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HIGGS BUNDLES
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• Riemann surface Σ

• Vector bundle E + hermitian metric

• Higgs field Φ ∈ H
0
(Σ,EndE ⊗K)

• equations FA + [Φ,Φ∗
] = 0
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The four-dimensional Yang-Mills Lagrangian implies corresponding structures in lower dimensions. Instantons, 
characterized by a zero energy-momentum tensor as well as finite action, emerge as the solutions of coupled first 
order equations. For the Abelian case all such solutions are determined by the nonqinear Poisson-Boltzmann equation. 

In searching for solutions of  the classical field equa- 
tions of  gauge theory models one is shackled by the 
strong demands of  both finite energy (or finite action) 
and a non-zero topological quantum number. The dif- 
ficulty of  satisfying these dual requirements is partic- 
ularly evident for the case o f  SU(2) magnetic mono- 
poles, where even now one has only the spherically 
symmetric solution o f ' t  Hooft  and Polyakov [1 ]. This 
situation, however, can be alleviated under certain con- 
ditions, the best known example being the four- 
dimensional pure Yang-Mills theory, with instanton 
solutions [2]. Here one looks for solutions of  the self- 
dual equations 

Fur =- ! euv~;3Fa3 = +-F~v ' (1) 

and the requirements of  finite action and a non-zero 
topological index merge together; they are incorpo- 
rated merely as boundary conditions on solutions of  
eqs. (1). Of course the solutions of  eqs. (1) (which 
imply the field equations) represent a restricted, but 
nevertheless rich, class of  solutions, namely those 
which saturate the lower action bound, or equivalent- 
ly carry an energy-momentum tensor which is zero. 
Such solutions are probably those of  most interest, if 
one requires minimal action field configurations, or if 
one wishes to interpret instantons as being relevant to 
the vacuum structure, when a zero energy-momentum 
tensor seems desirable. 

We show now that many of  these simplifying fea- 
tures have corresponding analogues in three and in 
two dimensions, where instantons can alternatively be 
regarded as static magnetic monopoles or vortices. Let 
us start with the Lagrangian (in four euclidean dimen- 
sions taking for example an SU(2) gauge group), 

a a £ = ~ F ~ v F u v .  (2) 

The action is 

s =  f d 4 x £  

8rc2N = ~ f d 4 x ( F ~ ,  + p~,)2 z- 
e 2 

>~ 8n21NI (3) 
e2 ' 

where the topological index 

e2 4 a - a  
N = - -  f d x F ; v F ; v  

32n2 

and is necessarily an integer [2]. The action is there- 
fore bounded below with equality for solutions of eqs. 
(1), and the energy-momentum tensor Tuv is auto- 
matically zero [3]. In fact we can write [4] 

.~ u~,F~Fa a a Tuv 1 a = _ F~hFvh 

= -~-(F/x - F~x)(Fva~ + Pax) 

+ (g <--> v) ,  (4) 

showing easily that Tuv = 0 for solutions o f  eqs. (1) ~. 
It has been noticed for dyon solutions [5] that, 

except for sign, gauge fields can be interpreted as iso- 
triplet Higgs fields. This interpretation is valid in 
euclidean space, and so we reconsider the Lagrangian 
[2] in three dimensions by letting all gauge fields de- 
pend only on x 1 , x 2 , x 3 and writing ca = A~, now 
called a Higgs field. We find 

~abc.~b Ac F/~ = OiA~ + e ~ .,..ti~4=DidP a , 

* Obviously, if the converse holds, the first order equations 
provide all such solutions. This applies to the other models 
considered here. 
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and the Lagrangian becomes 

£=~,' (Fi~)2 + ½ (D i :)2 
The self-dual equations (1) become 

IF] = +ei/kDk~ a , 

and imply the field equations. The action is 

S = f d 3 x £  

= f d 3 x  ! a + a 2 4 ( f  i~ _ 6i/kDk 4 ) -T- - -  
4rrNI41o 

e 

(5) 

(6) 

(7) 

where 

I fd3x ~aO/~ao/~bok~c N = ~ ei]k6abc~i 
is an integer, the topological quantum number. Here 
4: = ~a/141, and I¢10 is the value of 141 at infinity and 
is necessarily a constant because D i oa = 0 at infinity. 
The action is therefore bounded below, S >i 4rr1410 IN lie 
and this bound (due to Bogomolny) is saturated by 
solutions of  eqs. (6). The energy-momentum tensor is, 
from eqs. (4) 

