
Dennisfest, Stony Brook, May 27, 2011Quantum Riemann surfa
es related to Shr�odinger equation solutionsLeonid Chekhov (based on papers with B. Eynard and O. Mar
hal)
• Methods of 
onstru
ting the 1/N-expansion in matrix models; �topologi
alre
ursion�

• General topologi
al re
ursion; symple
ti
 invariants
• The β-ensemble and Ri

ati equation: �Quantum� algebrai
 geometry: holomorphi
di�erentials, A- and B-
y
les, symmetri
 forms
• Fu
hsian systems, AGT, and all
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Matrix models is a te
hnique for 
omputing �a
tion fun
tionals� and 
orrelationfun
tions appearing in physi
s and appli
ations. Loosely speaking, main idea is torepla
e fun
tionals of 2 variables with matri
es with two indi
es.The Einstein a
tion in 2D gravity (over all possible metri
s and topologies)
∫
dge−κ

∫ √−gd2x = eFis approximated by the sum over triangulations of surfa
es of all genera,

··· ···
···
··· ··· ··· ·········
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We represent triangulation by fat graphs...

··· ···

···
··· ··· ··· ···

······

the dual to whi
h are des
ribed by the Hermitian matrix model integrals
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't Hooft idea of 1/N expansion. We redu
e the matrix integral

∫

N×N
DH e−N tr V (H) ≃

∫

N
Dλi∆(λ)2e−N

∑N
i=1 V (λi) = e

∑∞
h=0N

2−2hFh, V (x) =
d+1∑

k=1

1

k
tkx

k

to the N-fold integration over the eigenvalues λi of H, ∆(λ) =
∏
i<j(λi − λj) Thegenus-h 
ontributions Fh to the free energy F 
ome with the fa
tors N2−2h. Weassume that as N → ∞, the asymptoti
 distribution of eigenvalues ρ(x) = Im y(x)spans n = g + 1 intervals providing the spe
tral 
urve�a hyperellipti
 Riemannsurfa
e possibly with double points.

x

Im y

s1 s2

µ1
•

µ2
•

µ3
•

µ4
•

F0 � satis�es equations of the Whitham�Kri
hever hierar
hy and WDVV w.r.t. siand tk [I.Kri
hever'93℄ [L.Ch., A.Marshakov, A.Mironov, D.Vassiliev℄'03 5
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Besides the free energy, obje
ts of main interest are the 
orrelation fun
tions, orresolvents. one-point resolvent is a 1-di�erential W1 ∈ Ω1

W1(x) =
t0
N

〈 N∑

i=1

1

x− λi

〉
dx, W1(x) =

t0
x

+
∂

∂V (x)
F =

t0
x

+
∞∑

k=1

k

xk+1

∂F
∂tk

dxobtained from F by the a
tion of the loop insertion operator. Correspondinglythe t-point resolvents (t ≥ 2) are symmetri
 t-di�erentials Wt ∈ Ωt

Wt(x1, . . . , xt) = N t−2

〈
tr

1

x1 −H
· · · tr 1

xt −H

〉

conn

dx1 · · · dxt

Wt =
∂

∂V (x1)
· · · ∂

∂V (xt−1)
W1(xt)(�conn"means the 
onne
ted part of a 
orrelation fun
tion). All the W 's admit thegenus expansions Wt(x1, . . . , xt) =

∑∞
h=0N

−2hW
(h)
t (x1, . . . , xt).

∂

∂V (λ)
: Ωt 7→ Ωt+1
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• Loop equation expresses invarian
e of the integral under the 
hange of integrationvariables δλi = ǫ 1
λi−x and is exa
t (generating fun
tion for Virasoro 
onditions):

W2
1 (x)−V ′(x)W1(x)+

〈
tr
V ′(x)− V ′(H)

x−H

〉
+

1

N2
W2(x, x) = 0, W1(x)

∣∣∣∣
x→∞

=
t0
x
+O(x−2).Disregarding the 
orre
tion term, for W (0)

1 (x) = y(x)+V ′(x)/2 we obtain algebrai
equation determining the hyperellipti
 spe
tral 
urve:
y2(x) =

1

4
V ′(x)2 + P

(0)
d−1(x) ≡ U2d(x), y(x) =

√
U2d(x).We look for Wt that solve the 
orresponding loop equations

8



The ��at� variables tk, si are: tk = res∞x−ky(x), k ≥ 0; si = ∮
Ai
y(x)dx.Variations w.r.t. the ��at� variables are algebro-geometri
 obje
ts:

∂y(x)dx

∂si
= ωi �
anoni
al holomorphi
 di�erential, ∮

Ai
ωj = δi,j.

