..., Xp]in L(Xq, ..., Xp)is

contained inL[Xy,..., X,]. On the other hand, the integral closure of
K[X1, ..., Xn] in L(X4,..., Xy) containsL becauselL /K is algebraic, and
it contains eachX;. Therefore it containd[Xy, ..., X;] and must equal
L[ X1, ..., Xql.

Now we apply Proposition 8.53 @asic Algebrao the ringK[ X4, ..., Xp],
its field of fractionsK (X4, ..., X,), the extension field_(Xq, ..., X,), and
the integral closurd [ X4, ..., Xp] of K[ X1, ..., Xp]lin L(Xq,..., Xp). The
proposition says that iP is any maximal ideal oK[ X4, ..., Xu], then the ideal
PL[Xq,..., Xp]is properinL[Xy, ..., Xy]. This result is to be applied to any
maximal idealP of K[ X4, ..., Xy] that containd . O

PROOF OFTHEOREM 7.1. LetJ be a maximal ideal ilK[ X4, ..., Xp]. Then
L = K[Xq,..., Xp]/J is afield. Hencd = K|[Xy, ..., Xn] is a field if thex;’s
are defined by, = Xj + J. Lemma 7.3 shows that eaghis algebraic oveK,
and the first conclusion of the theorem follows.

When this conclusion is applied 1§ instead ofK, then the fact thak is
algebraically closed implies that eagHies in the cosets determined Ky i.e., the
cosets of the constant polynomials. Consequently for ¢atttere is an element
aj in K such thatx; — a lies in J. Then it follows that( X; — ay, .. ., Xn — an)
is contained inJ. Since the idea(X; — as, ..., X, — a,) is maximal,J =
(X1 —a,..., Xn — a). This proves that the maximal ideals are as in the
displayed expression in the theorem.

To prove (a), we apply Lemma 7.4 tothe ideat K[ X4, ..., Xp]andtothe al-
gebraic extensioK of K. The lemma produces a proper ideakdfX, . . ., Xp]
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containingl , and we extend it to a maximal idedlof K[ X4, ..., Xn]. From the
previous paragraph of the prodf,s of the formJ = (X; —ay, ..., Xn —ay) for
some(ay, ..., ap) in K". The idealJ is therefore identified as the kernel of the
evaluation homomorphism d€[ X4, ..., X,] at the point(ay, ..., a,). Every
member ofJ thus vanishes aty, .. ., a,), and the same thing is true of every
member ofl . This proves (a).

For (b), letl be a properideal itK[ X, ..., X;], and letf be asin (b). Intro-
duce an additional indeterminate and letJ be the ideal inrK[ X4, ..., Xp, Y]
generated by and fY — 1. If some point(xy, ..., Xn, ¥) lies on the locus of
common zeros of in K", then(x, ..., Xy) lies on the locus of common zeros
of I in K", sincel < J; thus f(xy,..., X, = 0, sincef is assumed to vanish
on all common zeros df in K". Consequentlyf (X1, ..., X))y — 1= —1# 0,
and we find thatf (X1, ..., Xn)Y — 1 does not vanish on the locus of common
zeros ofJ in K™, contradiction. We conclude that no poii, . . . , X,, ) lies
on the locus of common zeros dfin K", By (a), we see that

J=K[X1,..., Xn, Y. ()

Let us write X for the expressiorKs, ..., X,. Then(x) implies that

r
1= Z pi (X, Y)@i (X) +q(X, Y)(f(X)Y — 1) ()
iI=
for someg,, ..., g in | and somepy, ..., pr andq in K[X, Y]. Let ¢ be the
substitution homomorphism d€[ X, Y] into K (X) that carrieX into itself, X
into itself, andY into f(X)~1. Application ofy to (xx) gives

r
1= pi(X FX)™Hai(X), )
i=1
sincew(f(X)Y — 1) = 0. If YXis the largest power of that appears in any of
the polynomialsp; (X, Y), then we can rewritét) as

r

FOO* =Y (FOO%pi(X, F(X)™Y)a(X)

i=1

and exhibitf (X)¥ as the sum of products of the membgrsf | by members of
K[X]. Thus f (X)Xisin I, and (b) is proved. O

2. Transcendence Degree
Let K be a field, and let. be an extension field. The algebraic construction in

this section will show thaL can be obtained froriK in two steps, by a “purely
transcendental” extension followed by an algebraic extension. The number of



