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Monge-Kantorovich Problem 

• There are six known versions of the Monge-
Kantorovich problem (MKP). 

• We will discuss three: 

I. Monge transportation problem, 

II. Kantorovich’s mass transference problem, 

III. Kantorovich-Rubinstein-Kemperman problem of 
multistaged shipping. 
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Monge Problem 
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Gaspard Monge, Comte de Péluse (9 May 1746[1] – 28 July 1818) 
was a French mathematician, revolutionary, and was inventor of 
descriptive geometry. During the French Revolution, he was 
involved in the complete reorganization of the educational 
system, founding the École Polytechnique. He also served as 
minister of the Marine during the revolution. 

http://en.wikipedia.org/wiki/Gaspard_Monge
http://en.wikipedia.org/wiki/French_people
http://en.wikipedia.org/wiki/Mathematician
http://en.wikipedia.org/wiki/Descriptive_geometry
http://en.wikipedia.org/wiki/French_Revolution
http://en.wikipedia.org/wiki/%C3%89cole_Polytechnique
http://en.wikipedia.org/wiki/%C3%89cole_Polytechnique
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(I) Monge transportation problem 

In 1781, Monge formulated the following problem in 
studying the most efficient way of transporting soil. 

Split two equally large volumes into infinitely small 
particles and then associate them with each other so 
that the sum of the products of these paths of the 
particles to a volume is least. Along what paths must 
the particles be transported and what is the smallest 
transportation cost? 
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(I) Monge transportation problem 
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Kantorovich Problem 
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Leonid Vitaliyevich Kantorovich (Russian: Леони́д 

Вита́льевич Канторо́вич) (19 January 1912 – 7 
April 1986) was a Soviet mathematician and 
economist, known for his theory and development of 
techniques for the optimal allocation of resources. He 
was the winner of the Nobel Prize in Economics in 
1975 and the only winner of this prize from the USSR. 
 
 
 
 
 

http://en.wikipedia.org/wiki/Russian_language
http://en.wikipedia.org/wiki/Soviet_Union
http://en.wikipedia.org/wiki/Mathematician
http://en.wikipedia.org/wiki/Economist
http://en.wikipedia.org/wiki/Nobel_Prize_in_Economics
http://en.wikipedia.org/wiki/USSR
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(II) Monge – Kantorovich problem 
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(II) Kantorovich’s mass transference problem 
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(II) Kantorovich’s mass transference problem 
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(II) Kantorovich  problem 
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(II) Kantorovich’s mass transference problem 
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(II) Kantorovich’s mass transference problem 

Remark 2 

• Another example of the MKP: Assigning army recruits 
to jobs to be filled.  
The flock of recruits has a certain distribution of 

parameters such as education, previous training, and 
physical conditions. 

The distribution of parameters which are necessary to fill 
all the jobs might not necessarily coincide with one of the 
contingents.  

There is a certain cost involved in training of an individual 
for a specific job depending on the job requirements and 
individual parameters, thus the problem of assigning 
recruits to the job and training them so that the total cost 
is minimal can be viewed as a particular case of the MKP. 
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(II) Kantorovich’s mass transference problem 
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(III) Kantorovich-Rubinstein-Kemperman Problem of multistage shipping 

Prof. Dr. Svetlozar Rachev  |  Stony Brook University Probagility Metrics 15 



2012 /46 

Kantorovich –Danzig – Linear Programming 

• George Bernard Dantzig (November 8, 1914 – May 13, 
2005) was an American mathematical scientist who 
made important contributions to operations research, 
computer science, economics, and statistics. 