∂y(x)dx

∂tk
= vk �Whitham�Kri
hever meromorphi
 di�'s, vk|x→∞

∞
= ±xk−1+O(x−2);

∮

Ai
vk ≡ 0.

We also have exa
t Seiberg�Witten equations� ∂F
∂si

=

∮

Bi

∂F
∂V (x)

dx

9



2-point 
orrelation fun
tion. Universality property.For P and Q point on the spe
tral 
urve, B(P,Q) is the Bergmann bi-di�erentialsymmetri
 in P ↔ Q, 
anoni
ally normalized, ∮AiB(·, Q) = 0, and su
h that
B(P,Q)

∣∣∣
P→Q

=

(
1

(ξ(P) − ξ(Q))2
+O(1)

)
dξ(P)dξ(Q),with no other singularities.Riemann bilinear identities: ∮BiB(z, x) = wi(x); 1

k resz=∞ z−kB(z, x) = vk(x)=
∂y(x)dx
∂tk

;then

∂

∂V (x)
W

(0)
1 (y) =W

(0)
2 (x, y) = B(x, ȳ)is the two-point 
orrelation fun
tion. It depends ONLY on the Riemann surfa
e.(ȳ is the point on the se
ond sheet of the hyperellipti
 Riemann surfa
e).
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3-point 
orrelation fun
tions are originated from Rau
h variational formulas:
∂
∂µα

B(x, z) = 1
2B(x, [µα])B(z, [µα]),

∂

∂V (x)
W

(0)
2 (y, z) = W

(0)
3 (x, y, z) =

∮

CD

B(x, ξ)B(y, ξ)B(z̄, ξ)

dy(ξ)dξ

=
2g+2∑

i=1

res

µi

dEξ,ξ̄(x)B(y, ξ)B(z̄, ξ)

(y(ξ)− y(ξ̄))dξ
=

∮

CD

dEξ,ξ̄(x)B(y, ξ)B(z̄, ξ)

(y(ξ)− y(ξ̄))dξ
, dEξ,ξ̄(x) =

∫ ξ

ξ̄
B(•, x)

where dEξ,ξ̄(x)

(y(ξ)−y(ξ̄))dξ is the re
ursion kernel: If
(y(ξ)− y(ξ̄))W

(h)
n+1(ξ, J)+Pol(h)(ξ; J) = W

(h−1)
n+2 (ξ, ξ, J)+

′∑

r,I⊆J
W

(r)
|I|+1

(ξ, I)W
(h−r)
n−|I|+1

(ξ, J/I),then

W
(h)
n+1(ξ, J) =

∮

CD

dEξ,ξ̄(x)

(y(ξ)− y(ξ̄))dξ

[
W

(h−1)
n+2 (ξ, ξ, J)+

′∑

r,I⊆J
W

(r)
|I|+1

(ξ, I)W
(h−r)
n−|I|+1

(ξ, J/I)
]
.We therefore express 3- and higher-point 
orrelation fun
tions and all its
orre
tions in terms of one- and two-
orrelation fun
tions in the leadingorder: y(x) and B(x,z). 11



Graphi
al representation for the a
tion of ∂/∂V (x):
∂

∂V (x) y z
=

y

z

x

• ξ
∂

∂V (x)
•

y z
= • •

x

y
ξ z

= B(y, z),
y z

= dEz,z̄(y),
y z

• =
∮
CD

1
(y(ξ)−y(ξ̄))dξ
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Feynman-like diagrammati
 te
hnique (in terms of standard graphs!)
W

(1)
1 (x) = x

η

(
W

(0)
2 (η, η)

)
= x

η

W
(1)
2 (x, y) = ∂

∂V (y)
W

(1)
1 (x) =

ξ η

x

y

+

η ξ

x

y

W
(2)
1 (x) = x

η

([
W

(1)
1 (η)

