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CHAPTER VII

Infinite Field Extensions

Abstract. This chapter provides algebraic background for directly addressing some simple-sounding
yet fundamental questions in algebraic geometry. All the questions relate to the set of simultaneous
zeros of finitely many polynomials inn variables over a field.

Section 1 concerns existence of zeros. The main theorem is the Nullstellensatz, which in part
says that there is always a zero if the finitely many polynomials generate a proper ideal and if the
underlying field is algebraically closed.

Section 2 introduces the transcendence degree of a field extension. IfL/K is a field extension,
a subset ofL is algebraically independent overK if no nonzero polynomial in finitely many of
the members of the subset vanishes. A transcendence basis is a maximal subset of algebraically
independent elements; a transcendence basis exists, and its cardinality is independent of the particular
basis in question. This cardinality is the transcendence degree of the extension. ThenL is algebraic
over the subfield generated by a transcendence basis. Briefly any field extension can be obtained by
a purely transcendental extension followed by an algebraic extension. The dimension of the set of
common zeros of a prime ideal of polynomials over an algebraically closed field is defined to be the
transcendence degree of the field of fractions of the quotient of the polynomial ring by the ideal.

Section 3 elaborates on the notion of separability of field extensions in characteristicp. Every
algebraic extensionL/K can be obtained by a separable extension followed by an extension that is
purely inseparable in the sense that every elementx of L has a powerxpe

for some integere ≥ 0
with xpe

separable overK .
Section 4 introduces the Krull dimension of a commutative ring with identity. This number is

one more than the maximum number of ideals occurring in a strictly increasing chain of prime ideals
in the ring. ForK [X1, . . . , Xn] whenK is a field, the Krull dimension inn. If P is a prime ideal in
K [X1, . . . , Xn], then the Krull dimension of the integral domainR = K [X1, . . . , Xn]/P matches
the transcendence degree overK of the field of fractions ofR. Thus Krull dimension extends the
notion of dimension that was defined in Section 2.

Section 5 concerns nonsingular and singular points of the set of common zeros of a prime ideal
of polynomials inn variables over an algebraically closed field. According to Zariski’s Theorem,
nonsingularity of a point may be defined in either of two equivalent ways—in terms of the rank of a
Jacobian matrix obtained from generators of the ideal, or in terms of the dimension of the quotient of
the maximal ideal at the point in question factored by the square of this ideal. The point is nonsingular
if the rank of the Jacobian matrix isn minus the dimension of the zero locus, or equivalently if the
dimension of the quotient of the maximal ideal by its square equals the dimension of the zero locus.
Nonsingular points always exist.

Section 6 extends Galois theory to certain infinite field extensions. In the algebraic case inverse
limit topologies are imposed on Galois groups, and the generalization of the Fundamental Theorem
of Galois Theory to an arbitrary separable normal extensionL/K gives a one-one correspondence
between the fieldsF with K ⊆ F ⊆ L and the closed subgroups of Gal(L/K ).
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404 VII. Infinite Field Extensions

1. Nullstellensatz

Algebraic geometry studies the geometric properties of sets defined by algebraic
equations. In the simplest case some fieldK is specified, the equations are
polynomial equations in several variables with coefficients inK , and one seeks
solutions to the system of equations with the variables taking values inK or some
larger field.

The nature of the subject is that even fairly simple-sounding geometric ques-
tions require algebraic background beyond what is inBasic Algebraand the
first six chapters of the present book. This chapter addresses the necessary
background, largely from the theory of fields, for addressing fundamental ques-
tions concerning existence of solutions, the dimension of the space of solutions,
singularity of the solution set at a particular point, and effects of changing fields.

The present section supplies background for the question of existence. We
have a system of polynomial equations inn variables with coefficients inK , and
we are interested in simultaneous solutions in a given extension fieldL of K . A
solution can be regarded as a column vector inLn. Think of the equations as of the
form Fi (X1, . . . , Xn) = 0 with eachFi a polynomial, and then the set of solutions
is the locus of common zeros of theFi ’s in Ln. The locus of common zeros is
unaffected by enlarging the system of equations by allowing all equations of the
form

∑
i Gi Fi = 0 with eachGi is arbitrary inK [X1, . . . , Xn]; thus we may as

well regard the left sides as all members of some idealI in K [X1, . . . , Xn]. The
Hilbert Basis Theorem says that any ideal inK [X1, . . . , Xn] is finitely generated,
and hence studying the common zero locus for an ideal is always the same as
studying the common zero locus for a finite set of polynomials.

