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3 Equations:

Navier-Stokes, Euler and Boltzmann

Ouy +uy - Vuy —vQAuy, +Vp, =0 V-u=0,

ou+u-Vu+Vp=0 V- -u=0,

1
O F 4+ v - VyF, = B(F..F
€Otfe + v~ Valke Knudsen(e) (Fe, Fe)




4 Numbers

The Mach number, the Reynolds number, the Knudsen number and the
Strouhal number.

The Mach number is the ratio of the characteristic velocity of the Fluid with
respect to the sound speed, the Strouhal number gives the time scale.

The above Navier-Stokes is often called incompressible because of the
relation

V-u=20.

However it is mostly used to describe fluctuations of velocity, density and
temperature near equilibrium at low Mach number.



The Reynolds number which appears in Navier-Stokes in general is not the
real viscosity of the fluid but a rescaled viscosity adapted to the size of the
fluctuations of the velocity therefore it is given by the formula:

UL

R —

Vphysical
In all practical applications R is very large therefore v is very small.

Bicycle 102 Industrial fluids (pipes ships...) 10%, Wings of airplanes 10°,
Space Shuttle102, Weather Forcast, Oceanography 1010, Astrophysic
1012,

It would be natural to study the limit v — 0 in equation (1)) or even to put
v = 0 and then consider the Euler equation...

Things are not so simple.



The Euler equation derived by Euler (1755) is a fantastic object for mathe-
matics.

e It may in the absence of boundary contribute to the understanding of the
Navier-Stokes equation (Clay prize!).

e It is with the natural boundary condition » - w = 0 locally in time a well
d

posed problem for smooth initial data: ug € C1*(Q) oru € H§+1(Q) in

any space dimension.

e Not well posed in C%% on can construct simple example on solutions
which at time ¢t = 0 belong to C%% and which do not belong to this space
for any other time.



e One has a general construction of “wild solutions " Scheffer, Shnirelman,
De Lellis and L. Szkelyhidi. Moreover this construction share much in
common with the problem of the isometric imbedding Cohn-Vossen ver-
sus Nash-Kuiper.

e There is a notion of critical index

dtz/ u(z, ) %da + (V 1 (u®u),u) =0

(V: (u@u),u)| ~ /Q 'V3u3de = V3u € L3(Q) = energy conservation

Rigorous proof (with Besov spaces) that solutions more regular than %
conserve energy. Constantin E Titi.



e It is definitely not a physical object.

If the air around a wing is described as a solenoidal, with no vorticity |,
solution of the 3d Euler equation there is no force on the wing and plane
or birds cannot fly.

This is the d’Alembert paradox and one of the main reason for the intro-
duction of the Navier-Stokes equations.

With viscosity they take in account the boundary effect or say the produc-
tion of vorticity at the boundary.
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Euler, D’Alembert, Navier and Stokes



Statistical theory of turbulence ~ L2 weak convergence.

<UV®UV> 7é <UV><UV> ~ Uy Q Uy #U_I/@)U_V
O< lim(uy —up) @ (up —up) = lim uy ® uy — Uy ® uy Reynolds S.T.
v—0 v—0

0 < e = v{|Vuy|?) ~ Z//Q |Vuy|?dz: Kolmogorov hypothesis

(lu(x +7) — u(w)|2>% ~ (u(|Vu|2>)%|r|%KoImogorov law




Claim it is in the presence of boundary that the relation between turbulence
en energy dissipation is the most evident
Smooth solutions of Navier-Stokes equation with boundary condition

at'U/y _I_ Uy - Vuy — VA'U/I/ _I_ pr =0 |n Q2
uy -1 = 0,v(0zuy + C(x)uy)r + Aupy = 0 on 92
AMv,z) > 0! C(z) € C(R" — R"™)

e A\ = oo < Dirichlet, (C =0,A=0) = uy -7 = 0and (Ozuv)r = 0.

e With S(uy) = %(Vuy + Vtuy) and u, - 7 = 0 other similar conditions:

(S(uy) - @)y = (Omun)r — (VI - up)r = v(S(uy) - 7)r 4+ Auy = 0,



Trace theorem and energy estimate

li 2 2 5
S5 Jo @ ) Pde v [V Pde+ [ A@) (.0 Pdo
— V/@Q C(ul/)TquO'

/ luy (z, ) |2de < eC”t/ lug(z)|?d

th/ uv (2, t)‘zde“”/ |V“V|2d$+/ A(@)|uy (2, t)[?do

— V/ C(UV)TUVdU — 0.
0



Emphasis on smooth solution of Euler equation and fixed initial data.