]2
+W

(1)
2 (η, η)

)

= x +x +x

13



Iterative solution of the loop equation (in the graphi
 form):
W

(h)
n+1(x0, J)

x1...

x0

...

xn

=

W
(h−

1
)

n
+
2

(ξ
,ξ
,J

)

x1...

x0

...

xn

+
∑′
r,I

W
(r)
|I|+1

(ξ, I)

W
(h−r)
n−|I|+1

(ξ, J/I)

I

x0

J/I

W
(h)
n (J) 
omprises all the diagrams n external legs and h loops su
h that

• segregating one variable x0 we take all the maximum 
onne
ted rootedsubtrees 
omposed from re
ursion kernels (arrowed propagators) that starts atthe vertex x0 and does not go to any other external leg; this subtree establishes apartial ordering on the set of verti
es that determines the order of doing integralsover CD at these verti
es;
• all other propagators: h inner propagators and n− 1 remaining external legs are

B(x, y) (blue lines); only verti
es 
omparable in the partial ordering sense 
an bejoint by B(x,y). 14



Symple
ti
 invariants (free-energy terms) Fh [L.Ch., B.Eynard℄'05The new operator H• is inverse to the loop insertion operator, H• : Ωt+1 7→ Ωt,
H · ϕ := res∞x

V (x)ϕ(x)− res∞x̄
V (x)ϕ(x) + t0

∫ ∞x̄

∞x

ϕ(x)dx+
g∑

i=1

si

∮

Bi
ϕ(x)dx,

A
tion of H•:

• •

H

x
ξ y

= − •
x y

H

z

x

•
ξ

= 0

HxB(x, z) = −y(z)dz, HxdEξ,ξ(x)dx =

∫ ξ

ξ
y(ρ)dρ

∂

∂V
◦H• −H• ◦

∂

∂V
= Id, HzW

(h)
2 (x, z) = −(2h− 1)W

(h)
1 (x),

Fh =
1

2− 2h
Hx ·W (h)

1 (x).

15



We then have the diagrammati
 expression for Fh with h ≥ 2; for example

2 · F2 = 2 • +2 • +1 •

•

= B(x, z)dxdz

=
∫ z dξB(x, ξ)dx

=
∑
j res∣∣∣µj 1

y(x)dx

=
∑
j res∣∣∣µj ∫ x y(ξ)dξy(x)dx[green arrows indi
ate the order of taking residues℄

x z

x z

16



Same te
hnique works for��nding Fh in the two-matrix model (here Σ is an arbitrary algebrai
 
urve)[B.Eynard, L.Ch., N.Orantin℄'06

∫
DH1DH2 e

−N tr(V1(H1)+V2(H2)+H1H2)

�topologi
al re
ursion for holomorphi
 anomalies; KP hierar
hies (generalized Kontsevi
hmodel); plane partitions; generating fun
tions for Hurwitz numbers and more [B.Eynard, N. Orantin, M. Mari�no et al℄Generating fun
tion for simple Hurwitz numbers [Bou
hard, M. Mari�no℄: Lambertfun
tion x= yey (has just one bran
hing point)
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The (Wigner) β-ensemble model

∫

N
dxi |∆(x)|2β e−

N
√
β

t0

∑N
i=1 V (xi) β =





1/2 � orthogonal matri
es1 � Hermitian matri
es2 � symple
ti
 matri
es ,For arbitrary β and any potential for whi
h V ′ is a rational fun
tion [thisin
ludes the AGT-
onje
ture 
ase℄, we know the answer for Fg,k, where
F =

∞∑

g,k=0

N2−2g−k(
√
β −

√
β−1)kFg,k.A general pro
edure of �nding Fg,k in the β eigenvalue model using Feynman-likediagrams was developed in [B.Eynard, L.Ch.℄'06There is no obvious interpretation in terms of �triangulations� of Riemann surfa
es,whi
h exists for β = 1 (the Hermitian matrix model).
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Quantum surfa
es = nonperturbative solutions of the β-eigenvaluemodel[L.Ch.,B.Eynard,O.Mar
hal℄'09-10 ÒÌÔ February 2011.
• The loop equation again expresses invarian
e under the 
hange of integrationvariables δxi = ǫ 1

xi−x and is exa
t

W2
1 (x)−V ′(x)W1(x)+

〈
tr
V ′(x)− V ′(H)

x−H

〉
+

1

N
(
√
β −

√
β−1)W ′

1(x)+
1

N2
W2(x, x) = 0.We in
orporate the term withW ′

1(x) into the leading order. This results in resummationof the asymptoti
 series for Fg,k in k.