A proper ideal need not have a nonempty locus of common zeros. For example,
if K = R, then the single equationX2 + Y2 + 1 = 0 has no solutions inR2.
Hilbert’s Nullstellensatz1 is partly the affirmative statement that any proper ideal
has a nonzero locus of common zeros under the additional assumption thatK is
algebraically closed.

Theorem 7.1(Nullstellensatz). LetK be a field, letK be an algebraic closure,
and letn be a positive integer. Then every maximal idealJ of K [X1, . . . , Xn]
has the property thatK [X1, . . . , Xn]/J is a finite algebraic extension ofK , and
in particular the maximal ideals ofK [X1, . . . , Xn] are of the form

(X1 − a1, . . . , Xn − an),

where(a1, . . . , an) is an arbitrary member ofK n. Consequently ifI is any proper
ideal in K [X1, . . . , Xn], then

(a) the locus of common zeros ofI in K n is nonempty,

1German for “zero-locus theorem.”
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(b) any f in K [X1, . . . , Xn] that vanishes on the locus of common zeros of
I in K n has the property thatf k is in I for some integerk > 0.

Before coming to the proof, we mention an important corollary.

Corollary 7.2. Let K be a field, letK be an algebraic closure, letn be a
positive integer, and letI be aprime ideal in K [X1, . . . , Xn]. Then I contains
every polynomial inK [X1, . . . , Xn] that vanishes on the locus of common zeros
of I in K [X1, . . . , Xn].

PROOF. If f is a member ofK [X1, . . . , Xn] that vanishes on the locus of
common zeros ofI , then (b) in the theorem shows thatf k is in I for somek.
SinceI is prime, one of the factors off k = f · · · f lies in I . �

EXAMPLE FOR COROLLARY. Let K = L = C, and letI be the principal ideal in
C[X, Y] generated byY2 − X(X + 1)(X − 1). ConsiderC[X, Y] as isomorphic
toC[X][Y]. As a polynomial inY overC[X], p(X, Y) = Y2− X(X +1)(X −1)

is irreducible becauseX(X + 1)(X − 1) is not the square of a polynomial inX.
SinceC[X, Y] is a unique factorization domain,p(X, Y) is prime. ThereforeI =
(p(X, Y)) is a prime ideal. The corollary says that every polynomial vanishing
on the locus of points(x, y) ∈ C2 for which y2 = x(x + 1)(x − 1) is the product
of Y2 − X(X + 1)(X − 1) and a polynomial in(X, Y). Consequently the ring
of restrictions of polynomials to the locus for whichy2 = x(x + 1)(x − 1) is
isomorphic toC[X, Y]/

(
Y2 − X(X + 1)(X − 1)

)
.

Theorem 7.1b has a tidy formulation in terms of the “radical” of an ideal. If
R is a commutative ring with identity andI is an ideal inR, then theradical of
I , denoted by

√
I , is the set of allr in R such thatr k is in I for somek ≥ 1. It is

immediate that the radical ofI is an ideal containingI and that
√

I is proper ifI
is proper. IfI is an ideal inK [X1, . . . , Xn] and if f is in

√
I , then f k is in I for

somek > 0, and hencef vanishes on the locus of common zeros ofI . Theorem
7.1b says conversely that anyf vanishing on the locus of common zeros ofI has
f k in I for somek > 0. This means thatf is in

√
I . We can therefore rewrite

(b) in the theorem as follows:

(b′) the ideal of all f in K [X1, . . . , Xn] that vanish on the locus of common
zeros ofI in K n is exactly

√
I .

The proof of Theorem 7.1 will follow comparatively easily from the following
two lemmas.

Lemma 7.3. If K is a field andL is an extension field that is generated as a
K algebra byn elementsx1, . . . , xn, i.e., if L = K [x1, . . . , xn], then everyxj is
algebraic overK .
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REMARKS. Conversely ifx1, . . . , xn are elements of an extension fieldL that
are algebraic overK , thenK (x1, . . . , xn) = K [x1, . . . , xn]. The reason is that

K (x1, . . . , xn) = K (x1, . . . , xn−1)(xn) = K (x1, . . . , xn−1)[xn]

= K (x1, . . . , xn−2)(xn−1)[xn] = K (x1, . . . , xn−2)[xn−1][xn]

= · · · = K [x1] · · · [xn−1][xn] = K [x1, . . . , xn].