e Energy estimate = weak convergence u, —

ou+Vuu+Vuu) —Vau)+Vp=0
0< Ii_r>n0(u,/—u)®(uy—u) = (u®u)— (w®u) =RT

e RT Reynold stress tensor of Kolmogorov STT (u ® u) — (u) ® (u)
e 0O =TRT < u weak solution of the Euler equation

e Assume that u, — (weak)u smooth solution of the Euler equation then:

| tu(@,00)Rde > tim [ jun(a,)Pde > [ fate,)Pde = [ ju(e,0)/%

T
:>/O (v /Q \Vuy\Qda: -+ /aQ)\(:U)]uV(a:,t)\Qda)dt =0



e There is a common belief that turbulence would be characterized more
by decay of energy than loss of smoothness for the Euler equation. There-
fore the issue is the converse of the above statement:



The notion of dissipative solution for the Euler Equation

S(w) = %(w F (Vo)) G+ Plw- Vw) = E(x.t) = E(w)

P Leray Projection P(w-Vw) =w--Vw+ Vg
1,
in Q2 — Aqg = Z@xiw&cjw; On o2 8—6_]’ =w-Vw- -n= —Zwiwjaxjﬁi.
] i,]
u a smooth solution:

oou+V-(u®@u)+Vp=0,Vu=0,u-m=20,
ow—+w-Vw—+Vg=F

1 5
Q/Qt|u(x,t) —w(x, )] < /O /|(E(a:,s),u(:c,8) — w(x, s))|dzds
—|—/O /Q |(u(x,s) —w(x,s)S(w)u(x,s) —w(x,s))|dxds

1 2
+5 /Q u(z,0) — w(z,0)|2dx .



Hence the definition of a dissipative solution as a divergence free tangent
to the boundary vector field which for any test function w as introduced
above satisfies the relation: Hence the stability of dissipative solutions with
respect to smooth solutions and in particular the fact that whenever exists
a smooth solution u(x, t) any dissipative solution which satisfies w(.,0) =
u(., 0) coincides with u for all time.

However it is important to notice that to obtain this property one needs to
include in the class of test functions w vector field that may have non O
tangent to the boundary component.



Convergence of the solution of Navier Stokes to a Dissipative solution.

Oruy + uy - Vuy — vAQAuy + Vp=0
w —vAw + w - Vw + Vg = E(w)

§£|U/y($,t) — w($at)|%2(§2) T 1/|Vu;/(t)|%2(Q)

< [(S(w) : (uy —w) ® (uy —w))| + [(E(w), uy — w)|

+v(Vu, V’UJ)LQ(Q) + v(0zup, uy) + v(Ozuw, w)LQ(aQ))

with all types of BC <

(S(w):(uy — )@ (1 — w))|+I(E(w), uy — )|+ 1B, w) 1250y +0(v

With no boundary convergence (modulo subsequence is always true). No

hypothesis on the existence of a solution of Euler...Even with very bad (De
Lellis-Szekelyhidi) initial data .



With BOUNDARY
In comparison with:

uy — smooth sol. < IIm (1// |Vu,/|2d:v—|—/ A(v)|up(z, t)|2da)dt = C

v—0

/o /89 A(V)|uy(z,t)|do)dt < \/W(/O /89 AW [uw (2, ) [Pdodt) 2

Theorem Convergence to a dissipative solution:

. . . 0 .
1 In any case, in particular Dirichlet (%)T — 0in D' (092x]0,T])
n
2 For Fourier-Navier A(v)u, — 0 : in D' (02x]0,T[) — 0

3\ 0 or A(v) bounded and A t)|?dodt — 0
(v) — 0 or A(v) bounded an - (V) |up(x, t)|“dodt —

4 In any case Kato lim v Vuy(z,t)|2dedt — O

v—0 / /Qm{d(x,89)<z/}



Proof of Kato argument For any w € T'(02x]0,T[) introduce a se-
quence wy (s, 7, t) (in geodesic coordinates near 02 ) with

supportw, C 2,x]0,T[,V -wy, = 0, on 9002x]0, T[wy, = w
C

|v7,th|Loo <, |8swV|LOO < —
v
From
(0,wy) = ((Qruy + V(uy @ up) — Auy + Vpp)wy) =
—(uy, Orwy) + ((uy @ uy) : Vwy) +v(Vuy, Vwy) — (Vﬁﬁuyw)Lg(an]O’T[
= |(Vaﬁuvw)L2(an]o,T[)| — |((UV Q@ uy) - V'w,/)l ~+ o(v)

Poincaré estimate and a priori estimate

T
= |((uy @ up) : Vwy)| < C’/O / v|Vuy|?dzdt — 0



Kato: Prandlt..Boundary layer, Kelvin Helmholtz, Von Karman vortex street.



