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CHAPTER X

Methods of Algebraic Geometry

Abstract. This chapter investigates the objects and mappings of algebraic geometry from a geo-
metric point of view, making use especially of the algebraic tools of Chapter VII and of Sections
7-10 of Chapter VIII. In Sections 1-1R denotes a fixed algebraically closed field.

Sections 1-6 establish the definitions and elementary properties of varieties, maps between
varieties, and dimension, all ovier Sections 1-3 concern varieties and dimension. Affine algebraic
sets, affine varieties, and the Zariski topology on affine space are introduced in Section 1, and
projective algebraic sets and projective varieties are introduced in Section 3. Section 2 defines
the geometric dimension of an affine algebraic set, relating the notion to Krull dimension and
transcendence degree. The actual context of Section 2 is a Noetherian topological space, the Zariski
topology on affine space being an example. In such a space every closed subset is the finite union of
irreducible closed subsets, and the union can be written in a certain way that makes the decomposition
unique. Every nonempty closed set has a meaningful geometric dimension. In affine space the
irreducible closed sets are the varieties, and each variety acquires a geometric dimension. The
discussion in Section 2 applies in the context of projective space as well, and thus each projective
variety acquires a geometric dimension. Moreover, any nonempty open subset of a Noetherian
space is Noetherian. A nonempty open subset of an affine variety is called quasi-affine, and a
nonempty open subset of a projective variety is called quasiprojective. Each quasi-affine variety or
guasiprojective variety has a dimension equal to that of its closure, which is a variety.

Sections 4-6 take up maps between varieties. Section 4 introduces spaces of scalar-valued
functions on quasiprojective varieties—rational functions, functions regular at a point, and functions
regular on an open set. The section goes on to relate these notions for the different kinds of varieties.
Section 5 introduces morphisms, which are a restricted kind of function between varieties. The
tools of Sections 4-5 together show that for many purposes all the different kinds of varieties can be
treated as quasiprojective varieties. Section 6 introduces rational maps between varieties; these are
not everywhere-defined functions, but each can be restricted to an open dense subset on which it is
a morphism. Rational maps with dense image correspond to field mappings of the fields of rational
functions, with the order of the mappings reversed.

Section 7 concerns singularities at points of varieties, still over thelfieldariski's Theorem
was stated in Chapter VII for affine varieties and partly proved at that time. In the current context
it has a meaning for any point of any quasiprojective variety. The section proves the full theorem,
which characterizes singular points in a way that shows they remain singular under isomorphisms
of varieties.

Section 8 concerns classification questions dvéor irreducible curves, i.e., quasiprojective
varieties of dimension 1. From Section 6 it is known that two irreducible curves are equivalent under
rational maps if and only if their fields of rational functions are isomorphic. The main theorem of
Section 8is that each such equivalence class of irreducible curves contains an everywhere nonsingular
projective curve, and this curve is unique up to isomorphism of varieties. The points of this curve
are parametrized by those discrete valuations of the underlying function field that are defirled over
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1. Affine Algebraic Sets and Affine Varieties 559

Sections 9-12 relate the general theory of Sections 1-6 to the topic of solutions of simultaneous
solutions of polynomial equations, as treated at length in Chapter VIII. Section 9 treats monomial
ideals ink[ X1, ..., Xp], identifying their zero loci concretely and computing their dimension. The
section goes on to introduce the affine Hilbert function of this ideal, which measures the proportion of
polynomials of degree s not in the ideal. In the way that this function is defined, it is a polynomial
for larges called the affine Hilbert polynomial of the ideal. Its degree equals the dimension of the
zero locus of the ideal. Section 10 extends this theory from monomial ideals to all ideals, again
concretely computing the dimension of the zero loci, obtaining an affine Hilbert polynomial, and
showing that its degree equals the dimension of the zero locus of the ideal. Section 11 adapts the
theory to homogeneous ideals and projective algebraic sets by making use of the cone in affine
space over the set in projective space. Section 12 applies the theory of Section 11 to address the
guestion how the dimension of a projective algebraic set is cut down when the set is intersected with
a projective hypersurface. A consequence of the theory is the result that a homogeneous system of
polynomial equations over an algebraically closed field with more unknowns than equations has a
nonzero solution.

Section 13 is a brief introduction to the theory of schemes, which extends the theory of varieties
by replacing the underlying algebraically closed field by an arbitrary commutative ring with identity.

1. Affine Algebraic Sets and Affine Varieties

We come now to the more geometric side of algebraic geometry. At least initially
this means that we are interested in the set of simultaneous solutions of a system
of polynomial equations in several variables. Because of the Nullstellensatz the
natural starting point for the investigation is the case that the underlying field of
coefficients is algebraically closed.

Accordingly, throughout Sections 1-6 of this chapkewill denote an alge-
braically closed field. We fix a positive integem and denote byA the polynomial
ring A = k[ X4, ..., Xp]. Typical ideals ofA will be denoted by, b, ... . We
begin by expanding on some definitions made in Section VIII.2. The set

A" ={(x1, ..., %) € k"}

is calledaffine n-space Members ofA" are calledboints in affinen-space, and
the functionsP — x; (P) give thecoordinatesof the points.

To each subse§ of polynomials inA, we associate thlocus of common
zeros or zero locusof the members o8.

V(S ={PeA"| f(P)=0forall f € S}.

Any such setV (S) is called anaffine algebraic setin A". If Sis a finite set
{f1,..., fx} of polynomials, we allow ourselves to abbrevidté{ 1, ..., fk})

1The exposition in these sections is based in part on Chapters 2, 4, and 6 of Fulton's book,
Chapter | of Hartshorne’s book, and Chapter | of Volume 1 of Shafarevich’s books.
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604 X. Methods of Algebraic Geometry
8. Classification Questions about Irreducible Curves

Sections 1-7 give the fundamentals concerning (quasiprojective) varieties over
the algebraically closed fiekl The remainder of the chapter will address aspects
of three problems:

(i) What are all varieties, or in what senses can varieties be classified?
(i) To what extent can one make computations in the subject?
(iif) What can be said when the algebraically closed field replaced by a
general commutative ring with identity?

