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CHAPTER VI

Reinterpretation with Adeles and Ideles

Abstract. This chapter develops tools for a more penetrating study of algebraic number theory than
was possible in Chapter V and concludes by formulating two of the main three theorems of Chapter
V in the modern setting of “adeles” and “ideles” commonly used in the subject.

Sections 1–5 introduce discrete valuations, absolute values, and completions for fields, always
paying attention to implications for number fields and for certain kinds of function fields. Section 1
contains a prototype for all these notions in the construction of the fieldQp of p-adic numbers formed
out of the rationals. Discrete valuations in Section 2 are a generalization of the order-of-vanishing
function about a point in the theory of one complex variable. Absolute values in Section 3 are
real-valued multiplicative functions that give a metric on a field, and the pair consisting of a field and
an absolute value is called a valued field. Inequivalent absolute values have a certain independence
property that is captured by the Weak Approximation Theorem. Completions in Section 4 are
functions mapping valued fields into their metric-space completions. Section 5 concerns Hensel’s
Lemma, which in its simplest form allows one to lift roots of polynomials over finite prime fields
Fp to roots of corresponding polynomials overp-adic fieldsQp.

Section 6 contains the main theorem for investigating the fundamental question of how prime
ideals split in extensions. LetK be a finite separable extension of a fieldF , let R be a Dedekind
domain with field of fractionsF , and letT be the integral closure ofR in K . The question concerns
the factorization of an idealpT in T whenp is a nonzero prime ideal inR. If Fp denotes the
completion ofF with respect top, the theorem explains how the tensor productK ⊗F Fp splits
uniquely as a direct sum of completions of valued fields. The theorem in effect reduces the question
of the splitting ofpT in T to the splitting ofFp in a complete field in which only one of the prime
factors ofpT plays a role.

Section 7 is a brief aside mentioning additional conclusions one can draw when the extension
K/F is a Galois extension.

Section 8 applies the main theorem of Section 6 to an analysis of the different ofK/F and
ultimately to the absolute discriminant of a number field. With the new sharp tools developed in the
present chapter, including a Strong Approximation Theorem that is proved in Section 8, a complete
proof is given for the Dedekind Discriminant Theorem; only a partial proof had been accessible in
Chapter V.

Sections 9–10 specialize to the case of number fields and to function fields that are finite separable
extensions ofFq(X), whereFq is a finite field. The adele ring and the idele group are introduced
for each of these kinds of fields, and it is shown how the original field embeds discretely in the
adeles and how the multiplicative group embeds discretely in the ideles. The main theorems are
compactness theorems about the quotient of the adeles by the embedded field and about the quotient
of the normalized ideles by the embedded multiplicative group. Proofs are given only for number
fields. In the first case the compactness encodes the Strong Approximation Theorem of Section 8
and the Artin product formula of Section 9. In the second case the compactness encodes both the
finiteness of the class number and the Dirichlet Unit Theorem.
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314 VI. Reinterpretation with Adeles and Ideles

1. p-adic Numbers

This chapter will sharpen some of the number-theoretic techniques used in
Chapter V, finally arriving at the setting of “adeles” and “ideles” in which many
of the more recent results in number theory have tidy formulations. Although
Chapter V dealt only with number fields, the present chapter will allow a greater
degree of generality that includes results in the algebraic geometry of curves.
This greater degree of generality will not require much extra effort, and it will
allow us to use each of the subjects of number theory and algebraic geometry to
motivate the other.

The first section of Chapter V returned to the idea that one can get some
information about the integer solutions of a Diophantine equation by considering
the equation as a system of congruences modulo each prime number. However,
we lose information by considering only primes for the modulus, and this fact
lies behind the failure of Chapter V to give a complete proof of the Dedekind
Discriminant Theorem (Theorem 5.5). The proof that we did give was of a related
result, Kummer’s criterion (Theorem 5.6), which concerns a fieldQ(ξ), where
ξ is a root of an irreducible monic polynomialF(X) in Z[X]. The statement of
Theorem 5.6 involves the reduction ofF(X) modulo certain prime numbersp
and no other congruences.

The Chinese Remainder Theorem tells us that a congruence modulo any integer
can be solved by means of congruences modulo prime powers, and the formulation
of Theorem 5.6 uses only congruences modulo primes raised to the first power.
Let us strip away the complicated setting from such congruences and see some
examples of how the use of prime powers can make a difference.

EXAMPLES.

(1) Consider the problem of finding a square root of 5 modulo powers of 2.
For the first power, we have

x2 − 5 = (x − 1)2 + 2x − 6 ≡ (x − 1)2 mod 2,

i.e., x2 − 5 is the square of a linear factor modulo 2. For the second power, the
computation is

x2 − 5 = (x − 1)(x + 1) − 4 ≡ (x − 1)(x + 1) mod 4,

andx2 − 5 is the product of two distinct linear factors modulo 4. For the third
power,x2 −5 is irreducible modulo 8 because the only odd squares modulo 8 are
±1. Thus the polynomialx2−5 exhibits a third kind of behavior when considered
modulo 8. For higher powers of 2, the irreducibility persists because a nontriv-
ial factorization modulo 2k with k > 3 would imply a nontrivial factorization
modulo 8.
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(2) Consider the problem of finding a square root of 17 modulo powers of 2.
We readily compute that

x2 − 17 = (x − 1)2 + 2x − 18 ≡ (x − 1)2 mod 2,

x2 − 17 = (x − 1)(x + 1) − 16 ≡ (x − 1)(x + 1) mod 4,

x2 − 17 = (x − 1)(x + 1) − 16 ≡ (x − 1)(x + 1) mod 8,

x2 − 17 = (x − 1)(x + 1) − 16 ≡ (x − 1)(x + 1) mod 16,

x2 − 17 = (x − 7)(x + 7) + 32 ≡ (x − 7)(x + 7) mod 32,

x2 − 17 = (x − 9)(x + 9) + 64 ≡ (x − 9)(x + 9) mod 64,

i.e., that the factorization ofx2 − 17 begins in the same way as forx2 − 5 but that
x2 − 17 continues to factor as the product of two distinct linear factors modulo
23, 24, 25, and 26. We can argue inductively that this pattern persists through all
higher powers. In fact, suppose thatx2 − 17 = (x − m)(x + m) mod 2k for an
integerk ≥ 3. Then

x2 − 17 = x2 − m2 + a2k,

andm must be odd. Then we can write

x2 − 17 = x2 − (m − a2k−1)2 + a2k(1 − m + a2k−2).

