1.1 Connections and Holonomy on Principal Bun-
dles

These notes were produced as part of my preparation for my oral exam on
Riemannian and complex algebraic geometry. No claim of originality is made
and much of it is taken almost verbatim from my main references: Foun-
dations of Differential Geometry by Kobayashi and Nomizu and Compact
Manifolds of Special Holonomy. The first in particular is a gem.

Throughout this survey M will be a smooth manifold of dimension n
and G will be a Lie group.

Definition 1.1. Let M be a smooth manifold. A Principal G-bundle on M
is a manifold P with a submersion w : P — M such that there is a free
(right) G-action on P

GxP—>P
(9,p) = pg

such that the fibre of ™ over x € M is pG for any p € = *(z).

This gives us the local triviality of the bundle. If f : U — P is a section
over a small open set we can write

F:n Y U)-UxG
f(z)-g9—(z,9)

This smoothly defines a trivialisation. We note here that each fibre is dif-
feomorphic to G but is not a group as there is no distinguished identity
element.
Example The typical example (that I have seen) is as follows. If £ — M is
a vector bundle then set P to be the set of ordered bases of F, for x € M.
If dimp (E;) = k then P is a GL(k,R)-bundle over M.

If F has a Riemannian metric set F' to be the set of ordered orthonormal
bases of fibres. Then F' is an O(n)-bundle.

If G is a Lie group and H is a closed subgroup then G/H is a smooth
homogeneous space and G — G/H defines a principal H-bundle over G/H.

Definition 1.2. A connection on a principal fibre bundle P — M is a
distribution of n-planes on P. e, D, C T,P for all p € P is an n-
dimensional subspace such that m. : Dp — Tr,)M is an isomorphism and
Ry(Dp) = Dpg C TpyP. In other words, the distribrution projects to M by
isomorphisms and s Tight invariant.

7 : P — M is a submersion so 7 !(z) = pG is a submanifold of P. Also,
the map &, : G — pG by p — pg induces

Epe 1 g — T,P. (1.1)



The action is free so &« is injective. It gives an isomorphism between g
and C, = T,m~!(z) which is the tangent space of the fibre. We have the
isomorphism, since C}, =ker(,) and since ,|p, is an isomorphism,

T,P = C, & D, (1.2)

and we call C}, the vertical space and D), the horizontal space. Define wy, :
Cp — g at each point as
wpl(X) = & (X). (1.3)

This can be extended to all of T}, P by setting it identically zero on D,. Now
we can compare w, for different p’s in the same fibre. Take X € C,. Then
X = &(pgi)i=o and wy(X) = % Then,

dt t=0"
d
Rg*X = dt (Pgtg)tzo
d

= %(Pg -9 g19)1=0

d, _
s0 wpg(RpsX) = %(9 lgtg)t:O

= Ady-1(w(X)).

And, both sides are zero if X € D) so w is a G-equivariant 1-form on P with
values in g. w is called the connection 1-form.

Let P be a pricipal G-bundle on M. And let p : G —Aut(V) be a represen-
tation of G. Then we can define E = P xg V := PXV where we have the
eqgivalence relation

(p,v) ~ (pg, p(g) " *v). (1.4)

The set E is a vector bundle on M. We now make the claim that there
is an equivalence between G-equivariant functionsf : P :— V and sections
0:M — E=PxgV. Suppose f : P — V satisfies f(pg) = p(g9) ' f(p)-
Then define

c:M—>E o) =I[p f(p)] forper(x)

[p, £ (0)] = [pg, p(9) " £ (P)] = [P, £ (pg)]

so the section o is well defined. Similarly, a section ¢ : M — FE defines a
function.

In a more common formulation, connections arise as methods for differ-
entiating sections of a vector bundle. This is seen in this case by consid-
ering them as equivariant functions on P. Let f : P — V be such that

f(pg) = p(g)~'f(p). Then if X € Cp,

Xy = S pa)ics (1.5)



d

df (X) = E(f(PQt))\t:o
= L) 1)

= 2 olelemo) - 10)

= —pu(wp(X) - f(p)-

where p : G —Aut(V) is the representation and p, : g —End(V) is the
induced Lie algebra homomorphism. I'll neglect the p and say that df (X) +
w(X)f =0 for X vertical. We can extend this expression to all of T,,P by
setting

V(X)) = (df +w(-)f)(X)

for X € T,P. f is equivariant so

df (RgX) = plg)~'df(X)
and  wyg(RgeX) - f(pg) = plg) wp(X)p(9)p(9)~" f(p)
= p(g) ' wp(X)f(p)

50 Vf(RgX) = plg) 'VF(X). (1.6)

For any X € I'(T'M), a vector field on M, we can lift X to X', a horizontal
and right invariant vector field on P. If we define

Vxf=df(X') +w(X")f (1.7)

the previous discussion shows that we obtain a G-equivariant function P —
V. Hence, V gives
V:I'(TM) xT(E) - T'(E). (1.8)

This is tensorial in the first argument and is a derivation in the second.
This is consistent with our previous experience with connections on vector
bundles.