Algebraic geometry is an enormous subject, going well beyond these problems.
For example the investigation of the nature of singularities is in itself a large
subject, with striking applications to topology and differential equations. The
use of homological methods ties algebraic geometry closely to topology and to
number theory, and these methods have bearing on the extent to which compact
complex manifolds admit the structure of projective varieties. Algebraic geometry
is an ingredient in the subject of invariant theory, which studies classical varieties
using representation theory. It is an ingredient also in the subject of algebraic
groups, which concerns varieties with a group structure in which multiplication
and inversion are morphisms.

The present section concerns the first of the three problems listed above, and
we limit our discussion tarreducible curves, i.e., to varieties of dimension 1.

We say that an irreducible curve i®nsingular if it is nonsingular at every

point. We are going to show in this section that each birational equivalence
class of irreducible curves ovércontains a nonsingular projective curve and
that any two nonsingular projective curves in the birational equivalence class are
isomorphic as projective varietié®. We also will get some information about

how this nonsingular curve in the class is related to the other curves in the class.
To a great extent the classification of irreducible curves will therefore have been
reduced to the classification of the birational equivalence classes, which Corollary
10.46 says is the same thing as a classification of the function fields in one variable
overk. We will not have anything to say about classifying the function fields in
one variable except to say that each class has a genus, according to Section 1X.3,
and that every nonnegative integer can arise as a genus, according to Example 3
of genus in Section I1X.3!

Chapter IX already contains clues about where to begin. Section IX.1 men-
tioned the relevance of Dedekind domains to the study, and Problems 5-11 at
the end of that chapter attached a discrete valuation to each nonsingular point of
any irreducible affine plane curve. The notions of Dedekind domains, discrete

18The exposition in this section is based in part on Chapter 7 of Fulton’s book, Chapter | of
Hartshorne’s book, Chapter Il of Reid’s book, and Volume | by Zariski-Samuel.
1"The subject of Teichmiler theory in effect addresses this question whea C.
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valuations, and nonsingular points are very closely related, and we begin with
some equivalences concerning them. Recall from Sections 2 and 4 that the affine
coordinate ringA(C) of any irreducible affine curv€ has Krull dimension 1.

That is, the Noetherian domai(C) has the property that every nonzero prime
ideal is maximal. We have seen that the local riflg(C) at any point is a
localization ofA(C), namely the localization oA(C) with respect to the maximal
idealmp of functions vanishing aP. Furthermore, the proper ideals of such a
localization are exactly the se®'a with a equal to an ideal disjoint from the
set-theoretic complement afp in A(C). It follows that every nonzero prime
ideal inOp(C) is maximal. This conclusion extends to the quasiprojective case
as a consequence of Proposition 10.33. Zariski’s Theorem in Section 7 shows that
nonsingularity of the poinP of C can be detected froif?p (C). Consequently

the following proposition is relevant.

Proposition 10.50.Let R be a Noetherian local ring that is an integral domain
with the property that the only nonzero prime ideal is the maximal idealM_et
be the unique maximal ideal d®, let K be the field of fractions oR, and let
F = R/M be the quotient field. Under the assumption that~ 0 and therefore
thatR #£ K, the following conditions orR are equivalent:

(a) Ris integrally closed,

(b) Ris a Dedekind domain,

(c) Ris a principal ideal domain,

(d) Ris the valuation ring relative to some discrete valuatioi of
(e) M is a principal ideal,

() dimg M/M? = 1.

REMARKS. Consider (f). To see howl/M? becomes affr vector space in a
natural way, let + M be a member o , and letm+ M? be a member o1/ M?.
Then(r + M)(m+ M?) = rm 4+ M? is a well-defined scalar multiplication of
F on M/M?, andM/M? becomes a vector space oer Nakayama’s Lemma
(Lemma 8.51 oBasic Algebrarestated in the present book on page xxiii) shows
that an equalityM N = N for a finitely generatedRk moduleN is possible only
if N = 0; sinceM itself is a finitely generatedR module, being an ideal in a
Noetherian ring, and sinckl # 0 by assumptionM? = M is not possible.
Therefore dilg M/M? > 1.

ProOF If (a) holds, therR satisfies the three conditions (Noetherian, integrally
closed, every nonzero prime ideal maximal) in the definition of Dedekind domain.
Thus (a) implies (b). A Dedekind domain with only finitely many maximal ideals
isaprincipal ideal domain by Corollary 8.62Bésic Algebraand thus (b) implies
(c). A principal ideal domain is a unique factorization domain by Theorem 8.15
of Basic Algebraand thus (c) implies (a) by Proposition 8.41B#sic Algebra
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To see that (a) through (c) are equivalent to (d), first suppose that (a) through
(c) hold. Then every fractional ideal i relative toR is of the form MK for
some integek. If x # 0is in K, then the principal fractional idealR is of the
form x R= MX for somek. Section VI.2 shows that the formuldx) = k (with
v(0) = o0) defines a discrete valuation ¢, and the definition of shows that
the valuation ring ob is R. Hence (d) holds. Conversely if (d) holds, thBns
a principal ideal domain by Proposition 6.2; thus (c) and necessarily (a) and (b)
hold.

Let us prove that (e) and (f) are equivalent. If (e) holds, then we can write
M = () for somer in R. If m+ M? is a given element ofl/M?2, thenm is
of the formm = rx for somer in R. Hence(r + M)(7x + M?) =rx + M? =
m + M2, and ding M/M? < 1. Since the remarks before the proof show that
dimg M/M?2 > 1, (f) holds.

If (f) holds, let{x + M?} be anF basis ofM/M?2. If m € M is given, then
m+ M? = (r + M)(r + M?) for somer € R. Thereforem = rz + m’ with
m e M?, and we see thatr) + M? = M. We shall apply Nakayama’s Lemma in
the local ringR/(7r) with maximal idealM /(;r) and with moduleN = M/ (rr):
Givenm € M, we expandn = rz +m withm' € M2asm=rx +Zi,j m;m;.
Thenthe equalityn+(rr) = > ; mim; in M/(r) showstham = >, m; 3, myj,
hence that the coset + () lies in ) ; (m; + ())(M/(x)). In other words,
M/(m) = (M/(x))?. Nakayama’s Lemma shows thdt/ () = 0, and therefore

= (7). Thus (e) holds.