• Dantzig is known for his development of the simplex 
algorithm, an algorithm for solving linear programming 
problems, and his work with linear programming, some 
years after it was invented by the Soviet 
mathematician & economist Leonid Kantorovich.[1] In 
statistics, Dantzig solved two open problems in 
statistical theory, which he had mistaken for homework 
after arriving late to a lecture of Jerzy Neyman.[2] 

• Dantzig was the Professor Emeritus of Transportation 
Sciences and Professor of Operations Research and of 
Computer Science at Stanford. 
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(III) Kantorovich-Rubinstein-Kemperman Problem of multistage shipping 
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(III) Kantorovich-Rubinstein-Kemperman Problem of multistage shipping 
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(III) Kantorovich-Rubinstein-Kemperman Problem of multistage shipping 
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(III) Kantorovich-Rubinstein-Kemperman Problem of multistage shipping 
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(III) Kantorovich-Rubinstein-Kemperman Problem of multistage shipping 
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(III) Kantorovich-Rubinstein-Kemperman Problem of multistage shipping 
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MKP and Probability Metrics 

The origin of The Theory of Probability Metrics and 
Stability of Stochastic models 

Kantorovich Metric 

Kolmogorov Metric 

Levy Metric 

Prokhorov Metric 

• Rachev, S. T., Rueschendorf, L., Mass Transportation 
Problems, Vol II: Applications,  Springer, New York, 1999 

• Rachev, S. T., Rueschendorf, L., Mass Transportation 
Problems, Vol I: Theory, Springer,  New York, 1998 

• Rachev, S. T., Probability Metrics and the Stability of 
Stochastic Models, Wiley,  Chichester, New York, 
1991 
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Kolmogorov Metric 
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Kolmogorov (Uniform) Metric is the uniform distance 
between two distribution functions  
 
 
Andrey Nikolayevich Kolmogorov,  (born April 25 
[April 12, Old Style], 1903, Tambov, Russia—died Oct. 
20, 1987, Moscow), Russian mathematician whose 
work influenced many branches of modern 
mathematics, especially harmonic analysis, 
probability, set theory, information theory, and 
number theory. 
 
The Kolmogorov–Smirnov statistic quantifies a 
distance between the empirical distribution function 
of the sample and the cumulative distribution 
function of the reference distribution, or between the 
empirical distribution functions of two samples. 

http://www.britannica.com/EBchecked/topic/369194/mathematics
http://www.britannica.com/EBchecked/topic/255491/harmonic-analysis
http://www.britannica.com/EBchecked/topic/477530/probability-theory
http://www.britannica.com/EBchecked/topic/536159/set-theory
http://www.britannica.com/EBchecked/topic/287907/information-theory
http://www.britannica.com/EBchecked/topic/422325/number-theory
http://en.wikipedia.org/wiki/Metric_(mathematics)
http://en.wikipedia.org/wiki/Empirical_distribution_function
http://en.wikipedia.org/wiki/Cumulative_distribution_function
http://en.wikipedia.org/wiki/Cumulative_distribution_function
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Levy Metric 
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Paul Pierre Lévy (15 September 1886 – 15 December 1971) 

was a Jewish French mathematician who was active 
especially in probability theory, introducing martingales and 
Lévy flights. Lévy processes, Lévy measures, Lévy's constant, 
the Lévy distribution, the Lévy skew alpha-stable 
distribution, the Lévy area, the Lévy arcsine law, and the 
fractal Lévy C curve are also named after him. 

Kolmogorov’s metric  generates the uniform convergence 
in the space of probability distributions. The Levy metric is 
topologically weaker, it generates  the weak convergence of 
probability distributions. Intuitively, if between the graphs 
of F and G one inscribes squares with sides parallel to the 
coordinate axes (at points of discontinuity of a graph 
vertical segments are added), then the side-length of the 
largest such square is equal to L(F, G), it is Hausdorff 
distance between the completed graphs of two distribution 
functions.  