For A\(v) — oo(= oo) Kato theorem is the only existing result, leaving
open the final issue.

To consolidate the fact that this is the correct point of view and that the
boundary condition is the good one one can argue that the introduction
of a microscopic derivation based on the Boltzmann equation leads to the
same results.




The Boltzmann Equation with accomodation

Fe(x,v,t) solution in €2 x R of the (rescaled in time) Boltzmann equation:

1
O+ F, Vo Fe = B(Fe, F
€eOiFe + v xle Knudsen(e) ( € 6)

with Maxwell Boundary Condition forv -7 < Ointermofv -7 > 0

F (2, v)=(1—a(e)) FT (2, v*)+a(e) M (v)vV2r /v v AIFT (, v)do

O<al(e) <1,v"  =v—-2(w- -n)i =R(),

1 P2 .
M) = Tl /\(qb)z\/Z/Rg(von)+qb(v)M(v)dv.

A1) = 1(probal)  Fy (,0) = (1 - a())FF (2, R(2)) + (A




Analysis Theorem
e Scaling and convergence low Mach number:

1
EatFE —|— v - v;cFe — 61—_|_qB(F€, Fe)

F(2,0) = (1= a()FH @, R(M) + a(OAG)

Fe — GGM('U) — (1 + Ege)M('U)
v 1 _|v—egm\2 1
1,euin 1™ 3¢ — 3¢
T (2n)2 (2m)2




e Theorem In a periodic box T3 (no boundary and ¢ > 0 Saint-Raymond
(2003) Let F¢ be a family of renormalized solutions in €2 x R? of the Boltz-
mann equation:

eatFE + vaFE — 61_|_qB(F€7 FE)
with initial data
1 _\v—euin|2 i
Fe(x,v,0) = My _ in 1 =—3¢€ 2, V-u"(x) =0.

3

(27)2
Then the family (£ [ vFedv) is relatively compact in w—L>®(R; L*(T3))
and each of its limit points is a dissipative solution of the 3d Euler equation.



e Forg =0 ,uc = %fRQ vFedv converges to a Leray solution of Navier-
Stokes with the boundary condition:

7=0 and v((Vu+ Vi) -n)r+Iu=0

1
im 29 Birichiet o tim 449 — o

V2me—0 € ce—0 €

With no boundary: Formal proof B. Golse Levermore (1991), Complete
results with Di Perna Lions solution Golse Saint Raymond (2009).

With boundary effect:

Aoki, Inamuro, Onishi (1979) Stationary solution linearized regime and
Hilbert expansion; Masmoudi Saint Raymond for Mischler solutions to-
wards Leray solutions. General formal proof C.B., Golse, Paillard.



The Formal Proof

Start from the moment equation in gc multiply by w ,V-w =0,w-n = 0.
(090 + Vo {A()ge) = 0, A(0) := 0™ — ZJof?

8; /Qw - (vge) +/ W %(A(v)g&da _ /Q Vw : %(Age)da: =0

Lot (AWgdde =22 [ (e w)mgd = S [

—/ Vw : — Age / Vuw : (u®2 — ve?3(u))dx

u - wdo

_ /Q Vuw (u®2 —vel>(u))dx = /Q w(—velvAu+ V(uQ u))dr

— e3> (u)n - wdo
02



Energy Balance Versus Entropy Dissipation:

S o o DPdaty [ [VuPds + [ AW, ) Pdo = o(v)

€0y /RQ(FE |Og(ﬁ) — Fe+ M)dv+ Vy /an((Fe |Og(ﬁ) — Fe + M)dv

v

1
T /UB(FE, F.)log(F.)dv = 0.

For renormalized solutionS'
1 d

SCHFMIM) + / / DE(F.)dvdv,do + DG <0

DE(F)(v,v1,0) = Z(F F| — FF)) 1og(F'F| — FF)b(|v — v1], o)

DG(F) = /R3v RH(Fo|M)dody

v



The Darrozes-Guiraud local entropy

h(z) = (14 2)log(1 +z) — 2)
V27DG = /R3v RH(F|M)dody =
@/R%v CAH(M(1 4+ eg) | M)dv = @/Rg v - FM (V)1 + ege)dv
= @/ﬂ@@ ) L M () h(ege(v))dv — \/%/R3(v 7)1 M (0)h(ege(Rv))d
= A(h(ege)) — AN(R[(1 — ale))ege + a(e)A(ege)])
A(h(ege(v))) — h(A(ege(v))))

> a(e) >0




Hence the final entropy estimate:

;diH(Fe(tﬂM) + 14 /Q/Rg» DE(F.)dvdvydo
1ale) 1
59 [ I (0))) ~ (Ao @)))do < 0.