The factor(1 − m + a2k−2) is even, and this equality shows thatx2 − 17 is the
product of two distinct linear factors modulo 2k+1. This completes the induction.

One immediate observation from the two examples is that the factorizations
of x2 − 5 andx2 − 17 are the same modulo 2 and modulo 22 but are qualitatively
distinct modulo higher powers of 2. Another observation is the nature of the data
produced by the inductive argument in Example 2: For eachk, we obtain an odd
integermk such thatm2

k ≡ 17 mod 2k, and themk’s are constructed in such a
way thatmk+1 = mk − ak2k−1 if m2

k = 17+ ak2k. It follows that if l ≥ k, then
mk −ml is divisible by 2k−1, i.e., by higher and higher powers of 2 ask increases.

A first conclusion is that we get additional information by using congruences
modulo prime powers. A second and more subtle conclusion is that it would be
desirable to regard the sequence{mk} as stabilizing in some sense; then we could
regard the system of congruences modulo all powers 2k as having a single pair
of solutions that we can consider as square roots of 17. In this case we would
not have to think about infinitely many solutions to infinitely many unrelated
congruences.

The construction that is to follow in this section, which is due to K. Hensel,
will capture this information as a single “2-adic number.” Conversely the 2-adic
number carries with it the congruence information modulo 2k for all positive
integersk.
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Thus the revised method of considering congruences prime by prime will be
a two-step process, first a step of “localization” and then a step of “completion.”
In our application in Chapter V, we did not explicitly make use of localization
in the sense of Chapter VIII ofBasic Algebra, but it was there implicitly—in
Proposition 5.2 for example and in the proof of Theorem 5.6. Carrying out the
details of setting up the theory behind the two-stage process will take some work
and will occupy the first four sections of this chapter. Let us get started.

Let p be a prime number. We define a real-valued function| · |p on the field
Q of rationals as follows: we take|0|p = 0, and for any rationalr = pmab−1

with a andb equal to integers relatively prime top, we define|r |p = p−m. The
function | · |p is called thep-adic absolute valueon Q. It has the following
properties:

(i) |x|p ≥ 0 with equality if and only ifx = 0,
(ii) |x + y|p ≤ max(|x|p, |y|p),

(iii) |xy|p = |x|p|y|p,
(iv) | − 1|p = |1|p = 1, and
(v) | − x|p = |x|p.

In fact, with (ii), equality holds if|x|p �= |y|p, and the case with|x|p = |y|p
comes down to the observation thata

b + c
d = ad+bc

bd has no factor ofp in its
denominator ifb andd are relatively prime top. Property (iii) comes down to the
fact that ifa, b, c, d are relatively prime top, then so areac andbd. The other
properties follow from the first three: To see that|1|p = 1 in (iv), we observe
from (iii) that |1|p is a nonzero solution ofx2 = x and thus has to be 1. This
conclusion and (iii) together show that|−1|p is a positive solution ofx2 = 1 and
thus has to be 1. Property (v) follows immediately by combining (iii) and (iv).

Inequality (ii) is called theultrametric inequality . It implies that|x + y|p ≤
|x|p+|y|p, and consequently the functiond(x, y) = |x− y|p satisfies the triangle
inequality

d(x, y) ≤ d(x, z) + d(z, y).

Since (i) shows thatd(x, y) ≥ 0 with equality exactly whenx = y and since (v)
implies thatd(x, y) = |x − y|p = d(y, x), the functiond onQ × Q is a metric.
It is called thep-adic metric onQ.

The fieldQp of p-adic numberswill be obtained by completing this metric and
extending the field operations to the completion. Let us see to the details. Regard
the space

∏∞
j =1 Q of sequences{qj }∞j =1 of rational numbers as the direct product

of copies of the ringQ, the operations being taken coordinate by coordinate.
Then

∏∞
j =1 Q is a commutative ring with identity, the identity being the sequence

whose terms are all equal to 1.
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As is usual for metric spaces, we say that a sequence of rationals, i.e., a member
{qj } of

∏∞
j =1 Q, isconvergentto q ∈ Q in the p-adic metric if for any realε > 0,

there exists an integerN such that|qn − q|p < ε for all n ≥ N. Convergence
in this metric is quite different from what one might expect; for example the
sequence{2 j }∞j =1 is convergent to 0 whenp = 2. The sequence{qj } is aCauchy
sequencein the p-adic metric if for any realε > 0, there exists an integerN
such that|qm − qn|p < ε for all m ≥ N and alln ≥ N. Convergent sequences
are Cauchy, as follows from the inequality|qm − qn|p ≤ |qm − q|p + |q − qn|p.
Cauchy sequences need not be convergent, but every Cauchy sequence{qn} is
bounded in the sense that there is some realC with |qn|p ≤ C for all n.

EXAMPLE 2, CONTINUED. We obtained a sequence{mk} of odd integers such
thatl ≥ k implies thatmk −ml is divisible by 2k−1 andm2

k −17 is divisible by 2k.
In terms of the 2-adic absolute value,|mk−ml |p ≤ 2−(k−1) and|m2

k−17|p ≤ 2−k.
The sequence{mk} is therefore a Cauchy sequence in the 2-adic metric, and the
sequence{m2

k} is convergent in the 2-adic metric to 17.

It follows from the ultrametric inequality that the sum and difference of Cauchy
sequences is bounded, and (ii) and the boundedness of Cauchy sequences implies
that the product of two Cauchy sequences is Cauchy. Therefore the subsetR of
Cauchy sequences is a subring with identity within

∏∞
j =1 Q.

In the theory of metric spaces, one defines a suitable notion of equivalence of
Cauchy sequences, and the set of equivalence classes becomes a complete metric
space,1 any memberq of Q being identified with the constant Cauchy sequence
whose terms all equalq. With thep-adic metric, one can then prove that the field
operations extend to the completion, and the completion is the field ofp-adic
numbers. This verification is a little tedious when done directly, and we can
proceed more expeditiously by using some elementary ring theory.

