MAT 260: Problem Solving in Mathematics

Office hours Fall 2012: Tuesdays 4pm-5pm in the Math Learning Center, Tuesdays 5pm-6pm and
Wednesdays 2pm-3pm in my office.

The last class on December 3 will be held in room P143.

The last two classes we will discuss the following problems. Try to solve not only your assignment but all of
them.

Homeworkd4:Here are the problems from the test we had.
We will have a practice test for Putnam on Saturday, 13 at 1.00pm room P131 in the Math Tower.

Homeworka3: Read the following article. Here is a link to the IMO probems website.

Homework?2: Keep on reading about inequalities. The following recaps and explains in more details the last
lecture. Use this approach to solve some of the inequalities from the practice problems. Finish the solution of
the last problem from here and solve at least one other problem from this list. Due date: September, 17

Inequalities:
I suggest the following reading material. You are encouraged to look for other sources.

1. This is the first thing to read and do the exercises
2. List of useful inequalities with some examples of applications
3. This could also be an interesting reading. Has a lot of good problems.

4. This is an excellent book. Highly recommended.

Homework1: Please try to read as much as possible from the links above and solve as many problems as you
can. In particular, solve problems from Section 2.1 from the first source and submit solutions for 3 of them
of your choice. | would prefer if you do that in LaTeX and submit to my email. Due date: September, 10

Recommended reading:

This is a wonderful book with problems in Linear Algerbra. We will talk about some of the topics later on.
Here is a selection of problems from Putnam exam. Let us try to solve all of them.

Disability support services (DSS) statement: If you have a physical, psychological, medical, or learning disability that may impact
your course work, please contact Disability Support Services (631) 6326748 or http://studentaffairs.stonybrook.edu/dss/. They will
determine with you what accommodations are necessary and appropriate. All information and documentation is confidential. Students
who require assistance during emergency evacuation are encouraged to discuss their needs with their professors and Disability
Support Services. For procedures and information go to the following website: http://www.stonybrook.edu/ehs/fire/disabilities/asp.

Academic integrity statement: Each student must pursue his or her academic goals honestly and be personally accountable for all
submitted work. Representing another person’s work as your own is always wrong. Faculty are required to report any suspected
instance of academic dishonesty to the Academic Judiciary. For more comprehensive information on academic integrity, including
categories of academic dishonesty, please refer to the academic judiciary website at

http://www.stonybrook.edu/uaa/academicjudiciary/.

Critical incident management: Stony Brook University expects students to respect the rights, privileges, and property of other
people. Faculty are required to report to the Office of Judicial Affairs any disruptive behavior that interrupts their ability to teach,


http://www.jstor.org/stable/2322213?seq=1
http://www.imo-official.org/problems.aspx
http://simo20020.tripod.com/calculus.pdf
http://onlinemathcircle.com/wp-content/uploads/2011/01/Lecture-7.pdf
http://www.artofproblemsolving.com/Resources/Papers/MildorfInequalities.pdf
https://web.williams.edu/go/math/sjmiller/public_html/161/articles/Riasat_BasicsOlympiadInequalities.pdf
http://estoyanov.net/files/MATAMATIKA/23982177-TheCauchy-Schwartz-Master-Class.pdf
http://www.latex-project.org/
http://mathsouls.110mb.com/Ebook/Math/En/Linear%20Algebra/Problems%20and%20Theorems%20in%20Linear%20Algebra.pdf
http://studentaffairs.stonybrook.edu/dss/
http://www.stonybrook.edu/ehs/fire/disabilities/asp
http://www.stonybrook.edu/uaa/academicjudiciary/

compromises the safety of the learning environment, and/or inhibits students’ ability to learn.



. In a town every two residents who are not friends have a friend in
common, and no one is a friend of everyone else. Let us number the
residents from 1 to n and let a; be the number of friends of the i-th
resident. Suppose that Y " a? = n*—n. Let k be the smallest number
of residents (at least three) who can be seated at a round table in such
a way that any two neighbors are friends. Determine all possible values

of k.

. Denote by V the real vector space of all real polynomials in one variable,
and let P : V — R be a linear map. Suppose that for all f,g € V with
P(fg) =0 we have P(f) =0 or P(g) = 0. Prove that there exist real
numbers o, ¢ such that P(f) = cf(xg) for all f € V.