Compare formally to energy with g = (Fe — M)/ M — u - v

2dt/ u (@, t)|2dx+”/ |V“V|2dw+/ AW |up (2, 1) |2do — O

EidiH(Fe( t)|M) — ——/ lu(x, t)|2d:1:

~ 4 1,12
eq‘|‘4 /Q/Rf; DE(Fe¢)dvdvido >~ € I//Q|Vu—|—v u|“dx

1
5 [, INC(ege())) = (A (ege()))do = | fuc(a, 1) ?do
ale) 1

e Vor s ~ \elv)




Entropic convergence to a regular Euler solution =
1
i /Q/Rg DE(F.)dvdv,do
1ale) 1
[A(h(ege(v))) — R(A(ege(v))))]do — O

+€2 e V2w JOQ
Theorem Sufficient condition for the convergence to Euler:
1 im 49

c—0 €

o(e) §C<ooandi2/
€ e< JO2x]0,T

Conjecture (Kato!)

1 T
€q+4/o /Qﬂ{d(a:,aQ)Séq)} R3

O

2 [ACh(ege(v))) — h(A(ege(v))))]ldodi — O

DE(F¢)dvdvidodt — O




Proof uses Laure Saint Raymond argument. Simpler assuming local con-
servation of moment. Focus on the terms coming from the boundary. In-
troduce a divergence free tangent to the boundary smooth vector fields
w(x,t).

1 1 2
E—QH(M(17€uO,1)|M(1’€w,1)) — E/Q |um — ’UJ(CI}, O)l dx

1 1 w2
—H(Fe\M(l ew.1)) (1) ——H(Fe\M)(t)-l-/ (7 — —w)Fe(t x,v)drdy

2€2dt/ /Fe(t z,v)(2w? — 2ev - w)dxdv

— / /8,510 (w — —U)Fe(t,m,v)d:vdv

—|—/ ( at/Fe(t z,v)dv — — /3tFe(t x v)vdv)



For Oy [ Fe(t,z,v)dv and 0 [ Fe(t, z,v)vdv use the local conservation
laws :

In the first term appears the conservation of mass:

/89 /Rdv - Fe(t,z,v)dvdo = O :

1 1 1
| 5w?r [ etz v)de = == | Zw?Vs- [ Rtz v)vdvde
1
— —/Q/(fu - Vzw) - wFe(t, x,v)dvdr
€
1 1
——/ da—wQ/ v-MF(t,z,v)dv =
e /o2 2 R4

1
— /Q/—(v - Vaw) - wFe(t, z,v)dvdx .
€



In the second term appear the boundary effects:

w w
— [ = foFt e vydv = || 5 [ VeF(t o v)e @ vdv =

_e% /Q /(v -Vz)w - vFe(t, z,v)dvdr + /89 eiz / Fe(t,z,v)(w-v) (1 -v)dvc

Since w is tangent to the boundary one has for x € 0€2:

;Q/Fe(t,x,v)(w-v)(fi-v) _

046(26) /Fe(t, z,v)(w-v)(7-v)pdv =

1 a(e)
NoT N(ege(x,v,t)(w-v)).




Therefore one obtains:
1d
_2£H(F€|M(l,ew,1))(t) +

€

1 1 «a(e)
DE(F.

e4ta ( 6)_l_\/27r e3 JoQ

< /Q /(8tw + w - Vw)(w — E)Fe(t, x,v)drdv —

/ /(w - B)va:w(’w — E)Fe(t, x,v)dxdv
Q € €

1 «a(e)

o1 €2 Joa

A(h(ege(v))) — h(A(ege(v)))) | do

_|_

NA(ege(x,v,t)(w-v))do .



The exotic terms coming from the boundary are

1 ae)
Good N A(h(ege(v))) — h(A(ege(v)))) | do
1 a(e)
Bad N 8Q/\(ege(x,fu,t)(w-fu))da.

The bad has to be balanced by the good.