Since convergent sequences are Cauchy, the setI of sequences convergent to 0
is a subset of the ringR. The sum or difference of two such sequences is again
convergent to 0, andI is an additive subgroup. We shall show thatI is in fact
an ideal inR. Thus let{zn} be convergent to 0, and let{qn} be Cauchy. Since
{qn} is Cauchy, it is bounded, say with|qn|p ≤ M for all n. If ε > 0 is given,
chooseN such thatn ≥ N implies |zn|p ≤ ε/M . Thenn ≥ N implies that
|znqn|p = |zn|p|qn|p ≤ (ε/M)M = ε. Hence{znqn} is convergent to 0, andI is
an ideal inR.

Proposition 6.1. With the p-adic absolute value imposed onQ, letR be the
subring of

∏∞
j =1 Q consisting of all Cauchy sequences, and letI be the ideal in

1This construction is carried out in detail in Section II.11 of the author’sBasic Real Analysis.
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R consisting of all sequences convergent to 0. ThenI is a maximal ideal inR,
and the quotientR/I is a field. Consequently the Cauchy completion ofQ in the
p-adic metric is a topological fieldQp into whichQ embeds via a field mapping.
If | · |p denotes the functiond( · , 0) onQp, then| · |p is a continuous extension
of the p-adic absolute value fromQ to Qp, and it satisfies

(a) |x|p ≥ 0 with equality if and only ifx = 0,
(b) |x + y|p ≤ max(|x|p, |y|p), and
(c) |xy|p = |x|p|y|p.

The subsetZp = {
x ∈ Qp

∣∣ |x|p ≤ 1
}

is an open closed subring ofQp in which
Z is dense, andZp is compact. Consequently the topological fieldQp is locally
compact.

REMARKS. The fieldQp is called the field ofp-adic numbers, and the ring
Zp is called the ring ofp-adic integers. The ringZp contains the identity ofQp.

PROOF. First let us prove thatI is a maximal ideal. Arguing by contradiction,
let {qn} be a Cauchy sequence that is not inI, i.e., is not convergent to 0. Then
there exists anε0 > 0 such that|qn|p ≥ ε0 for infinitely manyn. ChooseN such
that|qn − qm| < ε0/2 whenevern ≥ N andm ≥ N, and find somen0 ≥ N with
|qn0|p ≥ ε0. Thenn ≥ N implies that|qn|p ≥ ε0/2 because otherwise we would
haveε0 ≤ |qn0|p ≤ |qn − qn0|p + |qn|p < ε0/2 + ε0/2 = ε0, contradiction. Let
{rn} be the sequence withrn = 0 for n < N andrn = q−1

n for n ≥ N. Forn ≥ N
andm ≥ N, we have

|rn − rm|p = |q−1
n − q−1

m |p = |(qm − qn)/(qmqn)|p
= |qm − qn|p|qm|−1

p |qn|−1
p ≤ 4ε−2

0 |qm − qn|p,

and it follows that{rn}p is Cauchy and hence lies inR. SinceI is an ideal inR,
{rnqn} is Cauchy. The terms of the sequence{rnqn} are all equal to 1 forn ≥ N,
and hence{rnqn} differs from the identity ofR by a member ofI. Consequently
the identity is inI. This is a contradiction, since the members of the constant
sequence{1} are at distance|1 − 0|p = 1 from 0. HenceI is a maximal ideal,
andR/I is necessarily a field.

Meanwhile, the Cauchy completionQp of Q is the set of equivalence classes
fromR, two members ofR being equivalent if they differ by a sequence conver-
gent to 0. Consequently the Cauchy completionQp is preciselyR/I as a set. The
mappingQ → R → R/I carrying a memberq of Q to the constant sequence
{qn} with all qn = q and then fromR to the quotientR/I = Qp evidently respects
the operations and hence is a field mapping. This mapping identifiesQ with a
subset ofQp. The metricd on Q extends uniquely to a continuous function on
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the completionQp ×Qp, and therefore thep-adic absolute value| · |p = d( · , 0)

extends to a continuous function onQp.
Property (a) for the function| · |p on Qp follows from the fact that the

continuous extension ofd is a metric onQp. To see that (b) and (c) hold on
Qp, let x and y be members ofQp = R/I, and let{qn} and{rn} be respective
coset representatives of them inR. Then{qn + rn} and{qnrn} are representatives
of x + y andxy by definition, and the continuity of thep-adic absolute value on
Qp implies that limn |qn + rn|p = |x + y|p and limn |qnrn|p = |xy|p. From the
first of these limit formulas and from (b) onQ, we obtain

|x + y|p = lim sup
n

|qn + rn|p ≤ lim sup
n

max(|qn|p, |rn|p) = max(|x|p, |y|p),

since limn |qn|p = |x|p and limn |rn|p = |y|p. This proves (b) onQp. Similarly

|xy|p = lim
n

|qnrn|p = lim
n

|qn|p|rn|p = (lim
n

|qn|p)(limn |rn|p) = |x|p|y|p,

and this proves (c) onQp.
To see that addition, subtraction, and multiplication are continuous onQp×Qp,

let {xn} and{yn} be convergent sequences inQp with respective limitsx andy.
Use of (b) onQp gives

|(xn + yn) − (x + y)|p = |(xn − x) + (yn − y)|p ≤ max(|xn − x|p, |yn − y|p).

The right side has limit 0 inR, and thereforexn + yn has limit x + y in Qp. A
completely analogous argument, making use also of the equality| − 1|p = |1|p,
shows that subtraction is continuous. Consider multiplication. IfM is an upper
bound for the absolute values|xn|p and|yn|p, then use of (c) onQp gives

|xnyn − xy|p = |xn(yn − y) + y(xn − x)|p
≤ max(|xn(yn − y)|p, |y(xn − x)|p)
= max(|xn|p|yn − y|p, |y|p|xn − x|p)
≤ max(M |yn − y|p, |y|p|xn − x|p).