Finally let us prove that (c) and (e) are equivalent. If (c) holds, tidras to be
principal, and hence (e) holds. Suppose that (e) holds, i.e.Mhat(x). Let |
be a nonzero proper ideal R The idealN = (N2, MK is a finitely generate®
module becausR is Noetherian, and it halgl N = N By Nakayama’'s Lemma,

N = 0. Sincel € M and sincd # 0, there exists a largest inteder 1 such
thatl € MX. Choosey # 0in | with yin M = (%) but notinMk*1 = (zk+1).
Let us writey = ax* for somea € R. Slncey is not in M1 and sinceR is
local,a is a unitinR. Hencea 'y = 7¥isin |, and thereforavk = (z*) C 1.

Since we arranged thatc M¥, we obtainl = MK = (). Thus (c) holds. O

Corollary 10.51. Let C be an irreducible quasiprojective curve okgrand
letk(C) be its function field. IfP is a point ofC, then the following conditions
are equivalent:

(a) P isanonsingular point,

(b) Op(C) is the valuation ring of some discrete valuationkdé€) defined
overk,

(c) Op(C) is integrally closed.

PROOF. Let Mp be the unique maximal ideal dp(C). Zariski's Theorem
(Theorem 10.47) shows that (a) holds if and only if diftp/M3 = 1. The
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corollary therefore follows from the equivalence of (f), (d), and (a) in Proposition
10.50, along with the observation that any discrete valuation produced by (d) has
to be 0 ork*. O

Corollary 10.52. If C is an irreducible affine curve ové&rwith affine coordi-
nate ringA(C), then the following conditions o8 are equivalent:
(@) A(C) isintegrally closed,
(b) Op(C) is integrally closed for each poift of the curve,
(c) Cis nonsingular.

ProOF If A(C) is integrally closed, then Corollary 8.48c Bsic Algebra
shows that each localizatiof?p (C) is integrally closed. Conversely if each
Op(C) isiintegrally closed and if a membérof the function fieldk(C) is given
that is a root of a monic polynomial with coefficientsAtC), thenf is a root of
the same polynomial with coefficients@y (C) and is inOp (C) becaus@p (C)
is integrally closed. Corollary 10.25 shows tHiC) = (p Op(C). Therefore
f lies in A(C), and A(C) is integrally closed. This proves that (a) and (b) are
equivalent. The equivalence of (b) and (c) follows from Corollary 10.51.

We turn our attention to constructing a nonsingular irreducible projective curve
whose field of rational functions is a given function fiédn one variable over
k. If C is any irreducible quasiprojective curve witliC) = K, then Corollary
10.51 associates a discrete valuatiofKafverk to each nonsingular point &.
To get an idea what must be like if it is to be nonsingular at every point, we
now prove a theorem in the converse direction, associating a point of the curve
to each discrete valuation &f overk.

Theorem 10.53.Let C be an irreducible projective curve with function field
k(C) equal toK, and letv be a discrete valuation & defined ovek. If R, isthe
valuation ring ofv andyp, is the valuation ideal, then there exists a unique point
P on the curve for which the maximal ideslp of Op(C) hasMp C p,.

PROOF OF UNIQUENESS Assume the contrary. IP and Q are distinct points
with Mp < p, andMgq < p,, then Proposition 10.36 constructs a functioim
k(C) with h defined atP and Q, h(P) = 0, andh(Q) # 0. This functionh
is in Mp, andh — h(Q) is in Mg. The assumed inclusions of maximal ideals
imply thatv(h) > 1 and thatv(h — h(Q)) > 1. On the other han(Q) # 0
implies thatv(h(Q)) = 0. Thus 0= v(h(Q)) > min (v(h(Q) — h), v(h)) > 1,
contradiction. O

PROOF OF EXISTENCE It is shown in Problem 12 at the end of the chapter that
any projective variety i is isomorphic to a projective variety in someP"
with n < r such thad is not contained in any subvarieffxo, . .., Xa] | X; = 0}
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with 0 < j < n. That being so, we may assume tlats a projective variety
in P" and thatC N Bj(A") # @ for 0 < j < n, whereg; : A" — P"is the
embedding defined after Proposition 10.18. L&C) = k[ Xo, ..., Xn]/1 (C)
be the homogeneous coordinate ringZgfand for eachy, let x; be the image of
X; in K(C). Sincel (C) does not contairX;, x; is not the 0 element OA?(C).
Since X; and X; are homogeneous of the same degree, each functionis a
well-defined member of the function fieldC).

Let N = max_ j v(x;/x;). Possibly by renaming some coordinaje as Xo,
we may assume that(xi,/Xo) = N for someig. Then we have (X /X)) =
v(Xi/X0) +v(Xi /Xi,) = N —v(X;,/X%) > Oforalli. Consequently each function
X /%o lies in the subringR, of k(C).

Theorem 10.20 and Corollary 10.22 show tiGt = ﬁo‘l(C) is an irre-
ducible affine curve and that its prime ideal lisCo) = ﬁg(l (C)). Conse-
quently the substitution homomorphissfj : k[Xo, ..., Xn] = Kk[X1, ..., Xq]
descends to a homomorphism E(C) = k[Xo, ..., Xa]/I1 (C) onto A(Co) =
k[ X1, ..., Xn]/I (Co) that carriesxp in A(C) to 1 and carries the members
X1, ..., Xn Of A(C) to the generators oA(Cy). The members; /X of k(C)
therefore get identified with the generators AfCp), and we conclude that
A(CO) < Rv-

Defineq = p, N A(Cp). This is a prime ideal ofA(Cp), and it pulls back
under the quotient homomorphidpXy, ..., Xn] — A(Co) to a prime idealj
containingl (Cp). ThenV (q) is an affine subvariety ofq. Since dinCq = 1,
there are only two possibilities. One is that dift) = 1, in which cas&/ (q) =
Co, § = 1 (Cp), andq = 0. The other is that diw'(§) = 0, in which case
V(q) = {P} for some pointP that necessarily lies 08. In the first casey
is 0 on every nonzero member A&{C) and hence is 0 ok(C)*, contradiction.
Thus we are in the second case. Theis maximal ink[Xy, ..., Xy], q is
maximal in A(Cp), q is the idealmp of all members ofA(Cy) vanishing atP,
andA(Cy)/q = k. If Sdenotes the set-theoretic complemeny of A(Cyp), then
no member ofS can be inp, because then + k1 = A(Cp) would be inp,,
contradiction. Thus(s) = Oforalls € S, andMp = S tmp C p,. O

Corollary 10.54. If ¢ is a rational map from an irreducible cur@ to an
irreducible projective curv€, then the largest domain on whighis a morphism
contains every nonsingular point@f. If C’ is nonsingular, theq is a morphism
from C’ into C.