Now, given these definitions, we want to define the curvature of a con-
nection.

Definition 1.3. The curvature of a connection D with connection form w
is given as the g-valued 2-form on P,

X, Y) = du(X, ¥) + 3 [w(X), w(¥)]. (1.9)
Q can also be defined as
QX,Y) =dw(hX,hY) (1.10)

where h is the projection of X,Y onto D, the horizontal subspace. The
second of these two definitions indicates that rather than being the second



derivative obtained using a connection, the curvature is the derivative of the
connection (in some sense). The equivalence of these statements is more or
less clear when X,Y are either both vertical or both horizontal. If X € D,
is horizontal and Y € C, vertical we can extend X to be horizontal in a
neighbourhood of p and we can extend Y as

Y= %(qgtﬂt:() for all ¢ € P. (1.11)
Then wy(Y) = %(gt)h:o is constant in q. Then
do(X,¥) = S(Xu(¥) - Yu(X) - w(X,Y])
= Sre(Xx.Y)

since X is horizontal and w(Y') is constant. Now, Y; = £ (gg;)|¢=0 s0 ¢¢(q) =
g9+ = Ry, q is the local flow of Y. Hence,

Y, X]p = %1_1)% 1/t[pe (X ) — X)] (1.12)

If X, ,p) € ng;1 then Ry, . X _; € Dy so 1/t[puX_ — Xp] € D) for all ¢
so [X,Y], € Dy so w([X,Y]) = 0. This means that the first definition for Q
vanishes if one of the arguments is vertical. From the definition the second
must also vanish in this case. The other thing we must note at this stage is

that the form € is also equivariant under the adjoint action of G. That is,
for X,Y € TP,

(RIQ)4(X,Y) = Quy(Rg.X, Ry.Y)
= g7'Q(X,Y)g
SO R;Q = Ad,Q.

These statements come from the fact that the connection form w and the
bracket on g are Ad-equivariant. What this amounts to is that the curvature
defines a section (cf. equivariant function) of the vector bundle Ad(P). This
is the vector bundle P X g with typical fibre g where G has the adjoint
representation.

We can also see that this is consistent with our previous concept of
curvature of connections on vector bundles. Take X,Y € I'(T'M). We
can lift them to vector fields X', Y’ € TI'(TP). Also, since m, X' = X and
Y =Y, m[X"Y'|=[X,Y]so [X,Y] lifts to [X',Y']. f o - E=PxgV
we can obtain a G-equivariant function f: P — V. And,

R(X,Y)O’ = Vvao' - VwaO' - V[X,y]O'. (1.13)
Also, Vyo =Y'f + w(Y')f and
VxVyo=X"Y'f+ X' (w()f) + wX)Y'f +w(X)w¥')f (1.14)



so with a little cancellation we obtain

RX,Y)o = (XY —Y'X)f + (X'w(¥") = Y'w(X)f + (w(X")w(¥")
—w(Yw(X)f - [XY'f —w(X" Y']))f
= 2dw(X",Y") +1/2[w(X"),w(¥Y")]) S

so R(X,Y)(p) is the endomorphism 2Q,(X,,Y;) so the two concepts of cur-
vature coincide up to a fixed constant.

Definition 1.4. A piecewise smooth curve v : [0,1] — P is called horizontal
if /' (t) € Dy ide., is a horizontal vector for all t.

Proposition 1.1. For any piecewise smooth curvey:[0,1] - P andp € M
with w(p) = y(0) there is a horizontal curve ¥ : [0,1] = P with moy =7
and 7(0) = p.

