
MAT 203: Calculus III with Applications 
Fall 2013

Click here for the content and prerequisite for the course.

Textbook

Larson, Edwards, Multivariable Calculus, 10th edition.

Schedule and location

Instructors

Name Office Office hour MLC hour Email

Lecture Dr. Chi Li 3-120 T/Th 1-2:30pm chi.li@stonybrook.edu

R01 Xiaojie Wang P-136 Wed 4-5pm Wed 5-7pm wang@math.sunysb.edu

R02 Shaosai Huang S-240G Wed 9-10am shaosai.huang@stonybrook.edu

Syllabus and homework

Homework

Problem sets will be assigned weekly; check the syllabus webpage for the assigments. If you have the 9th edition of the textbook, you can also find the typed or scanned
version of homework on the page. The solution will be be given for each homework.

Each homework is due during your recitation class of the following week (unless otherwises stipulated). No late homework. The recitation instructor will collect the
homework and grade three of the problems.

Write the problem up carefully in your own words even if you have consulted the book for the final answer: always show your work. It is OK to discuss homework problems
with other students. However, each student must write up the homework individually in his/her own words, rather than merely copying someone else's.

Quizzes

There are quizzes from the homework problems every three weeks in the recitation. No make up quiz. Check the syllabus webpage for the schedule.

Grading

15% Homework 
10% Quizzes 
20% Midterm 1 
20% Midterm 2 
35% Final Exam

Overall Grades:

http://sb.cc.stonybrook.edu/bulletin/current/courses/mat/#203
http://www.math.sunysb.edu/schedules/fall13.html#MAT203
http://www.math.sunysb.edu/~chili
http://www.math.sunysb.edu/~wang


Midterm exam

There are two midterms which are are given in class.

Midterm 2

Midterm 1

The tentative curve for this midterm is shown in the picture. This is just to give you some idea of the distribution of the grades. The real curve will be made only after the
final exam.



Final exam

Wednesday, December 18, 8:00AM-10:45AM. More details to come.

Read and Take Notes

Read the relevant materials on the textbook both before and after the lecture. If you really want to master the course, it is wise to attempt or solve as many problems as you
can in the relevant section of the book.

Help

A very useful resource is the Math Learning Center (MLC) located in room S240-A of the mathematics building basement. The Math Learning Center is open every day
and most evenings. Check the schedule on the door.

Another useful resource are your teachers, whose office hours are listed above.

Stony Brook University expects students to maintain standards of personal integrity that are in harmony with the educational goals of the institution; to observe national,
state, and local laws as well as University regulations; and to respect the rights, privileges, and property of other people. Faculty must notify the Office of Judicial Affairs of
any disruptive behavior that interferes with their ability to teach, compromises the safety of the learning environment, or inhibits students' ability to learn.

DSS advisory: If you have a physical, psychiatric, medical, or learning disability that may affect your ability to carry out the assigned course work, please contact the office



of Disabled Student Services (DSS), Humanities Building, room 133, telephone 632-6748/TDD. DSS will review your concerns and determine what accommodations may be
necessary and appropriate. All information regarding any disability will be treated as strictly confidential.

Students who might require special evacuation procedures in the event of an emergency are urged to discuss their needs with both the instructor and DSS. For important
related information, click here.

http://www.stonybrook.edu/ehs/fire/disabilities.shtml


Syllabus
Week Sections Homework Notes

8/26-8/30

11.1: Vectors in the Plane

11.2: Space Coordinate, Vectors in Space

11.3: Dot Product

11.1: 8,28,36,50, 84

11.2: 6,26,44,58, 84

11.3: 4,10

Homework Week 1 (for 9th edition textbook) 
Solution for homework 1

Hint for HW11.2.84: The velocity of the plane is the sum
of the wind-velocity and the air-velocity. The air-
velocity is the scalar multiplication of the airspeed with
the compass direction)

9/1 Last day to drop a class or withdraw without tuition
liability.

9/2-9/6 11.4: Cross Product

11.3: 14, 42, 57, 62

11.4: 1-6, 10, 16, 28, 38

Homework Week 2 (for 9th edition textbook) 
Solution for homework 2

In problem 11.3.57, the edge is assumed to be adjacent to
the diagonal.

9/2 Labor Day: No class

9/9-9/13
11.5: Lines and Planes

11.6: Surfaces in Space

11.5: 10, 28, 29, 40, 42, 54, 82

11.6: 1-6, 10, 16, 32, 44

Homework Week 3 (for 9th edition textbook) 
Solution for homework 3

Notes on quadric surface

9/10: Last day to drop or withdraw without a "W"

9/16-9/20

12.1: Vector-Valued Function

12.2: Differentiation, Integration of Vector-
Valued Functions

12.3: Velocity and Acceleration

12.1: 2, 19-22, 24, 52, 68, 72

12.2: 4, 26, 42, 46, 52, 58

12.3: 18, 22

Homework Week 4 (for 9th edition textbook) 
Solution for homework 4

Quiz 1 in recitation

9/23-9/27

12.4: Tangent vectors, principal normal vectors

12.5: Arc Length

13.1: Functions of Several Variables

12.3: 26, 36

12.4: 10, 19, 22, 29-32

12.5: 10, 12, 17

13.1: 16, 24

Homework Week 5 (for 9th edition textbook) 
Solution for Homework 5

Example: principal normal vector for a plane curve

9/30-10/4

13.2: Limits and Continuity

Review for Midterm I

Midterm I

Practice Midterm 1 
Solution to Practice Midterm 1 

Solution to midterm: Solution 1 , Solution 2

Homework 6: 13.1: 27, 38, 45-48, 52. (for both
10/9th edition textbook ) Solutions to Homework 6

10/4: Midterm I in class covering up to 12.5.

10/4: Last day to drop-down or move-up.

10/7-10/11

13.3: Partial Derivatives

13.4: Differentials

13.5: Chain Rules

13.2: 24, 74, 76

13.3: 18, 52, 60, 66, 78, 110

13.4: 14, 26, 30

13.5: 12, 16, 20, 21

Homework Week 7 (for 9th edition textbook) 
Solution to Homework 7

10/14-
10/18

13.6: Directional Derivatives, Gradients

13.7: Tangent Planes, Normal Lines

13.8: Extrema of Functions of Two Variables

The numbers in the round bracket is the
numbering for 9th edition textbook

13.6: 2,24,36,52,61 
(9th: 14,28,40,56,66)

13.7: 10,18,24,42 
(9th: 18,28,34,52)

13.8: 18,27-30,42,46 
(9th: 26,31-34,46,50)

Solution to Homework 8

10/21-
10/25

13.9: Applications of Extrema

13.10: Lagrange Multipliers

13.8: 6,12 (9th:6, 10)

13.9: 6, 10, 14, 18 (9th: 6,10,14,16)

13.10: 6, 24, 34, 46 (9th: 8,26,36,50)

Solution to Homework 9

Optimizing problem discussed in class

Quiz 2 in recitation

10/25: Last day to drop a course with "W".

14.1: Iterated Integrals, Area in the plane

14.1: 28,32,42,56,60 
(9th:28,32,43,58,62)



10/28-11/1 14.2: Double Integrals, Volume

14.4: Center of Mass

14.2: 8,12,18,24,34,48,54 
(9th:10,14,20,28,42,56,62)

14.4: 2,6 (9th:2,6) 
Solution to Homework 10

11/4-11/8

14.3: Double integrals in Polar Coordinates

Review for Midterm II

Midterm II

Practice Midterm 2 
Solution to Practice Midterm 2 
Solution to midterm 2: Solution 1 , Solution 2 
Homework 11:

14.3: 6,18,22,26,30,40,44 
(9th:6,18,22,26,30,40,46)
14.4: 20,22 (9th:20,22) 
Solution to Homework 11

11/8: Midterm II in class covering up to 14.2.

11/11-
11/15

14.6: Triple Integrals

11.7: Cylindrical and Spherical Coordinates

14.7: Triple Integrals in Cylindrical and
Spherical Coordinates

14.6: 6,14,21,26,36,38 
(9th:6,16,23,28,38,40)

11.7: 4,8,26,32,38,44 
(9th:4,8,26,32,38,44)

14.7: 10,12,18,36 (9th:10,12,18,36) 
Solution to Homework 12

11/18-
11/22

15.1: Vector Fields

15.2: Line Integrals

14.7: 26,34 
(9th:26,24)

15.1: 1-4, 8, 34, 40, 44, 60 
(9th:1-6, 9, 40, 46, 50, 66)

15.2: 6,10,16,20,22 (9th:6,10,16,20,22) 
Solution to Homework 13

Hand in homework 13 and 14 together in the week after
thanksgiving

11/25-
11/29

15.3: Conservative Vector Fields, Independence
of Path

(for both 9/10th edition) 
15.2: 30,38,41-44,54,72,78 
15.3: 2,16,26,36 
Solution to Homework 14

11/29: Thanksgiving no class

12/2-12/6
15.4: Green's Theorem

Review for Final

15.3: 30,34 (9th:30,34) 
15.4: 2,4,10,22,38,44,47,48 
(9th: 2,4,10,22,38,44^{10},44,45,46 ) 
Solution to Homework 15

Quiz 3 in recitation covering 14.3-14.7

12/6: Last Day of Class

12/9-12/13 Practice Final 
Solution to Practice Final No class: Reading Period

12/18 Final exam December 18, 8:00-10:45 am.



1 1.1

8. Find the vectors whose initial and terminal points are given. Show that ~u
and ~v are equivalent.

~u : (−4,−1), (11,−4); ~v : (10, 13), (25, 10)

28. The vector ~v and its initial point are given. Find the terminal point.

~v = 〈4,−9〉; Initial point:(5, 3).

36. Find the unit vector in the direction of ~v and verify that it has length 1.

~v = 〈−5, 15〉

50. Find the component form of ~v given its magnitude and the angle it makes
with the positive x-axis.

‖~v‖ = 5, θ = 120◦.

84. A plane flies at a constant groundspeed of 400 miles per hour due east and
encounters a 50-miles-per-hour wind from the northwest. Find the airspeed and
compass direction that will allow the plane to maintain its groundspeed and
eastward direction.

(Hint: The velocity of the plane is the sum of the wind-velocity and the
air-velocity. The air-velocity is the scalar multiplication of the airspeed with
the compass direction)

-
@
@
@
@R

����������������:

Wind

Ground velocity

Air velocity

2 1.2

6. Find the coordinates of the point. The point is located seven units in front
of the yz-plane, two units to the left of the xz-plane, and one unit below the
xy-plane.

26. Find the distance between the points.

(2, 2, 3), (4,−5, 6)

44. Complete the square to write the equation of the sphere in standard form.
Find the center and radius.

1



4x2 + 4y2 + 4z2 − 24x− 4y + 8z − 23 = 0.

58. Given ~u = 〈1, 2, 3〉, ~v = 〈2, 2,−1〉, and ~w = 〈4, 0,−4〉. Find

~z = 5~u− 3~v − 1

2
~w.

84. Find the vector ~v with the given magnitude and the same direction as ~u

Magnitude: ‖~v‖ = 3; Direction: ~u = 〈1, 1, 1〉.

3 1.3

4. Find (a) ~u · ~v, (b) ~u · ~u, (c) ‖~u‖2, (d) (~u · ~v)~v, and (e) ~u · (2~v).

~u = 〈−4, 8〉, ~v = 〈7, 5〉.

10. Find the θ between the vectors (a) in radians and (b) in degrees.

~u = 〈3, 1〉, ~v = 〈2,−1〉

2



1 1.1

8. Find the vectors whose initial and terminal points are given. Show that ~u
and ~v are equivalent.

~u : (−4,−1), (11,−4); ~v : (10, 13), (25, 10)

Solution: ~u = 〈15,−3〉, ~v = 〈15,−3〉. So ~u = ~v.

28. The vector ~v and its initial point are given. Find the terminal point.

~v = 〈4,−9〉; Initial point:(5, 3).

Solution: Terminal point is (9,−6).

36. Find the unit vector in the direction of ~v and verify that it has length 1.

~v = 〈−5, 15〉
Solution: Unit vector in the direction of ~v is

~v

‖~v‖
=

〈−5, 15〉
‖〈−5, 15〉‖

=

〈
− 1√

10
,

3√
10

〉
.

50. Find the component form of ~v given its magnitude and the angle it makes
with the positive x-axis.

‖~v‖ = 5, θ = 120◦.

Solution: ~v = ‖~v‖〈cos θ, sin θ〉 =
〈
−5

2 ,
5
√
3

2

〉
.

84. A plane flies at a constant groundspeed of 400 miles per hour due east and
encounters a 50-miles-per-hour wind from the northwest. Find the airspeed and
compass direction that will allow the plane to maintain its groundspeed and
eastward direction. (Hint: The velocity of the plane is the sum of the wind-
velocity and the air-velocity. The air-velocity is the scalar multiplication of the
airspeed with the compass direction)

-
@
@
@
@R

����������������:

Wind

Ground velocity

Air velocity

Solution: Ground velocity=〈400, 0〉. Wind velocity=〈25
√
2,−25

√
2〉. So

air velocity is
~v = 〈400− 25

√
2, 25

√
2〉 ≈ 〈364.6, 35.4〉.

The airspeed is ‖~v‖ = 366.4 miles per hour. The compass direction is

~v

‖~v‖
≈ 〈0.995, 0.097〉.

Or equivalently, the angle θ is about arctan(25
√
2/(400− 25

√
2)) ≈ 5.5◦ north

of due east.

1



2 1.2

6. Find the coordinates of the point. The point is located seven units in front
of the yz-plane, two units to the left of the xz-plane, and one unit below the
xy-plane.

Solution: (7, 2,−1).

26. Find the distance between the points.

(2, 2, 3), (4,−5, 6)

Solution: distance=
√
(4− 2)2 + (−5− 2)2 + (6− 3)2 =

√
62.

44. Complete the square to write the equation of the sphere in standard form.
Find the center and radius.

4x2 + 4y2 + 4z2 − 24x− 4y + 8z − 23 = 0.

Solution: Standard form:

(x− 3)2 + (y − 1

2
)2 + (z + 1)2 = 16.

The center is (3, 1/2,−1). Radius is 4.

58. Given ~u = 〈1, 2, 3〉, ~v = 〈2, 2,−1〉, and ~w = 〈4, 0,−4〉. Find

~z = 5~u− 3~v − 1

2
~w.

Solution: ~z = 〈−3, 4, 20〉.

84. Find the vector ~v with the given magnitude and the same direction as ~u

Magnitude: ‖~v‖ = 3; Direction: ~u = 〈1, 1, 1〉.

Solution: ~v = ‖~v‖ ~u
‖~u‖ = 〈

√
3,
√
3,
√
3〉.

3 1.3

4. Find (a) ~u · ~v, (b) ~u · ~u, (c) ‖~u‖2, (d) (~u · ~v)~v, and (e) ~u · (2~v).

~u = 〈−4, 8〉, ~v = 〈7, 5〉.

Solution: (a) 12. (b) 80. (c) 80. (d) 〈84, 60〉. (e) 24.

10. Find the θ between the vectors (a) in radians and (b) in degrees.

~u = 〈3, 1〉, ~v = 〈2,−1〉

Solution:

cos θ =
~u · ~v

‖~u‖‖~v‖
=

√
2

2
.

So θ = π
4 = 45◦.

2



1 1.3

14: Find the angle θ between the vectors (a) in radians and (b) in degrees

~u = 3~i+ 2~j + ~k, ~v = 2~i− 3~j.

42: (a) Find the projection of ~u onto ~v, and (b) Find the vector component of
~u orthogonal to ~v.

~u =~i+ 4~k, ~v = 3~i+ 2~k.

57: Find the angle between the diagonal of a cube and one of its adjacent edges.
Show your work.

62: A toy wagon is pulled by exerting a force of 25 pounds on a handle that
makes a 20◦ angle with the horizontal. Find the work done in pulling the wagon
50 feet.

2 1.4

1-6: Find the cross product of unit vectors and sketch your result in pictures:
1: ~j ×~i 2: ~i×~j 3: ~j × ~k 4: ~k ×~j 5: ~i× ~k 6: ~k ×~i.

10: Find (a) ~u× ~v, (b) ~v × ~u and (c) ~v × ~v.

~u = 〈3,−2,−2〉, ~v = 〈1, 5, 1〉.

16: Find ~u× ~v and show that it is orthogonal to both ~u and ~v.

~u =~i+ 6~j, ~v = −2~i+~j + ~k.

28: Find the area of the triangle with given vertices.

A(2,−3, 4), B(0, 1, 2), C(−1, 2, 0).