PrOOF If ¢ is notdominant, then Problem 6 at the end of the chapter shows that
@ is constant. Certainly the largest domain on which a congtést morphism
isC’.

Thus suppose that is dominant. Using the notation introduced early in
Section 6, lety : k(C) — k(C’) be the associated field map of function fields.
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Sincek(C) andk(C’) both have transcendence degree 1 &vand since(C) is
finitely generated as a field ovir the fieldk(C’) is a finite algebraic extension
of the fieldg(k(C)). If v is any discrete valuation &f(C’), then it follows from
the finiteness of this extension thatannot be identically 0 op(k(C))*; in fact,
if it were identically O, then the expansion= Z}“:l cjX; of a general element
x of k(C’) in terms of a vector-space bagis, ..., xn} of k(C") overg(k(C))
would yield the inequality’(x) > min; v(X;), which cannot be true for aX.
Meanwhile, if P is a nonsingular point &', then Corollary 10.51 shows that
Op(C)) isthe valuationrindR, for some valuatiom of k(C’) overk. The maximal
idealMp of Op(C’) equals the valuation idep} of v. Since the restriction afto
o (k(C))* is notidentically 0, the restriction comes from some positive muléple
of a discrete valuation ofi(k (C)). Letvg be the corresponding discrete valuation
of k(C); this is given byvo(f) = e 2v(@(f)). Let Ry be its valuation ring and
po be its valuation ideal ifk(C); the latter is given byo = ¢~ 1(p,). Theorem
10.53 shows that there exists a unique pdinbn the curveC such that the
maximal idealMq of Oq(C) is contained irpg. That is,Mq < po = o 1(py).
Application ofg givesg(Mgq) € 3¢ (p,) € p, = Mp. Theorem 10.45 shows
that consequently is in the largest domain on whiehis a morphism and that

p(P)=Q. O

Corollary 10.55. If two nonsingular irreducible projective curves are bira-
tionally equivalent, then they are isomorphic as varieties.

ProOF. This follows by applying Corollary 10.54 twice. O

Corollary 10.56. If C is a nonsingular irreducible projective curve with
function fieldK = k(C), then the points o€ are in one-one correspondence
with the discrete valuations & defined oveik.

PrROOF This is the correspondence given in one direction by Corollary 10.51
and in the reverse direction by Theorem 10.53. O

Corollary 10.56 has a remarkable conclusion, but the corollary assumes the
existence of a nonsingular projective curve, which we have notyet proved. Inmore
detail we now know that a nonsingular pofof any irreducible projective curve
C picks out a unique discrete valuatiomf the function fieldK = k(C), namely
the one whose valuation ring is given By = Op(C), and that conversely when
C is projective, any discrete valuatiohdefined ovek picks out a certain poir®’
of C with the property tha®p/ (C) € R, . If P is nonsingular and we go through
the first step and then the second, usihg= v, we obtainOp (C) C Op(C).
Proposition 10.36 shows th& = P, and hence the second process inverts the
first. Thatis what Corollary 10.56 says. Also, we know from Theorem 10.47 that
many discrete valuations are involved in this process, since the set of nonsingular
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points of a variety is Zariski open. What we do not know is that any given discrete
valuation ovetk ever yields a nonsingular point fany curve with the function

field K. This missing piece of information will be supplied in Corollary 10.58
below. To prove Corollary 10.58, we shall make use of the following theorem,
which we need only in the case that the fikld our algebraically closed field

We postpone the proof of the theorem for a moment, and when we give the proof,
we shall give it only for the case that the fidddn the statement is algebraically
closed.

Theorem 10.57.Letk be a field, lelR = k[xy, ..., Xn] be a finitely generated
integral domain ovek, let K be the field of fractions oR, and letL be a finite
algebraic extension oK. Then the integral closuré of R in L is a finitely
generatedk module.

Corollary 10.58. Let C be an irreducible projective curve with function field
K = k(C), let P be a point ofC, and letMp be the maximal ideal o®p (C).
Then there exists a discrete valuatioof K defined ovek whose valuation ideal
py hasMp C p,.

REMARKS. This result is a supplement to Theorem 10.53. It says that the map
of that theorem, carrying discrete valuationdkotiefined oveik to points ofC,
is onto.

ProOF Without loss of generality, we may assume t8as affine. Letmp be
the maximal ideal in the affine coordinate ridgC) consisting of all functions
vanishing atP, and letS be the set-theoretic complementwf in A(C), so
thatMp = S 1mp. Evaluation atP is a linear functional orA(C) with kernel
mp, and thereforeA(C) = mp + k1. In other wordsmp and any element db
together generatd(C) as ak vector space.

If T denotesthe integral closureAfC) in K, then Theorem 10.57 implies that
T is Noetherian, and Proposition 8.45Rdisic Algebrashows that every nonzero
prime ideal of T is maximal. Hencerl is a Dedekind domain. Proposition
8.53 of Basic Algebrashows that there exists a maximal idgadf T such that
mp = A(C) N q. SinceT is a Dedekind domainy is contained in the valuation
idealp, of a unique discrete valuatianof K, andT is contained in the valuation
ring T, of v. Thusmp C p,,andS C T impliesthatv(s) > Oforalls € S. Onthe
other hand, 1 lies imp + ks for anysin S, and hence @& v(1) > min(1, v(s)).
Thereforev(s) =0 foralls € S, andMp = S~ tmp C p,. O

Corollary 10.59. If K is a function field in one variable ovérand ifv is a
discrete valuation oK defined ovetk with valuation ringR,, then there exists
an irreducible nonsingulaffinecurveC overk with function fieldK and with a
point P such thatDp(C) = R,.
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PrOOF. Choose an element of K such thatv(x) > 0. DefineR = k[Xx].
Sincev(x) # 0, x is transcendental ovér, andK is a finite algebraic extension
of the field of fractiongk(x) of R. Corollary 7.14 shows that the integral closure
T of Rin K is a Dedekind domain, and Theorem 10.57 showsThata finitely
generatedR module. Thus we can writ€ asT = Kk[Xg, ..., Xp] with X3 = X.
The substitution homomorphism witk; — x; for all j carriesk[ Xy, ..., X;]
ontoT and has a prime ideal as kernel, sincd is an integral domain. Thus
V (p) is an affine variety withl' as its affine coordinate ring. The dimension of
V (p) is the transcendence degreekobverk, which is 1 by assumption. Thus
C = V(p) is anirreducible curve. SincE is integrally closed by construction,
Corollary 10.52 shows tha& is nonsingular.