Proof. We can take the tangent vector field to v and lift the vectors to
be horizontal vectors in each distribution space above 7. Extend to a vector
field in a neighbourhood and then observe that the integral curve to this
vector field, passing through p must be a horizontal curve that projects onto
Y- O
Then, let 7 : [0,1] = M be a path with y(0) = v(1) = z. ~ lifts to ¥4
into P with %(0) = p € 7~ 1(z). H(1) = ¢ is also in 7~!(z) so ¢ = pg for
some g € G. This allows us to define the holonomy group of a connection.

Definition 1.5. Let # : P — M be a principal G-bundle over M and
D ={D,} a connection on P. Letp € P. Then,

Holy(P,D) = {g € G;p can be joined to pg by a horizontal curve in P}.

Take g1,92 € Holp(P,D). Then there exist 7,7, such that v,(0) =
v2(0) = p and v;(1) = pg;. Then define,

B (1-2t)g; " te0,1]
® ‘{ G- gt te L] (1.15)

Since the ; are horizontal and the distribution is G-invariant, the curve =y
is horizontal, starts at p and ends at pglg;1 S0 glggl € Hol,(P,D). It is
thus a group.

This can be brought to be consistent with our previous experience. A
typical example is of a vector bundle ¥ — M with Riemannian metric, ie
an inner product on each fibre. Set F' to be the set of ordered orthonormal
bases of the fibres of E. This defines a principal O(n)-bundle over M. Let V
be a connection consistent with the metric. Then parallel transport around
a closed loop in M sends one orthonormal basis,call it e, for E to another.
This defines an orthogonal matrix (since it is an orthogonal transformation
that sends a specific basis to another). The set of such transformations is
the group Hol.(F,V) C O(n).



Definition 1.6. The restricted holonomy group at p is given as

Holg(P,D) = {g € G;p can be joined to pg by a horizontal curve vy in P
satisfying w oy : [0,1] = M is null-homotopic.}

This is the group of holonomy transformations arising from the lifts of con-
tractable closed paths in M. This too is a group.

A path v : [0,1] = M based at x = 7(p) defines P, € Holy(P, D) and
a homotopy F : [0,1] x [0,1] — M of v to a constant path lifts to P, , a
path in Holy(P, D) linking Py, = P, to Py, = Id. Thus Holg(P, D) is path
connected. We can quote a theorem of Yamabe: A path-connected subgroup
of a Lie group is a connected Lie subgroup. A Lie subgroup in this context
means the image of an injective immersion. It may not be embedded or a
closed submanifold. Hence, H olg(P,D) is a connected Lie subgroup of G,
although it may not be closed in G if it is not an actual submanifold.

From this point I will assume that H olg(P,D) is a closed subgroup of
G. 1 will refine the definition I made earlier. Define an equivalence relation
~ on P. Say that p ~ ¢ if and only if p and ¢ can be joined by a piecewise
smooth horizontal curve. p and ¢ are not necessarily in the same fibre over
M. According to this definition,

H = Hol,(P,D) = {g € G;p ~ pg}.

If F — M is a Riemannian vector bundle with metric connection V and
F' is the frame bundle of E, parallel translation of an orthonormal basis at
x € M gives another orthonormal basis, perhaps of a different vector space.
However, it may not be the case that every two orthonormal bases can be
connected in this way.

If M is path connected, the restriction m : Q — M is surjective. Also,
if g € H and ¢ € Q we must have that p ~ pg and p ~ ¢ so pg ~ gg and
p ~ qg by transitivity. In other words, () admits an action of H coming
from the restriction of the action of G on P. Furthermore, if ¢;,¢2 € @ lie
in the same fibre of the projection w, g1 = gog for g € G. We will see that
g is in fact in H. There must exist horizontal curves 71,y linking the ¢; to
p. Then define,

_ 2(2t) t€[0,1]
() = { nE@ 209 te b D

This is a piecewise smooth horizontal path in P connecting p and pg—'. We
must have that ¢g~!, and so g also, lies in H. This means that a fibre of
the projection 7|g is precisely an orbit of H on Q. If we assume that H is
closed in G, @) is a submanifold of P. This, with a little more work, shows
that @ is a principal fibre bundle with fibre H. @ is called the holonomy
bundle of P, D (based at the point p).



We now consider the connection distribution again. Take V' € D, C T, P.
Let «y : [0,1] — P be such that Z—z\t:o = V. Assume that +y is horizontal.
Then, necessarily, y(t) € @ for all t. so V € T,Q. In other words, D, C
T,Q. The distribution is H-invariant and 7Q.Dy = T ,yM so D defines a
connection on the holonomy bundle Q. Now, the fibre 7 !(z) = H and so
for ¢ € 71 (x)

T,(r~"(z)) & bol,(P,D) C g.