(Hint: 1
2‖~u× ~v‖ is the area of the triangle having ~u and ~v as adjacent sides.)

38: Use the triple scalar product to find the volume of the parallelpiped having
adjacent edges ~u, ~v and ~w.

~u = 〈1, 3, 1〉, ~v = 〈0, 6, 6〉, 〈−4, 0,−4〉.

1



1 1.3

14: Find the angle θ between the vectors (a) in radians and (b) in degrees

~u = 3~i+ 2~j + ~k, ~v = 2~i− 3~j.

Solution: cos θ = ~u·~v
‖~u‖‖~v‖ = 0. So θ = π

2 = 90◦.

42: (a) Find the projection of ~u onto ~v, and (b) Find the vector component of
~u orthogonal to ~v.

~u =~i+ 4~k, ~v = 3~i+ 2~k.

Solution:

(a) : Proj~v~u =
~u · ~v
‖~v‖2

~v =
11

13
(3~i+ 2~k).

(b): Vector component orthogonal to ~v:

~u− Proj~v~u =
−20~i+ 30~j

13
.

57: Find the angle between the diagonal of a cube and one of its adjacent edges.
Show your work.

Solutions: Vector in the direction of diagonal ~u = 〈1, 1, 1〉. Vector along
adjacent side ~v = 〈1, 0, 0〉. So cos θ = 1√

3
and θ = Arccos(1/

√
3) ≈ 54.7◦.

62: A toy wagon is pulled by exerting a force of 25 pounds on a handle that
makes a 20◦ angle with the horizontal. Find the work done in pulling the wagon
50 feet.

Solutions: Work=25× cos(20◦)× 50 = 1174.62 ft-lbs.

2 1.4

1-6: Find the cross product of unit vectors and sketch your result in pictures:
1: ~j ×~i 2: ~i×~j 3: ~j × ~k 4: ~k ×~j 5: ~i× ~k 6: ~k ×~i.
Solution: 1: −~k 2: ~k 3: ~i 4: −~i 5: −~j 6: ~j.

10: Find (a) ~u× ~v, (b) ~v × ~u and (c) ~v × ~v.

~u = 〈3,−2,−2〉, ~v = 〈1, 5, 1〉.

Solution: (a): 〈8,−5, 17〉, (b): 〈−8, 5,−17〉, (c): 0.

16: Find ~u× ~v and show that it is orthogonal to both ~u and ~v.

~u =~i+ 6~j, ~v = −2~i+~j + ~k.

Solution: ~u× ~v = 〈5,−3, 13〉.

1



28: Find the area of the triangle with given vertices.

A(2,−3, 4), B(0, 1, 2), C(−1, 2, 0).

(Hint: 1
2‖~u× ~v‖ is the area of the triangle having ~u and ~v as adjacent sides.

Solution:
−−→
AB = 〈−2, 4,−2〉, −−→AC = 〈−3, 5,−4〉.

−−→
AB×−−→

AC =

∣∣∣∣∣∣
~i ~j ~k
−2 4 −2
−3 5 −4

∣∣∣∣∣∣ = 〈−6,−2, 2〉.

Area(4ABC) =
1

2

∣∣∣−−→AB×−−→
AC

∣∣∣ = √
11.

38: Use the triple scalar product to find the volume of the parallelpiped having
adjacent edges ~u, ~v and ~w.

~u = 〈1, 3, 1〉, ~v = 〈0, 6, 6〉, ~w = 〈−4, 0,−4〉.

Solution:

~u× ~v · ~w =

∣∣∣∣∣∣
1 3 1
0 6 6
−4 0 −4

∣∣∣∣∣∣ = −72.

The volume of the parallelepiped=72.

2



1 1.5

10: Find sets of (a) parametric equations and (b) symmetric equations of the
line through the two points. (if possible). (For each line, write the direction
numbers as integers.)

(0, 4, 3), (−1, 2, 5).

28: Determine whether any of the lines are parallel or identical.

L1 :
x− 3

2
=

y − 2

1
=

z + 2

2
.

L2 :
x− 1

4
=

y − 1

2
=

z + 3

4
.

L3 :
x+ 2

1
=

y − 1

0.5
=

z − 3

1
.

L4 :
x− 3

2
=

y + 1

4
=

z − 2

−1
.

29: Determine whether the lines intersect, and if so, find the point of intersection
and the cosine of the angle of intersection.

x = 4t+ 2, y = 3, z = −t+ 1

x = 2s+ 2, y = 2s+ 3, z = s+ 1.

40: Find an equation of the plane passing through the point perpendicular to
the given line.

(3, 2, 2);
x− 1

4
= y + 2 =

z + 3

−3
.

42: Find an equation of the plane which passes through (3,−1, 2), (2, 1, 5), and
(1,−2,−2).

54: Find an equation of the plane that contains all the points that are equidis-
tant from the given points.

(1, 0, 2), (2, 0, 1).

82: Find the distance between the point and the plane

(0, 0, 0), 5x+ y − z = 9.

1



2 1.6

1-6 in text book.

10: Describe and sketch the surface y2 + z = 6.

16: Classify and sketch the quadric surface.

−8x2 + 18y2 + 18z2 = 2.

32: Find the equation for the surface of revolution formed by revolving the
curve in the indicated coordinate plane about the given axis Equation of curve:
z = 3y . Coordinate plane: yz -plane. Axis of revolution: y-axis

44: Find an equation of the surface satisfying the conditions and identify the
surface: the set of all points equidistant from the point (0, 0, 4) and the xy-plane.

2



1 1.5

10: Find sets of (a) parametric equations and (b) symmetric equations of the
line through the two points. (if possible). (For each line, write the direction
numbers as integers.)

(0, 4, 3), (−1, 2, 5).

Solution: (a) Parametric equation:

x = −t, y = 4− 2t, z = 3 + 2t.

(b) Symmetric equations:

x

−1
=

y − 4

−2
=

z − 3

2
.

28: Determine whether any of the lines are parallel or identical.

L1 :
x− 3

2
=

y − 2

1
=

z + 2

2
.

L2 :
x− 1

4
=

y − 1

2
=

z + 3

4
.

L3 :
x + 2

1
=

y − 1

0.5
=

z − 3

1
.

L4 :
x− 3

2
=

y + 1

4
=

z − 2

−1
.

Solution: L1, L2 and L3 have the parallel direction vector 〈2, 1, 2〉. So they
are parallel to each other. Pick points P1 = (3, 2,−2) ∈ L1, P2 = (1, 1,−3) ∈ L2,
P3 = (−2, 1, 3) ∈ L3. By calculation, Pi does not lie on the Lj if i 6= j. So they
are parallel but different lines.

29: Determine whether the lines intersect, and if so, find the point of intersection
and the cosine of the angle of intersection.

x = 4t + 2, y = 3, z = −t + 1

x = 2s + 2, y = 2s + 3, z = s + 1.

Solution Solve these equations simultaneously, one gets solution t = 0,
s = 0. So the two lines intersect at a point (2, 3, 1).

40: Find an equation of the plane passing through the point perpendicular to
the given line.

(3, 2, 2);
x− 1

4
= y + 2 =

z + 3

−3
.

Solution: The plane has normal vector 〈4, 1,−3〉.

4(x− 3) + (y − 2)− 3(z − 2) = 0.

In simpler form: 4x + y − 3z = 8.

1



42: Find an equation of the plane which passes through (3,−1, 2), (2, 1, 5), and
(1,−2,−2).

Solution:
−−→
AB = 〈−1, 2, 3〉. −→AC = 〈−2,−1,−4〉. A normal vector for the

plane is ~n =
−−→
AB × −→AC = 〈−5,−10, 5〉 = 5〈−1,−2, 1〉. So the equation for the

plane is:

−1(x− 3)− 2(y + 1) + 1(z − 2) = 0⇐⇒ x + 2y − z = −1.

It’s better to check the points are indeed on the plane.

54: Find an equation of the plane that contains all the points that are equidis-
tant from the given points.

(1, 0, 2), (2, 0, 1).

Solution: By geometry, the required plane passes through the middle point
C of AB and is perpendicular to the vector

−−→
AB. The middle point C of AB

satisfies
−−→
OC = 1

2 (
−→
OA +

−−→
OB) = 1

2 〈3, 0, 3〉. O is the origin. So C = 1
2 (3, 0, 3).

The vector
−−→
AB = 〈1, 0,−1〉. So the plane has equation:

(x− 3/2) + 0(y − 0)− (z − 3/2) = 0⇐⇒ x− z = 0.

82: Find the distance between the point and the plane

(0, 0, 0), 5x + y − z = 9.

Solution: Choose a point, e.g. Q = (2,−1, 0) on the plane. Let P = (0, 0, 0) be
the given point. The normal vector for the plane is ~n = 〈5, 1,−1〉. The distance
is equal to ∥∥∥Proj~n

−−→
QP
∥∥∥ =

‖−−→QP · ~n‖
‖~n‖

=
9√
27

=
√

3.

2 1.6

1-6 in text book.
Solution: (a)↔ 6: hyperbolic paraboloid; (b)↔ 4: elliptical cone; (c)↔

1: ellipsoid; (d)↔ 5: elliptical paraboloid; (e)↔ (2): hyperboloid of two
sheets; (f)↔ (3): hyperboloid of one sheet.
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Figure 1: y2 + z = 6

-1
0

1x

-1
0

1y

-1

0

1

z

Figure 2: −8x2 + 18y2 + 18z2 = 2

10: Describe and sketch the surface y2 + z = 6. Solution: This is a cylindrical
surface, parallel to the x-axis.

16: Classify and sketch the quadric surface.

−8x2 + 18y2 + 18z2 = 2.

Solution: This is a hyperboloid of one sheet. The axis variable is x.

32: Find the equation for the surface of revolution formed by revolving the
curve in the indicated coordinate plane about the given axis Equation of curve:
z = 3y . Coordinate plane: yz -plane. Axis of revolution: y-axis

Solution: x2 + z2 = 9y2. This is an elliptical cone.

3
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(a) x2 + y2 − 8z + 16 = 0
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(b) x2 − 8z + 16 = 0

Figure 3: x2 + y2 − 8z + 16 = 0

44: Find an equation of the surface satisfying the conditions and identify the
surface: the set of all points equidistant from the point (0, 0, 4) and the xy-plane.

Solution:√
x2 + y2 + (z − 4)2 = |z| ⇐⇒ x2 + y2 − 8z + 16 = 0.

This is an elliptical paraboloid with vertex (0, 0, 2).

4



Step 0: If three variables have the same sign and all have order 2, then it’s
an ellipsoid. Otherwise do the following.

Step 1: Find the axis variable for the surface. The axis variable is the
variable which has different sign or different degree.

Step 2: Figure out if there are gaps or restrictions on the axis variable.

Step 3: Change the axis variable from 0 to find slices as one changes the
axis variable to cut out the surface.

Step 4: Combine and connect the slices to visualize the surface.

Example:

1: z2 − x2 − y2

4 = 1.

Step 1: This axis variable is z. z2 = x2 + y2

4 + 1.
Step 2: There is the gap: |z| ≥ 1, i.e. z ∈ (−∞,−1] ∪ [1,∞).
Step 3: The slice when |z| = 1 is a point. The slice for |z| > 1 is ellipse.
Step 4: It’s the hyperboloid of 2 sheets

2: x2 − 2y2 − 2z2 = 0.
Step 1: The axis variable is x. x2 = 2y2 + 2z2.
Step 2: Gap is zero |x| ≥ 0, i.e. x ∈ (−∞,+∞).
Step 3: The slice when x = 0 is a point. The slices are ellipses when |x| > 0.
Step 4: This is elliptic cone.

3: x2 + 4y2 − z = 0.
Step 1: The axis variable is z. x2 + 4y2 = z.
Step 2: There is restriction z ≥ 0.
Step 3: The slice when z = 0 is a point. The slices when z > 0 are ellipses.
Step 4: This is elliptic paraboloid.

4: 3x+ y2 − z2 = 0.
Step 1: The axis variable is x. 3x = −y2 + z2.
Step 2: There is no restriction on x, i.e. x ∈ (−∞,+∞).
Step 3: The slices are hyperbola.
Step 4: This is hyperbolic paraboloid.

5: 16x2 − y2 + 16z2 = 4.
Step 1: The axis variable is y. y2 + 4 = 16x2 + 16z2.
Step 2: There is no gap for y, i.e. y ∈ (−∞,+∞).
Step 3: The slice when y = 0 is a small ellipse 16x2 + 16z2 = 4. The slices

when |y| > 0 are growing ellipses as one increases |y|.
Step 4: This is hyperboloid of one sheet.

6: 1− x2 − y2/4− 16z2 = 0.
Step 0: All variables have the same sign and same order. It’s an ellipsoid.

1



(The numbering for most problems is according to 9-th edition. However,
2610 means the problem 26 in edition 10.)

1 12.1

Homework: 2, 21-24, 28, 56, 74, 78

2 12.2

Homework: 6
Homework: 2610: Find (a) ~r ′(t), (b) ~r ′′(t), (c) ~r ′(t) ·~r ′′(t), (d) ~r ′(t)×~r ′′(t).

~r(t) = t3~i+ (2t2 + 3)~j + (3t− 5)~k.

Homework: 46, 56, 62, 68

3 12.3

Homework: 20, 26

1



(210 means problem 2 in 10-th edition textbook, 69 means problem
6 in 9-th edition textbook )

1 12.1

210 = 29: Domain={t; |t| ≤ 2} = [−2, 2].

1910 − 2210 = 219 − 249: One can use the projection of the curve onto xy-
plane to match the curve.

(a)↔ 22. The projection of the curve to the xy-plane is the graph of function
y = lnx.

(b)↔ 19. The projection to the xy-plane is the line y = 2x.
(c)↔ 20. The projection to the xy-plane is the circle x2 + y2 = 1.
(d)↔ 21. The projection to the xy-plane is the parabola: y = x2.

2410 = 289: Cancelling the parameter t, we get half of the parabola: {(x, y);x =
5 − y2, y ≥ 0}. When t increases, x decreases. The curve with the orientation
are shown below

-2 2 4

0.5

1.0

1.5

2.0

2.5

5210 = 569: ~r(t) = 3 cos t ~i+ 4 sin t ~j.

6810 = 749:

The limit = lim
t→∞

e−t~i+ lim
t→∞

1

t
~j + lim

t→∞

t

t2 + 1
~k = ~0.

7210 = 789: ~r(t) is continuous in its domain {t ∈ R; t > 1}.

2 12.2

410 = 69: ~r ′(t) = 3 cos t~i − 4 sin t~j. The curve is an ellipse: x2

9 + y2

16 = 1.

~r(π/2) = 3~i. ~r(π/2) = −4~j.

2610: (a): ~r ′(t) = 3t2~i+ 4t~j + 3~k. (b): ~r ′′(t) = 6t~i+ 4~j. (c): ~r ′(t) · ~r ′′(t) =
18t3 + 16t. (d): ~r ′(t)× ~r ′′(t) = −12~i+ 18t~j − 12t2~k.

4210 = 469: (a):

1. ~r(t) · ~u(t) = sin t+ t2. d
dt (~r(t) · ~u(t)) = cos t+ 2t.

1
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2. d
dt~r(t) = − sin t~i+ cos t~j + ~k. d

dt~u(t) =
~k. If we use the product rule:

d

dt
~r(t) · ~u(t) + ~r(t) · d

dt
~u(t) = (cos t+ t) + t = cos t+ 2t.

So the two ways give the same result. (b):

1. The cross product:

~r(t)× ~u(t) = (t sin t− t)~i− t cos t~j + cos t~k.

d

dt
(~r(t)× ~u(t)) = (sin t+ t cos t− 1)~i+ (− cos t+ t sin t)~j − sin t~k.

2. If we use the product rule

d

dt
~r(t)× ~u(t) + ~r(t)× d

dt
~u(t) =

[
(t cos t− 1)~i+ t sin t~j − sin t~k

]
+
[
sin t~i− cos t~j

]
= (t cos t+ sin t− 1)~i+ (t sin t− cos t)~j − sin t~k.

The two ways give the same result.

4610 = 569: For the ~i component, use integration by parts∫
ln tdt = t ln t−

∫
td ln t = t ln t− t+ C1.

So ∫ (
ln t~i+

1

t
~j + ~k

)
dt = (t ln t− t)~i+ ln |t|~j + t~k + ~C.

5210 = 629:∫ 1

−1
(t~i+ t3~j + t1/3~k)dt =

1

2
t2~i+

1

4
t4~j +

3

4
t4/3

]1
−1

= 0.