PROOF. We proceed by induction onn. For n = 1, if L = K [x1], then we
know from the elementary theory of fields thatx1 is algebraic overK .

For the inductive step, suppose thatL = K [x1, . . . , xn]. SinceL is a field,
K (x1) ⊆ L, and henceL = K (x1)[x2, . . . , xn]. By the inductive hypothesis
applied toL and K (x1), the elementsx2, . . . , xn are algebraic overK (x1). To
complete the proof, it is enough to show thatx1 is algebraic overK .

Fix j ≥ 2. The elementxj , being algebraic overK (x1), satisfies a polynomial
equation

Xm + am−1Xm−1 + · · · + a0 = 0

witham−1, . . . , a0 in K (x1). Clearing fractions, we see thatxj satisfies an equation

bmXm + bm−1Xm−1 + · · · + b0 = 0

with bm, . . . , b0 in K [x1] andbm �= 0. Multiplying through bybm−1
m shows that

xj satisfies

(bmX)m + bm−1(bmX)m−1 + · · · + b0(bm)m−1 = 0,

and we see thatbmxj is integral over the ringK [x1]. Let us writecj for the
elementbm ∈ K [x1] that we have just produced for thisj .

In the case ofj = 1, we can usem = 1 anda0 = −x1 in the above argument,
and we are then led toc1 = x1. If xl1

1 · · · xln
n is any monomial inK [x1, . . . , xn] and

if l is defined asl = max(l1, . . . , ln), then the fact that the integral elements over
K [x1] form a ring implies that(c1 · · · cn)

l xl1
1 · · · xln

n is integral overK [x1]. Hence
for any f in K [x1, . . . , xn], (c1 · · · cn)

l f is integral overK [x1] for a suitable
integer l = l ( f ). Since K (x1) ⊆ K [x1, . . . , xn], this conclusion applies in
particular to any memberf of K (x1).

The ringK [x1] is a principal ideal domain and is therefore integrally closed
in its field of fractionsK (x1). For f in K (x1), we have seen that(c1 · · · cn)

l f
is integral overK [x1] for somel = l ( f ). The element(c1 · · · cn)

l f is in K (x1),
and the integral-closure property therefore implies that(c1 · · · cn)

l f is in K [x1].
Consequently there exists a fixed elementh of K [x1] such that every elementf

of K (x1) is of the formg/hl for someg in K [x1] and some integerl ≥ 0. We apply
this observation tof = q(x1)

−1 for each irreducible polynomialq(X) in K [X],
and we obtainq(x1)g = hl with g andl depending onq(X). If x1 is transcen-
dental overK , this equality implies the polynomial identityq(X)g(X) = h(X)l .
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Consequently every irreducible polynomialq(X) dividesh(X). If K is infinite,
this is a contradiction because there are infinitely many distinct polynomialsX−a
in K [X]; if K is finite, this is a contradiction because there exists at least one
irreducible polynomial of each degree≥ 1. We arrive at a contradiction in either
case, and thereforex1 is algebraic overK . This completes the induction and the
proof. �

Lemma 7.4. Let K be a field, and letL be an algebraic extension ofK . If
I is a proper ideal inK [X1, . . . , Xn], then I L [X1, . . . , Xn] is a proper ideal in
L[X1, . . . , Xn].

REMARK. As usual, the notationI L [X1, . . . , Xn] refers to the set of sums of
products of elements ofI and elements ofL[X1, . . . , Xn].

PROOF. First let us identify the integral closure ofK [X1, . . . , Xn] in the field
L(X1, . . . , Xn) as L[X1, . . . , Xn]. The ring L[X1, . . . , Xn] is a unique factor-
ization domain, and Proposition 8.41 ofBasic Algebrashows that it is integrally
closed. Consequently the integral closure ofK [X1, . . . , Xn] in L(X1, . . . , Xn) is
contained in L[X1, . . . , Xn]. On the other hand, the integral closure of
K [X1, . . . , Xn] in L(X1, . . . , Xn) containsL becauseL/K is algebraic, and
it contains eachXj . Therefore it containsL[X1, . . . , Xn] and must equal
L[X1, . . . , Xn].