Let R, € K be the valuation ring of, and letp, be the valuation ideal. The
inequalityv(x) > 0 shows thav is > 0 on R = k[x], and Proposition 6.7 says
thatv is consequently 0 on the integral closur@ of Rin K. In other wordsT
is contained iNR,. SinceT is a Dedekind domain arifl is its field of fractions,
Theorem 6.5 shows that= p, N T is a nonzero prime=£ maximal) ideal ofT
and that the discrete valuatiog of K overk determined by coincides withv.
The maximal ideals of the affine coordinate ring of an affine variety correspond
to the points of the variety by Proposition 10.23, and thus there exists aPoint
of C such thaty is the maximal ideal off consisting of all functions vanishing
at P. The localization ofl with respect tay is Op(C) by definition and iR, by
Proposition 6.4. Therefor@p(C) = R,. O

Corollary 10.60. LetC be the irreducible nonsingular affine curve constructed
in Corollary 10.59 and having function field = k(C), and regardC as a
subvariety of its projective closuf@. Then there are only finitely many discrete
valuations’ of K defined ovek such that the unique poiftof C with Mp C p,,
whereMp is the maximal ideal o®p (C) andp,, is the valuation ideal of, lies
outsideC.

PROOF We go over the argument in Corollary 10.59 with the same element
x and with any discrete valuatiari defined ovetk such that’(x) > 0. This
inequality implies that’ is > 0 onk[x], and Proposition 6.7 then shows théts
> 0onT = A(C). ThusA(C) is contained in the valuation ririg,, of v’. Define
q = py N A(C). Arguing as in the existence proof for Theorem 10.53, we find
thatq equals the ideahp of all members ofA(C) vanishing at a certain point
P of C, and that proof then shows thetp C p,,. By unigueness in Theorem
10.53, thisP is the one and only point produced by that theorem.

In other words, the only discrete valuationsof K defined ovek for which
the pointP lies outsideC are those with/(x) < 0. Corollary 6.10 shows that
there are only finitely many of these. (]
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Let us prove Theorem 10.57, but only under the assumptiorkttsaglgebraically closed. We
need two lemmas.

Lemma 10.61.Let R be a Noetherian integrally closed domain with field of fractibngetK be
a finiteseparableextension of~, and letT be the integral closure d® in K. ThenT is Noetherian
and is finitely generated as &module.

Proor. In effect, this result was proved Basic Algebra In more detail: With the above
assumptions and also the assumption that every nonzero prime ideas shaximal (i.e., thaR
is a Dedekind domain), the proof of Theorem 8.58Bafkic Algebrashowed thafl is a Dedekind
domain. The hard part of that proof appeared in Section IX.15; it showed from the separability that
T is finitely generated as @R module, and it did not make use of the assumption that every nonzero
prime ideal ofR is maximal. Since is finitely generated anB is Noetherian, everir submodule
of T is a finitely generatedR module, by Proposition 8.34 d@asic Algebra In particular, every
ideal of T is finitely generated as aR module and therefore is finitely generated a5 module.

ConsequenthyT is Noetherian. O

Lemma 10.62(Noether Normalization Lemma). Lktbe an infinite field, leR = K[xa, ..., Xn]
be a finitely generated integral domain okeand letK = k(x4, ..., Xn) be the field of fractions of
k. Then for a suitabléd with 0 < d < n, there exist linear combinationys, ..., yq of X1, ..., Xn
with coefficients irk such thatys, ..., yq are algebraically independent okeand such that every
element ofR is integral ovek[yi, ..., ydq]. If K is separably generated ouerthen they; may be
chosen in such a way th#t is a separable extensionlofys, . .., Yd).

REMARKS. It is immediate from the conclusion thais the transcendence degreekobverk.
The lemma is a result about the extension of rings that improves upon Theorem 7.7 for fields; the
latter says that every field extension can be accomplished by a transcendental extension followed by
an algebraic extension. The present lemma says that the passage from a field to a finitely generated
integral domain can be accomplished by a full polynomial extension followed by an extension in
which each generator is not merely algebraic but actually is a root of a monic polynomial with
coefficients in the full polynomial ring.

Proor. Let| be the kernel of the quotient homomorphi&fiX, ..., Xn] = K[X1, ..., Xn].
The core of the proof involves a single nonzdra | . The idea is to replacXs, ..., Xp_1 by new
indeterminateX, ..., X],_; to make the equatiofi(xy, . .., X,) = 0 become a monic polynomial
equation satisfied by, overR' = k[ X}, ..., X _;]. Withcy, ..., ch_1 equal to members dfto be
specified later, definxe{ = Xj —CjXn for1 < j < n—1. The equatiorf (X, ..., Xn) = 0 becomes

f(X{ + C1Xn, - .-, X_1 + Cn—1Xn, Xn) = O. (%)
For a suitable choice afi, ..., ch—1, we shall show in a moment that
the polynomial (X} +c1Xn, ..., X/,_1 +Cn—1Xn, Xn) is monic inXy (%%)

after multiplication by a member & .

Assuming(xx), let us see how the first conclusion of the lemma follows by induction. dfor
n = 1, there are two cases. One case is #as a simple algebraic extension fieldlgfand then
every element of the extension figRl= K is a root of its minimal polynomial ovek. This is the
cased = 0. The other case is th#t is a simple transcendental extension, and then we can take
y1 = X1. Thisis the casd = 1.