5810 = 689:

~r(t) =

∫ t

0

~r ′(s)ds+ ~r(0) =

∫ t

0

(3t2~j + 6
√
t~k)dt+ (~i+ 2~j)

= (t3~j + 4t3/2~k) + (~i+ 2~j) =~i+ (t3 + 2)~j + 4t3/2~k.

2



3 12.3

1810 = 209: (a): Velocity: ~v(t) = ~r ′(t) = 〈1/t,−1/t2, 4t3〉. Speed: v = ‖~v‖ =√
16t10 + t2 + 1/t2.
Acceleration: ~a(t) = ~r ′′(t) = 〈−t−2, 2t−3, 12t2〉.
(b): When t = 2, the velocity ~v(2) = 〈1/2,−1/4, 32〉, the acceleration

~a(2) = 〈−1/4, 1/4, 48〉.

2210 = 269:

~v(t) =

∫ t

0

~a(s)ds+ ~v(0) = 3~i− 2~j + (−32t+ 1)~k.

~r(t) =

∫ t

0

~v(s)ds+ ~r(0) = 3t~i+ (−2t+ 5)~j + (−16t2 + t+ 2)~k.

So ~r(2) = 6~i+~j − 60~k.

3



(If you have 10th edition textbook, don’t look at this. Use this only
when you have 9-th edition textbook. The numbering is according to
9-th edition.)

1 12.3

Homework: 30, 42

2 12.4

Homework: 14, 29, 36, 45-48

3 12.5

Homework: 10, 12, 19

4 13.1

Homework: 16, 24

1



(2610 means problem 26 in 10-th edition textbook, 309 means prob-
lem 30 in 9-th edition textbook )

1 12.3

2610 = 309: Note the acceleration is ~a = −32~j. The path of the projectile is
described by the vector-valued function:

~r(t) = 〈450
√
2 t, 3 + 450

√
2 t− 16t2〉.

1. Maximal height: 450
√
2−32t1 = 0⇒ t1 = 450

32

√
2. So the maximal height

is:

hmax = y(t1) = 3 + 450
√
2
450

32

√
2− 16

4502

322
2 ≈ 6331.13ft.

2. Range: 3 + 450
√
2t2 − 16t22 = 0 ⇒ t2 = 39.78. The range is 450

√
2t2 =

25315.5 ft.

3610 = 429: Note that 12◦ = 12
180π = π

15 . The corresponding vector-valued
function is

~r(t) = 〈v0
(
cos

π

15

)
t, v0

(
sin

π

15

)
t− 16t2〉.

The time when the projectile hits the ground is obtained by

v0(sin(π/15))t2 − 16t22 = 0 =⇒ t2 =
v0
16

sin(π/15).

The range for the projectile is

R = v0t2 =
v20
16

(sin
π

15
)(cos

π

15
) =

v20
32

sin
2π

15
.

So

R = 200 =
v20
32

sin
2π

15
=⇒ v0 =

√
200 · 32
sin 2π

15

≈ 125.44ft/sec.

2 12.4

1010 = 149: ~r ′(t) = 〈1, 1,−t(4− t2)−1/2〉. ~r(t1) = 〈1, 1,
√
3〉 ⇒ t1 = 1. So the

tangent vector at P is 〈1, 1,−1/
√
3〉. The unit tangent vector is

~T (1) =
~r ′(1)

‖~r ′(1)‖
=
〈1, 1,−1/

√
3〉√

7/3
= 〈
√

3/7,
√

3/7,−1/
√
7〉.

The tangent line at point P = (1, 1,
√
3) is given by

x = 1 +

√
3

7
t, y = 1 +

√
3

7
t, z =

√
3− 1√

7
t.

1



1910 = 299: ~r ′(t) = −6 sin t~i + 6 cos t~j. ~T = − sin t~i + cos t~j. ~T ′(t) =
− cos t~i− sin t~j. The principal normal vector is

~N(t) =
~T ′(t)

‖~T ′(t)‖
= − cos t ~i− sin t ~j, ~N

(
3π

4

)
=

√
2

2
~i−
√
2

2
~j.

2210 = 369: ~r ′(t) = 2t~i+ 2~j. The unit tangent vector is

~T (t) =
~T (t)

‖~T (t)‖
=

t~i+~j√
t2 + 1

.

~T ′(t) =
~i√
t2 + 1

+ (t~i+~j)(−1/2)(t2 + 1)−3/2(2t) =
~i(t2 + 1)− (t~i+~j)t

(t2 + 1)3/2

=
~i− t~j

(t2 + 1)3/2
.

So the principal normal vector is

~N(t) =
~T ′(t)

‖~T ′(t)‖
=

~i− t~j√
1 + t2

.

Note that another way to get principal normal vector for a plane curve is to use
the following trick.

~r ′(t) = 〈2t, 2〉 ⇒ n1 = 〈−2, 2t〉, n2 = 〈2,−2t〉.

n1, n2 are normal vectors in opposite directions. From the geometry of the

0.5 1.0 1.5 2.0

-3

-2

-1

1

2

3

curve, at t = 1, the turning direction is downward-right, so we need to choose

n2 = 〈2,−2t〉 =⇒ ~N(t) =
n2(t)

‖n2(t)‖
=

~i− t~j√
1 + t2

.

The acceleration vector is:

~a(t) = ~r ′′(t) ≡ 2~i.

aT = ~a · ~T = 2~i · t~i+~j√
1 + t2

=
2t√
1 + t2

.

aN =
√
‖a‖2 − a2T =

√
4− 4t2

1 + t2
=

2√
1 + t2

.

2



When t = 1, we get

~T (1) =
~i+~j√

2
, ~N(1) =

~i−~j
2

, aT =
√
2, aN =

√
2.

2910 − 3210 = 459 − 489:

29: ~r ′(t) = −aω sin(ωt)~i+ aω cos(ωt)~j. Unit tangent vector:

~T (t) = − sin(ωt)~i+ cos(ωt)~j.

~T ′(t) = −ω cos(ωt)~i− ω sin(ωt)~j. The principal normal vector

~N(t) =
~T ′(t)

‖~T ′(t)‖
= − cos(ωt)~i− sin(ωt)~j.

~a(t) = ~r ′′ = −aω2 cos(ωt)~i− aω2 sin(ωt)~j.

aT = ~a(t) · ~T = 0. aN =
√
‖~a‖2 − a2T = aω2.

30: ~T (t) is orthogonal to the position vector ~r(t). ~N(t) = −ω2~r(t) is in the
opposite direction of ~r(t).

31: The speed of the object at any time t is a constant: ‖~v(t)‖ = aω. So
aT = d

dt‖~v‖ = 0 as seen above.

32: If ω is halved, i.e. ω  ω/2, then aN  aN/4.

3 12.5

1010 = 109: ~r ′(t) = 2t~j + 3t2~k. ‖~r ′(t)‖ =
√
4t2 + 9t4 = |t|

√
4 + 9t2.

L =

∫ 2

0

‖~r ′(t)‖dt =
∫ 2

0

t
√

4 + 9t2dt =
1

18

∫ 2

0

√
4 + 9t2d(4 + 9t2)

=
1

18

∫ 40

4

√
udu =

1

18

2

3
u3/2

]40
4

=
8

27
(10
√
10− 1).

3



1210 = 129: ~r ′(t) = 〈2 cos t, 5,−2 sin t〉. ‖~r ′(t)‖ =
√
29.

L =

∫ π

0

‖~r ′(t)‖dt =
√
29π.

1710 = 199: (a): ~r ′(t) = 〈−2 sin t, 2 cos t, 1〉. ‖~r ′(t)‖ =
√
5. So

s(t) =

∫ t

0

‖~r ′(u)‖du =
√
5t.

(b): t = s/
√
5. So the arc length parametrization is:

~r(s) =

〈
2 cos

s√
5
, 2 sin

s√
5
,
s√
5

〉
.

(c): ~r(
√
5) = 〈2 cos 1, 2 sin 1, 1〉. The coordinate of the point=(2 cos 1, 2 sin 1, 1)

for the arc length s =
√
5. Similarly, the coordinate of the point for the arc

length s = 4 is (2 cos(4/
√
5), 2 sin(4/

√
5), 4/

√
5).

(d):

~r ′(s) =

〈
− 2√

5
sin

s√
5
,
2√
5
cos

s√
5
,
1√
5

〉
, ‖~r ′(s)‖ = 1.

4 13.1

1610 = 169:
g(x, y) = ln |t||yx = ln

∣∣∣y
x

∣∣∣ .
So (a): g(4, 1) = ln(1/4) = − ln 4. (b): g(6, 3) = − ln 2. (c): g(2, 5) = ln(5/2).
(d): g(1/2, 7) = ln 14.

2410 = 249: Domain={(x, y) ∈ R2;x 6= y}. Range=R = (−∞,+∞)

4



Consider the plane curve given by:

~r(t) = t~i+ t3~j.

The tangent vector is

~r ′(t) =~i+ 3t2~j =⇒ ~T (t) =
~r ′(t)

‖~r ′(t)‖
=

~i+ 3t2~j√
1 + 9t4

.

1 Principal normal vector

To find the principal normal vector, we can use two different methods:

1 Standard calculation: Derivative of unit tangent vectors:

~T ′(t) =
6t~j√
1 + 9t4

− (~i+ 3t2~j)
1

2
(1 + 9t4)−3/2 · 36t3

=
6t~j(1 + 9t4)− (~i+ 3t2~j)18t3

(1 + 9t4)3/2
=

−18t3~i+ 6t~j

(1 + 9t4)3/2

=
6t

(1 + 9t4)3/2
(−3t2~i+~j).

It’s norm is

‖~T ′(t)‖ =
6|t|

(1 + 9t4)3/2
(9t4 + 1)1/2.

When t 6= 0, ~T ′(t) 6= 0. So when t 6= 0, the principal normal vector is

~N(t) =
~T ′(t)

‖~T ′(t)‖
=

t

|t|
−3t2~i+~j√
9t4 + 1

=


−3t2~i+~j√

9t4+1
, t > 0;

3t2~i−~j√
9t4+1

, t < 0.

2 Use geometry of plane curves: Since ~r ′(t) = 〈1, 3t2〉, we get two
normal vectors in opposite direction:

~n1(t) = 〈−3t2, 1〉, ~n2(t) = 〈3t2,−1〉.

When t > 0, by turning direction, choose ~n1(t) = 〈−3t2, 1〉.

~N(t) =
~n1(t)

‖~n1‖
=

〈−3t2, 1〉√
9t4 + 1

, when t > 0.

When t < 0, by turning direction, choose ~n2(t) = 〈3t2,−1〉.

~N(t) =
~n2(t)

‖~n2‖
=

〈3t2,−1〉√
9t4 + 1

, when t < 0.

1



2 Acceleration in the ~T and ~N direction

Acceleration vector:
~a(t) = ~r ′′(t) = 6t~j.

aT = ~a · ~T =
18t3√
1 + 9t4

.

aN =
√

‖~a‖2 − a2T =
6|t|√
1 + 9t4

≥ 0.

2



MAT 203 FALL 2013 Practice MIDTERM I

NAME : ID :

RECITATION NUMBER:

THERE ARE SIX (6) PROBLEMS. THEY HAVE THE INDICATED VALUE.

SHOW YOUR WORK

DO NOT TEAR-OFF ANY PAGE

NO CALCULATORS NO CELLS ETC.

ON YOUR DESK: ONLY test, pen, pencil, eraser.

1 40pts

2 50pts

3 45pts

4 40pts

5 45pts

6 40pts

Total 260pts

1



2

!!! WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :

LECTURE N.
1. (40pts)

(a): Find the area of parallelogram on the plane with the following vertices

A(0, 0), B(7, 3), C(9, 8), D(2, 5).

(b): Calculate the cosines of the angles of the parallelogram.



3

2. (50pts) (a): Classify each of the following surfaces. Sketch the surface if possible.

(1) x2 + y2 − 2x+ 4y = 0.
(2) y2 + z2 = 4.
(3) x2 − z2 − y2 = 1.

(b): A quadric surface is a revolution surface obtained by rotating the curve x = −y2
around the x-axis. Write down the equation for this surface and classify it.



4

3. (45pts)

Consider a point and a plane given by

P = (1, 0,−1); H : −4x+ y + z = 4.

(a): Find the equation of the line passing through P and perpendicular to the plane
H.

(b): Find the intersection point of L with H.

(c): Find the distance between the point and the plane.



5

4. (40pts)

Assume we have a vector valued function satisfying

~r ′′(t) = −32~j, r(0) = 8~j + 8~k, ~r ′(0) = 8~i+ 8~j.

(a): Find the expression for ~r(t).

(b): Assume the curve C is described by the vector-valued function ~r(t). Find the
intersection points of C with the xz-plane.



6

5. (45pts)

Consider a motion is described by the smooth plane curve

~r(t) = (2 cos t)~i+ (sin t)~j.

(a): Sketch this curve. Calulate ~v(t) and ~a(t) for any t.

(b): Find the unit tangent vector for any t. Calculate the component of acceleration

in the direction of ~T : aT = ~a · ~T .

(c): Find the principal normal vector ~N(2π/3) when t = 2π
3
.



7

6. (40pts)

Calculate the length of the curve within the given interval

~r(t) = (cos3 t)~j + (sin3 t)~k, 0 ≤ t ≤ π/2.













































Figure 1: z = 1
2

√
x2 + y2

   c=2

c=0

c
=
1

c= 3-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

Figure 2: x2 + y2 = 9− c2

1 13.1

27: f(x, y) = arccos(x+ y). Domain={(x, y) ∈ R2; |x+ y| ≤ 1}. Range=[0, π].

38: z = 1
2

√
x2 + y2. The graph of this function is the upper half of a elliptical

cone:

z2 =
1

4
(x2 + y2), z ≥ 0.

See figure 1.

45-48: (a)←→ (48); (b)←→ (47); (c)←→ (45); (d)←→ (46).

52: The level curves for f(x, y) =
√

9− x2 − y2 are:
√

9− x2 − y2 = c. The
level curves form a family of circles: x2 +y2 = 9−c2 with common center (0, 0).
Note that c needs to satisfy |c| ≤ 3. See figure 2.

1



(The following problems are numbered according to 9-th edition
textbook, except that 3010 is a question from 10-th edition. If you
have 10-th edition textbook, don’t use this.)

1 13.2

Homework: 24, 84, 86.

2 13.3

Homework: 20, 54, 66, 82, 76, 118.

3 13.4

Homework: 14, 26.

Homework: 3010 : The possible error involved in measuring each dimension of
a right circular cylinder is ±0.05 centimeter. The radius is 3 centimeters and
the height is 10 centimeters. Approximate the propagated error and the relative
error in the calculated volume of the cylinder.

4 13.5

Homework: 12, 18, 26, 27.

1



(2410 means problem 24 in 10-th edition textbook, 249 means prob-
lem 24 in 9-th edition textbook )

1 13.2

2410 = 249:

lim
(x,y)→(1,−1)

x2y

1 + xy2
=

12(−1)

1 + 1(−1)2
= −1

2
.

7410 = 849: (a): Along any line y = ax, the limit is:

lim
x→0

x2ax

x4 + (ax)2
= lim

x→0

ax

x2 + a2
= 0.

(b): Along the parabola y = x2, the limit is:

lim
x→0

x2x2

x4 + x4
= lim

x→0

1

2
=

1

2
.

(c): The limit does not exist, because the limits in (a) and (b) do not coincide.
If the limit exist, then the limit should be the same along any path approaching
(0, 0).

7610 = 869:

lim
(x,y,z)→(0,0,0)

tan−1
[

1

x2 + y2 + z2

]
= tan−1

[
lim

(x,y,z)→(0,0,0)

1

x2 + y2 + z2

]
= tan−1(+∞) =

π

2
.

2 13.3

1810 = 209: z = yey/x.

∂z

∂x
= yey/x

(
− y

x2

)
= −y

2

x2
ey/x,

∂z

∂y
= ey/x + yey/x

1

x

5210 = 549: hx = 2x. So the slope in the x-direction is hx(−2, 1) = −4.
hy = −2y. So the slope in the y-direction is hy(−2, 1) = −2.

6010 = 669: f(x, y, z) = x2y3 + 2xyz − 3yz. fx = 2xy3 + 2yz, fy = 3x2y2 +
2xz − 3z, fz = 2xy − 3y. So

fx(−2, 1, 2) = 0, fy(−2, 1, 2) = −2, fz(−2, 1, 2) = −7.

6610 = 829: f(x, y) = x2−xy+ y2−5x+ y. fx = 2x− y−5, fy = −x+ 2y+ 1.{
2x− y − 5 = 0
−x+ 2y + 1 = 0

=⇒ x = 3, y = 1.