Where h = hol,(P, D) is the Lie algebra of H. The connection defines the
connection 1-form w given earlier. w : T,P — g restricts to w : T,() — b.
We have thus proven:

Theorem 1.2. Let P be a principal G-bundle over M and D = {Dp} a
connection on P. Let p € P and let () = @), be the holonomy bundle of D
through p. Then for any q € Q, the curvature 2-form

1
Q=dw+ E[w,w]

takes values in hol,(P, D) ® N T,Q

This needs to be stated delicately because if p is chosen differently, the
group H = Holy(P, D) and H-bundle @ can be affected (not very much but
a little bit). There is at least a partial converse to this statement, in that
the holonomy group consists of no more than elements of this form.

Theorem 1.3 (Ambrose-Singer). Let P be a principal G-bundle over
M. Let D be a connection on P, Q the curvature 2-form. For p € P
let H = Holy(P,D) be the holonomy group of P and D, based at p and
let Q be the holonomy bundle with structure group H. Then, hol,(P, D) is
the subspace of g spanned by elements Qy(X,Y) for ¢ € Q and X and Y
horizontal vectors in Dy.

Proof. This will be proven in esentially four parts. In the first we will
define a subspace g’ of hol,(P,D) and show that it is an ideal. We will
then define a distribution on the manifold ) and show that it is smooth.
In the third part we will show that the distribution is integrable and finally
consider the maximal integral submanifolds of the foliation to show that
g'=h.

We can suppose that we are already on the H-bundle Q. Let g’ be the
subspace of h = hol,(P, D) spanned by elements Q,(X,Y) as above. We
have seen that the curvature form satisfies

(R;Q)q(XaY) = qu(Rg*X’Rg*Y)
= Ad,1(2(X,Y))



for X,Y € D,, which is equivalent to saying that if X,Y are horizontal lifts
of vector fields on M, Q(X,Y’) defines an Ad-equivariant h-valued function
on P. Take X = %|t=0 € h and take Y = Qu(V,W) € g¢’. Then,

1
(X,Y] = }grég[Adqu—Y]
1
0 [X,9,(V,W)] = lim = [Ady+ (@(V, ) — (VW]
—
1
= }1_1)% Z[qu(Rg*Va Rg*W)) - Qq(Va W)

so since Qgq(RgV, Ry W), Qq(V,W) € ¢’ for all ¢, the final expression is in
¢’. Hence, g’ is an ideal in b.

Recall that the group H acts on (). Then for any A = %h:o we can
define the vector field A* by

¢ = g =0

for all g. The vector field is defined as A — {q — {4« A} as we mentioned
earlier. This defines an isomorphism between h and the vertical subspace.
This isomorphism is inverted by w : Ty(7~!(z)) — . We can now define the
distribution S on ). At g € @ set §; C T5Q to be the subspace spanned by
all horizontal vectors X, and the vertical vectors A for A € ¢ C h. Suppose
that A1,..., A, span ¢’ and X1,...,X,, span the horizontal spaces locally.
Then the A7, X; provide a smooth basis for S at each point so S is smooth.
To show that it is integrable it is sufficient to show that [A], A7],[A;, X;]
and [X;, X;] lie in Sg. In the first case it is clear since g’ is an ideal of b
and [A}, A7] = [A;, A;]". In the second case we refer to equation 1.12 where
we saw that for such vertical and horizontal fields the braket [A}, X;] is
horizontal since the distribution is H-invariant and the flow of the field A}
is just right translation by a one parameter subgroup of H.

In the last case we only consider the vertical component of [X;, X;] since
we obviously know that the horizontal component is in S;. For a pair of
horizontal vector fields we have Q(X;, X;) = —sw([X;, X;]) = w([Xi.X;]") €
g’ so necessarily, [X;, X;]” € S;. Hence, the distribution is integrable.

Now we consider the maximal interal submanifolds of the foliation pass-
ing through p. Every point in the holonomy bundle () can be connected to p
by a horizontal path. The distribution contains all the horizontal subspaces
so any horizontal path much be contained in a maximal submanifold. This
means that every point in @) is contained in the submanifold containing p.
The submanifold must equal ) so in particular have the same dimension.
Hence the vertical part of S, = g’ equals Ty(w !(z)) = hol,(P, D). Ie,
g’ C hol,(P, D) have the same dimension so must be equal. O