For W (0)
1 (x) = y(x)+V ′(x)/2 we obtain Ri

ati equation determining the spe
tral
urve:

y2(x)+~y′(x) =
1

4
V ′(x)2+Pn−1(x) ≡ U(x), where we identify ~ = (

√
β −

√
β−1)/N.Solution is y(x) = ~ψ′(x)/ψ(x), where ψ(x) solves the S
hr�odinger equation

~
2ψ′′(x) = U(x)ψ(x).with V ′(x) = 2

√
U(x)+. 19



• We 
annot satisfy asymptoti
 
onditionsW (0)
1 (x) ∼ t0/x+O(x−2) in all dire
tionsif we take just one solution ψ(x), so de�ne W (0)
1 (x) se
torwise:

y(
α
x) := W

(0)
1 (

α
x) = ~

ψ′
α(x)

ψα(x)
+
V ′(x)

2
, for x ∈ Sα.

• Stokes Se
tors We 
hoose the fun
tion ψα(x) to be a unique solution ofthe S
hr�odinger equation that de
reases at the αth se
tor bounded by the linesRe V (x) = 0,

•
• • •

••
••

••
••

••
••

•
•••

• •••
• •
•

•
isolatedzeros

no zero 
on
entration
20
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• •
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•
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on
entration

ψ0

∞1

∞7

integration 
ontour for ψ0pulled from in�nities
21



The 
ontour CD and the set of A- and B-
y
les

• The 
ontour CDThe integration 
ontour CD: ∮
CD � the analogue of res|∞

ψ0

ψ2

ψ4

ψ6

∮

CD
f(x)dx ≡

∑

α

∫ ∞α+1

∞α−1

f(
α
x)dx 22



To obtain A-
y
les, we �protrude� integration 
ontours to make them runningbetween in�nities �in pairs�:

∮

Ãα
f(x)dx

def
=

∫ ∞α̃+

∞α̃−

(
f(
α+
x )− f(

α−
x )
)
dx+

∑
res

s
(α±)

i (α)

f(
α±
x )
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To obtain A-
y
les, we �protrude� integration 
ontours to make them runningbetween in�nities �in pairs�:

• •
•

•

Ã1

Ã2

Ã3

∮

Ãα
f(x)dx

def
=

∫ ∞α̃+

∞α̃−

(
f(
α+
x )− f(

α−
x )
)
dx+

∑
res

s
(α±)

i (α)

f(
α±
x )
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B-
y
les are, as usual, �dual� to A-
y
les:

B̃1

B̃2

B̃3

• •
•

•

∮

B̃α
f(x)dx

def
=

∫ ∞α+

∞α−
(f(

α+
x )− f(

α−
x )) dx,

29



Variations of the resolvent w.r.t. ��at� 
oordinates, whi
h 
omprise
• �lling fra
tions

ǫi =
1

2iπ

∮

Ãi

y(x)dx
def
=

∫ ∞ĩ+

∞ĩ−

(
y(
i+
x )− y(

i−
x )
)
dx,

The di�eren
e y(i+x )− y(
i−
x ) =

Wroni+,i−
ψi+

(x)ψi−(x)

de
reases exponentially in se
tors wherethe both solutions ψi+ and ψi− in
rease so we 
an integrate it with any polynomialfun
tion.

• times of the potential

tk =
∮

CD
y(x)x−kdx, k = 0,1, . . . .

For any in�nitesimal polynomial variation U(x) → U(x) + δU(x) we have

~δy(
α
x)′ +2y(

α
x)δy(

α
x) = δU(x); δy(

α
x) =

1

~ψ2
α(x)

∫ x

∞α

ψ2
α(x

′)δU(x′)dx′.