1



7810 = 769: z = ln(x− y). ∂z
∂x = 1

x−y , ∂z
∂y = − 1

x−y .

∂2z

∂x2
= − 1

(x− y)2
,

∂2z

∂x∂y
=

∂

∂x

(
∂z

∂y

)
=

1

(x− y)2
;

∂2z

∂y2
= − 1

(y − x)2
,

∂2z

∂y∂x
=

∂

∂y

(
∂z

∂x

)
=

1

(x− y)2
.

11010 = 1189: C(x, y) = 32
√
xy + 175x+ 205y + 1050.

(a): ∂C/∂x = 16x−1/2y1/2 + 175. ∂C/∂y = 16x1/2y−1/2 + 205.

∂C

∂x
(80, 20) = 183,

∂C

∂y
(80, 20) = 237.

(b): (∂C/∂y)(80, 20) > (∂C/∂x)(80, 20), so increasing the production of fireplace-
insert stove (corresponding to variable y) results in the cost increasing at a
higher rate.

3 13.4

1410 = 149: f(x, y) = y/x.
(a): f(2, 1) = 0.5, f(2.1, 1.05) = 1.05/2.1 = 0.5, ∆z = f(2.1, 1.05)−f(2, 1) = 0.
(b): df = fxdx+ fydy = − y

x2 dx+ 1
xdy.

df = − 1

22
· 0.1 +

1

2
· (0.05) = −0.025 + 0.025 = 0.

2610 = 269: V (r, h) = πr2h. dV = 2πrhdr + πr2dh. See figure 3.
3010: V (r, h) = πr2h. V (3, 10) = π32 · 10 = 90π ≈ 282.74cm3. dV = 2πrhdr +
πr2dh.

|dV | ≤ 2π3 · 10 · 0.05 + π32 · 0.05 ≈ 10.84.

The possible error is about 10.84cm3. The relative error is about

dV

V
=

10.84

282.74
≈ 0.038.

2



(a) V (r + ∆r, h+ ∆h) (b) V (r, h) (c) 2πrhdr

(d) πr2dh (e) ∆V − dV

Figure 1: Problem 26

4 13.5

1210 = 129: d(t)2 = (x1(t) − x2(t)2 + (y1(t) − y2(t))2. Take the derivative on
both sides with respect to t and use chain rule, we get

2dd′ = 2(x1(t)− x2(t))(x′1(t)− x′2(t)) + 2(y1(t)− y2(t))(y′1(t)− y′2(t)).

So we get

d′(t) =
(x1(t)− x2(t))(x′1 − x′2) + (y1(t)− y2(t))(y′1(t)− y′2(t)

d(t)
. (1)

When t = 1,

x1(1) = 48
√

2, x′1(1) = 48
√

2; y1(1) = 48
√

2− 16, y′1(1) = 48
√

2− 32.

x2(1) = 48
√

3, x′2(1) = 48
√

3; y2(1) = 32, y′2(1) = 16.

d(1) =
√

(x1(1)− x2(1))2 + (y1(1)− y2(1))2 = 48

√
(
√

2−
√

3)2 + (
√

2− 1)2

Substitute the data into (1), we get

d′(1) =
482(
√

2−
√

3)2 + 482(
√

2− 1)2

48
√

(
√

2−
√

3)2 + (
√

2− 1)2
= 48

√
(
√

2−
√

3)2 + (
√

2− 1)2

= 48

√
8− 2

√
6− 2

√
2.

3



1610 = 189: x(3, π/4) = 3 cos(π/4) = 3/
√

2, y(3, π/4) = 3 sin(π/4) = 3/
√

2.

∂w

∂s
=

∂w

∂x

∂x

∂s
+
∂w

∂y

∂y

∂s
= 2x · cos t− 2y · sin t

= 2 · 3/
√

2 · 1/
√

2− 2 · 3/
√

2 · 1/
√

2 = 0.

∂w

∂t
=

∂w

∂x

∂x

∂t
+
∂w

∂y

∂y

∂t
= 2x · (−s sin t)− 2y · (s cos t)

= −2 · 3/
√

2 · 3/
√

2− 2 · 3/
√

2 · 3/
√

2 = −18.

2010 = 269: w = x cos(yz), x = s2, y = t2, z = s− 2t.

∂w

∂s
=

∂w

∂x

∂x

∂s
+
∂w

∂y

∂y

∂s
+
∂w

∂z

∂z

∂s

= cos(yz) · 2s− xz sin(yz) · 0− xy sin(yz) · 1
= 2s cos(t2(s− 2t))− s2t2 sin(t2(s− 2t)).

∂w

∂t
=

∂w

∂x

∂x

∂t
+
∂w

∂y

∂y

∂t
+
∂w

∂z

∂z

∂t

= cos(yz) · 0− xz sin(yz) · 2t− xy sin(yz) · (−2)

= −2s2(s− 2t)t sin(t2(s− 2t)) + 2s2t2 sin(t2(s− 2t)).

2110 = 279: x2−xy+ y2−x+ y = 0. This identity defines y = y(x) implicitly.
Differentiate both sides with respect to x:

2x− y − xdy
dx

+ 2y
dy

dx
− 1 +

dy

dx
= 0⇐⇒ (2x− y − 1)− (x− 2y − 1)

dy

dx
= 0.

So
dy

dx
=

2x− y − 1

x− 2y − 1
.

4



(210 means problem 24 in 10-th edition textbook, 149 means prob-
lem 24 in 9-th edition textbook )

1 13.6

210 = 149: f(x, y) = y/(x+ y), P (3, 0), θ = −π/6.

fx(3, 0) = − y

(x+ y)2

∣∣∣∣
(3,0)

= 0, fy =
x

(x+ y)2

∣∣∣∣
(3,0)

=
1

3
.

So

D~uf(3, 0) = fx cos
(
−π

6

)
+ fy sin

(
−π

6

)
=

1

3
· (−1

2
) = −1

6
.

2410 = 289: f(x, y) = 3x2−y2 + 4. fx = 6x, fy = −2y. ∇f(−1, 4) = 〈−6,−8〉.
−−→
PQ = 〈4, 2〉. The unit vector in the direction of

−−→
PQ is

~u =

−−→
PQ

‖
−−→
PQ‖

=
〈4, 2〉√

20
=
〈2, 1〉√

5
.

The directional derivative is:

(D~uf)(−1, 4) = ∇f(−1, 4) · ~u = − 20√
5

= −4
√

5.

3610 = 409 : f(x, y, z) = xeyz. P (2, 0,−4).

(∇f)(2, 0,−4) = 〈eyz, xzeyz, xyeyz〉(2, 0,−4) = 〈1,−8, 0〉.

The maximum value of the directional derivative is:

(D ∇f
‖∇f‖

f)(2, 0, 4) = ‖∇f‖(2, 0,−4) = ‖〈1,−8, 0〉‖ =
√

65.

5210 = 569 : f(x, y) = x−y2. c = 4. P (4,−1). (a): (∇f)(4,−1) = 〈1,−2y〉(4,−1) =
〈1, 2〉. (b): Unit normal vector ~n = (∇f)/‖∇f‖ = 〈1, 2〉/

√
5. (c): Tangent line

equation:
〈1, 2〉 · 〈x− 4, y + 1〉 = 0 ⇐⇒ x+ 2y = 2.

(d): See Figure 1.

6110 = 669 : h(x, y) = 5000− 0.001x2− 0.004y2. ∇h = 〈−0.002x,−0.008y〉. At
point (500, 300, 4390) the gradient is

(∇h)(500, 300) = 〈−1,−2.4〉.

The direction to get greatest rate of ascendence is the direction of gradient
vector:

~u =
∇h
‖∇h‖

=
〈−1,−2.4〉√

6.76
≈ 〈−0.38,−0.92〉.

1



3 4 5 6 7

-2

-1

1

2

Figure 1: 5210 = 569

2 13.7

1010 = 189: f(x, y) = y/x. (1, 2, 2) The graph is also a level surface
g(x, y, z) = y

x − z = 0. So the normal vector is given by the gradient of function

(∇g)(1, 2, 2) =

〈
− y

x2
,

1

x
,−1

〉
(1, 2, 2) = 〈−2, 1,−1〉.

So the tangent plane at (1, 2, 2) is:

〈−2, 1,−1〉 · 〈x− 1, y − 2, z − 2〉 = 0 ⇐⇒ 2x− y + z = 2.

1810 = 289: x2 + 2z2 − y2 = 0. The gradient gives the normal vector
〈2x,−2y, 4z〉(1, 3,−2) = 〈2,−6,−8〉. So the tangent plane is:

2(x− 1)− 6(y − 3)− 8(z + 2) = 0⇐⇒ x− 3y − 4z = 0

2410 = 349: z = 16 − x2 − y2. (2, 2, 8). Write this as the level set: x2 + y2 +
z − 16 = 0. The normal vector is given by the gradient:

〈2x, 2y, 1〉(2, 2, 8) = 〈4, 4, 1〉.

The tangent plane is:

4(x− 2) + 4(y − 2) + (z − 8) = 0⇐⇒ 4x+ 4y + z = 24.

The set of symmetric equations for the normal lines at (2, 2, 8) is:

x− 2

4
=
y − 2

4
=
z − 8

1
.

4210 = 529: z = 3x2 + 2y2 − 3x + 4y − 5. The tangent plane is horizontal if
and only if the partial derivatives both vanish.

∂z

∂x
= 6x− 3 = 0,

∂z

∂y
= 4y + 4 = 0 =⇒ (x, y) =

(
1

2
,−1

)
.

2



3 13.8

1810 = 269: f(x, y) = 2xy − 1
2 (x4 + y4) + 1. We set the partial derivatives to

be 0. fx = 2y − 2x3 = 0, fy = 2x − 2y3 = 0. From the 1st equation we get
y = x3. Substitute this into the 2nd equation, we get

0 = 2x−2x9 = 2x(1−x8) = 2x(1−x4)(1+x4) = 2x(1−x)(1+x)(1+x2)(1+x4).

So x = 0, 1,−1 and we get 3 critical points: P1(0, 0), P2(1, 1), P3(−1,−1).
To classify the critical points, we calculate 2nd partial derivatives: fxx =
−6x2, fxy = 2, fyy = −6y2. d = fxxfyy − f2xy = 36x2y2 − 4. Using the 2nd
partial test:

1. P1(0, 0): d = −4 < 0. This is a saddle point.

2. P2(1, 1): d = 32 > 0, fxx = −6 < 0. This is a relative maximum.

3. P3(−1,−1): d = 32 > 0, fxx = −6 < 0. This is a relative maximum.

27− 3010 = 31− 349:

27: d = fxxfyy − f2xy = 9× 4− 62 = 0. Inconclusive.

28: d = 20 > 0, fxx = −3 < 0. This is a relative maximum.

29: d = −154 < 0. Saddle point.

30: d = 100 > 0. fxx = 25 > 0. Relative minimum.

4210 = 469: f(x, y) = x2 + xy. R = {(x, y) : |x| ≤ 2, |y| ≤ 1}.

-2 -1 0 1 2

-1.0

-0.5

0.0

0.5

1.0

(a) Regions and candi-
date points

(b) Graph of the function

1. Find critical point in the interior:

fx = 2x+ y = 0, fy = x = 0 =⇒ (x, y) = (0, 0).

The 2nd partial test: fxxfyy−f2xy = 2 ·0−12 = −1 < 0.. (0, 0) is a saddle
point. So it does not obtain either maximum or minimum.

2. Restrict f(x, y) to the boundary. There are four parts of the boundary:

3



• C1 = {x = 2, |y| ≤ 1}. g1(y) = f(2, y) = 4 + 2y on the interval
[−1, 1]. ∂g1/∂y = 2 6= 0. There is no critical point in the interior
of interval. We need to consider the end points: (2,−1), (2, 1). The
values at these points are:

f(2,−1) = g1(−1) = 2, f(2, 1) = g1(1) = 6.

• C2 = {y = 1, |x| ≤ 2}. g2(x) = f(x, 1) = x2 + x on the interval
[−2, 2]. ∂g2/∂x = 2x + 1. So there is a critical point for g2 at
x = −1/2. So we get two more candidate points: (−1/2, 1) and
(−2, 1)(end point). The values at these points are:

f(−1/2, 1) = g2(−1/2) = −1

4
, f(−2, 1) = g2(−2) = 2.

• C3 = {x = −2, |y| ≤ 1}. g3(y) = f(−2, y) = 4 − 2y on the interval
[−1, 1]. ∂g3/∂y = −2 6= 0. There is no critical point in the interior
of interval. We need to consider the new end point: (−2,−1). The
value at this point is:

f(−2,−1) = g3(−1) = 6.

• C4 = {y = −1, |x| ≤ 2}. g4(x) = f(x,−1) = x2 − x on the interval
[−2, 2]. ∂g4/∂x = 2x−1. So there is a critical point for g4 at x = 1/2.
So we get the last candidate point: (1/2,−1). (The end points are
already counted in) The value at this point is:

f(1/2,−1) = g4(1/2) = −1

4
.

3. By comparison, we get the 2 absolute maximum points: f(2, 1) = f(−2,−1) =
6, and 2 absolute minimum points: f(−1/2, 1) = f(1/2,−1) = −1/4.

4610 = 509: f(x, y) = 2x− 2xy + y2. R = {(x, y) : x2 ≤ y ≤ 1}.

-1.0 -0.5 0.0 0.5 1.0

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1.2

(c) Regions and candi-
date points

(d) Graph of the function

1. Find critical point in the interior:

fx = 2− 2y = 0, fy = −2x+ 2y = 0 =⇒ (x, y) = (1, 1).

This point is on the boundary.
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2. Restrict f(x, y) to the boundary. There are 2 parts of the boundary:

• C1 = {y = x2, |x| ≤ 1}. g1(x) = f(x, x2) = 2x − 2x3 + x4 on the
interval [−1, 1]. ∂g1/∂x = 2 − 6x2 + 4x3 = 2(1 − 3x2 + 2x3). We
factorize to find the critical point:

1− 3x2 + 2x3 = 1− x2 − 2x2 + 2x3 = (1− x)(1 + x)− 2x2(1− x)

= (x− 1)(2x2 − x− 1) = (x− 1)(x− 1)(2x+ 1).

So we get 2 critical potions for g1(x): x = 1,−1/2. We get 3 candi-
date points: (−1/2, 1/4), (1, 1), (−1, 1). The values at these points
are:

f(−1/2, 1/4) = g1(−1/2) = −11

16
, f(1, 1) = g1(1) = 1, f(−1, 1) = 1.

• C2 = {y = 1, |x| ≤ 1}. g2(x) = f(x, 1) = 1 on the interval [−1, 1].
So f is a constant along C2. All the points on this line segment are
candidate points.

3. By comparison, we get the absolute minimum: f(−1/2, 1/4) = − 11
16 , and

f obtains absolute maximum value 1 at every point on the line segment
C2 = {y = 1, |x| ≤ 1}.

5



(610 means problem 6 in 10-th edition textbook, 69 means problem
6 in 9-th edition textbook )

1 13.8

610 = 69: f(x, y) = −x2 − y2 + 10x+ 12y − 64 = −(x− 5)2 − (y − 6)2 − 3. So
f(5, 6) = −3 is a absolute maximum. Use partial derivative to verify:

fx = −2x+ 10 = 0, fy = −2y + 12 = 0 =⇒ x = 5, y = 6.(
fxx fxy
fxy fyy

)
=

(
−2 0
0 −2

)
=⇒ d = fxxfyy − fxy = 4 > 0, fxx = −2 < 0.

By 2nd partial test the critical point (5, 6) is a relative maximum.

1210 = 109: f(x, y) = 2x2 + 2xy + y2 + 2x− 3.

fx = 4x+ 2y + 2 = 0, fy = 2x+ 2y = 0 =⇒ (x, y) = (−1, 1).

2nd partial test:(
fxx fxy
fxy fyy

)
=

(
4 2
2 2

)
=⇒ d = fxxfyy − fxy = 4 > 0, fxx = 2 > 0.

So the critical point (−1, 1) is a relative minimum.

2 13.9

610 = 69: x + y + z = 32. Maximize P = xy2z. We can solve z = 32 − x − y.
So P (x, y) = xy2(32− x− y). We find critical point by setting:

Px = 32y2−2xy2−y3 = y2(32−2x−y) = 0, Py = 64xy−2x2y−3xy2 = xy(64−2x−3y) = 0.

We get the following critical points:

(x, 0) for any x; (0, 32); (8, 16).