http://en.wikipedia.org/wiki/France
http://en.wikipedia.org/wiki/Probability_theory
http://en.wikipedia.org/wiki/Martingale_(probability_theory)
http://en.wikipedia.org/wiki/L%C3%A9vy_flight
http://en.wikipedia.org/wiki/L%C3%A9vy_flight
http://en.wikipedia.org/wiki/L%C3%A9vy_flight
http://en.wikipedia.org/wiki/L%C3%A9vy_process
http://en.wikipedia.org/wiki/L%C3%A9vy_process
http://en.wikipedia.org/wiki/L%C3%A9vy_process
http://en.wikipedia.org/wiki/L%C3%A9vy_measure
http://en.wikipedia.org/wiki/L%C3%A9vy_measure
http://en.wikipedia.org/wiki/L%C3%A9vy_measure
http://en.wikipedia.org/wiki/L%C3%A9vy's_constant
http://en.wikipedia.org/wiki/L%C3%A9vy's_constant
http://en.wikipedia.org/wiki/L%C3%A9vy's_constant
http://en.wikipedia.org/wiki/L%C3%A9vy_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_skew_alpha-stable_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_skew_alpha-stable_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_skew_alpha-stable_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_skew_alpha-stable_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_skew_alpha-stable_distribution
http://en.wikipedia.org/wiki/L%C3%A9vy_skew_alpha-stable_distribution
http://en.wikipedia.org/w/index.php?title=L%C3%A9vy_area&action=edit&redlink=1
http://en.wikipedia.org/w/index.php?title=L%C3%A9vy_area&action=edit&redlink=1
http://en.wikipedia.org/w/index.php?title=L%C3%A9vy_area&action=edit&redlink=1
http://en.wikipedia.org/wiki/L%C3%A9vy_arcsine_law
http://en.wikipedia.org/wiki/L%C3%A9vy_arcsine_law
http://en.wikipedia.org/wiki/L%C3%A9vy_arcsine_law
http://en.wikipedia.org/wiki/Fractal
http://en.wikipedia.org/wiki/L%C3%A9vy_C_curve
http://en.wikipedia.org/wiki/L%C3%A9vy_C_curve
http://en.wikipedia.org/wiki/L%C3%A9vy_C_curve
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Prokhorov Distance = Levy-Prokhorov Metric 
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Yuri Vasilevich Prokhorov 
Юрий Васильевич Прохоров 

Born 
1929-12-15 
Moscow, USSR 

Institutions 
Russian Academy of 
Sciences 

Doctoral advisor 
Andrey Nikolaevich 
Kolmogorov 

Lenin Prize (1970) 
Order of the Red Banner 
of Labour (1975, 1979) 
Prokhorov Metric is the 
solution of MKP when the 
objective function is the  
Ky Fan Metric = distance in 
probability. It generates 
the weak convergence for 
probability measures in 
separable metric spaces 

http://en.wikipedia.org/wiki/Moscow
http://en.wikipedia.org/wiki/USSR
http://en.wikipedia.org/wiki/Russian_Academy_of_Sciences
http://en.wikipedia.org/wiki/Russian_Academy_of_Sciences
http://en.wikipedia.org/wiki/Doctoral_advisor
http://en.wikipedia.org/wiki/Andrey_Nikolaevich_Kolmogorov
http://en.wikipedia.org/wiki/Andrey_Nikolaevich_Kolmogorov
http://en.wikipedia.org/wiki/Andrey_Nikolaevich_Kolmogorov
http://en.wikipedia.org/wiki/Andrey_Nikolaevich_Kolmogorov
http://en.wikipedia.org/wiki/Andrey_Nikolaevich_Kolmogorov
http://en.wikipedia.org/wiki/Lenin_Prize
http://en.wikipedia.org/wiki/Order_of_the_Red_Banner_of_Labour
http://en.wikipedia.org/wiki/Order_of_the_Red_Banner_of_Labour
http://en.wikipedia.org/wiki/Order_of_the_Red_Banner_of_Labour
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Dudley Metric 

• Prokhorov metric is topologically equivalent to Dudley 
Metrics, which is the solution of MKP with cost 
function c(x,y) = min(1,d(x,y)), on a separable metric 
space (U,d). 
 

• Richard Mansfield Dudley is Professor of Mathematics 
at the Massachusetts Institute of Technology. He 
received his PhD at Princeton University in 1962 under 
the supervision of Edward Nelson and Gilbert Hunt. He 
was a Putnam Fellow in 1958. 