1 ~ a  1 a a I a 
Tij = -71(Di - 2eiklF~l)(Dj4 + ~6/mnF~n) 

I a 
--'4(F~k -- eiklOl¢a)(F~k + elklDl 4a)  

+ (i ~ / ) ,  (8) 

and.again is zero. The only known solutions of  eqs. (6) 
are the spherically symmetric ones o f ' t  Hooft  and 
Polyakov [1 ], but which simplify for our case of  a 
zero potential in the Lagrangian (5). The first order 
equations, with appropriate boundary conditions, can 
be integrated to give [6] 

4 a = --Xa (1 - k r  coth Xr) 
er 2 

er 2 sinh Xr ] (9) 

andwe obtain N = 1, I¢10 = X/e, where X is an arbi- 
trary scale constant. The instanton action, or equiva- 
lently monopole mass, is therefore S = 4~rX/e 2. 

Let us continue down to two euclidean dimensions. 
The gauge and Higgs fields in the Lagrangian (5) now 
depend only o n x  1 a n d x 2 ,  and we set qja =A~,  to be 
interpreted as a second Higgs isotriplet field. We find 

F~3 = D i t~ a , 

and 

D3 4a = e e abc ~b(oc (i = 1,2,  a = 1,2,  3) .  

The latter term provides a potential in the Lagrangian 
(5) which becomes 

1-'(Ra~2 + l (D i~a)2  £ = 4v*'ii/ + !(Di~a) 2 

+ ~-e2 ~2(b 2 -- ~-e2(#-d~)2 . (10) 

This model has been considered by Nielsen and Olesen 
[7]. We are led naturally in our approach to the intro- 
duction of  two iso-triplet Higgs fields, and we find ad- 
ditionally that the coupling constants in the potential 
term have acquired special values. One can obtain first 
order equations which imply the field equations, and 
these are deduced from eqs. (6): 

F~ = +-e e i j eabc~b¢  c , 

Dit) a +- ei/D/4 a = O. (1 I) 

Unfortunately, in this case the model is not interesting 
because the action is always zero. We obtain 

s = f d 2 x £  

1 2 a t~bdpc)2 = a f d  x(Fi~ +-e ei/e abc 

1 f d 2 x ( O i  ca  -T- ei/D/~a) 2 (12) +~ 

since the surface terms do not contribute when we 
apply the usual boundary conditions. Therefore S = 0 
when eqs. (11) are imposed. However, now we can see 
how to proceed to the Abelian model. 

We consider the Lagrangian (in two euclidean di- 
mensions): 

£= ¼(Fi/) 2 + ~(Di~/)2 + X(42 -02) 2 , (13) 

v > 0, where 4 = (~bl, ~2) is a two-component real 
field, and the covariant derivative is given by 

Di~j  = 3i~j  - e e j k A i 4  k . 

This Lagrangian can be obtained from eq. (10), but 
without the essential symmetry breaking term, by set- 
t ingA] = A  2 = 0 =  q~3 = ~b3,and 

~i  -+ 6ijdPj/N/~' ~i -+ +~i/N/~,  i = 1 , 2 .  

In addition, the coupling constant X acquires in this 
way the special value h = e2/8. We are forced to accept 
this value if we insist on a zero energy-momentum 
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LOCALLY...

• anti-self-dual connection on principal bundle over R4

• .... invariant under (x1, x2, x3, x4) �→ (x1, x2, x3 + t1, x4 + t2)

•

∇3 =
∂

∂x3
+ φ1(x1, x2) ∇4 =

∂

∂x4
+ φ2(x1, x2)

[∇1,∇2] + [φ1,φ2] = 0 = [∇1,φ2] + [∇2,φ1] = 0 = [∇1,φ1] +

[φ2,∇2]

1
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∂̄AΦ = 0

F + [Φ,Φ∗] = 0

2

∂̄AΦ = 0

F + [Φ,Φ∗] = 0
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CHALLENGE

Solve these equations like the ADHM construction of

instantons

2



• Φ = 0:

find the flat unitary connection on a stable vector bundle

• E = K1/2 ⊕K−1/2,Φ(u, v) = (0, u):

find the hyperbolic metric on a Riemann surface

3

EXAMPLE
SPECIAL CASES

• Φ = 0

• stable bundle E over Σ, degE = 0

• H
0(Σ, E) = 0, dimH

1(Σ, E) = rkE(g − 1)