The maximum is obtained when (x, y) = (8, 16) for which z = 32 − x − y = 8.
Pmax = 8× 162 × 8 = 16384.

1010 = 109: If the length, width and height of the box are denoted by x, y,
z. Then the cost for constructing the box is: 1.5xy + 2(xz + yz). To find the
maximum volume we can assume 1.5xy+2(xz+yz) = C. Under this constraint,
we want to maximize V = xyz. We can solve z = (C − 1.5xy)/(2(x+ y)). Then
we get

V (x, y) = xy · C − 1.5xy

2(x+ y)
.

We find critical point (maximum) by solving:

Vx =
(Cy − 3xy2)(x+ y)− (Cxy − 1.5x2y2)

2(x+ y)2
= 0,

1



and

Vy =
(Cx− 3x2y)(x+ y)− (Cxy − 1.5x2y2)

2(x+ y)2
= 0.

We can assume x > 0 and y > 0, then, after some calculations, these equations
simply to

1.5x2 + 3xy = C, 1.5y2 + 3xy = C.

We can solve these two equations to get x = y =
√
C/4.5 =

√
2C/3. The height

is

z =
C − 1.5xy

x+ y
=

√
C

2
√

2
.

1410 = 149: The profit

P (x1, x2) = 15(x1 + x2)− (0.02x21 + 4x1 + 500)− (0.05x22 + 4x2 + 275).

We find maximum using vanishing of partial derivatives:

Px1
= 15− 0.04x1 − 4 = 0, Px2

= 15− 0.1x2 − 4 = 0 =⇒ (x1, x2) = (275, 110).

1810 = 169: The area equals

A(x, θ) = (30− 2x+ x cos θ) · x sin θ = 30x sin θ − 2x2 sin θ + x2 sin θ cos θ.

We find the maximum by setting:

Ax = (30−4x+2x cos θ) sin θ = 0, Aθ = x(30 cos θ−2x cos θ+x(cos2 θ−sin2 θ)) = 0.

From the first equation, we get cos θ = (2x−15)/x since we can assume sin θ 6= 0.
Substituting cos θ into the 2nd equation and using the relation cos2 θ− sin2 θ =
2 cos2 θ − 1, we get the equation for x:

30
2x− 15

x
− 2x

2x− 15

x
+ x

(
2

(2x− 15)2

x2
− 1

)
= 0.

Simplying this equation, we get: 3x(x − 10) = 0. So x = 10 and cos θ = 1/2.
So θ = π/3 = 60◦.

3 13.10

610 = 89: f(x, y) = 3x+y+10. Constraint g(x, y) = x2y−6 = 0. By Lagrange
Multiplier method, we get three equations:{

∇f = λ∇g
x2y − 6 = 0.

⇐⇒

 3 = λ2xy
1 = λx2

x2y = 6.

Canceling λ from the first 2 equations, we get y = 3x/2. Substitute this into
the last equation we get 3x3/2 = 6. So we get x = 41/3. From this we get
y = 1.5× 41/3 and λ = 4−2/3. So the maximum of f(x, y) under the constraint
is equal to

f(41/3, 1.5× 41/3) = 4.5× 41/3 + 10.

2



2410 = 269: Minimize the squared-distance function f(x, y) = x2 + (y − 10)2

under the constraint g(x, y) = (x− 4)2 + y2− 4 = 0. Using Lagrange Multiplier
method, we get three equations: 2x = λ2(x− 4)

2(y − 10) = λ2y
(x− 4)2 + y2 = 4.

From the 1st equation, we get x = 4λ
λ−1 . From then 2nd equation, we get

y = − 10
λ−1 . Substitute these into the last equation, we get an equation for λ:(

4λ

λ− 1
− 4

)2

+
100

(λ− 1)2
= 4⇐⇒ (λ− 1)2 = 29.

So we get two solutions: λ = 1±
√

29.

• If λ = 1 +
√

29, x = 4(1 +
√

29)/
√

29 and y = −10/
√

29. The squared-
distance is

f

(
4(
√

29 + 1)√
29

,
−10√

29

)
=

16(
√

29 + 1)2 + 100(
√

29 + 1)2

29
= 4(
√

29 + 1)2.

• If λ = 1 −
√

29, x = 4(
√

29 − 1)/
√

29 and y = 10/
√

29. The squared-
distance is:

f

(
4(
√

29− 1)√
29

,
10√
29

)
=

16(
√

29− 1)2 + 100(
√

29− 1)2

29
= 4(
√

29− 1)2.

The 2nd value is smaller, so the minimal distance is equal to 2(
√

29− 1).

Remark 3.1 Note that one can solve the problem using geometry. The closest
point on the circle to a point (outside of the circle) is the intersection point of
the circle and line segment connecting the point and the center.

3410 = 369: We want to maximize P (x, y, z) = xy2z under the constraint
g(x, y, z) = x + y + z − 32 = 0. Using Lagrange Multiplier method, we get
equations: {

∇P = λ∇g
g(x, y, z) = 0.

⇐⇒


y2z = λ · 1
2xyz = λ · 1
xy2 = λ · 1
x+ y + z = 32.

To find the maximum value of P , we can assume x, y, z are nonzero. So λ 6= 0
for the solution. Divide the first 2 equations, we get y = 2x. Divide the 2nd
and 3rd equation, we get y = 2z. So x = z = y/2. Substitute this into the last
equation, we get 2y = 32. So y = 16 and x = z = 8. The maximum value of P
is P (8, 16, 8) = 16384.

4610 = 509: We assume the area is fixed, so lh + π(l/2)2/2 = A is fixed. In
other words, we have the constraint g(l, h) = l · h+ πl2/8−A = 0. We want to

3



minimize the diameter f(l, h) = π · l/2 + l+ 2h. Using the Lagrange Multiplier,
we get the equation:  π/2 + 1 = λ(h+ πl/4)

2 = λl
lh+ πl2/8 = A.

From the 2nd equation, we get l = 2/λ. Substitute this into first equation, we
solve h = 1/λ. So l = 2h, i.e. the length of the rectangle is twice its height.

4



Problem 1: Find the absolute extrema of function f(x, y) = 3x2 + 2y2− 4y on
the region bounded by the curves C1 = {y = x2} and C2 = {y = 4}.

-3 -2 -1 0 1 2 3

0

1

2

3

4

5

(a) Regions and candi-
date points

(b) Graph of the function

Solution:

1. Find the critical points in the interior:{
fx = 6x = 0

fy = 4y − 4 = 0
=⇒ x = 0, y = 1.

There is a unique critical point (0, 1) in the interior. Note that f(x, y) =
3x2 + 2(y − 1)2 − 2 ≥ −2 and f(0, 1) = −2. So we immediately get (0, 1)
is an absolute minimum point. We can compute the value:

f(0, 1) = −2.

2. Restrict f(x, y) to the boundary:

• Restrict f(x, y) to the curve C1. g1(x) = f(x, x2) = 2x4 − x2 on the
interval [−2, 2].

g′1(x) = 8x3 − 2x = 2x(4x2 − 1) = 0 =⇒ x = 0,±1/2.

We get the following candidate points corresponding the critical points
in the interior of the interval: (0, 0), (1/2, 1/4), (−1/2, 1/4). There
are extra two candidates corresponding to the ends points of the in-
terval [−2, 2]: (−2, 4), (2, 4). We compute the values at candidate
points:

f(0, 0) = g1(0) = 0; f(±1/2, 1/4) = g1(±1/2) = −1

8
;

f(±2, 4) = g1(±2) = 28.

• Restrict f(x, y) to the curve C2. We define g2(x) = f(x, 4) = 3x2+16.
g′2(x) = 6x = 0 → x = 0. So we get the following candidate points:
(0, 4), (−2, 4) and (2, 4). The latter two coming from end points of
the interval [−2, 2] and were already counted.

f(0, 4) = g2(0) = 16.

1



3. Calculate the value of f(x, y) at candidate points and compare to find
absolute extrema. From above, we get altogether 7 candidate points:

(0, 1), (0, 0), (−1/2, 1/4), (1/2, 1/4), (0, 4), (−2, 4), (2, 4).

By the above calculation of the values of f at these candidate points, we
get that the absolute maxima is f(±2, 4) = 28. The absolute minimum is
f(0, 1) = −2.

Problem 2 (1710 = 1910): The problem is translated to the following opti-
mization problem: Minimize the function

f(x, y) = 3
√

x2 + 4 + 2
√

1 + (y − x)2 + 10− y

on the region {0 ≤ x ≤ y ≤ 10}.

2 4 6 8 10

1

2

3

(c) Cost optimizing configuration

2 4 6 8 10 12

2

4

6

8

10

12

(d) Regions and candi-
date points

(e) Graph of the function

1. Find the critical point in the interior: fx = 3x√
4+x2

+ 2(x−y)√
1+(x−y)2

= 0

fy = 2(y−x)√
1+(x−y)2

− 1 = 0
⇒
{ 3x√

4+x2
= 1

3(y − x)2 = 1
⇒ x =

1√
2
, y =

1√
2

+
1√
3
.

We calculate the value at this critical point:

f(
1√
2
,

1√
2

+
1√
3

) = 10 + 4
√

2 +
√

3 ≈ 17.39.

2. Restrict f(x, y) to the boundary.

2



• Restrict f(x, y) to C1 = {x = 0}. g1(y) = f(0, y) = 2
√

1 + y2−y+16
on [0, 10].

g′1(y) =
2y√

1 + y2
− 1 = 0 =⇒ y =

1√
3
.

So we get candidate points: (0, 1/
√

3), and (0, 0), (0, 10) (two end
points). Calculate the values:

f(0, 1/
√

3) = g1(1/
√

3) =
√

3 + 16 ≈ 17.73;

f(0, 0) = g1(0) = 18; f(0, 10) = g1(10) = 2
√

101 + 6 ≈ 26.10.

• Restrict f(x, y) to C2 = {y = 10}. g2(x) = f(x, 10) = 3
√
x2 + 4 +

2
√

1 + (10− x)2 on [0, 10]. To find critical point on this interval, we
can differentiate:

g′2(x) =
3x√
x2 + 4

+
2(x− 10)√

1 + (10− x)2
= 0.

It’s not easy to find the solution to this equation. One could use
computer to get approximate minimal point:

f(1.76557) ≈ 24.59.

Also for the new corner point (10, 10), we calculate

f(10, 10) = g2(10) = 3
√

104 + 2 ≈ 32.59.

• Restrict f(x, y) to C3 = {y = x}. g3(x) = f(x, x) = 3
√
x2 + 4−x+12

on [0, 10].

g′3(x) =
3x√
x2 + 4

− 1 = 0 =⇒ x =
1√
2
.

So we get one new candidate point: (1/
√

2, 1/
√

2). Calculate

f(1/
√

2, 1/
√

2) = g3(1/
√

2) = 12 + 4
√

2 ≈ 17.66.

3. By comparison of the above values, we find the absolute minimum:

f

(
1√
2
,

1√
2

+
1√
3

)
= 10 + 4

√
2 +
√

3 ≈ 17.39.

3



(2810 means problem 24 in 10-th edition textbook, 289 means prob-
lem 24 in 9-th edition textbook )

1 14.1

2810 = 289:∫ π/4

0

∫ √3 cos θ

√
3

rdrdθ =

∫ π/4

0

1

2
r2
]√3 cos θ

√
3

dθ =
3

2

∫ π/4

0

(cos2 θ − 1)dθ = −3

2

∫ π/4

0

sin2 θdθ

= −3

2

∫ π/4

0

1− cos(2θ)

2
dθ = −3

4

(
θ − sin(2θ)

2

)]π/4
0

= −3

4
(
π

4
− 1

2
) =

3

8
− 3π

16
.

3210 = 329:∫ 3

0

∫ ∞
0

x2

1 + y2
dydx =

∫ 3

0

x2
[
tan−1 y

]∞
0
dx =

∫ 3

0

x2
π

2
dx

=
π

2

[
x3

3

]3
0

=
9π

2
.

4210 = 439:∫∫
R

dA =

∫ a

−a

∫ b
√

1− x2

a2

−b
√

1− x2

a2

dydx =

∫ a

−a
2b

√
1− x2

a2
dx

=

∫ π/2

−π/2
2b| cos θ|a cos θdθ = 2ab

∫ π/2

−π/2
cos2 θdθ

= 2ab

∫ π/2

−π/2

1− cos(2θ)

2
dθ = ab

[
θ − sin(2θ)

2

]π/2
−π/2

= πab.

5610 = 589:∫ 2

−2

∫ √4−x2

−
√
4−x2

dydx =

∫ 2

−2
2
√

4− x2dx =

∫ π/2

−π/2
8 cos2 θdθ

=

∫ π/2

−π/2
4(1 + cos(2θ))dθ = 4

[
1 +

sin(2θ)

2

]π/2
−π/2

= 4π.

Integrate x first: ∫ 2

−2

∫ √4−y2

−
√

4−y2
dxdy = 4π.

1



y = x

y = 3

0 2 4 6 8

0

1

2

3

6010 = 629: Region: 0 ≤ x ≤ 9,
√
x ≤ y ≤ 3.∫ 9

0

∫ 3

√
x

dydx =

∫ 9

0

(3−
√
x)dx =

[
3x− 2

3
x3/2

]9
0

= 27− 18 = 9.

Integrate x first: ∫ 3

0

∫ y2

0

dxdy =

∫ 3

0

y2dy =

[
y3

3

]3
0

= 9.

2 14.2

810 = 109: Region: 0 ≤ y ≤ 4, y/2 ≤ x ≤ √y.

x = y

x = y � 2

0.0 0.5 1.0 1.5 2.0

0

1

2

3

4

∫ 4

0

∫ √y
y/2

x2y2dxdy =

∫ 4

0

y2
[
x3/3

]√y
y/2

dy =
1

3

∫ 4

0

(y7/2 − y5

8
)dy

=
1

3

[
2

9
y9/2 − 1

48
y6
]4
0

=
256

27
.

1210 = 149:∫∫
R

sinx sin y dA =

∫ π

−π

∫ π/2

0

sinx sin y dydx =

∫ π

−π
sinx[− cos y]

π/2
0 dx

=

∫ π

−π
sinxdx = −[cosx]π−π = 2.

2



∫∫
R

sinx sin y dA =

∫ π/2

0

∫ π

−π
sinx sin y dxdy =

∫ π/2

0

sin y[− cosx]π−πdy

=

∫ π/2

0

2 sin y dy = −2[cosx]
π/2
0 = 2.

1810 = 209: (It’s much easier to use polar coordinate for this problem.)∫∫
R

(x2 + y2)dA =

∫ 2

−2

∫ √4−x2

0

(x2 + y2) dydx =

∫ 2

−2

[
x2y +

1

3
y3
]√4−x2

0

dx

=

∫ 2

−2

(
x2
√

4− x2 +
1

3
(4− x2)

√
4− x2

)
dx =

∫ π/2

−π/2

4

3

√
4− x2 +

2

3
x2
√

4− x2dx

=
1

3

∫ π/2

−π/2
(4 · 2 cos θ + 2 · 4 sin2 θ · 2 cos θ)2 cos θdθ =

8

3

∫ π/2

−π/2
(2 cos2 θ + 4 sin2 θ cos2 θ)dθ

=
8

3

∫ π/2

−π/2
(1 + cos(2θ) + sin2(2θ))dθ =

8

3

[
θ +

1

2
sin(2θ)

]π/2
−π/2

+
8

3

∫ π/2

−π/2

1− cos(4θ)

2
dθ

=
8

3
π +

4

3
π = 4π.

Polar coordinate:∫∫
R

(x2 + y2)dA =

∫ π

0

∫ 2

0

r2 rdrdθ =

∫ π

0

r4

4

]2
0

dθ = 4π.

2410 = 289: The volume is calculated by∫ 2

0

∫ 2

x

(4− y2) dydx =

∫ 2

0

[
4y − 1

3
y3
]2
x

dx =

∫ 2

0

(
16

3
− 4x+

x3

3

)
dx

=

[
16

3
x− 2x2 +

x4

12

]2
0

= 4.

If we first integrate x variable, then we get:∫ 2

0

∫ y

0

(4− y2) dxdy =

∫ 2

0

(4− y2)ydy =

[
2y2 − y4

4

]2
0

= 4.