30



• First kind fun
tions wk(αx). Let hk, k = 1, . . . , d− 1, be a basis of polynomials ofdegree ≤ d− 2. Then

δǫky(
α
x) = wk(

α
x) =

1

~ψ2
α(x)

∫ x

∞α

hk(x
′)ψ2

α(x
′) dx′with the same polynomial hk(x′) for all the sheets and with the 
anoni
al normalization

∮

Aα

wk(x) dx = δk,α k, α = 1, . . . , d− 1;

wk(
α
x) has double poles with no residues at the zeroes of ψα and behaves like

O(1/x2) inside all the se
tors in
luding the se
tor Sα (so it 
an be integratedover any 
y
le!)

• The Riemann matrix of periods

τj,i
def
=

∮

Bj
wi(x)dxis symmetri
 [proof is not dire
t, however...℄

• Meromorphi
 di�erentials δtky(αx) = vk(
α
x) = 1

~ψ2
α(x)

∫ x
∞α

ψ2
α(x

′)hd−1+k(x
′)dx′ su
hthat

∂tp

∂tk
= δk,p =

∮

CD
vk · x−pdx; 0 =

∂ǫi
∂tk

=
∮

Ai

vk(x)dx. 31



• The re
ursion kernel K(
α
x, z). Introdu
e

K̂(
α
x, z) =

1

~

1

ψ2
α(x)

∫ x

∞α

ψ2
α(x

′)
dx′

x′ − zThe re
ursion kernel K(
α
x, z) reads

K(
α
x, z) = K̂(

α
x, z)−

d−1∑

j=1

vj(
α
x)Cj(z), ~Cα(z) =

∮

Aα

K̂(x, z), α = 1, . . . , g

• The �quantum� Bergman kernel B(
α
x,
β
z)

B(
α
x,
β
z) =

~

2
∂z


ψ2

β(z) ∂z
K(

α
x, z)

ψ2
β(z)


 .

B(
α
x,
β
z) is an analyti
al fun
tion of x and z in the whole 
omplex plane (no 
uts)with the double pole with zero residue at x = z for α = β.The kernel B satis�es the loop equations in the both variables.
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The properties of B(
α
x,
β
z) are analogous to those of the Bergmann kernel:

• For every α = 1, . . . , g: ∮Ai
B(x,

β
z) dx = 0, ∮

Aj
B(

α
x, z) dz = 0;

• ∮
Bj B(

α
x, z) dz = 2iπwj(

α
x);

• B(
α
x,
β
z) is symmetri
, B(

α
x,
β
z) = B(

β
z,
α
x).Corollary The period matrix τk,α is symmetri
: τk,α =

∮
Bk
∮
BαB(z, x)dz dx.

Sin
e ∂
∂tr
y(
α
x) = vr(

α
x), we 
an de�ne the loop insertion operator ∂

∂V (ξ)
:=

∑∞
r=1 rξ

−r−1 ∂
∂tr

∂

∂V (ξ)
y(
α
x) =

∞∑

r=1

ξ−r−1
∮

ξ>CD
B(

α
x, z)zrdz = B(

α
x,
β
ξ)

We identify B(
α
x,
β
z) with the two-point 
orrelation fun
tion.
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3-point 
orrelation fun
tion

∂3

∂V (x)∂V (y)∂V (z)
F0 =

∮

CD
K(x, ξ)B(y, ξ)B(z, ξ)(dξ)−1and it admits the same diagrammati
 representation as in the one-matrix model.But we have no apparent residue formula, so what about WDVV?Seiberg�Witten relations are exa
t:

∂Fh
∂ǫi

=
∮

Bi

∂Fh
∂V (ξ)

dξ.or

∂Fh
∂ǫi

=

∮

Bi
W

(h)
1 (ξ)dξ,where W (h)

1 (ξ) is to be de�ned by the re
ursion pro
edure, as in the standard matrixmodel.
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• Diagrammati
 representation for 
orrelation fun
tions (solutions of the loopequation) is formally the same as the one in the original matrix modelRe
urrent relation:

W
(h)
n+1(x0, J)

x1...

x0

...

xn

=

W
(h−

1
)

n
+
2

(ξ
,ξ
,J

)

ξ

x1...

x0

...

xn

+
∑′
r,I

W
(r)
|I|+1

(ξ, I)

W
(h−r)
n−|I|+1

(ξ, J/I)

ξ

I

x0

J/I

= K(
α
x, z) = B(

α
x,
β
z) vertex =

∮
CD
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Perturbative part of F0For the one- and two-matrix models:Pert F0 =
n∑

i=1

1

2
s2i log si;

∂3F0

∂si∂sj∂sk
=
δi,j,k

si
+ reg.