. Let a,b be two integers and suppose that n is a positive integer for
which the set
Z\A{ax™ +by"|x,y € Z}

is finite. Prove that n = 1.
. How many nonzero coefficients can a polynomial P(z) have if its coeffi-

cients are integers and | P(z)| < 2 for any complex number z of absolute
value 17

. Suppose that for a function f : R — R and real numbers a < b one has
f(z) =0 for all = € (a,b). Prove that f(z) =0 for all z € R if
p

-1
f (y+ E) =0
k=0 p

for every prime number p and every real number y.

. For each positive integer k, find the smallest number n;, for which there
exist real nj, X n;, matrices Ay, Ag, ..., A such that all of the following
conditions hold:

(a) A2= AZ= ... = A2 =0,

(b) A;A; = AjA; forall 1 <i,5 <k, and

(C) A1A2 .. Ak 7é 0.

. Does there exist a finite group G with a normal subgroup H such that
|Aut H| > |Aut G|?



. Let n > 1 be an integer. Find all sequences ay, as, ..., a2, satisfying
the following conditions:

(a) a; €0,1 for all 1 < i < n?+ n;

(b) @it1 + airo + .o+ Aipn < Qigng1 + Gigngo + 0+ Gigo, for all
0<i<n?®—n.

. Let b,n > 1 be integers. Suppose that for each £ > 1 there exists an
integer ay such that b — a}} is divisible by k. Prove that b = A" for
some integer A.

. Suppose that A and B are square matrices such that AB — BA = A.
Prove that A is nilpotent, i.e. there exists k such that A* = 0.

. Let S, be the set of all sums ¥}_,zy, where n > 2,0 <z, 29,...,2, <
/2 and X}_; sinx, = 1.

a) Show that S, is a closed interval.
b) Let [, be the length of S,,. Find lim,,_,o -

. Let X be an arbitrary set, let f be a one-to-one mapping from X
onto itself. Prove that there exist mappings ¢1; g2 : X — X such that
f=g10g and g1 0 g4 = id = g9 0 go, where id denotes the identity
mapping on X

. Find all functions f : R, — R, such that

flx+f) = flx+y)+ fly)

for all x,y € R,.



Putnam Calculus Questions

2011
A2 Let a1,as,... and by, bs, ... be sequences of positive real numbers such that a; = b; = 1 and b,, = b,,_1a, — 2 for
n =2,3,.... Assume that the sequence (b;) is bounded. Prove that
=1
S =
7;1 aj...ap

converges, and evaluate S.

A3 Find a real number c and a positive number L for which

A5 Let F:R? — Rand g : R — R be twice continuously differentiable functions with the following properties:

- F(u,u) = 0 for every u € R;
— forevery x € R, g(x) > 0 and 22g(z) < 1;
— for every (u,v) € R?, the vector VF(u, ) is either O or parallel to the vector (g(u), —g(v)).

Prove that there exists a constant C' such that for every n > 2 and any z1,...,2,+1 € R, we have

C
in|Fz:. x:)] < =
Iir;gll (zi,z5)| < n

A6 Let G be an abelian group with n elements, and let

{gl 267927"'7916} CG
=

be a (not necessarily minimal) set of distinct generators of G. A special die, which randomly selects one of the elements
g1, 92, ..., g, With equal probability, is rolled m times and the selected elements are multiplied to produce an element
g € G. Prove that there exists a real number b € (0, 1) such that

is positive and finite.

B3 Let f and g be (real-valued) functions defined on an open interval containing 0, with g nonzero and continuous at 0. If fg
and f /g are differentiable at 0, must f be differentiable at 0?

BS5 Letay,as, ... be real numbers. Suppose that there is a constant A such that for all n,

o0 n 1 2
/_oo (Z 1—i—(x—a)2> dz < An.

=1
Prove there is a constant B > 0 such that for all n,

n

Z (1+ (a; —aj)?) > Bn®.

i,5=1
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A2 Find all differentiable functions f : R — R such that

for all real numbers x and all positive integers n.
A3 Suppose that the function » : R? — R has continuous partial derivatives and satisfies the equation

oh oh
h(z,y) = a%(%y) + b@(w,y)

for some constants a, b. Prove that if there is a constant M such that |h(x,y)| < M forall (z,y) € R?, then h is identically

zero.
A6 Let f : [0,00) — R be a strictly decreasing continuous function such that lim, .., f(z) = 0. Prove that
I 7]0(””);&(;“) dx diverges.

B5 Is there a strictly increasing function f : R — R such that f/(z) = f(f(x)) for all z?