The right side has limit 0 inR, and thereforexnyn has limitxy in Qp.
To see that inversionx �→ x−1 is continuous onQ×

p , let {xn} be a sequence in
Q×

p with limit x in Q×
p . Since limn |xn|p = |x|p, we can find an integerN such

that|xn|p ≥ 1
2|x|p for n ≥ N. The computation

|x−1
n − x−1|p = |(x − xn)/(xnx)|p = |x − xn|p/(|xn|p|x|p) ≤ 2|x|−1

p |x − xn|p,
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valid for n ≥ N, shows that limx−1
n = x−1, and inversion is continuous. Conse-

quentlyQp is a topological field.
It follows immediately from properties (b) and (c) and from the equality

| − x|p = |x|p that Zp is a subring ofQp. SinceZp is defined in terms of a
continuous function and an inequality, it is closed. It can also be defined as
the subset with|x|p < p because thep-adic absolute value takes no values
between 1 andp, and thereforeZp is open. The most general nonzero member
of Q ∩ Zp is of the formq = a/b, wherea andb are relatively prime nonzero
integers with|a/b|p ≤ 1. Here|b|p = 1, andp cannot divideb. If k > 0 is
given, then it follows that there existsn with bn − a ≡ 0 mod pk. This n has
|n − a

b |p = |bn − a|p ≤ p−k. Soq is in the closure ofZ in Qp. In other words,
the closure ofZ containsQ ∩ Zp. SinceQ is dense inQp, Z is dense inZp.

For each integern ≥ 0, the setZp is covered by the closed balls of radius
p−n centered at the integers 0, 1, 2, . . . , pn − 1. In fact, every integerz hasz ≡
k mod pn for some integerk ∈ {0, 1, 2, . . . , pn − 1}. For thisk, |z− k|p ≤ p−n.
ThusZ is contained in the union of the closed balls of radiusp−n centered at
0, 1, 2, . . . , pn − 1. This union is closed; sinceZ is dense inZp, Zp is contained
in this union. In turn, these closed balls are contained in the open balls of radius
p−n+1 centered at the integers 0, 1, 2, . . . , pn − 1. Thus for any positive radius,
there exists a finite collection of open balls of that radius or less such that the
union of the open balls coversZp. This means thatZp is totally bounded in the
metric spaceQp. A totally bounded closed subset of a complete metric space is
compact, and consequentlyZp is compact.

Thus the 0 element ofQp hasZp as a compact neighborhood. Since addition
is continuous,x+Zp is a compact neighborhood ofx, and thereforeQp is locally
compact. �

2. Discrete Valuations

The construction of thep-adic absolute value onQ seemingly made use of unique
factorization of the members ofZ, but actually the unique factorization of the
ideals inZ would have been sufficient. Thus we shall see in a moment that the
construction extends to apply to any number fieldF as soon as we specify a
nonzero prime idealP in the ring R of algebraic integers ofF . In fact, there
is nothing special about a number field. IfR is any Dedekind domain andF is
its field of fractions, then the construction extends toF as soon as we specify a
nonzero prime idealP in R.

Before describing the extended construction, let us look at the definition of
the p-adic absolute value onQ more closely. Recall that ifx = pmab−1 for
integersa andb relatively prime top, then|x|p = p−m. Actually, the basep
in this exponential is not very important at this point, and we could have used
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any real numberr > 1 in place ofp in p−m. With this adjustment thep-adic
absolute value would have been given by|x|p = r −vp(x), wherevp(x) is the exact
net power ofp that occurs when the prime factorizations of the numerator and
denominator ofx are used. The exponentvp(x) is what is important; the baser
is unimportant.

The expressionvp(x) for Q is analogous to the order of vanishing of a poly-
nomial in one complex variable at a point, and Hensel was led to thep-adic
absolute value by carrying the notion forC[X] to the setting withQ. In setting
up a generalization, we shall work first with the generalization of the order of
vanishingvp(x), since it is the more primitive notion, and in Section 3 we shall
exponentiate to obtain a generalization of the absolute value for which we can
form a completion.

To make the definitions, it is convenient to make use of fractional ideals, which
were the subject of a set of problems in Chapter VIII ofBasic Algebra. Let us
recall the definition and the relevant properties. Again letR be a Dedekind
domain, and letF be its field of fractions. Afractional ideal of F is any finitely
generatedR moduleM . For such anR module, there exists somea ∈ R with
aM ⊆ R, and thenaM is an ideal ofR. If M is any nonzero fractional ideal,
thenM−1 = {x ∈ F | x M ∈ R} is a nonzero fractional ideal, andM M−1 = R.
With this definition and property, it readily follows from the unique factorization
of ideals inR that any nonzero fractional idealM of F is of the form

M =
l∏

j =1

P
kj

j ,

for a suitable set{P1, . . . , Pl } of distinct nonzero prime ideals ofRand for suitable
nonzero integer exponentskj . This expansion is unique up to the order of the
factors, and every such expression is a fractional ideal. It follows that the nonzero
fractional ideals form a group under multiplication. At the end of this section, we
shall mention how this group is related to the ideal class group ofF as defined in
Section V.6.

If x �= 0 is in F , then theprincipal fractional ideal (x) = x R has a
factorization as above. IfP is a nonzero prime ideal ofR, we let vP(x) be
the negative of the integer exponent ofP in the prime factorization of(x). For
example, ifx is a nonzero element ofR, thenvP(x) is a nonnegative integer. To
makevP( · ) be everywhere defined onF , we definevP(0) = +∞. ThenvP( · )
is function fromF ontoZ ∪ {+∞} such that

(i) vP(x) = +∞ if and only if x = 0,
(ii) vP(x + y) ≥ min(vP(x), vP(y)) for all x andy, and

(iii) vP(xy) = vP(x) + vP(y) for all x andy.
We shall see in Proposition 6.4 below that the effect ofvP( · ) is to pick out from
F the localization ofR at P.
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To proceed further, we abstract the above construction and see what informa-
tion we can recover from it. LetF be any field. Adiscrete valuationof F is a
functionv( · ) from F ontoZ ∪ {∞} such that

(i) v(x) = +∞ if and only if x = 0,
(ii) v(x + y) ≥ min(v(x), v(y)) for all x andy, and

(iii) v(xy) = v(x) + v(y) for all x andy.

Observe as a consequence that

(iv) v(−1) = v(1) = 0,
(v) v(−x) = v(x) for all x, and

(vi) v(x + y) = v(x) if v(y) > v(x).