3410 = 429: First find the set of points of intersection: x2 + y2 = 2x. This
defines a circle: (x − 1)2 + y2 = 1. We can solve y = ±

√
2x− x2. The volume

3



of the solid region is over the disk R = {(x− 1)2 + y2 ≤ 1}.∫∫
R

(2x− x2 − y2)dA =

∫ 2

0

∫ √2x−x2

−
√
2x−x2

(2x− x2 − y2) dydx

=

∫ 2

0

[
(2x− x2)y − 1

3
y3
]√2x−x2

−
√
2x−x2

dx =
4

3

∫ 2

0

(1− (x− 1)2)
√

1− (x− 1)2dx

=
4

3

∫ 1

−1
(1− z2)

√
1− z2dz

=
4

3

∫ π/2

−π/2
cos2 θ cos θ cos θdθ =

4

3

∫ π/2

−π/2
cos4 θ dθ

=
π

2
.

Easier to compute in polar coordinate (good exercise).

4810 = 569: Region: 0 ≤ y ≤ 3, y/3 ≤ x ≤ 1.

x = y � 3

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.5

1.0

1.5

2.0

2.5

3.0

∫ 3

0

∫ 1

y/3

1

1 + x4
dxdy =

∫ 1

0

∫ 3x

0

1

1 + x4
dydx =

∫ 1

0

3x

1 + x4
dx

=
3

2

∫ 1

0

d(x2)

1 + (x2)2
=

3

2

∫ 1

0

du

1 + u2

=
3

2

[
tan−1 u

]1
0

=
3

2

π

4
=

3

8
π.

5410 = 629: Area(R) = 1
2 . Integral:∫∫

R

f(x, y) dA =

∫ 1

0

∫ x

0

1

x+ y
dydx =

∫ 1

0

[ln |x+ y|]x0 dx

=

∫ 1

0

(ln(2x)− ln(x))dx =

∫ 1

0

ln 2dx = ln 2.

So the average value is

1

Area(R)

∫∫
R

f(x, y) dA = 2 ln 2.

4



3 14.4

210 = 29: The mass is∫ 3

0

∫ 9−x2

0

xy dydx =

∫ 3

0

[x
2
y2
]9−x2

0
dx =

1

2

∫ 3

0

x(9− x2)2dx

=
1

2

∫ 3

0

(81x− 18x3 + x5)dx =
1

2

[
81

2
x2 − 18

4
x4 +

1

6
x6
]3
0

=
243

4
.

610 = 69: (a): The mass is

mass =

∫∫
R

ρ(x, y) dA =

∫ a

0

∫ b

0

kxy dydx =

∫ a

0

k

2
b2xdx =

k

4
a2b2.

The integral of x coordinate:∫ a

0

∫ b

0

x(kxy) dydx =

∫ a

0

k

2
b2x2dx =

k

6
a3b2.

The integral of y coordinate:∫ a

0

∫ b

0

y(kxy) dydx =

∫ a

0

k

3
b3xdx =

k

6
a2b3.

So the center of mass is

1

mass

(∫∫
R

xρ(x, y) dA,

∫∫
R

yρ(x, y) dA

)
=

(
2

3
a,

2

3
b

)
.

(b): The mass is∫∫
R

ρ(x, y) dA =

∫ a

0

∫ b

0

k(x2 + y2) dydx =

∫ a

0

k

(
x2b+

b3

3

)
dx = k

ba3 + ab3

3

=
k

3
ab(a2 + b2).

The integral of x coordinate:∫ a

0

∫ b

0

xk(x2 + y2)) dydx =

∫ a

0

k

(
bx3 +

xb3

3

)
dx = k

(
ba4

4
+
a2b3

6

)
=

k

12
a2b(3a2 + 2b2).

The integral of y coordinate:∫ a

0

∫ b

0

yk(x2 + y2) dydx =

∫ a

0

k

(
x2b2

2
+
b4

4

)
dx = k

(
a3b2

6
+
ab4

4

)
=

k

12
ab2(2a2 + 3b2).
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So the center of mass is

1

mass

(∫∫
R

xρ(x, y) dA,

∫∫
R

yρ(x, y) dA

)
=

1

ab(a2 + b2)k/3

(
k

12
a2b(3a2 + 2b2),

k

12
ab2(2a2 + 3b2)

)
=

(
a(3a2 + 2b2)

4(a2 + b2)
,
b(2a2 + 3b2))

4(a2 + b2)

)
.
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MAT 203 FALL 2013 Practice MIDTERM II

NAME : ID :

RECITATION NUMBER:

THERE ARE SIX (6) PROBLEMS. THEY HAVE THE INDICATED VALUE.

SHOW YOUR WORK

DO NOT TEAR-OFF ANY PAGE

NO CALCULATORS NO CELLS ETC.

ON YOUR DESK: ONLY test, pen, pencil, eraser.

1 40pts

2 50pts

3 45pts

4 40pts

5 45pts

6 40pts

Total 260pts
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2

!!! WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :

LECTURE N.
1. (40pts)

Find the domain and range of the given function and identify its level curves. Sketch
a typical level curve.

f(x, y) =
1

x2 + y2 + 1
.



3

2. (50pts)
(a): Let g(x, y) = ex + y sin(xy). Find the directional derivative of g(x, y) at point

(1, π) in the direction of ~v =~i+~j.

(b): For a right circular cylinder, if there are both errors of measurements of r
and h of 1%, what’s the relative (percentage) error of measurement of the volume
V = πr2h?



4

3. (45pts)

(a): Find ∂w/∂u and ∂w/∂v when u = v = 0 if w = ln
√
1 + x2 − tan−1 x and

x = 2eu cos v.

(b): Find the value of dy/dx at point P .

2xy + ex+y − 2 = 0, P (0, ln 2).



5

4. (40pts) Find an equation for the tangent plane and normal line of the graph of
following function at the given point:

z =
1

x2 + y2
, (1, 1, 1/2).



6

5. (45pts)

(a): Find relative maxima, relative minima and saddle points over the xy-plane.

f(x, y) = x2 + y2 − 3x− xy.

(b): Find extreme values of f(x, y) = x2 + y2 − 3x− xy on the disk x2 + y2 ≤ 9.



7

6. (40pts)

(a): Sketch the region of integration and evaluate the integral.∫ 4

1

∫ √x
0

3

2
ey/
√
x dydx.

(b): Find the volume of the solid that is bounded above by the cylinder z = x2 and
below by the region enclosed by the parabola y = 2 − x2 and the line y = x in the
xy-plane.



















































(610 means problem 24 in 10-th edition textbook, 69 means problem
24 in 9-th edition textbook )

1 14.3

610 = 69: In rectangular coordinate, x2 + (y − 2)2 ≤ 4 ⇐⇒ x2 + y2 − 2y ≤ 0.
Substituting x = r cos θ, y = r sin θ, we get

r2 − 2r sin θ ≤ 0, 0 ≤ θ ≤ π ⇐⇒ 0 ≤ r ≤ 2 sin θ, 0 ≤ θ ≤ π.

1810 = 189:∫ a

0

∫ √a2−x2

0

x dydx =

∫ π/2

0

∫ a

0

r cos θ rdrdθ = [sin θ]
π/2
0

[
r3

3

]a
0

=
a3

3
.

2210 = 229: Region: 0 ≤ y ≤ 2, y ≤ x ≤
√

8− y2.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Figure 1: Problem 22

∫ 2

0

∫ √8−y2

y

√
x2 + y2 dxdy =

∫ π/4

0

∫ 2
√
2

0

r rdrdθ

=
π

4

[
r3

3

]2√2

0

=
π

4

29/2

3

=
4
√

2π

3
.

2610 = 269:∫ 2

0

∫ √4−x2

0

sin
√
x2 + y2 dydx =

∫ π/2

0

∫ 2

0

sin r rdrdθ

=
π

2

(
−
∫ 2

0

r d(cos r)

)
= −π

2

(
[r cos r]20 −

∫ 2

0

cos r dr

)
= −π

2
(2 cos 2) +

π

2
[sin r]20 =

π

2
(sin 2− 2 cos 2).

1



3010 = 309: The region is the right half disk.∫∫
R

e−(x
2+y2)/2 dA =

∫ π/2

−π/2

∫ 5

0

e−r
2/2 rdrdθ

= π

∫ 5

0

e−r
2/2 d

(
r2

2

)
= −πe−r

2/2]50

= π(1− e−25/2).

4010 = 409:

V ol =

∫ 2π

0

∫ a

0

2
√
a2 − r2 rdrdθ = −2π

∫ a

0

(a2 − r2)1/2 d(a2 − r2)

= −2π
2

3

[
(a2 − r2)3/2

]a
0

=
4

3
πa3.

4410 = 469:

Area =

∫ 2π

0

∫ 2+sin θ

0

rdrdθ =

∫ 2π

0

1

2
(2 + sin θ)2 dθ

=

∫ 2π

0

(
2 + 2 sin θ +

sin2 θ

2

)
dθ

= [2θ − 2 cos θ]2π0 +
1

2

∫ 2π

0

1− cos(2θ)

2
dθ

= 4π +
1

4

[
θ − sin(2θ)

2

]2π
0

= 4π +
π

2
=

9π

2
.

2 14.4

Figure 2: Problem 20

2



2010 = 209:

mass =

∫∫
R

ρ(x, y) dA =

∫ L/2

0

∫ cos(πx/L)

0

ky dy dx

=

∫ L/2

0

k

2
cos2(πx/L)dx =

∫ L/2

0

k

2

1 + cos(2πx/L)

2
dx

=
k

4

[
x+

L

2π
sin(2πx/L)

]L/2
0

=
kL

8
.

∫∫
R

xρ(x, y) dA =

∫ L/2

0

∫ cos(πx/L)

0

kxy dydx

=

∫ L/2

0

k

2
x cos2(πx/L)dx =

k

2

∫ L/2

0

x
1 + cos(2πx/L)

2
dx

=
k

4

[
x2

2

]L/2
0

+
k

4

∫ π

0

L

2π
u(cosu)

L

2π
du

=
kL2

32
+

kL2

16π2

∫ π

0

u d(sinu)

=
kL2

32
+

kL2

16π2

(
[u sinu]π0 −

∫ π

0

sinu du

)
=

kL2

32
+

kL2

16π2
(0 + [cosu]π0 )

=
kL2

32
− kL2

16π2
· 2

=
kL2(π2 − 4)

32π2
.

∫∫
R

yρ(x, y) dA =

∫ L/2

0

∫ cos(πx/L)

0

ky2 dydx

=

∫ L/2

0

k

3
cos3(πx/L)dx

=
k

3

∫ π/2

0

cos3(u)
L

π
du

=
kL

3π

∫ π/2

0

(1− sin2 u)d(sin(u))

=
kL

3π

[
sinu− sin3 u

3

]π/2
0

=
kL

3π

2

3
=

2kL

9π
.

So

(x̄, ȳ) =
1

kL/8

(
kL2(π2 − 4)

32π2
,

2kL

9π

)
=

(
L(π2 − 4)

4π2
,

16

9π

)
.

3



Figure 3: Problem 22

2210 = 229:

mass =

∫ π/2

0

∫ a

0

kr2 rdrdθ =
π

2
k
a4

4
=
kπa4

8
.

∫∫
R

xρ(x, y) dA =

∫ π/2

0

∫ a

0

r cos θkr2 rdrdθ = k[sin θ]
π/2
0

[
r5

5

]a
0

= k
a5

5
.

So

x̄ =

∫∫
R
xρ(x, y)dA

mass
=

8a

5π
.

By symmetry, ȳ = x̄. So the center of mass has coordinate ( 8a
5π ,

8a
5π ).

4



(610 means problem 6 in 10-th edition textbook, 69 means problem
6 in 9-th edition textbook )

1 14.6

610 = 69:∫ 4

1

∫ e2

1

∫ 1/(xz)

0

ln z dydzdx =

∫ 4

1

∫ e2

1

1

xz
ln zdzdx =

∫ 4

1

∫ e2

1

ln zd(ln z)
1

x
dx

=

∫ 4

1

[
(ln z)2

2

]e2
1

1

x
dx = 2

∫ 4

1

1

x
dx

= 2 ln 4.

1410 = 169:∫∫∫
Q

dV =

∫∫
{x2+y2≤16}

∫ √16−x2−y2

0

dzdA =

∫∫
x2+y2≤16

√
16− x2 − y2dA

=

∫ 2π

0

∫ 4

0

√
16− r2 rdrdθ = π

∫ 4

0

√
16− r2 (−d

(
16− r2

)
)

=

[
−π 2

3
(16− r2)3/2

]4
0

=
128π

3
.

2110 = 239:

∫∫∫
Q

dV =

∫∫
Rxy

∫ 4−x2

0

dzdA =

∫∫
Rxy

(4− x2)dA

=

∫ 2

0

∫ 4−x2

0

(4− x2)dydx =

∫ 2

0

(4− x2)2dx

=

∫ 2

0

(16− 8x2 + x4)dx =

[
16x− 8

3
x3 +

x5

5

]2
0

=
256

15
.

2610 = 289: The solid is defined by

1



−1 ≤ y ≤ 1, y2 ≤ x ≤ 1, 0 ≤ z ≤ 1− x.

The projection to the yz-plane is the region:

0 ≤ z ≤ 1− y2, −1 ≤ y ≤ 1.

∫ 1

−1

∫ 1

y2

∫ 1−x

0

dzdxdy =

∫ 1

−1

∫ 1−y2

0

∫ 1−z

y2
dxdzdy =

8

15
.

3610 = 389:

1. The projection to the xy-plane is the region:

0 ≤ x ≤ 3, 0 ≤ y ≤ x.

So ∫ 3

0

∫ x

0

∫ 9−x2

0

dzdydx =

∫ 3

0

∫ 3

y

∫ 9−x2

0

dzdxdy.

2. The projection to the yz-plane is the region:

0 ≤ y ≤ 3, 0 ≤ z ≤ 9− y2.

So the corresponding two iterated integrals are∫ 3

0

∫ 9−y2

0

∫ √9−z

y

dxdzdy =

∫ 9

0

∫ √9−z

0

∫ √9−z

y

dxdydz.

3. The projection to the xz-plane is the region:

0 ≤ x ≤ 3, 0 ≤ z ≤ 9− x2.

So the corresponding two iterated integrals are∫ 3

0

∫ 9−x2

0

∫ x

0

dydzdx =

∫ 9

0

∫ √9−z

0

∫ x

0

dydxdz.

2



3810 = 409: Mass:∫∫∫
Q

ρ(x, y, z)dV =

∫∫
Rxy

∫ (15−3x−3y)/5

0

kydzdA

=

∫ 5

0

∫ 5−y

0

ky(15− 3x− 3y)/5dxdy =
k

5

∫ 5

0

[
3y(5− y)x− 3y

x2

2

]5−y
0

dy

=
k

5

∫ 5

0

(
3y(5− y)(5− y)− 3y

(5− y)2

2

)
dy =

3k

10

∫ 5

0

y(5− y)2dy

=
3k

10

∫ 5

0

(25y − 10y2 + y3)dy =
3k

10

[
25

2
y2 − 10

3
y3 +

y4

4

]5
0

=
3k

10
(25)2

(
1

2
− 2

3
+

1

4

)
=

125k

8
.

The integral of y coordinate is:∫∫∫
Q

yρ(x, y, z)dV =

∫∫
Rxy

∫ (15−3x−3y)/5

0

ykydzdA

=

∫ 5

0

∫ 5−y

0

ky2(15− 3x− 3y)/5dxdy =
k

5

∫ 5

0

[
3y2(5− y)x− 3y2

x2

2

]5−y
0

dx

=
3k

10

∫ 5

0

y2(5− y)2dy =
3k

10

∫ 5

0

(25y2 − 10y3 + y4)dy

=
3k

10

[
25
y3

3
− 5

2
y4 +

1

5
y5
]5
0

=
3k

10
(55)

(
1

3
− 1

2
+

1

5

)
=

125k

4
.

So

ȳ =

∫∫∫
Q
yρ(x, y, z)dV∫∫∫

Q
ρ(x, y, z)dV

= 2.

2 11.7

410 = 49: x = r cos θ = 6 cos(−π/4) = 3
√

2, y = r sin θ = 6 sin(−π/4) = −3
√

2,
z = 2. So (x, y, z) = (3

√
2,−3

√
2, 2).

3



810 = 89: r =
√
x2 + y2 = 4. tan θ = y/x = −1 & x > 0 ⇒ θ = −π/4. So

(r, θ, z) = (4,−π/4, 4).

2610 = 269: z = x2. This is a cylindrical surface parallel to the y-axis.

3210 = 329: ρ2 = x2 + y2 + z2 = 22 + 22 + (4
√

2)2 = 40⇒ ρ = 2
√

10. tan θ =

y/x = 1 & x > 0 → θ = π/4. cosφ = z
ρ = 4

√
2

2
√
10

= 2/
√

5 ⇒ φ = arccos(2/
√

5).