For the inductive step, assume the first conclusion of the lemmefdr > 1,d being an integer
with0 <d <n—1. If | = 0, there is nothing to prove, sineg, ..., X, are then algebraically
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independent and the lemma follows with= nand withy; = x;for1 <j <n. If | #0,fix f #0

in |, and chooses, ..., ch_1 in k to make(xx) hold. Then(x) shows thak, is a root of a monic
polynomial with coefficients irR" = K[x1, ..., X,_4]. By the inductive hypothesis we can choose
membersyy, ..., Yy of R with 0 < d < n—1suchthat;, ..., y; are algebraically independent
overk and such that every element Bf is integral ovek[y;, ..., yj]. By transitivity of integral
dependence, every elementRf[xn] is integral overk[yj, ..., yg]. Since the definition oi(j’ in
terms ofx; shows thaR'[xn] = K[X], ..., X,_1, Xn] = K[X1, ..., Xn—1, Xn] = R, every element of
Ris integral ovek[y;, ..., ygl. This completes the induction, and the first sentence of conclusions

of the lemma is proved except fo¢x).

To prove(*x), letr = degf, and writef = h, 4+ gwith hy nonzero and homogeneous of degree
r and with degy <r — 1 (org = 0). Then

f(X1, ..., Xn) = FX 41 Xn, ..., X_1 + Ca_1Xn, Xn)
= hr(C1Xn, ..., Ch_1Xn) + (terms involving 1 X,, X2, ..., Xi~h
=hr(cy, ..., cn1, X} + (terms involving 1 Xn, X2, ..., XL™h,

Thus(xx) is proved ifcy, . . ., chn—1 can be chosen with the scalar(cy, . . ., ch—1, 1) not 0. Here the
fact thath, is nonzero and homogeneous implies thatXy, ..., Xnp—1, 1) is not the O polynomial
in K[X1, ..., Xn—1]. Sincek is an infinite field, Corollary 4.32 oBasic Algebrashows that the
evaluation mapping df[ X1, ..., Xn_1] into the algebra of functions frok 1 into k is one-one,
and therefore there exist, ..., chn—1 with hy(c1, ..., ch—1, 1) # 0. This provesx*x).

We are left with proving that iK is separably generated ovuerthen they; may be chosen with
K separable ovek(y, ..., Y4). We proceed as above but with an amended versigrsQfthat we
mention in a moment. In the induction the extra hypothesisifer 1 is that eitheix; is separable
algebraic ovek or x; is transcendental, and in both cad€ss a separable extension kfy;).
For the inductive step wheh #£ 0, Theorem 7.18 shows théty, ..., X} contains a separating
transcendence basis; possibly by renumbering the variables, we may assume that this transcendence
basisis asubset ¢%1, ..., Xn—1}. In particularx, is separable algebraic oeixs, ..., Xn—1). For
the polynomialf , we start from the minimal polynomial of, overk(xi, ..., Xn—1), next multiply
by a common denominator to get all coefficients of powerXpfo be ink[x1, ..., Xn—1], and then
replace the occurrences ®f, ..., Xn—1 by X1, ..., Xn_1. The resultisf. We choosey;, ..., y{,
as above, and the inductive hypothesis showskbdt . .., x,_,) is separable ovek(y;, ..., ¥§)-
If we can show thaky is separable ovek(x], ..., x/,_;), then we will have proved tha& is a
separable extension kfy;, ... ., y;) because of the transitivity of separability. So the induction will
be complete.

To get thatx, is separable ovet(x, ..., X/,_,), it is enough to prove that we can arrange for

Xn to be asimple rootof f(x;+c1Xn, ..., X,_1 + Ca—1Xn, Xn) )

in addition to(s). Indeed, therx, is a root of a separable polynomial oveixy, ..., X,_;) and
hence is a separable element okeéx, ..., X;,_;). The condition(t) is the same as the condition
that the derivative oft) with respect toX,,, when evaluated at,, be nonzero. Thus we want to
arrange that

frn(X1, ..oy Xn—1, Xn) + €1 f1(X1, ..., Xn—1, Xn) + -+ - + Cn—1 fr—1 (X1, . . ., Xn—1, Xn) # 0, (T1)
where the subscripts ofi indicate first partial derivatives in the indicated variables. The left side
of (11) is the sum of a constant and a linear functional on the vector space(ofall ., ch—1) in
k"=1. The constant term i$, (X1, . .., Xn—1, Xn), Which is nonzero becausg is separable over
K(X1, ..., Xn—1) and is therefore a simple root of its minimal polynomial dvexi, . . ., Xn—1). Thus
the left side of(11) is the value of a nonzero polynomig X1, ..., Xp—1) = ay + Zj”;ll aj X;
at (c1,...,Ch—1). Consequentlyxx) and (11) will hold simultaneously if we choose a point
(1, ..., cn_1) in k"1 at which the nonzero polynomig@(X1, ..., Xp—)hr (X1, ..., Xp=1, 1) is
not zero. O



614 X. Methods of Algebraic Geometry

PROOF OF THEOREM 10.57 UNDER THE ASSUMPTION THAT K IS ALGEBRAICALLY CLOSED.
The first step is to reduce to the case that K, i.e., that the field of fractions dR coincides with
L. To do so, choose a vector-space b#zis. .., z } of L overK consisting of elements integral
over R; this is possible by Proposition 8.42 Basic Algebra PutS = R[z1,...,z]. Thisis a
finitely generated integral domain overall of its elements are integral ovierand it had. as field
of fractions. The integral closure & in L equals the integral closure &fin L.

Thus we may assume th&t= k[x1, ..., Xn] is an integral domain with field of fractiorts and
that we are to prove that the integral closiiref R in K is a finitely generated® module. Letd be
the transcendence degreekofoverk. Since algebraically closed fields are perfect, Theorem 7.20
shows thaK is separably generated over Lemma 10.62 is therefore applicable, and it produces
d linear combinationgys, ..., yg Of X1, ..., Xy overk such that the subrin§ = K[yx, ..., yq] of
Ris a full polynomial ring, every element @R is integral overS, andK is a separable extension
of the fieldk(ys, ..., yd4). Since every element &f is integral overR, the transitivity of integral
dependence implies that every elementTdk integral overS. ThereforeT is the integral closure
of Sin K. Being a full polynomial ringSis Noetherian and is a unique factorization domain; the
latter property implies tha® is integrally closed, according to Proposition 8.41Bafsic Algebra
Taking Sto be the Noetherian integrally closed domain in Lemma 10.61, we se@ tisdinitely
generated as aBmodule. Sinces C R, T is certainly finitely generated as &module. O

Now we come to the main theorem of this section.