• ⇒ Picard bundle R
1(E) ∼ H

1(Σ, EL) over J

• 0 → H
0(Σ, ELK) → H1(Σ, E) → H

1(Σ, EL) → 0

1



INSTANTONS

2



• ASD connection on E over S4

• Dirac operator D : C∞(S+ ⊗ E) → C∞(S− ⊗ E)

•

D∗D = ∇∗∇+
1

4
R ⇒ kerD = 0

• dimkerD∗ = k
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• (x1, x2, x3, x4) ∈ R4, G-connection ∇

• D = −∇1 + i∇2 + j∇3 + k∇4 quaternions

•

D = −∇1 +

�
i 0
0 −i

�

∇2 +

�
0 1
−1 0

�

∇3 +

�
0 i

i 0

�

∇4

• D∗D real iff [∇1,∇2] + [∇3,∇4] = 0 etc.

• anti-self-dual Yang-Mills

2
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• D∗D = −∇2
1
−∇2

2
−∇2

3
−∇2

4

• L2
solutions ψ1, . . . ,ψk of D∗ψ = 0

• matrices T1, . . . , T4

�Tiψα,ψβ� =
�

R4
(xiψα,ψβ)

• ∼ ADHM construction

4



DIRAC OPERATOR FOR HIGGS BUNDLES

Nigel Hitchin (Oxford)

Blaine Lawson’s 70th birthday

Stony Brook October 28th 2012

27



• dimensional reduction

• ASD connection A1dx1 +A2dx2 + φ1dx3 + φ2dx4

•

D∗ = ∇1 +

�
i 0
0 −i

�

∇2 +

�
0 1
−1 0

�

φ1 +

�
0 i

i 0

�

φ2

• Dirac operator

D∗ =

�
∂̄A Φ
Φ∗ ∂A

�
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GLOBALLY...

• Σ compact, genus g

•

D∗
=

�
∂̄A Φ
Φ∗ ∂A

�

:

�
E ⊗K

E ⊗ K̄

�

→
�
E ⊗KK̄

E ⊗KK̄

�

• D∗D = −∇2
1
−∇2

2
−∇2

3
−∇2

4
⇒ kerD = 0

• index theorem ⇒ dimkerD∗ = (2g − 2) rkE
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• (ψ1,ψ2) ∈ C∞(EK ⊕ EK̄)

• conformally invariant inner product
�

Σ
�ψ1, ψ̄1�+ �ψ2, ψ̄2�

• ⇒ inner product on kerD∗
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EXAMPLE

• E trivial line bundle on C; Φ = dz

• D∗(ψ1,ψ2) = 0

• ∂̄ψ1 + ψ2 = 0,ψ1 + ∂ψ2 = 0

•
∂2ψ1

∂z∂z̄
+ ψ1 = 0

• ψ2 = −∂̄ψ1
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FOURIER TRANSFORM

5



M.Jardim, Nahm transform for doubly-periodic instantons, Com-
mun.Math.Phys.. 225 (2002) 639–668

J.Bonsdorff A Fourier transform for Higgs bundles, Crelle 591

(2006) 21–48

J.Bonsdorff Autodual Connection in the Fourier Transform of a

Higgs Bundle, Asian J. Math. 14 (2010), 153–174

S.Szabo, “Nahm transform for integrable connections on the
Riemann sphere”, Société Matheḿatique de France (2007)
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• Higgs bundle (E,Φ)

• L flat line bundle, θ holomorphic 1-form

• family (E ⊗ L,Φ+ θ1) parameters (L, θ) ∈ J(Σ)×H
0
(Σ,K)

• tensoring with a U(1) Higgs bundle

10



• kerD
∗
L,θ defines a vector bundle over T

∗
J = J×H

0
(Σ,K)

• Higgs bundle equations ⇒ hermitian metric

• ⇒ L2
connection

• the connection is hyperholomorphic

11
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• Jacobian J flat Kähler torus

• T ∗J flat hyperkähler manifold

• complex structures I, J,K

• I : J×Cg, J : (C∗)2g

18



• Jacobian J flat Kähler torus

• T ∗J flat hyperkähler manifold

• complex structures I, J,K

• I : J×Cg, J : (C∗)2g

18

hyperholomorphic = curvature type (1,1) wrt I, J,K

• twistor space for complex structures �= −I

• Z� → C

• fibre-compactify to P(V ) → C

• given Ê on the fibre at ζ = 0....