Now we apply Proposition 8.53 ofBasic Algebrato the ringK [X1, . . . , Xn],
its field of fractionsK (X1, . . . , Xn), the extension fieldL(X1, . . . , Xn), and
the integral closureL[X1, . . . , Xn] of K [X1, . . . , Xn] in L(X1, . . . , Xn). The
proposition says that ifP is any maximal ideal ofK [X1, . . . , Xn], then the ideal
PL[X1, . . . , Xn] is proper inL[X1, . . . , Xn]. This result is to be applied to any
maximal idealP of K [X1, . . . , Xn] that containsI . �

PROOF OFTHEOREM 7.1. Let J be a maximal ideal inK [X1, . . . , Xn]. Then
L = K [X1, . . . , Xn]/J is a field. HenceL = K [x1, . . . , xn] is a field if thexi ’s
are defined byxi = Xi + J. Lemma 7.3 shows that eachxj is algebraic overK ,
and the first conclusion of the theorem follows.

When this conclusion is applied toK instead ofK , then the fact thatK is
algebraically closed implies that eachxj lies in the cosets determined byK , i.e., the
cosets of the constant polynomials. Consequently for eachj , there is an element
aj in K such thatxj − aj lies in J. Then it follows that(X1 − a1, . . . , Xn − an)

is contained inJ. Since the ideal(X1 − a1, . . . , Xn − an) is maximal, J =
(X1 − a1, . . . , Xn − an). This proves that the maximal ideals are as in the
displayed expression in the theorem.

To prove (a), we apply Lemma 7.4 to the idealI in K [X1, . . . , Xn] and to the al-
gebraic extensionK of K . The lemma produces a proper ideal ofK [X1, . . . , Xn]
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containingI , and we extend it to a maximal idealJ of K [X1, . . . , Xn]. From the
previous paragraph of the proof,J is of the formJ = (X1 −a1, . . . , Xn −an) for
some(a1, . . . , an) in K n. The idealJ is therefore identified as the kernel of the
evaluation homomorphism ofK [X1, . . . , Xn] at the point(a1, . . . , an). Every
member ofJ thus vanishes at(a1, . . . , an), and the same thing is true of every
member ofI . This proves (a).

For (b), letI be a proper ideal inK [X1, . . . , Xn], and let f be as in (b). Intro-
duce an additional indeterminateY, and letJ be the ideal inK [X1, . . . , Xn, Y]
generated byI and f Y − 1. If some point(x1, . . . , xn, y) lies on the locus of
common zeros ofJ in K n+1, then(x1, . . . , xn) lies on the locus of common zeros
of I in K n, sinceI ⊆ J; thus f (x1, . . . , xn) = 0, since f is assumed to vanish
on all common zeros ofI in K n. Consequentlyf (x1, . . . , xn)y − 1 = −1 �= 0,
and we find thatf (X1, . . . , Xn)Y − 1 does not vanish on the locus of common
zeros ofJ in K n+1, contradiction. We conclude that no point(x1, . . . , xn, y) lies
on the locus of common zeros ofJ in K n+1. By (a), we see that

J = K [X1, . . . , Xn, Y]. (∗)

Let us writeX for the expressionX1, . . . , Xn. Then(∗) implies that

1 =
r∑

i =1
pi (X, Y)gi (X) + q(X, Y)( f (X)Y − 1) (∗∗)

for someg1, . . . , gr in I and somep1, . . . , pr andq in K [X, Y]. Let ψ be the
substitution homomorphism ofK [X, Y] into K (X) that carriesK into itself, X
into itself, andY into f (X)−1. Application ofψ to (∗∗) gives

1 =
r∑

i =1
pi (X, f (X)−1)gi (X), (†)

sinceψ
(

f (X)Y − 1
) = 0. If Yk is the largest power ofY that appears in any of

the polynomialspi (X, Y), then we can rewrite(†) as

f (X)k =
r∑

i =1

(
f (X)k pi (X, f (X)−1)

)
gi (X)

and exhibit f (X)k as the sum of products of the membersgi of I by members of
K [X]. Thus f (X)k is in I , and (b) is proved. �

2. Transcendence Degree

Let K be a field, and letL be an extension field. The algebraic construction in
this section will show thatL can be obtained fromK in two steps, by a “purely
transcendental” extension followed by an algebraic extension. The number of