So (ρ, θ, φ) = (2
√

10, π/4, arccos(2/
√

5)).

3810 = 389: x = ρ sinφ cos θ = 9 sin(π) cos(π/4) = 0, y = ρ sinφ sin θ =
9 sin(π) sin(π/4) = 0, z = ρ cosφ = 9 cos(π) = −9. So (x, y, z) = (0, 0,−9).

4410 = 449: x2+y2−3z2 = 0⇐⇒ ρ2 sin2 φ cos2 θ+ρ2 sin2 φ sin2 θ−3ρ2 cos2 φ =
0⇐⇒ ρ2(sin2 φ− 3 cos2 φ) = 0⇐⇒ | tanφ| =

√
3, 0 ≤ φ ≤ π ⇐⇒ φ = π

3 or 2π
3 .

Note that this surface is a circular cone.

3 14.7

1010 = 109:

∫ 2π

0

∫ √5

0

∫ 5−r2

0

r dz dr dθ = 2π

∫ √5

0

r(5− r2)dr

= 2π

[
5

2
r2 − r4

4

]√5

0

=
25π

2
.

1210 = 129: The solid is between the sphere x2+y2+z2 = 25 and x2+y2+z2 =
4.

4



Figure 1: Problem 14.7.12

∫ 2π

0

∫ π

0

∫ 5

2

ρ2 sinφ dρdφdθ = 2π [− cosφ]
π
0

[
ρ3

3

]5
2

= 156π.

Figure 2: 14.7.18

1810 = 189:

V ol =

∫ 2π

0

∫ π

π/4

∫ 4

0

ρ2 sinφ dρdφdθ = [θ]2π0 [− cosφ]ππ/4

[
ρ3

3

]4
0

= 2π

(
1 +

√
2

2

)
64

3
=

64π

3
(2 +

√
2).

5



3610 = 369:

V ol = 2

∫ 2π

0

∫ π/4

0

∫ b

a

ρ2 sinφ dρdφdθ = 2[θ]2π0 [− cosφ]
π/4
0

[
ρ3

3

]b
a

= 4π

(
1−
√

2

2

)
b3 − a3

3
=

2π(2−
√

2)(b3 − a3)

3
.

6



(2610 means problem 26 in 10-th edition textbook, 269 means prob-
lem 26 in 9-th edition textbook )

1 14.7

2610 = 269: The mass of the cone is given:∫∫∫
Q

dV =

∫∫
Rxy

∫ h(1−r/r0)

0

dzdA =

∫ 2π

0

∫ r0

0

h

(
1− r

r0

)
r drdθ

= 2πh

[
r2

2
− r3

3r0

]r0
0

=
πr20h

3
.

The integral of z coordinate is∫∫∫
Q

zdV =

∫∫
Rxy

∫ h(1−r/r0)

0

zdzdA =

∫ 2π

0

∫ r0

0

1

2
h2
(

1− r

r0

)2

rdrdθ

= πh2
∫ r0

0

(
r − 2r2

r0
+
r3

r20

)
dr = πh2

[
r2

2
− 2r3

3r0
+

r4

4r20

]r0
0

= πh2r20

(
1

2
− 2

3
+

1

4

)
=
πhr20
12

.

so

z̄ =

∫∫∫
zdV∫∫∫
dV

=
h

4
.

By symmetry, x̄ = ȳ = 0. So the centroid is: (x̄, ȳ, z̄) = (0, 0, h/4).

3410 = 349: In spherical coordinate, the equation x2 + y2 + z2 = z is trans-

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Figure 1: cross section

formed to the equation ρ2 = ρ cosφ ⇐⇒ ρ = cosφ. This is a sphere of radius
1/2 centered at (0, 0, 1/2). The equation z =

√
x2 + y2 is transformed to the

1



equation φ = π/4.∫∫∫
Q

dV =

∫ 2π

0

∫ π/2

π/4

∫ cosφ

0

ρ2 sinφdρdφdθ

= 2π

∫ π/2

π/4

sinφ
cos3 φ

3
dφ =

2π

3

∫ π/2

π/4

cos3 φd(− cosφ)

= −2π

3

[
cos4 φ

4

]π/2
π/4

=
π

6

(
1√
2

)4

=
π

24
.

The volume can also be calculated as the difference of the volume of the half
ball and the volume of the cone:

V ol =
1

2

4

3
π

(
1

2

)3

− 1

3
π

(
1

2

)2
1

2
=

π

24
.

2 15.1

1− 410 or 1− 69: See page 5 for figures.

810 = 99: ‖~F‖ =
√
x2 + y2 = r. See page 5 figure 3 for visualization of the

vector field.

3410 = 409: M(x, y) = 3x2y2, N(x, y) = 2x3y. Because

∂M

∂y
= 6xy2 =

∂N

∂x
,

~F (x, y) is conservative. To find the potential function, we need to solve:

fx = 3x2y2, fy = 2x3y.

We integrate the first equation to find:

f(x, y) =

∫
fx(x, y)dx =

∫
3x2y2dx = x3y2 + g(y).

Substitute this into the 2nd equation to get:

fy = 2x3y + g′(y) = 2x3y.

So we get g′(y) = 0 which implies g(y) = constant. So we find a potential

function ~F (x, y) = ∇f :
f(x, y) = x3y2.

4010 = 469: M(x, y) = x/(x2 + y2), N(x, y) = y/(x2 + y2). Because

∂M

∂y
= − 2xy

(x2 + y2)2
=
∂N

∂x
,

2



~F (x, y) is conservative. To find a potential function, we need to solve:

fx =
x

x2 + y2
, fy =

y

x2 + y2
.

We integrate the first equation to get:

f(x, y) =

∫
fx(x, y)dx =

∫
x

x2 + y2
dx =

1

2
ln(x2 + y2) + g(y).

Substitute this into the 2nd equation to get:

fy =
y

x2 + y2
+ g′(y) =

y

x2 + y2
.

So g′(y) = 0 which implies g(y) = constant. So we find a potential function
~F = ∇f :

f(x, y) =
1

2
ln(x2 + y2).

4410 = 509:

curl~F = ∇× ~F =

∣∣∣∣∣∣
~i ~j ~k
∂
∂x

∂
∂y

∂
∂z

x2z −2xz yz

∣∣∣∣∣∣
= (z + 2x)~i+ x2~j − 2z~k.

So at point (2,−1, 3), the curl of ~F is equal to

curl~F
∣∣∣
(2,−1,3)

= 7~i+ 4~j − 6~k.

6010 = 669: ~F = ln(x2 + y2)~i+ xy~j + ln(y2 + z2)~k. The divergence is

div ~F = ∇ · ~F =
∂

∂x
(ln(x2 + y2)) +

∂

∂y
(xy) +

∂

∂z
(ln(y2 + z2))

=
2x

x2 + y2
+ x+

2z

y2 + z2

3 15.2

610 = 69: x = 4 cos θ, y = 3 sin θ, 0 ≤ θ ≤ 2π.

1010 = 109: ~r ′(t) = 12~i+5~j+84~k. So ‖~r ′(t)‖ =
√

122 + 52 + (84)2 =
√

7225 =
85. ∫

C

2xyz ds = 2

∫ 1

0

(12t)(5t)(84t)85dt = 2 · 428400

∫ 1

0

t3dt

=
428400

2
= 214200.

3



1610 = 169: C is parametrized by ~r(y) = y~j, 1 ≤ y ≤ 9. ‖~r ′(y)‖ = 1.∫
C

(x+ 4
√
y)ds =

∫ 9

1

4
√
y dy =

[
8

3
y3/2

]9
1

=
208

3
.

2010 = 209: (a): Piecewise smooth parametrization:

1. C1 : ~r1(t) = t~j, 0 ≤ t ≤ 1;

2. C2 : ~r2(t) = ~j + t~k, 0 ≤ t ≤ 1;

3. C3 : ~r3(t) = (1− t)~j + (1− t)~j, 0 ≤ t ≤ 1.

‖~r1 ′(t)‖ = 1, ‖~r2 ′(2)‖ = 1, ‖~r3 ′(t)‖ =
√

2. So∫
C1

(2x+ y2 − z)ds =

∫ 1

0

t2dt =
1

3
.

∫
C2

(2x+ y2 − z)ds =

∫ 1

0

(1− t)dt =
1

2
.

∫
C3

(3x+ y2 − z)ds =

∫ 1

0

((1− t)2 − (1− t))
√

2dt = −
√

2

∫ 0

1

(u2 − u)du

= −
√

2

[
u3

3
− u2

2

]0
1

= −
√

2

6
.

S ∫
C

(2x+ y2 − z) ds =

∫
C1

+

∫
C2

+

∫
C3

=
5−
√

2

6
.

2210 = 229: ~r(t) = 2 cos t ~i + 2 sin t ~j + t ~k. ~r ′(t) = −2 sin t ~i + 2 cos t ~j + ~k.
‖~r ′(t)‖ =

√
5.

mass =

∫
C

ρ(x, y, z)ds =

∫
C

zds =

∫ 4π

0

t ·
√

5dt =

[√
5t2

2

]4π
0

= 8
√

5π2.

4



-4 -2 0 2 4

-4

-2

0

2

4

(a) 〈x, sin y〉
-4 -2 0 2 4

-4

-2

0

2
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(b) ~F = x~i+ 3y~j

-4 -2 0 2 4

-4

-2

0

2

4

(c) ~F = x~j

-4 -2 0 2 4

-4

-2

0

2

4

(d) ~F = y~i

-4 -2 0 2 4

-4

-2

0

2

4

(e) ~F = y~i− x~j
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-4

-2

0

2

4

(f) ~F = 〈xy/2, x2/4〉

Figure 2: Vector fields
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Figure 3: ~F = y~i+ x~j
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1 15.2

30: ~r(t) = t~i+
√

4− t2~j, −2 ≤ t ≤ 2. ~r ′(t) =~i− t√
4−t2

~j. ~F = 3x~i+ 4y~j.∫
C

~F · d~r =

∫
C

~F · ~r ′(t)dt =

∫ 2

−2

(
3t · 1 + 4

√
4− t2 · −t√

4− t2

)
dt

=

∫ 2

−2
−tdt = 0.

Note that ~F (x, y) = ∇f is a conservative vector field with a potential f =
3x2

2 + 2y2. So by fundamental theorem of line integrals (for conservative vector
fields), we have∫

C

~F · d~r = f(~r(2))− f(~r(−2)) = f(2, 0)− f(−2, 0) = 0.

38: Parametrize the curve C by ~r(t) = 2 cos t ~i + 2 sin t ~j, 0 ≤ t ≤ π. ~r ′(t) =

−2 sin t ~i+ 2 cos t ~j. ~F = −y~i− x~j. So∫
C

~F · d~r =

∫
C

~F · ~r ′(t)dt =

∫ π

0

(−2 sin t · (−2 sin t)− 2 cos t · (2 cos t)) dt

=

∫ π

0

(4 sin2 t− 4 cos2 t)dt = −4

∫ π

0

cos(2t)dt = −2 [sin(2t)]
π
0 = 0.

Note that ~F = ∇f is a conservative vector field with a potential f = −xy.
So by fundamental theorem of line integrals, we have∫

C

~F · dr = f(~r(π))− f(~r(0)) = f(−2, 0)− f(2, 0) = 0.

41− 44: 41: ~F · ~r ′(t) > 0 ⇒ work > 0. 42: ~F · ~r ′(t) < 0 ⇒ work < 0. 43 :
~F · ~r ′(t) = 0⇒ work = 0. 44: ~F · ~r ′(t) = 0⇒ work = 0.

54: ~r(t) = 2t~i+ 10t~j, 0 ≤ t ≤ 1.∫
C

(3y − x)dx+ y2dy =

∫ 1

0

(3 · 10t− 2t) · 2dt+ (10t)2 · 10dt =

∫ 1

0

(56t+ 1000t2)dt

=

[
28t2 +

1000

3
t3
]1
0

=
1084

3
.

72: ~r(x) = x~i+ x3/2~j. ~r ′(x) =~i+ 3
2x

1/2~j. ‖~r ′(x‖ =
√

1 + 9x
4 .

Area =

∫
C

z(x, y(x))ds =

∫ 40

0

(
20 +

1

4
x

)√
1 +

9x

4
dx =

∫ 91

1

(
20 +

u− 1

9

)√
u

4

9
du

=
4

81

∫ 91

1

(179
√
u+ u3/2)du =

4

81

[
358u3/2

3
+

2

5
u5/2

]91
1

=
8

81

[
179 · 5u3/2 + 3u5/2

15

]91
1

=
16(−449 + 584 · 91

√
91)

1215
∼ 6670.12 ft2.

1



Figure 1: Problem 72: the wall

78: The work along the parabolic path y = c(1− x2) is:∫
C1

~F · d~r =

∫
C1

15[(4− x2y)dx− xydy]

= 15

∫ 1

−1
(4− x2(c(1− x2)))dx− x(c(1− x2))(−2cxdx)

= 15

∫ 1

−1
(4 + (2c2 − c)x2 + (c− 2c2)x4)dx = 30

∫ 1

0

(4 + (2c2 − c)x2 + (c− 2c2)x4)dx

= 120 + 10(2c2 − c) + 6(c− 2c2) = 8c2 − 4c+ 120.

We want to minimize the quadratic function f(c) = 8c2 − 4c + 120. f ′(c) =
16c− 4 = 0⇒ c = 1/4. So the minimum is f(1/4) = 119.5.

If we move the object along a straight-line x = t, y = 0, −1 ≤ t ≤ 1. Then
the work is∫

C2

~F · d~r =

∫ 1

−1
15 · 4dt = 120 = f(0) > f(1/4) = 119.5.

2 15.3

2: ~F (t) = (x2 + y2)~i−x~j. (a) ~r1(t) = t~i+
√
t~j, ~r1

′(t) =~i+ 1
2 t
−1/2~j, 0 ≤ t ≤ 4.

So ∫
C

~F · d~r =

∫ 4

0

~F · ~r1 ′(t)dt =

∫ 4

0

((t2 + t) · 1 + (−t) · 1

2
t−1/2)dt

=

[
t3

3
+
t2

2
− 1

3
t3/2

]4
0

=
80

3
.

(b) ~r2(w) = w2~i+ w~j, ~r2
′(w) = 2w~i+~j, 0 ≤ w ≤ 2. So∫

C

~F · d~r =

∫ 2

0

~F · ~r ′(w)dw =

∫ 2

0

((w4 + w2) · 2w − w2 · 1)dw

=

[
1

3
w6 +

1

2
w4 − 1

3
w3

]2
0

=
80

3
.

2



16: ~F = M~i+N~j = (2x−3y+1)~i−(3x+y−5)~j. Test whether ~F is conservative
or not:

∂M

∂y
= −3 =

∂N

∂x
,

~F is a conservative vector field.

1. (Method 1) For conservative vector field, the line integral does not de-
pend on the path connecting two fixed points. So

(a) We can choose a point path to get
∫
C
~F · d~r = 0.

(b) We can choose a different path which is the straight line connecting
(0,−1) to (0, 1), parametrized as x = 0, y = t,−1 ≤ t ≤ 1. So∫

C

(2x− 3y + 1)dx− (3x+ y − 5)dy =

∫ 1

−1
−(t− 5)dt = 10.

(c) We can calculate using the given path:∫
C

~F · d~r =

∫ 2

0

(2x− 3ex + 1)dx− (3x+ ex − 5)exdx

=

∫ 2

0

(1 + 2x+ 2ex − e2x − 3xex)dx

=

[
x+ x2 + 2ex − 1

2
e2x
]2
0

− 3[xex]20 + 3

∫ 2

0

exdx

= (6 + 2e2 − 1

2
e4)− (3/2)− 6e2 + 3(e2 − 1)

=
3

2
− e2 − 1

2
e4.

(d) We can choose a point path to get
∫
C
~F · d~r = 0.

2. (Method 2) Since ~F is a conservative vector field, we can try to find a

potential f(x, y) for ~F by solving:

fx = 2x− 3y + 1, fy = −3x− y + 5.

Integrate the first equation to get f(x, y) = x2−3xy+x+g(y). Substitute
this into the 2nd equation to get:

fy = −3x+ g′(y) = −3x− y + 5⇒ g′(y) = −y + 5.

Integrate this to get g(y) = −y
2

2 + 5y + C for some real constant C. So
we find a potential function

f(x, y) = x2 − 3xy + x− 1

2
y2 + 5y

So

(a)
∫
C
~F · d~r = f(0, 0)− f(0, 0) = 0.

(b)
∫
C
~F · d~r = f(0, 1)− f(0,−1) = 10.

