
Sheaves and Cohomology
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The leitmotiv

• Sheaves are local data

• cohomology is a tool to extract global 
information from local data

Let me spell out what this means. 
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Sheaves are local data

Sunday, June 26, 2016



Sunday, June 26, 2016



If you think about, you will see that this is what
local ought to mean.

Sunday, June 26, 2016



Sunday, June 26, 2016



There are zillions of other important examples.
I will give several used by 

Xavier Gomez-Mont in his lecture yesterday
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Cohomology
Comology exists only for sheaves of abelian groups:

We will define Čech cohomology.
This only works for paracompact spaces.
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Getting rid of the cover
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The meaning of the
direct limit
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Exact sequences
The work horse of cohomology theory is the long

exact sequence associated to a 
short exact sequence of sheaves.
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One way to say that a sequence

F
f→ G

g→ H

is exact is to say that it is

exact on stalks:
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Stalks tend to be ridiculously big.
For locally constant sheaves, no problem.

But germs of holomorphic functions are convergent 
power series (already scary), and germs of smooth

functions and continuous functions are hard to imagine.

Another way is to say that for any
U ⊂ X, the map g ◦ f : F(U) → H(U)

is the 0 map, and
∀U ⊂ X, ∀α ∈ G(U) with g(α) = 0, ∀x ∈ U

there exists a neighborhood V ⊂ U of x
and β ∈ F(V ) such that

f(β) = ρUV (α).
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Let X be a topological space, and CX be the
sheaf of complex-valued continuous functions.

Let C∗
X be the sheaf of non-vanishing
complex valued functions.

The sequence

0 → ZX → CX
f �→e2πif

−→ C∗
X → {1}

is a short exact sequence of sheaves.

An important example

If X is a complex manifold, we could do the same
with analytic functions:

0 → ZX → OX → O∗
X → 1.

It is amazing how much one can get from the
associated long exact sequence
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Let 0 → F → G → H → 0
be a short exact sequence of sheaves.
There is then a long exact sequence

0 → H
0(X,F) → H

0(X,G) → H
0(X,H) →

→ H
1(X,F) → H

1(X,G) → H
1(X,H) →

→ H
2(X,F) → H

2(X,G) → H
2(X,H) →

→ . . .
Of course, the long exact sequence comes

from the diagram of complexes

0 → Ci−1(U ,F) → Ci−1(U ,G) → Ci−1(U ,H) → 0

0 → Ci(U ,F) → Ci(U ,G) → Ci(U ,H) → 0

0 → Ci+1(U ,F) → Ci+1(U ,G) → Ci+1(U ,H) → 0

↓ ↓ ↓

↓ ↓ ↓
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But the lines are not exact on the right!
The connecting homomorphism can only be

constructed after refining the cover.
The long exact sequence exists only for
cohomology, after taking the direct limit

over open covers.

Essentially all the long exact sequences
of cohomology are special cases of this one.

For instance the long exact sequence of a pair.
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The sequence
0 → GX/Y → GX → GX

Y → 0
is a short exact sequence of sheves.

Let Y ⊂ X be the inclusion of a closed subset.

Let G be an abelian group. Define the sheaves on X
GX

Y (U) = GX(Y ∩ U),
GX/Y (U) = {α ∈ GX(U) | α|U∩Y = 0.

It isn’t completely obvious that this is true.
It definitely requires that Y be closed.

The associated long exact sequence is well-known:
0 → H

0(X,Y ;G) → H
0(X;G) → H

0(Y ;G) →
→ H

1(X,Y ;G) → H
1(X;G) → H

1(Y ;G) → . . .
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G_{X/Y}

Another example:
let X be a compact Riemann surface of genus g.

Consider the short exact sequence
0 → ZX → OX → O∗

X → {1}.

The associated long exact sequence is
0 → Z → C → C∗ →

→ H
1(X;Z) → H

1(X;OX) → H
1(X;O∗

X) →
→ H

2(X,ZX) → 0.

The top line is exact by itself.
The next two lines contain most of

the theory of compact Riemann surfaces
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H
1(X;ZX) ≡ Z2g is embedded as a lattice

H
1(X;OX), which is a C-vector space of dimension g.

in

The map H
1(X;O∗

X) → H
2(X,ZX) ≈ Z

is the first Chern class, and H
1(X;O∗

X)
is the Picard variety, i.e., the set of isomorphism classes

of analytic line bundles on X.

The kernel of this map, i.e., the set of analytic
line bundles of chern class 0, is (by exactness)

the quotient H1(X;OX)/H1(X;ZX).
It the the quotient of a vector space by a lattice,
i.e., a complex torus called the Jacobian of X.

Making sense of all this is
what Riemann surface theory is about.
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