In fact, v(1) = 0 follows by takingx = y = 1 in (iii), and thenv(−1) = 0
follows by takingx = y = −1 in (iii). This proves (iv), and (v) follows by
combining (iv) with (iii) for x = −1. For (vi), we havev(x + y) ≥ v(x) by
(ii). In the reverse direction,v(x) ≥ min(v(x + y), v(y)) by (ii) and (v); since
v(y) > v(x), the minimum must be the first of the two, and thusv(x) ≥ v(x+ y).

DefineRv = {x ∈ F | v(x) ≥ 0}. Property (i) shows that 0 is inRv, (ii) and
(v) show thatRv is closed under addition and subtraction, (iii) shows thatRv is
closed under multiplication, and (iv) shows that 1 is inRv. ConsequentlyRv is
an integral domain. The ringRv is called thevaluation ring of v in F .

If x is in F but is not inRv, thenv(x) < 0. This inequality forcesv(x−1) > 0,
andx−1 is in Rv. As a consequence,F can be regarded as the field of fractions
of Rv.

Let Pv = {x ∈ F | v(x) > 0}. Arguing in similar fashion, we see thatPv is
an ideal inRv. Any x in Rv that is not inPv hasv(x) = v(x−1) = 0 and is thus
a unit in Rv. In other words,Rv is a local ring withPv as its unique maximal
ideal. The idealPv is called thevaluation ideal of v in F . We writekv for the
field Rv/Pv; it is called theresidue class fieldof v.

Proposition 6.2. Let v be a discrete valuation of a fieldF , let Rv be the
valuation ring, and letPv be the valuation ideal. Then

(a) Rv is a principal ideal domain,
(b) there exists an elementπ in Pv with v(π) = 1, and any suchπ has

Pv = (π),
(c) the nonzero ideals ofRv are exactly the nonnegative integer powers ofPv

and are given byPn
v = (πn) = {x ∈ Rv | v(x) ≥ n} for n ≥ 0,

(d) the nonzero fractional ideals ofRv are exactly the integer powers ofPv

and are given byPn
v = (πn) = {x ∈ Rv | v(x) ≥ n} for n ∈ Z.

REMARKS. WhenF equalsQ andv counts the net power of a prime number
p dividing a rational number, we see by inspection that the ringRv is the local-
ization ofZ at p, consisting of all rational numbers with no factor ofp in their
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denominators. The choices2 for π in (b) are the elementsrp, wherer is any
nonzero rational whose numerator and denominator are both prime top, and the
nonzero ideals are of the form(pn) with n ≥ 0.

PROOF. The idealPv contains an elementπ with v(π) = 1 becausev( · ) is
assumed to be ontoZ ∪ {+∞}. Suppose thatx is a nonzero member ofPv and
thatv(x) = n > 0. Thenv(π−nx) = 0, and the elementsπ−nx andx−1πn lie in
Rv. Hencex = πn(π−nx) exhibitsx as a member of(πn), andπn = x(x−1πn)

exhibitsπn as a member of(x). Consequently(x) = (πn). If I is a nonzero
proper ideal inRv, then it follows thatI = πn0 Rv, wheren0 is the smallest integer
such that some elementx0 of I hasv(x0) = n0. This proves (a), (b), and (c).

SinceRv is a principal ideal domain, it is a Dedekind domain, and the theory of
fractional ideals is applicable. Since (c) shows the nonzero ideals to be allPn

v with
n ≥ 0, it follows that the fractional ideals are allPn

v with n an arbitrary integer.
For any integern > 0, we have(π−n)Pn

v = π−n Rvπ
n Rv = Rv = P−n

v Pn
v , and

thusP−n
v = (π−n). The latter ideal equalsπ−n Rv = {x ∈ Rv | v(x) ≥ −n}, and

this proves (d). �

From property (vi) it follows forn > 0 that the membersx of the set 1+ Pn
v all

havev(x) = 0. The product of two such elements is again in the set becausePn
v

is an ideal. Let us see that the multiplicative inversex−1 of a memberx of the set
is in the set. We calculate thatv(x−1−1) = v(x−1)+v(1−x) = 0+v(1−x) =
v(1−x) ≥ n. Hencex−1 is in 1+ Pn

v , and 1+ Pn
v is a group under multiplication.

It is a subgroup of the groupR×
v of units in Rv.

EXAMPLE. When F = Q and v counts the net power of a prime number
p dividing a rational number, the residue class fieldkv has p elements, with
the integers 0, 1, . . . , p − 1 being coset representatives. The groupR×

v is the
multiplicative group of rationals having numerators and denominators prime to
p. The members of 1+ Pn

v are rationals of the form 1+ pnab−1, wherea andb
are integers andb is prime top. If we write this asb−1(b+ pna), we see that the
condition on a rational to be in 1+ Pn

v is that its numerator and denominator be
prime to p and be congruent to each other modulopn.

Now we return to our first example of a discrete valuation, which was con-
structed from a nonzero prime idealP in a Dedekind domainR. We called the
valuationvP( · ). We asserted earlier that the construction viavP( · ) picks out
the localization ofR at P and the associated data. This assertion will be proved
in Proposition 6.4 below. We begin with a handy lemma.

2Some books use the term “uniformizer” or “uniformizing element” for any generatorπ of the
principal idealPv . The generators are exactly the prime elements of the ringRv .
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Lemma 6.3.Let R be a Dedekind domain regarded as a subring of its field of
fractionsF , let P be a nonzero prime ideal inR, and letvP be the valuation ofF
defined byP. Then any elementx of F with vP(x) = 0 is of the formx = ab−1

with a andb in R andvP(a) = vP(b) = 0.