Theorem 10.63.Every birational equivalence class of irreducible projective
curves contains a nonsingular such curve, and this curve is unique within the
equivalence class up to isomorphism of varieties. Any irreducible nonsingular
quasiprojective curve is isomorphic to an open subvariety of some irreducible
nonsingular projective curve.

REMARKS. The new content of the theorem is the existence of the nonsingu-
lar projective curve. The uniqueness is immediate from Corollary 10.55. The
statement about nonsingular quasiprojective curves is a formality: Such a curve
Cy is birational to the nonsingular projective cur@eproduced by the theorem
and also to the projective closu@ of Co. The birational maps front, into
C and fromC into Cy yield morphisms fronCq into C and fromC into Cq by
Corollary 10.54; sorting out these morphisms shows @ds isomorphic to an
open subvariety of.

The idea for proving the existence of the projective curve in the theorem is to
start with any function field& in one variable ovek, take any discrete valuation
v of K defined overk (these exist as a consequence of Section VI.2), and use
Corollary 10.59 to obtain some irreducible nonsingular affine curve haiag
function field and having its local ring at some point equal to the valuation ring of
Corollary 10.60 shows that except for finitely many discrete valuations, we have
associated a nonsingular point on some irreducible affine curve in the birational
equivalence class to each discrete valuatiorKoflefined overk. Applying
Corollary 10.59 to each of these exceptional discrete valuations, we end up with a
finite set of irreducible nonsingular affine curves such that each discrete valuation
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of K overk corresponds to some point of at least one of the curves. We shall
glue together these irreducible nonsingular affine curves in a suitable fashion to
obtain the desired irreducible nonsingular projective curve.

The proof makes use of the fact that the product of two projective varieties
is a projective variety and that morphisms behave as one might expect. Let us
postpone the details of establishing a rigorous theory of product varieties, going
right to the proof of Theorem 10.63.

ProOF OFTHEOREM10.63. LefK be the givenfunctionfield, andI€t,. . ., Cy,
be the irreducible nonsingular affine curves described two paragraphs before this
paragraph. In each case the function field of the curve is isomorplic lig
some fixed isomorphism, but we shall treat this fixed isomorphism as if it were
the identity in order to avoid unnecessary complications in the notationViket
be the set of discrete valuations Kf defined overk. Forv € Vi, we write
R, € K for the valuation ring ob andp, for the valuation ideal ob.

For definiteness le€; be an affine variety i\, and letCy, ..., Cy, be the
respective projective closures 6f, ..., Cny in PX. For any pointP in Cj, let
Mp be the maximal ideal of the local rir(gp(Ej).

Theorem 10.53 gives us for eagla well-defined functiony; : Vg — C;j, and
Corollary 10.58 says thay is ontoC;. The defining property of; (v) is that
M,, ) € pu, and it follows thatd,, ) (Cj) € R,. Corollary 10.51 shows that the
inverse image undey; of any point inC; is a singleton set, and Corollary 10.60
shows that the inverse image of any point of the complementargset C;
is a finite set. LetF be the finite subseE = [, », *(Cj — Cj) of V.
Forv ¢ F, y(v) is a nonsingular point of;, and Corollary 10.51 shows that
Oy, (Cj) = R,. Hence alsoM,,,, = p,. The construction of the curves
Ci,...,Cywas arranged in such a way that

eachv € Vi hasy; (v) in C; for somej. ()

Let U be the open set & given byU; = y;(Vkx — F). The curve<; are
birationally equivalent because they all h&eas function field, and Corollary
10.54 shows that the largest domain on which the birational mapﬁ’ptn C;
is a morphism includes all the nonsingular point€ef In particular, it contains
U; = ¥ (Vk — F). If ¢ is the morphism fronU; into C4, then Proposition
10.42 shows thap; induces a homomorphisqv]fP : (’)(pj(p)(él) — Op(C)) for
P € U;. By assumption, the isomorphisph : k(C1) — k(C;j) is normalized to
be the identity. Sincg; is the field mapping corresponding to the birational map
¢j, @ is an extension of;’p. Thuse]" is the identity under our identifications:
Oy p)(C1) = Op(Cj) for P € Uj. Let P = yj(v) with v in Vg — F, and let
¢ (P) = y1(v') with v" in Vg. ThenR, = O,,1)(Cj) = Oy, (C1) € Ry, and
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it follows thatv’ = v. In particular,v” is in Vg — F, andy1(v) = ¢j (¥ (v)).
Hence

gjoyj :Vk —F — Uy  isindependent of,
and ¢j - Uj = Uy is an isomorphism

The productW = Cy x --- x Cn, is anm-dimensional closed subvariety of
Pk x ... x Pk which in turn is a projective variety &N for a suitably largeN.
Forl1<j <m,letr; : W— C;j be thej™ projection map; this is a morphism.
The setU; x --- x Uy, is an open subvariety &, and the “diagonal”

A={8(P)=(P, ;" (P),.... 0" (P))| P € Us}

of Uy x - - x Uy, is an irreducible curve isomorphic tdy. The closureC = A

is an irreducible projective curve. Itis a closed subvariet\pfand it hasA as
an open subvariety. The curgemay be identified wittJ; via the projectionr,
and we may therefore identify the function field &f which is the same as the
function field ofC, with K.

We shall show that is nonsingular. For each the restrictionrj : C — Cj is
amorphism, and the image contains all pomt& (P)) = (pj_l(P) with P € U;.
Hence it containdJj, which is an open subset &;. In other wordsz; : C —

5,— is a dominant morphism. FdP € Uj;, we haver;(§(P)) = q)j_l(P). If

Q = §(P), this says thatrj(Q) = goj_18_1(Q), from which it follows that

8 o ¢ is a two-sided inverse of; on A. Consequently the dominant morphism
7j : C — Cj is abirational map. LetV;, ¥;) be a pair in the class of the rational
mapnjfl; we may assume thaf is the largest domain i€ on WhiChnfl is a
morphism.