• He has published over a hundred papers in peer-
reviewed journals and has written several books. His 
specialty is probability theory and statistics, especially 
empirical processes. 
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Fortet-Mourier Metric – generates weak convergence plus convergence 
of the moments – solution of MKP for special cost function c(x,y) 
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Kolmogorov and Zolotarev Ideal Metrics for Sums of 
Independent Random Variables 
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Ideal Metrics for Sums of Independent Random Variables 
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Ideal Metrics for Sums of Independent Random Variables 
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Ideal Metrics for Sums of Independent Random Variables: Definition 

Prof. Dr. Svetlozar Rachev  |  Stony Brook University Probagility Metrics 32 



2012 /46 

MKP and Probability Metrics 
• Rachev S. T., The Monge-Kantorovich mass transference problem and its 

stochastic  applications Theor. Probab. Appl., Vol. 29, No. 4, 1985, 647-
676  

Rachev S.T Ph.D. in Mathematics, Lomonosov University (Moscow), Faculty of 
Mechanics and Mathematics, October 12, 1979, Dissertation: “The 
structure of the metrics in the space of random variables and their 
distributions. 

Rachev  S.T. " Doctor of Science (Habilitation) in Physics and Mathematics, 
Steklov Mathematical Institute, Moscow, April 10, 1986. Dissertation: 
“Probability metrics and their applications to the stability problems for 
stochastic models" 

• S. T. Rachev, On a problem of Dudley. Soviet Math. Dokl. 1984, Vol 29, No. 
2, 162-164 (Presented by A.N. Kolmogorov)  

• Rachev S. T., On the -structure of the average and uniform distances. 
Soviet Math. Dokl., Vol. 30, 1984, No.2, 369-372 (Presented by A.N. 
Kolmogorov) 

• Rachev S. T., Maejima M.;  An ideal metric and the rate of convergence to a 
self-similar process, Ann. Probability, Vol. 15, 1987, 702-707. 
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Ideal Metrics for Sums of Independent Random Variables: Remark 
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Ideal Metrics for Sums of Independent Random Variables: Remark 
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Ideal Metrics for Sums of Independent Random Variables: 
Rate of convergence 
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Ideal Metrics for Sums of Independent Random Variables:  
Total variation metric = Solution of MKP with c(x,y) =1-Ind(x=y) 
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Ideal Metrics for Sums of Independent Random Variables: Uniform metric 

Prof. Dr. Svetlozar Rachev  |  Stony Brook University Probability Metrics 38 



2012 /46 Prof. Dr. Svetlozar Rachev  |  Stony Brook University Probability Metrics 39 



2012 /46 Prof. Dr. Svetlozar Rachev  |  Stony Brook University Probability Metrics 40 



2012 /46 

Ideal Metrics for Sums of Independent Random Variables: 
Kolmogorov Convolution metric – Rate of Convergence in the CLT 
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Ideal Metrics for Sums of Independent Random Variables: Lemmas 
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Ideal Metrics for Sums of Independent Random Variables: Lemmas 
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Ideal Metrics for Sums of Independent Random Variables: Lemmas 
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Ideal Metrics for Sums of Independent Random Variables: Lemmas 
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Ideal Metrics for Sums of Independent Random Variables: Lemmas 
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Ideal Metrics for Sums of Independent Random Variables 
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Ideal Metrics for Sums of Independent Random Variables 
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Ideal Metrics for Sums of Independent Random Variables 
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Applications Probability Metrics and Stability of Stochastic models 

Seminars on Stability Problems for Stochastic Models have a 
long tradition. They were started by Prof. V.M. Zolotarev in 
the 1970’s.  

• Limit theorems and stability  
• Asymptotic for stochastic processes  
• Stable distributions and processes  
• Topics in mathematical statistics  
• Queuing theory and modeling of communication systems  
• Discrete probabilistic models  
• Characterization of probability distributions 
• Insurance and financial mathematics  
• Generalized stability and convolution  
Rachev, S. T., Probability Metrics and the Stability of Stochastic 

Models, Wiley,  Chichester, New York, 1991 
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Open Problems 

1. Monge-Kantorovich Problem – explicit 
solutions. 

2. Compound ideal metrics of order r>1 - Do 
they exist? 

3. Applications of Monge Kantorovich problems 
in stochastic ordering, optimization, and 
others.  

     See references next... 
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