Perturbative part of F0 in the quantum 
ase follows from the Seiberg�Wittenrelations:

∂3

∂ǫi∂ǫj∂ǫk
F0 =

∮

Bi
dx
∮

Bj
dy
∮

Bk
dz

∂3

∂V (x)∂V (y)∂V (z)
F0

In the quantum surfa
e 
ase (for ~ = 1),
∂3F0

∂ǫi∂ǫj∂ǫk
= ~

−1δi,j,k
(
logΓ(ǫi/~)

)′′
+ reg. Pert F0 = ~

2
d∑

i=1

[
∫

logΓ](ǫi/~);So we have poles of the se
ond order at ǫi = 0,−~,−2~, . . . (not the �rst-orderpole 1/si as in the matrix-model 
ase), but the same singular behavior ≃ 1
2ǫ

2
i log ǫiat large positive ǫi. This expression 
oin
ides with Superpotential of Nekrasov andShatashvili for (quantum) TBA. 36



Rational potentials (related to the AGT 
onje
ture)

V ′ =
n∑

α=1

bα

x− µα
, U(x) =

∑ b2α
(x− µα)2

+
∑ cα

x− µα
,

∑
cα = 0

ψα ∼ (x− µα)
−|ℓα| → 0 as x→ µα, everything else remains the same...

wj(
α
x) =

1

~ψ2
α(x)

∫ x

µα
ψ2
α(x

′)
hj(x

′)
∏n
γ=1(x

′ − µγ)
dx′, deg hj ≤ n− 3.AGT: Liouville → CFT → β-ensembles

CFT 
entral 
harge: c = 1+ 6

(√
β −

√
β−1

)2.

Nekrasov�Shatashvili super YM instanton 
ounting β = ε1/ε2, N = (ε1ε2)
−1/2, i.e.,

(
√
β −

√
β−1)/N = ε1 − ε2, N−2 = ε1ε2,so we 
al
ulate these fun
tions in the limit of ε2 → 0 keeping ε1 arbitrary.
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System of A- and B-
y
les

•

•

•

•

•
Ã1

Ã2

Ã3

Ãn−1

ψ1

ψ2

ψ3

ψn−1

ψnψ∞

• • •
ǫα =

∫

Aα

(
ψ′
n

ψn
− ψ′

α

ψα

)
=

∫

Aα

ψ′
n

ψn

as ψ′
α/ψα has trivial monodromy around µα

∂F0

∂ǫα
=

∮

Bα
y(ξ)dξ =

∫ µn
µα

(
ψ′
α(ξ)

ψα(ξ)
− ψ′

n(ξ)

ψn(ξ)

)
dξ � SW relations
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System of A- and B-
y
les

•

•

•

•

•
Ã1

Ã2

Ã3

B̃1

B̃2
B̃3

B̃n−1

ψ1

ψ2

ψ3

ψn−1

ψnψ∞

• • •
ǫα =

∫

Aα

(
ψ′
n

ψn
− ψ′

α

ψα

)
=

∫

Aα

ψ′
n

ψn

as ψ′
α/ψα has trivial monodromy around µα

∂F0

∂ǫα
=

∮

Bα
y(ξ)dξ =

∫ µn
µα

(
ψ′
α(ξ)

ψα(ξ)
− ψ′

n(ξ)

ψn(ξ)

)
dξ � SW relations
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Problems, perspe
tives...

• 
onstru
ting symple
ti
 invariants: no 
lear analogue of H-operator exists atthe moment (only some guesses);

• generalization to higher-order ODEs for the fun
tion ψ (general �quantum�algebrai
 surfa
es);

• isomonodromi
 (quantum) τ-fun
tions: under 
onstru
tion

• SLE ?? (talk by S.Smirnov on May 26th)
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