PROOF. If x is an element ofF with vP(x) = 0, writex = a′b′−1 with a′ ∈ R
andb′ ∈ R. ThenvP(a′) = vP(b′) = n for some integern ≥ 0. Sincea′ andb′
are inR, (a′) and(b′) are ordinary ideals, and their prime factorizations are into
ordinary ideals. Let the factorizations be(a′) = PnQ1 and(b′) = PnQ2, where
Q1 andQ2 are products of prime ideals not involvingP. Since we are dealing
with ordinary ideals,a′ andb′ lie in Pn. Choose an elementz in the fractional
ideal P−n that is not inP−n+1. By definition of P−n, zPn is contained inR.
Henceza′ andzb′ lie in R. Write (za′) = PmQ3 and(zb′) = Pm′

Q4, where
m ≥ 0 and whereQ3 andQ4 are ordinary ideals whose prime factorizations do
not involve P. Substituting for(a′), we obtain(z)PnQ1 = PmQ3 and hence
(z)Pn = PmQ3Q−1

1 . From this expression we see thatQ3Q−1
1 is an ordinary

ideal. By definition ofP−n+1, (z)Pn−1 is not contained inR. Since(z)Pn−1 =
Pm−1Q3Q−1

1 , it follows thatm = 0. Similarlym′ = 0. ConsequentlyvP(za′) =
vP(zb′) = 0, and the lemma follows witha = za′ andb = zb′. �

Proposition 6.4. Let R be a Dedekind domain regarded as a subring of its
field of fractions F , let P be a nonzero prime ideal inR, and letvP( · ) be
the corresponding valuation ofF . If S denotes the multiplicative system inR
consisting of the complement ofP and if the localizationS−1R is regarded as a
subring ofF , then the valuation ringRvP coincides withS−1R and the valuation
ideal PvP coincides withS−1P.

PROOF. The setS consists exactly of the membersx of R with vP(x) ≤ 0.
SincevP is nonnegative onR, these are the membersx of R with vP(x) = 0.
Thus eachx in S−1R hasvP(x) ≥ 0, andS−1R is a subset ofRvP .

For the reverse inclusion, fix a memberπ of P that is not inP2. This element
hasvP(π) = 1. If x is given in RvP with vP(x) = n ≥ 0, then we can write
x = πnu for some memberu of F with vP(u) = 0. By Lemma 6.3 we can
decomposeu asu = ab−1 with a andb in R andvP(a) = vP(b) = 0. The
members ofR on whichvP takes the value 0 are exactly the members ofS. Thus
u is exhibited as the quotient of two members ofS, andu is in S−1R. Sinceπ is
in the idealP of R, x = πnu is in S−1R. HenceRvP = S−1R.

The idealS−1P is a maximal ideal ofS−1R = RvP , and we observed just
before Proposition 6.2 thatPvP is the unique maximal ideal ofRvP . Therefore
S−1P = PvP . �

Let us investigate the nature of an arbitrary discrete valuation in various settings
involving a Dedekind domain. The main general result of this section is as follows.
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Theorem 6.5.Let R be a Dedekind domain regarded as a subring of its field
of fractionsF , and letv be a discrete valuation ofF such thatR ⊆ Rv. Then

(a) P = R ∩ Pv is a nonzero prime ideal ofR,
(b) the associated discrete valuationvP defined byP coincides withv,
(c) P Rv = Pv,
(d) R + Pv = Rv, and in factR + Pn

v = Rv for every integern ≥ 1, and
(e) the inclusion ofR into Rv induces a field isomorphismR/P ∼= Rv/Pv.

PROOF. Since 1 is not inPv, the idealP in (a) is proper. Ifa andb are members
of R such thatab is in P, thenab is in Pv, one ofa andb is in Pv as well asR,
and P = R ∩ Pv is a prime ideal. The idealP cannot be 0 because otherwise
every nonzero elementx of R would havev(x) = 0, in contradiction to the fact
that F is the field of fractions ofR. ThusP is a nonzero prime ideal ofR. This
proves (a).

For (b) and (c), let us begin by showing thatvP(x) = 0 impliesv(x) = 0. By
Lemma 6.3 we can writex = ab−1 withaandb in Rand withvP(a) = vP(b) = 0.
The values ofvP show that the membersa and b of R are not inP. Since
P = R ∩ Pv, neithera nor b is in Pv. Thereforev(a) ≤ 0 andv(b) ≤ 0.
Since R ⊆ Rv by assumption,v(a) ≥ 0 andv(b) ≥ 0. We conclude that
v(a) = v(b) = 0 and thatv(x) = v(ab−1) = v(a) − v(b) = 0.

Now we can show thatv = vP and thatP Rv = Pv. The idealP Rv of Rv has
to be of the formPe

v for some integere ≥ 0 by Proposition 6.2c, and the integer
e has to be> 0 because 1 is not inP Rv. If a nonzerox ∈ R hasvP(x) = n for
some integern ≥ 0, thenx R = PnQ, whereQ is an ideal ofR whose prime
factorization does not involveP. The functionvP is 0 onQ, and the result of the
previous paragraph shows thatv is 0 onQ. Hence the members ofQ are units in
Rv, andQRv = Rv. Thereforex Rv = x RRv = PnQRv = Pn Rv = (P Rv)

n =
Pen

v , andv(x) = en = evP(x). SinceF is the field of fractions ofR, v = evP

everywhere. The image ofvP is Z∪{+∞}, and we conclude thate = 1. In other
words,v = vP andP Rv = Pv. This proves (b) and (c).

For the first conclusion in (d), we certainly haveR+ Pv ⊆ Rv. In the reverse
direction, letx ∈ Rv be given. Ifv(x) > 0, thenx is in Pv, and there is nothing
to prove. Ifv(x) = 0, then (b) and Lemma 6.3 together show that we can write
x = ab−1, wherea andb are members ofR but notP. SinceR/P is a field, we
can choosec in R with bc in 1 + P. Then

x − ac = a(b−1 − c) = ab−1(1 − bc) = x(1 − bc).

The right side is a member ofRv P, and (c) showed thatRv P = Pv. Thereforex
is exhibited as the sum of the memberac of R and the memberx(1 − bc) of Pv,
and we conclude thatR + Pv = Rv. This proves the first conclusion in (d).
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For the second conclusion in (d), we show inductively forn ≥ 1 thatPn−1+Pn
v

= Pn−1
v , the casen = 1 being what has already been proved in (d). Assume that

casen has been proved. Multiplying the equality byP and using (c), we obtain
Pn + P Pn

v = (P Rv)Pn−1
v = Pv Pn−1

v = Pn
v . SinceP ⊆ Pv, the termP Pn

v is
contained inPn+1

v , but increasing the left side in this way does not increase the
right side. ThusPn + Pn+1

v = Pn
v . This completes the induction. Using a second

induction, we show thatR+ Pn
v = Rv. We have already proved this equality for

n = 1. If we assume it forn and substitute from what has just been proved, we
obtainR + (Pn + Pn+1

v ) = Rv, and this proves casen + 1 sincePn ⊆ R. The
second conclusion of (d) thus follows by induction.