3



(c) ∫
C

~F · d~r = f(2, e2)− f(0, 1) = (4− 6e2 + 2− 1

2
e4 + 5e2)− (−1

2
+ 5)

=
3

2
− e2 − 1

2
e4

(d)
∫
C
~F · d~r = f(0,−1)− f(0,−1) = 0.

26: ~F = M~i + N~j = 2(x + y)~i + 2(x + y)~j. Test whether ~F is conservative or
not:

∂M

∂y
= 2 =

∂N

∂x
.

So ~F is a conservative vector field. Find a potential:

fx = 2(x+ y), fy = 2(x+ y).

Integrate the first equation to get f(x, y) = x2 + 2xy + g(y). Substitute into
then 2nd equation to get

fy = 2x+ g′(y) = 2x+ 2y ⇒ g′(y) = 2y ⇒ g(y) = y2 + C.

So we get a potential for ~F : f(x, y) = x2 + 2xy + y2 = (x+ y)2. So∫
C

~F · d~r = f(3, 2)− f(−1, 1) = 25− 0 = 25.

36: ~F = M~i+N~j = 2x
y
~i− x2

y2
~j. Test whether ~F is conservative or not:

∂M

∂y
= −2x

y2
=
∂N

x
.

So ~F is a conservative vector field. Find a potential by solving:

fx =
2x

y
, fy = −x

2

y2
.

It’s easy to get f(x, y) = x2/y. So the work from P to Q is∫
C

~F · d~r = f(3, 2)− f(−1, 1) =
7

2
.

4





1 15.3

30: ~F (x, y) = M(x, y)~i+N(x, y)~j = 2x
(x2+y2)2

~i+ 2y
(x2+y2)2

~j satisfies the test for

conservative vector field:

∂M

∂y
= − 8xy

(x2 + y2)3
=
∂N

∂x
.

To find a potential f for ~F , solve the equations:

fx =
2x

(x2 + y2)2
, fy =

2y

(x2 + y2)2
.

Integrate the 1st equation to get:

f(x, y) = − 1

x2 + y2
+ g(y).

Substitute this into the 2nd equation to get:

fy =
2y

(x2 + y2)2
+ g′(y) =

2y

(x2 + y2)2
⇒ g′(y) = 0⇒ g(y) = C.

So we get a potential for ~F : f(x, y) = −1/(x2 + y2). By the fundamental
theorem of line integral, we get∫
C

2x

(x2 + y2)2
dx+

2y

(x2 + y2)2
dy =

∫
C

~F ·d~r = f(1, 5)−f(7, 5) = − 1

26
+

1

74
= − 12

481
.

34: ~F = 6x~i − 4z~j − (4y − 20z)~k. First test whether ~F is conservative or not
by using the curl:

curl ~F = ∇× ~F =

∣∣∣∣∣∣
~i ~j ~k
∂
∂x

∂
∂y

∂
∂z

6x −4z −4y + 20z

∣∣∣∣∣∣ = 0.

So ~F is conservative. We find a potential function for ~F by solving:

fx = 6x, fy = −4z, fz = −4y + 20z.

Integrate the 1st equation to get f(x, y, z) = 3x2 + g(y, z). Substitute into the
2nd equation to get:

fy = gy = −4z ⇒ g(y, z) = −4yz + h(z)⇒ f(x, y, z) = 3x2 − 4yz + h(z).

Substitute into the 3rd equation to get:

fz = −4y + h′(z) = −4y + 20z ⇒ h′(z) = 20z ⇒ g(z) = 10z2 + C.

So finally we get
f(x, y, z) = 3x2 − 4yz + 10z2 + C.

By fundamental theorem of line integrals for conservative vector fields, we get∫
C

6xdx− 4zdy − (4y − 20z)dz = f(3, 4, 0)− f(0, 0, 0) = 27.

1



C2

C1
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0.6

0.8

1.0

2 15.4

1: C1 : ~r1(t) = t~i+ t2~j, 0 ≤ t ≤ 1, C2 : ~r2(t) = −t~i− t~j,−1 ≤ t ≤ 0. (Note that
we need the anti-clockwise orientation). First we calculate the line integral:∫

C1

y2dx+ x2dy =

∫ 1

0

t4dt+ t22tdt =

∫ 1

0

(t4 + 2t3)dt

=
1

5
+

2

4
=

7

10
.

∫
C2

y2dx+ x2dy =

∫ 0

−1
t2(−dt) + t2(−dt) = −

∫ 0

−1
2t2dt = −

[
2

3
t3
]0
−1

= −2

3
.

So ∫
C=C1+C2

y2dx+ x2dy =
7

10
− 2

3
=

1

30
.

Next we calculate the double integral. Note that Nx −My = 2x− 2y. So∫∫
R

(
∂N

∂x
− ∂M

∂y

)
dA =

∫∫
R

(2x− 2y)dA

=

∫ 1

0

∫ x

x2

2(x− y)dydx =

∫ 1

0

[
2xy − y2

]x
x2 dx =

∫ 1

0

(x2 − 2x3 + x4)dx

=

[
x3

3
− 1

2
x4 +

1

5
x5
]1
0

=
1

3
− 1

2
+

1

5

=
1

30
.

So the two sides are indeed equal to each other.

2: C1 : ~r1(t) = t~i + t~j, 0 ≤ t ≤ 1, −C2 : ~r2(t) = t~i +
√
t~j, 0 ≤ t ≤ 1. We first

use the reverse direction for simplification of calculations. First we calculate the
line integral:∫

C1

y2dx+ x2dy =

∫ 1

0

t2(dt) + t2(dt) =

∫ 1

0

2t2dt =

[
2

3
t3
]1
0

=
2

3
.

2



C1

C2

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

∫
−C2

y2dx+ x2dy =

∫ 1

0

tdt+ t2d(
√
t) =

∫ 1

0

(
t+

1

2
t3/2

)
dt

=
1

2
+

1

5
=

7

10
.

So ∫
C=C1+C2

y2dx+ x2dy =

∫
C1

−
∫
−C2

=
2

3
− 7

10
= − 1

30
.

Next we calculate the double integral. Note that Nx −My = 2x− 2y. So∫∫
R

(
∂N

∂x
− ∂M

∂y

)
dA =

∫∫
R

(2x− 2y)dA

=

∫ 1

0

∫ √x
x

2(x− y)dydx =

∫ 1

0

[
2xy − y2

]√x
x

dx =

∫ 1

0

(2x3/2 − x− x2)dx

=

[
4

5
x5/2 − x2

2
− x3

3

]1
0

=
4

5
− 1

2
− 1

3

= − 1

30
.

So the two sides are indeed equal to each other.

4: We first calculate the line integrals:

C1

C2

C3

C4

0 1 2 3

0

1

2

3

4

1. C1 : ~r1(t) = t~i, 0 ≤ t ≤ 3.∫
C1

y2dx+ x2dy =

∫ 3

0

02dt+ t2d(0) = 0.

2. C2 : ~r2(t) = 3~i+ t~j, 0 ≤ t ≤ 4.∫
C2

y2dx+ x2dy =

∫ 4

0

t2d(3) + 32dt =

∫ 4

0

9dt = 36.

3



3. C3 : ~r3(t) = (3− t)~i+ 4~j, 0 ≤ t ≤ 3;.∫
C3

y2dx+ x2dy =

∫ 3

0

42d(3− t) + (3− t)2d(4) = −
∫ 3

0

16dt = −48.

4. ~r4(t) = (4− t)~j, 0 ≤ t ≤ 4.∫
C4

y2dx+ x2dy =

∫ 4

0

02d(4− t) + (4− t)2d(0) = 0.

So ∫
C

y2dx+ x2dy =

4∑
i=1

∫
Ci

(y2dx+ x2dy) = 36− 48 = −12.

Next we compute the double integral. Note that Nx −My = 2x− 2y. So∫∫
R

(
∂N

∂x
− ∂M

∂y

)
dA =

∫∫
R

(2x− 2y)dA

=

∫ 3

0

∫ 4

0

(2x− 2y)dydx =

∫ 3

0

[2xy − y2]40dx =

∫ 3

0

(8x− 16)dx

=
[
4x2 − 16x

]3
0

= 36− 48 = −12.

So the two sides are indeed equal to each other.

10:

-4 -2 0 2 4

0

1

2

3

4

5

∫
C

(y − x)dx+ (2x− y)dy =

∫∫
R

(
∂

∂x
(2x− y)− ∂

∂y
(y − x)

)
dA

=

∫∫
R

dA = Area(R)

=
π25

2
− π9

2
= 8π.

22: We first transform the equation r = 2 cos θ into the rectangular coordinate
system:

r = 2 cos θ ⇔ r2 = 2r cos θ ⇔ x2 + y2 = 2x.

4
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0.0

0.5

1.0

So C is a circle: (x− 1)2 + y2 = 1. By Green’s theorem,∫
C

~F · d~r =

∫
C

(ex − 3y)dx+ (ey + 6x)dy

=

∫∫
R

(
∂

∂x
(ey + 6x)− ∂

∂y
(ex − 3y)

)
dA

=

∫∫
R

9dA = 9Area(R)

= 9π.

38: Note that the curve r = r(θ) in polar coordinate is parametrized by:

~r(θ) = (r(θ) cos θ)~i+ (r(θ) sin θ)~j.

Let’s first derive the following formula of Exercise 32 by using Green’s formula:

Area(R) =

∫∫
R

dA =
1

2

∮
C

xdy − ydx (by Green’s formula)

=
1

2

∫
C

(r(θ) cos(θ)d(r(θ) sin θ)− r(θ) sin(θ)d(r(θ) cos θ))dθ

=
1

2

∫
C

[r(θ) cos θ(r′(θ) sin θ + r(θ) cos θ)− r(θ) sin(θ)(r′(θ) cos θ − r(θ) sin θ)] dθ

=
1

2

∫
C

(rr′(cos θ sin θ − sin θ cos θ) + r2(cos2 θ + sin2 θ))dθ

=
1

2

∫
C

r(θ)2dθ.

Note that we get the same formula by using the polar coordinate to calculate
double integral:

Area =

∫ θ2

θ1

∫ r(θ)

0

rdrdθ =
1

2

∫ θ2

θ1

r(θ)2dθ.

For the curve r(θ) = a cos(3θ), we calculate the area of branch of the region:

5



-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

Area(R1) =
1

2

∫ π/6

−π/6
a2 cos2(3θ)dθ =

a2

2

∫ π/6

−π/6

1 + cos(6θ)

2
dθ

=
a2

4

[
θ +

sin(6θ)

6

]π/6
−π/6

=
πa2

12
.

The total area is equal to:

Area(R) = 3Area(R1) =
πa2

4
.

4410: Let R1 denote the region enclosed ellipse and R2 denote the region en-
closed by the circle.∫

C

(3x2y + 1)dx+ (x3 + 4x)dy =

∫∫
R

(
∂

∂x
(x3 + 4x)− ∂

∂y
(3x2y + 1)

)
dA

=

∫∫
R

4dA = 4

∫
R1

dA− 4Area(R2)

= 4

∫ 4

−4

∫ 3
√

1−(x/4)2

−3
√

1−(x/4)2
dydx− 4π(2)2

= 24

∫ 4

−4

√
1− (x/4)2dx− 16π = 24

∫ π/2

−π/2
cos θ · 4 cos θdθ − 16π

= 96

∫ π/2

−π/2

1 + cos(2θ)

2
dθ − 16π

= 48π − 16π = 32π.

Note that in general, the area of the region enclosed by the ellipse:

x2

a2
+
y2

b2
= 1

is equal to πab.

4710 = 449: (a): Parametrize the line segment (x1, y1)(x2, y2) by

C : ~r(t) = ((1− t)x1 + tx2)~i+ ((1− t)y1 + ty2)~j, 0 ≤ t ≤ 1.

6



So∫
C

(−ydx+ xdy) =

∫ 1

0

(−(1− t)y1 − ty2)d((1− t)x1 + tx2) + ((1− t)x1 + tx2)d((1− t)y1 + ty2)

=

∫ 1

0

(−y1 + t(y1 − y2))(x2 − x1)dt+ (x1 + t(x2 − x1))(y2 − y1)dt

= −y1(x2 − x1) + x1(y2 − y1) = x1y2 − x2y1.

(b): By Green’s theorem, the area can be calculated by:

Area(R) =
1

2

∫
∂R

xdy − ydx =

n∑
i=1

∫
(xi,yi)(xi+1,yi+1)

xdy − ydx, (denote(xn+1, yn+1) = (x1, y1))

=
1

2
((x1y2 − x2y1) + (x2y3 − x3y2) + · · ·+ (xn−1yn − xnyn−1) + (xny1 − x1yn)).

The 2nd identity uses part (a).

4810 = 459 − 469: 4810.(a) = 459: By the above result, the area of the Pen-

H0, 0L H2, 0L

H3, 2L

H1, 4L

H-1, 1L

H0, 0L H2, 0L

H3, 2L

H2, 4L

H0, 3L

H-1, 1L

tagon is:

Area =
1

2
((0 · 0− 2 · 0) + (2 · 2− 3 · 0) + (3 · 4− 1 · 2) + (1 · 1− (−1) · 4) + ((−1) · 0− 0 · (1))

=
19

2
= 9.5.

4810.(b) = 469: The area of the Hexagon is:

Area =
1

2
((0 · 0− 2 · 0) + (2 · 2− 3 · 0) + (3 · 4− 2 · 2) + (2 · 3− 0 · 4) + (0 · 1− (−1) · 3)

+((−1 · 0)− 0 · 1))

=
21

2
= 10.5.
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2

!!! WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :

1. (50pts) Let f(x, y, z) = 9x2 + y2 − z2.
(a): Sketch and describe the level surfaces f(x, y, z) = 9, f(x, y, z) = 0 and f(x, y, z) =
−4.

(b): Find the tangent planes to the level surface f(x, y, z) = 0 at the points (0, 5, 5)
and (0, 1, 1).

(c): Are the two planes in part (2) distinct? Explain how this relates to the geometry
of the level surface.



3

2. (50pts) Consider the function f(x, y) = sin(x2 + y2).
(a): Compute ∇f .

(b): A particle is moving on the path (−t, t2). Sketch the path for 0 ≤ t ≤ 2. At
t = 1, is f increasing or decreasing along the path?

(c): Explain in words and draw the level curve f = 0.



4

3. (50pts) Consider the curve C defined by the equation:

-1 1 2 3

-1.0

-0.5

0.5

1.0

(x− 1)2 + 4y2 = 4.

Find the point(s) on the curve C which are closest to/furthest from the origin.
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4. (50pts) Find the center of mass of snail-shaped region bounded by the curve

r = θ1/3, 0 ≤ θ ≤ 2π. Assume the mass density ρ ≡ 1.
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5. (50pts) Consider the solid Q defined by the inequalities

x2 + y2 = 1, z ≤ −y, z ≥ 0.

(a): Write the triple integral
∫∫∫

Q
dV into the iterated integral using the order

dzdydx and dydxdz.

(b): Calculate the volume of Q.
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6. (50pts)

(a): Sketch the 3-dimensional region over which the integral∫ 5

0

∫ √25−x2

0

∫ √50−x2−y2

√
x2+y2

zdzdydx.

(b): Convert this integral into cylindrical and spherical coordinates.

(c): Compute the integral.
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7. (50pts)

(a): Is the following fluid vector field compressible or not?

~F = ex sin(y + z)~i+ ex cos(y + z)~j + (x2 + y2)~k.

(b): Is the following vector field conservative or not?

~F = (y + z)~i+ z~j + (x+ y)~k.
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8. (50pts)

Consider the circle C : x2 +y2 = a2. (a): Find the area of lateral surface with height

function z = |x|+ |y| over the curve C.



10

(b): Consider the vector field:

~F =
−y~i+ x~j

x2 + y2
, (x, y) 6= (0, 0).

Sketch the vector field, and calculate the circulation of ~F around the curve C :
x2 + y2 = a2 in the counter-clockwise direction. What’s the circulation in the
clockwise direction?
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9. (50pts)

Let ~F be the vector field

~F = 〈2x+ y − 1, x+ 2y〉 .
(a): Is ~F conservative or not?

(b): If yes, find a potential function f(x, y).
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(c): A particle is moving from the point (0, 0) to a point (p, q) in a straight line. For
which values of p, q is the work ∫ (p,q)

(0,0)

~F · d~r.

minimal?
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10. (50pts)

Use Green’s theorem to calculate the work done by ~F

~F = (4x2 − 2y2)~i+ (2x2 − 4y2)~j.

in moving a particle once counterclockwise around the boundary of a triangle with
vertex: (0, 0), (1, 0), (0, 1)?


