Proposition
Vn >0
[ Alegelt,z,0))(w - v)do < (- +
02 n

+Con /89 /R3 Fe(v - fig)?dvdo

nC(w)

) . A(h(ege) — h(eNge)do

With n = 2e¢
a(e)
€2 JoQ

<(1+ QGC(w))O;(;) | Mh(ege) — h(ehge)do

6) RN
F. . dvd
€ /39/]1%3 (v - fiz)"dvdo

N(ege(t, z,v))(w - v))do

(87

+C>




With ) o

1 jH(F€|M(1 ew 1))(75) < / /(c%w + w - Vw)(w — —)Fe(t x,v)drdv

—/ /(w — —)Vg;w(w — —)Fe(t, x,v)dxdv + o(e)
Q € €
Then (cf. Saint Raymond) for

1
u=lim — vFe(x,v,t)dv
e—0 € JR3

%815 /Q lu(z,t) — w(w,t)|2 + /(u(wﬂf) —w(z,t)S(w)u(z,t) —w(z,t))dz
< /(E(ac, ), ulz, t) — w(z, t))ds .



Proof of the Proposition 2 steps
e Symmetry: A(A(ge)(w-v)) =0

Legendre duality between

[(ege — N(ege)))
= h((ege — A(ege)) + A(ege)) — h(A(ege)) — R (A(ege))(ge — N(ege))

and its Legendre transform:

*(p) = (1 + A(ege)) (el —p— 1)



(ege(t, z,v) — A(ege))(w - v)) = %(ege(t, z,v) — N(ege)) (nw - v))

< ;(h((ege — A(ege)) + A(ege)) — h(A(ege)) — h'(A(ege)) (ge — /\(ege)))

(eIl — o] — 1)

‘|‘(1 + /\(ege)) "
AR (A(ege)) (ge — /\(ege)l)) =0 Proba!
NA(ege(t, z,v))(w - v))) < ;(/\(h(ﬁ(]e))_h((/\(€9€))‘|‘770(w)(1‘|‘/\(€ge))



o Step 2
1 4 A(ege)d

aQ( + A(ege)do

<C//\ ) — h(eNge //€.~2

=1, (h(ege) — h(eNge)do + Co . R3F(U Tiz)“dvdo
Proof With Ge = Fe/M and ¢ = [(v - 7)3 A 1Mdv

[ (1 + Alege)do = /m A(Ge) /(v )% A LdvM (v)doy

=1+ 1>
—\ 2
/aQ /R3 MG GG -1 - )3 A TM (v)dowdu

_|_
/89 /]12{3 MELig /e -11<p(v- )% A 1M (v)dozdu



h(z) = (z+1)log(z+ 1) —z,h(z) > h(]z]) and h is increasing on R
1 _\2
I < @/asz /Rg/\(Ge)h<|Ge//\(Ge) _ 1|) (v- )3 A 1M (v)dogdy

1 S
< Wf)/asz /R?)/\(Ge)h(Ge//\(Ge) _ 1) (v - )4 M (v)dosdy

= h(ﬁ) /89 /R3 ( Elog(/\(Ge)) _GE_I_/\(GE)) (v - n)—|—M(U)d0'azd’U
1

~ h(B) Joo

A(h(ege) — h(eN(ge))do



For Io with 8 < 1

|Ge/N(Ge) — 1] < B = (A(Ge)) < Ge

1-p

Hence
—\ 2
Iy = /8{2 /Rg NG, na)—11<p(v - )2 A LM (v)dogdu

1 _
< 13 /89 /R3 Ge(v - n)?l_ A 1M (v)dozdv

< 1—5/<’9£2/IR%3F€(U n)_|_daxdv

Use trace theorems introduced by Mischler!!!



Proposition With @ — A\ < oo the convergence to zero of the Darrozes
Guiraud entropy implies the convergence to a dissipative solution.

Proof Just show that in this case the term

(26) /(99 N(ege(t, z,v))(w - v))do

€

«

goes 1o zero.



Starting from
Vn >0

1
Joo Mgt 0)) (w0 < €472 | A(h(ege) — h(eAgodo

+C2n /39 /R3 Fe(v - ﬁx)zdvda

nC(w)

5" [, Nilege) — h(eNge)do = d(e) + 0 n=eD(e), g((?)

ag | | Mege(t.a,v)) (w - v))do < ( g((i))

> 0

+ C(w)ed(e)D(e))

«

6) . 2
+ 5 ; D(e) /89 /R:” Fe(v - 1ig)“dvudo .

And the conclusion follows.



Thanks for the invitation,

Thanks for listening

And Happy Birthday Dennis.