For (e), we are assuming thatR ⊆ Rv, and we have definedP = R∩ Pv. Thus
the inclusionR → Rv, when followed by the passage to the quotientRv/Pv,
descends to the quotient as a field mapR/P → Rv/Pv. By (d), any memberx of
Rv is the sum of a membery of Rand a memberzof Pv; theny+ P is the member
of R/P that maps tox + Pv in Rv/Pv. Thus the field mapR/P → Rv/Pv is
onto, and (e) is proved. �

Corollary 6.6. Let R be a Dedekind domain regarded as a subring of its field
of fractions F . If x is a member ofF such thatv(x) ≥ 0 for every discrete
valuationv of F satisfyingR ⊆ Rv, thenx lies in R.

PROOF. We may assume thatx �= 0. Write x = ab−1 with a and b in
R. Theorem 6.5 shows that the valuations in question are the ones determined
by the nonzero prime ideals ofR. If the principal ideals(a) and(b) factor as
(a) = P j1

1 · · · P jr
r and(b) = Pk1

1 · · · Pkr
r , then 0≤ vPi (x) = vPi (ab−1) = ji − ki

for 1 ≤ i ≤ r . Thus ji ≥ ki for all i , and the fractional ideal(ab−1) equals the
productP j1−k1

1 · · · P jr −kr
r , which is contained inR. Hencex = ab−1 lies in R. �

A finite field has no discrete valuations because of the requirement that the
image of a discrete valuation beZ ∪ {+∞}. If we drop this requirement in the
definition and leta be a multiplicative generator of a finite field, then any discrete
valuationv would havev(ak) = kv(a) by property (ii). Takingk equal to the
order of a and using thatv(1) = 0, we obtainv(a) = 0. Thus if we drop
the requirement about the image of a discrete valuation, the only possibility has
v(0) = +∞ andv(x) = 0 for all x �= 0. Thus this setting is not very interesting.

The settings in which discrete valuationsv are of most interest to us are the
following:

(i) number fields,
(ii) “function fields in one variable” over a base field,3

3This notion has not been defined thus far in the book but will be treated in Chapter VII. The
fields in question are finite algebraic extensions of a fieldk(X), whereX is an indeterminate andk
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(iii) fields obtained from (i) or (ii) by a process of completion similar to that
used in forming the field ofp-adic numbers.

The first of these are the initial subject matter of algebraic number theory, and the
second of these are the initial subject matter of algebraic geometry—the geometry
of curves. The third of these are used as a tool in studying the other two. Section
VIII.7 of Basic Algebraexplained parts of the analogy between the first two kinds
of fields, and that is why we treat them together. We shall use Proposition 6.7
below to determine their discrete valuations. In the case of (ii), the members of
the base fieldk are regarded as constants, and the interest is only in valuations
that are 0 onk×.

Proposition 6.7. Let R be a Dedekind domain, letF be its field of fractions,
let K be a finite algebraic extension ofF , and letT be the integral closure ofR
in K . If a discrete valuationv of K is ≥ 0 on R, then it is≥ 0 onT .

REMARKS. We make repeated use in this chapter of the fact thatT is a Dedekind
domain in this situation. This fact was proved as Theorem 8.54 ofBasic Algebra
for the case thatK is a finiteseparableextension ofF , but it is valid without
the hypothesis of separability. The result without the hypothesis of separability
will be proved in Chapter VII as part of an investigation of separable and “purely
inseparable” extensions.

PROOF. If x �= 0 is in T , then the minimal polynomial ofx over R is a monic
polynomial inT [X], and thus there exist an integern and coefficientsan−1, . . . , a0

in R such that
xn = an−1xn−1 + · · · + a1x + a0.

Properties (ii) and (iii) of discrete valuations show from this equation that

nv(x) ≥ min
0≤ j ≤n−1

(
v(aj ) + j v(x)

)
.

Sincev(aj ) ≥ 0, we obtainnv(x) ≥ min0≤ j ≤n−1 j v(x), and it follows that
v(x) ≥ 0. Thusv is nonnegative onT . �

Corollary 6.8. The only discrete valuations of the fieldQ of rationals are the
ones leading to thep-adic absolute value for each prime numberp. If K is a
number field andT is its the ring of algebraic integers, then the only discrete
valuations ofK are the valuationsvP corresponding to each nonzero prime ideal
P of T .

is a field called thebase field. At times later in the chapter, we shall be interested only in the case
that the algebraic extension is separable. It will be proved in Chapter VII that for perfect fieldsk,
this separability can always be arranged by adjusting the indeterminateX suitably.
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PROOF. If v is an arbitrary discrete valuation ofQ, then property (iv) of discrete
valuations shows thatv(−1) = v(1) = 0, and property (ii) allows us to conclude
thatv is nonnegative on all ofZ. ThusZ is contained in the valuation ring ofv,
and Theorem 6.5 applies. By (a) in the theorem, the intersection ofZ with the
valuation ideal is a nonzero prime ideal ofZ, hence ispZ for some prime number
p. Part (b) in the theorem then identifiesv as the valuation corresponding topZ.
This proves the first conclusion.

For the second conclusion, letv be a discrete valuation ofK . The restriction
to Q has to be a positive integral multiple of a discrete valuation ofQ or else a
function that is identically 0 onQ×. In either case,v is≥ 0 onZ, and Proposition
6.7 shows thatv is≥ 0 onT . If Rv denotes the valuation ring ofv andPv denotes
the valuation ideal, then this says thatT ⊆ Rv. We can therefore apply Theorem
6.5. If P is defined byP = T ∩ Pv, then (a) in the theorem shows thatP is a
nonzero prime ideal, and (b) shows thatv = vP. �

Let us now consider the fieldC(X), regarding it as having some properties in
common with the number fieldQ. We want to know whether some analog of
Corollary 6.8 is valid forC(X). The ringC[X] of polynomials is a principal ideal
domain withC(X) as field of fractions, and the prime ideals ofC[X] are all of
the form(X − c) with c ∈ C becauseC is algebraically closed. For each such
c, we therefore obtain a discrete valuationv(X−c). Are there any other discrete
valuations? If we think geometrically about this question, we can regardC(X)

as the rational functions on the Riemann sphere, and each discrete valuation
addresses the order of vanishing of rational functions at some point of the sphere.
For the points of the sphere that correspond to pointsc of C, such a valuation
picks out the power of(X − c) by which the rational function should be divided
in order to be regular and nonvanishing atc. The point∞ on the Riemann sphere
behaves differently. The usual technique in complex-variable theory is to replace
X by 1/X and examine the behavior at 0. Following that prescription, we are led
to a discrete valuationv∞ that is not of the formvP for some prime idealP of
C[X]. The definition ofv∞ on the quotientf (X)/g(X) of nonzero polynomials
is

v∞( f (X)/g(X)) = degg − deg f

with v∞(0) = +∞ as usual. The next proposition, which extends one of
Liouville’s theorems in complex-variable theory4 from C to a general fieldk,
says that there are no other discrete valuations of interest for this example.