• PROBLEM: Find its extension

1



• ADHM: D = A+ qB, D
∗
D real

• a, θ ∈ H
0
(Σ,K)

•
�
∂̄A + ā Φ+ θ

Φ∗
+ θ̄ ∂A − a

�

= D
∗
+ q

• q ∈ H
0
(Σ,K)⊕ H̄

0
(Σ,K) quaternionic vector space

13
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∂̄A + ā Φ+ θ

Φ∗
+ θ̄ ∂A − a

�

= D
∗
+ q

• q ∈ H
0
(Σ,K)⊕ H̄

0
(Σ,K) quaternionic vector space

13

• ADHM: D = A+ qB, D
∗
D real

• a, θ ∈ H
0
(Σ,K)

•
�
∂̄A + ā Φ+ θ
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• complex structure I

• Ωp(E)

Φ→

Ωp(EK)

Ωp+1(E) Φ→ Ωp+1(EK)

∂̄

• total differential ∂̄ ±Φ

• kerD∗ ∼= hypercohomology H1

5

• complex structure I
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→
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Ωp+1(E) Φ→ Ωp+1(EK)

∂̄
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• Hodge theory: kerD∗ ∼
= hypercohomology H1

• complex structure I

• Ω0,p(E)

Φ→

→
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∂̄

• total differential ∂̄ ±Φ
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• complex structure J

• ∇ = ∂A + ∂̄A +Φ+Φ∗
flat GL(n,C) connection

•

Ω0
(E)

∇→ Ω1
(E)

d∇→ Ω2
(E)

• Hodge theory: kerD
∗ ∼
= de Rham cohomology H

1
(E)
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FOURIER TRANSFORM

• complex structure I: (L, θ)

• hypercohomology H1 of

O(EL)
Φ+θ→ O(ELK)

• complex structure J: L ∈ H
1(Σ,C∗)

• H
1(Σ, EL)

23



• hyperholomorphic ⇒ holomorphic bundle on

twistor space of J×H
0(Σ,K)

• [Θ] ∈ H
1(J, T ∗): extension T

∗ → V → O

• P(V )\P(T ∗) affine bundle ∼= H
1(Σ,C∗)

• ζ ∈ C, ζ[Θ] ⇒ bundle over J×C

• ζ = 0 T
∗J: product J×H

0(Σ,K)

1



• [Θ] ∈ H
1(J, T ∗): extension T

∗ → V → O

• P(V )\P(T ∗) affine bundle over J

• H
1(Σ,C∗) → H

1(Σ,O∗) = J

• ζ ∈ C, ζ[Θ] ⇒ bundle (Vζ, ζ) over J×C

• ζ = 0 T
∗J: product J×H

0(Σ,K)

22



• P(V )\P(T ∗) affine bundle ∼= H
1(Σ,C∗)

• flat connection ∇

holomorphic structure ∇0,1

H
1(Σ,C∗) → J(Σ)

• holomorphic structure on Σ̄ ∇1,0

• H
1(Σ,C∗) → J(Σ̄)

• twistor space: identify over C∗ ⊂ C

2
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CONCLUSION

• Higgs bundle (E,Φ)

• Fourier transform = rank rkE(2g − 2) bundle Ê on

J×H
0(Σ,K) with hyperholomorphic connection

• ∼ holomorphic rkE(2g − 2) bundle on twistor space Z

14



QUESTIONS

1. Does this vector bundle encode the Higgs bundle and its
metric?

2. If so, what is the inverse transform?

3. Find the transform of the canonical Higgs bundle.
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COMPLEX STRUCTURE I

27



HYPERCOHOMOLOGY

• O(E) Φ→ O(EK)

two spectral sequences:

• cohomology of Φ : Hp(Σ, E) → H
p(Σ, EK):

0 → H
0(E) → H

0(EK) → H1(E) → H
1(E) → H

1(EK) → 0

• cohomology of O(U,E) Φ→ O(U,EK)

H1(E) ∼= H
0(Σ, cokerΦ)

1



• hypercohomology Φ+ θ1 : O(E ⊗ L) → O(E ⊗ LK)

• x0Φ+ x1θ1 : O(E ⊗ L) → O(E ⊗ LK)

• bundle extends to J× P(H0(Σ,K)⊕ 1) = J× Pg

• Fourier-Mukai: equivalence of derived categories

• .... recover (E,Φ) as a holomorphic object

J.Bonsdorff A Fourier transform for Higgs bundles, Crelle 591
(2006) 21–48

3

• hypercohomology Φ+ θ1 : O(E ⊗ L) → O(E ⊗ LK)