Let P be any point ofZ, and letMp be the maximal ideal a@p (C). Corollary
10.58 shows that there is a memberf Vi suchthaMp C p,. Choosg = j(P)
with 1 < j < msuch that (v) is inC;. Since every point of; is a nonsingular
point by construction, Corollary 10.54 shows that every poinCpfies in the
domainV; on whichy; is defined as a morphism inverting. Consequently the
open subvarietytjfl(cj) of C is isomorphic to the nonsingular irreducible affine
curveCj, and the poinP of C has an open neighborhood of nonsingular points.
SinceP is arbitrary,C is nonsingular. O

The remainder of this section develops a small theory of products of varieties
in projective spaces. Most of the proofs are left to the problems at the end of the
chapter. Itis enough to handle the product of two varieties because general finite
products of varieties can then be treated by induction.

We begin with the product of two projective spaces. et 1 andn > 1 be
integers, and puN = (m+ 1)(n+ 1) — 1 = mn+ m+ n. We shall exhibit
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P™ x P" as a projective variety iitN. To do so, we coordinatiZ&™, P", andPN
by usingx;, y;, andwjj forO0 <i <mand 0< j < n. Then

P™ = {[xo0.....Xml}.  P"={[Yo.....¥nl}.

and
]P)N = {[w007 wols ) wm,nfla wmn]}

The Segre embeddings the function

O'([XO, ooy Xm]s [Yo, - Yn]) = [XoYo, X0Y1, - - - » Xm¥n—1, XmYn],

i.e., wij = XYj. Definea € k[Woo, ..., Wnn] to be the homogeneous ideal
generated by aW; W — Wi W;. Problems 17-19 at the end of the chapter
show thato is well defined and one-one, that the imageraf V (a), and that
V (a) is irreducible. Thus the Segre embedding exhiBitsx P" as a projective
variety inPN. This variety is known as Segre variety'®

LetU € P™andV < P" be projective algebraic sets. Then the Segre
embedding carriesU x V to a subset dPN, and we wish to see thaiU x V) is
a projective algebraic set AN, Let us use the abbreviatiot = (Xo, ..., Xm).
If « = (ao,...,am) is an(m + 1)-tuple of nonnegative integers, we define
la| = ag+- - +amandX®* = Xg°- - - X2m. We definey, g, | 8], andY” similarly.
Any monomialX*Y# with |«| = d and|8| = eis said to bebihomogeneouf
bidegree(d, e). A bihomogeneous polynomiabf bidegree(d, e) is any linear
combination of bihomogeneous monomials of bidegrkes).

Thefirst observationis that any projective algebrai&sef”™ can be described
as the locus of common zeros of a vector space of homogeneous polynomials in
X of a fixed degree. In fact, we know th&tis given by the locus of common
zeros of a finite set of homogeneous polynomi&léX), ..., F (X) of various
degreedls, ..., d;. Let us say thatl = max d;. The point is thatSis given
by the locus of common zeros of a finite set of homogeneous polynomials all of
degreed. The reason is that the locus of common zerog @) is the same

as the locus of common zeros Kﬂ_dj Fi(X),..., e Fj(X). The assertion
about describing follows.

Now letU € P™ be the locus of common zeros of homogeneous polynomials
F1(X), ..., Fr(X) all of degredd, and letV C P" be the locus of common zeros
of homogeneous polynomiaG;(Y), ..., G/ (Y) all of degreee. ThenU x V
is the locus of common zeros of the bihomogeneous polynorRdlx) Gy (Y),
all of bidegree(d, e). These cannot immediately be expressed in terms of the
polynomialsW; of the Segre embedding. However, if we use the same trick
again, we can substitute thW;’s. Specifically suppose that < e. Replace

181 we form the (m + 1)-by-(n + 1) matrix whose(i, j)" entry is Wj, then an equivalent
description of the Segre variety is as the locus of common zeros of all 2-by-2 minors of this matrix.
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F1(X), ..., K (X) by a family ofr (m + 1) polynomialsF; (X), ..., F/ . 4,(X)
homogeneous of degree Then the polynomiald=,(X)G,(Y) are bihomo-
geneous of bidegreée, €). When such a polynomial is expanded as a linear
combination of monomials, each monomial kéactors from amongo, . .., Xn
andefactors from amongy, ..., Y,. We can pair the factors in whatever fashion
we want and replac;Y; by Wi;. In this way our system of bihomogeneous
polynomials can be rewritten as a system of polynomigs(W), together with
the convention thatVi; = X;Y;. Theno (U x V) is the locus of common zeros in
PPN of the polynomialdH,,(W) and the defining polynomials of the Segre variety.

Conversely if we have a projective algebraic sePM, then its intersection
with the Segre variety can be described as the locus of common zétgsqiP"
of a family of bihomogeneous polynomials (X, Y). We have only to take the
defining homogeneous polynomiats(W) and substitute the definition; =
XiY; for Wij. If H(W) is homogeneous of degres then the result of the
substitution is a polynomial bihomogeneous of bidegee).

Problems 20-21 at the end of the chapter show thatahdV are irreducible
closed sets ifP™ andP", respectively, themr (U x V) is irreducible inPN. Thus
we can meaningfully speak of projective varietie®h x P". The same pair of
problems addresses what happens for quasiprojective varieties, showimgthat
any relatively open subset of a projective varietyPith x P" is a quasiprojective
variety inPN.

Now that the notion of variety is meaningfuli" x P", with an interpretation
in PN, we can similarly translate definitions and facts about morphisms to make
them apply inP™ x P". In particular, the projection of a variety to either factor
P™ or P" is a morphism on the variety. U is a quasiprojective variety and if
p1: U — PMandg, : U — P" are isomorphisms dff onto quasiprojective
varieties inP™ andP", then the diagonalh = {(¢1(u), 92(U)) | U € U}is a
guasiprojective variety ifP™ x P", and the paifg;, ¢2) is an isomorphism of
varieties. These matters are discussed in Problem 22 at the end of the chapter.

9. Affine Algebraic Sets for Monomial Ideals

Sections 9-12 in part address aspects of the question of how much one can
make explicit computations with affine and projective varieties. As a general
rule, the tool for such computations is the theory obk8rér bases, which were
introduced in Sections VIII.7-VIII.10. The topic is an active area of continuing
research? One can think of immediate problems—such as finding the dimension
of an algebraic set, determining the radical of an ideal when the ideal is given,

19The book edited by Buchberger and Winkler contains a number of expository “tutorials” that
give an idea of the breadth of applications of the theory. The book contains also a certain number of
research papers.