Proposition 6.9. Let k be any field, and letF = k(X) be the field of rational
expressions in one indeterminate overk. RegardF as the field of fractions of

4For a meromorphic function on the Riemann sphere, the sum of the orders of the poles equals
the sum of the orders of the zeros.
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the principal ideal domaink[X]. Then the only discrete valuations ofF that
are 0 on the multiplicative groupk× of nonzero constant polynomials are the
various valuationsv(p), wherep(X) is a monic prime polynomial ink[X], and
the valuationv∞ that is defined on nonzero elements ofF by

v∞( f (X)/g(X)) = degg − deg f

if f andg are polynomials. Moreover, any nonzeroh(X) in F has

v∞(h) +
∑

p(X) monic
prime in R

(degp)v(p)(h) = 0.

PROOF. Let v be a discrete valuation ofF that is 0 onk×. First suppose that
v(X) ≥ 0. Being 0 on the coefficients,v is nonnegative on all polynomials. Thus
k[X] is contained in the valuation ring ofv, and Theorem 6.5 applies. By (a) in
the theorem, the intersection ofk[X] with the valuation ideal is a nonzero prime
ideal ofk[X], hence is(p(X)) for some monic prime polynomialp(X). Part (b)
in the theorem then identifiesv as the valuation corresponding to(p(X)).

Next suppose thatv(X) < 0. Sincek[X−1] hask(X) as field of fractions, the
argument in the previous paragraph is applicable, and we find thatv is the valuation
determined by the prime ideal(X−1) in k[X−1]. In particular,v(X) = −1. To
findv( f ) for a general polynomialf (X) = anXn +· · ·+a1X +a0 in k[X] under
the assumption thatan �= 0, we write f as Xn(an + · · · + a1X1−n + a0X−n).
The memberan + · · · + a1X1−n + a0X−n of k[X−1] is not divisible byX−1, and
thusv is 0 on it. Consequentlyv( f ) = v(Xn) = nv(X) = −n = − deg f . If
f andg are both nonzero ink[X], then it follows thatv( f/g) = v( f ) − v(g) =
− deg f + degg = v∞( f/g). That is,v = v∞.

To prove the displayed formula, write a given nonzero memberh(X) of F as
the quotient of two relatively prime polynomials, thus ash(X) = f (X)/g(X).
Factor the numerator asf (X) = c

∏m
i =1 pi (X)ki with c ∈ k×, and factor the

denominator similarly. Ifp(X) is a monic prime polynomial, then inspection of
the formula forf (X) shows thatv(p)( f ) iski if p = pi and is 0 otherwise. Hence∑

p (degp)v(p)( f ) = ∑m
i =1 ki degpi = deg f . Subtracting this formula and a

corresponding formula forg, we obtain∑
p

(degp)v(p)( f/g) = deg f − degg = −v∞(h),

and the result follows. �

Corollary 6.10. Let k be a field, letF = k(X) be the field of rational
expressions in one indeterminate overk, let K be a finite algebraic extension of
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k[X], let T be the integral closure ofk[X] in K , and letv be a discrete valuation
of K that is 0 on the multiplicative groupk×. Then the only possibilities forv
are as follows:

(a) v(X) ≥ 0, and there exists a unique nonzero prime idealP in T such that
v = vP,

(b) v(X) < 0, and there exists a prime idealP in the integral closureT ′ of
k[X−1] in K such thatP ∩ k[X−1] = X−1k[X−1] and such thatv is the
valuation ofK determined byP.

REMARK. The idealsP that occur in (b) are the ones in the prime factorization
of the idealX−1T ′ in T ′. There is at least one, and there are only finitely many.

PROOF. The argument is similar to the one for Corollary 6.8, except that
we have to take into account what Proposition 6.9 says whenv(X) < 0. The
conclusion is that eitherv is ≥ 0 onk[X], and then Proposition 6.7 and Theorem
6.5 show thatv is as in (a), or elsev(X) < 0, and then Proposition 6.7 and
Theorem 6.5 show thatv is as in (b). �

To conclude, let us complete the remarks about fractional ideals begun early
in this section. In the context thatR is a Dedekind domain andF is its field of
fractions, we mentioned that the nonzero fractional ideals ofF form a group. We
denote this group byI. The nonzero principal fractional ideals form a subgroup
P, andP is isomorphic to the multiplicative groupF×.

The point of the present discussion is that the groupI/P is isomorphic to
the ideal class group ofF as defined in the number-field setting in Section V.6.
Recall the nature of this group. Two nonzero idealsI andJ of R are equivalent
if there exist nonzero membersa andb of R with aI = bJ. Proposition 5.18
showed in the number-field setting that multiplication of such ideals descends to
a multiplication on the set of equivalence classes and that the result is a group.
This result holds for any Dedekind domain. The group is called theideal class
group of F ; we denote it here byC.

To verify thatC ∼= I/P, we map each idealI of R to its coset inI/P. If I and
J are equivalent ideals ofR andaI = bJ, then(ab−1)I = J, andI andJ map
to the same coset. ThusC maps homomorphically intoI/P. If I maps into the
identity coset, thenx I = R for somex ∈ F×. Writing x asab−1 with a andb in
Rshows thataI = bR = (b), hence thatI is equivalent to a principal ideal. Thus
the homomorphismC → I/P is one-one. Finally ifM is any nonzero fractional
ideal of F , then we can find somex ∈ F× with x M ⊆ R. Herex M is an ideal
of R, and the equivalence ofM andx M exhibits the class ofM in I/P as in the
image ofC. ConsequentlyC = I/P, as asserted.