• x0Φ+ x1θ1 : O(E ⊗ L) → O(E ⊗ LK)

• bundle extends to J× P(H0(Σ,K)⊕ 1) = J× Pg

• Fourier-Mukai: equivalence of derived categories

• .... recover (E,Φ) as a holomorphic object

J.Bonsdorff A Fourier transform for Higgs bundles, Crelle 591
(2006) 21–48

3



• ch(Ê) = rkE(g − 1+ (g − 1)ex + θ(1− e
x))

x ∈ H
2(Pg

,Z), θ ∈ H
2(J,Z)

• dimH
p(J× Pg) = rkE

�
g−1
p−1

�

1 ≤ p ≤ g zero otherwise
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EXAMPLE

• Φ = 0: stable bundle E over Σ, degE = 0

• H
0(Σ, E) = 0, dimH

1(Σ, E) = rkE(g − 1)

• P → Σ× J Poincaré bundle

• ⇒ Picard bundle R
1(E) ∼ H

1(Σ, EL) over J

• 0 → H
0(Σ, ELK) → H1(Σ, EL) → H

1(Σ, EL) → 0

9



• p : J× Pg → J

• 0 → p∗R0(E) → Ê → p∗R1(E)(1) → 0

• ⇒ Ê ∼= p∗R0(E)⊕ p∗R1(E)(1)

10
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THE HYPERHOLOMORPHIC CONNECTION

29



• connection on a bundle over J×Cg

• What is its asymptotic behaviour?

• Why does the holomorphic structure extend to J× Pg?

2



• instanton on T2 ×R2
,

�

T2×R2
|F |2 < ∞

• ⇒ Higgs bundle on T̂2 with two singularities

• I- holomorphic structure extends from T2 ×C to T2 × P
1

M.Jardim, Construction of doubly-periodic instantons, CMP 216
(2001) 1–15

M.Jardim, Nahm transform for doubly-periodic instantons, CMP

225 (2002) 639–668
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• solutions localize around the 2g − 2 zeros of θ ∈ H
0(Σ,K)

• O(E) Φ→ O(EK)

• hypercohomology H1 ∼= cokernel of Φ...

• supported on zeros of detΦ ∈ H
0(Σ,K

n)

• det(Φ+ tθ) = t
nθn + . . .+detΦ

• zeros of θ ∼ basis for Ê on P(T ∗)
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• Φ = 0:

find the flat unitary connection on a stable vector bundle

• E = K1/2 ⊕K−1/2,Φ(u, v) = (0, u):

find the hyperbolic metric on a Riemann surface

3

EXAMPLE
SPECIAL CASES

• Φ = 0

• stable bundle E over Σ, degE = 0

• H
0(Σ, E) = 0, dimH

1(Σ, E) = rkE(g − 1)

• ⇒ Picard bundle R
1(E) ∼ H

1(Σ, EL) over J

• 0 → H
0(Σ, ELK) → H1(Σ, E) → H

1(Σ, EL) → 0

1



• S1-action (A,Φ) �→ (A, eiθΦ)

• S1-action on T ∗J

• Φ = 0 fixed ⇒ Ê invariant

• E = K1/2 ⊕K−1/2,Φ(u, v) = (0, u)

• (eiθ/2u, e−θ/2v) : Φ �→ eiθΦ

• ⇒ Ê invariant
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THM. (Feix, Kaledin). Let M be a real analytic Kähler mani-

fold, then there is a unique S1
-invariant hyperkähler metric on a

neighbourhood of the zero section extending the Kähler metric.

B. Feix, Hyperkähler metrics on cotangent bundles, J. Reine

Angew. Math. 532 (2001), 33-46.

THM. (Feix). Let A be a connection in a vector bundle over M

whose curvature is of type (1,1), then this extends to a unique

S1
-invariant hyperholomorphic connection on a neighbourhood

of the zero section.

B. Feix, Hypercomplex manifolds and hyperholomorphic bundles,

Math. Proc. Camb. Phil. Soc. 133 (2002), 443-457
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CANONICAL HIGGS BUNDLE

• u1 ∈ H
0(Σ,K

3/2
L) v2 ∈ H

1(Σ,K
−1/2

L)

• degK
3/2

L = 3g − 3

• Picard bundle V , P(V ) ∼= S
3g−3Σ

• L2 metric wrt hyperbolic metric.

1




