
Integrals 
“Tricks” 

Improper integrals



Applications of Integrals
Areas - Volume arc length 

(parametric, cartesian and polar coordinates) 
Work

Volumes Summary
The solids below are 
obtained by rotating a region 
of the plane about vertical or 
horizontal axes. They are 
called solids of revolution.  
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We discussed how to find the 
volume of solids of revolution 
by the washer method or the 
cylindrical shell method.

Rotating about y axis

Example: Compute the  arc length of the 
circle r = sinϴ !
ϴ in [0,2π] 

Example: Compute the length  arc of the 
spiral r = eϴ !
in [0,2π]

Example: Compute the length  two arcs 
of the cycloid x= t - sin t, y=1-cos t. (Hint 
(1-cos(t))=2 sin2(t/2))

Example: Compute the  arc length the 
graph of the curve y=x3/2, !
x in [0,5]

POLAR

POLAR PARAMETRIC

FUNCTION

ARC LENGTH (recall Pythagorean Theorem)



Area of a sector of a circle of radius r

Area A of a region bounded by a polar curve 
of equation r=f(ϴ), ϴ in [a,b]

EXAMPLE
• A spring can by compressed by 4 in. from its  

natural length of 10in. when a force of 8 lb.  is 
applied. How much work is done in 
compressing the spring this distance?

Hooke’s Law 
   f(x) = k . x 
!
The force required to hold a spring stretched (or 
compressed) x in. (or other units) beyond its natural 
length is f(x) = k . x where k is a constant that depends on 
the spring and on the units of measurement. 11

A water tank in the form of 
an inverted circular cone is 
20 ft across the top and 15 
ft. deep. If the surface of the 
water is 5 ft below the top 
of the talk, find the work 
done in pumping the water 
to the top of the thank. 
(Leave your result in terms 
of w, the number of pounds 
per1 ft3 of water) 
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Computing work

• Find a “wise” location of the x-axis and 
the origin.  Divide  into n “pieces”. 
These “pieces” should be such that 
one can approximate the work for 
each of them, with the formula W=F.d.  

• Add the work of each piece. This 
yields a Riemann sum, and then 
passing to the limit, an integral.  
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Recall	

work = force x distance

Density of water is 62.5 lb/ft^3

Sequences and Series
What are they? 

Convergency tests 
Power series  (Taylor, McLauren, 1/(1+x))

Examples to remember:
■ The p-series          is convergent if p>1. 
!

■ The p-series          is divergent if p≤1. 
!

■ The geometric series           is convergent if -1<r<1. 
!

■ The geometric series             is divergent if r≤-1 or 
r≥1.



Series Summary: Tests and Important 
Examples

The three tests below can be applied to series 
with positive terms. 
■ Integral test (to apply this test the 

corresponding function must be decreasing.) 
■ Comparison test 
■ Limit comparison test

■ Divergence test: If the sequence does not 
converges to 0, then the corresponding series 
diverges.

■ Recall: If an =a1 rn (a geometric sequence), the corresponding series is 
called geometric series. 

■ the geometric series is convergent if and only if |r|<1 
■ its sum is a/(1-r)

The alternating series test
If we have a sequence { an },  

where an >0, an ≥ an+1  , and an →0 when n→∞ 

then the series 
!
!
converges 

Differentiating and integrating power 
series

n Important example

n Find a power series in terms 
of another one you know.

n Use the  power series corresponding 
to f’(x) to find the power series 
corresponding to f(x).

n Recall that the derivative and 
integral of a power series have the 
same interval of convergence.
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n Use the alternate series estimation test to 
estimate the error when approximating a 
series by a partial sum.

Examples 
1/(1+8x3) , x2/(x+5)

Examples 
f(x)=arctan(x)f(x)=ln(x)

Find the value of a 
certain  integral 
below correct up to 
8 decimal places

Example: Express 1/(1+x)2 as 
a power series and find 
radius of convergence?.

n Use the power series of ∫f(x)dx to 
find the power series of f(x) Examples f(x)=1/(1+x)2



The series                                                  
!
!
!
!
!
is called the Taylor series of f at a. 
!
When a=0, the series (below)  is called the Maclaurin series
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Differential Equations
What are they? 

Initial value problems  
Separable equations 

Direction fields 
The logistic equation  

Second order diff. equation with constant coefficients

Summary on solving the linear second order homogeneous 
differential equation

To find the general solution of 
the differential equation A y’’ 
+ B y’ + C y = 0  we consider 
the characteristic equation:!

A x2 + B x + C  = 0!
Set Δ = B2 - 4 A C.

roots of the 
characteristic 
polynomial

General solution

Δ>0 two distinct real 
roots r c1

Δ<0 two complex roots 
α+i𝛽  and α - i𝛽

e α

sin(𝛽x))

Δ=0 one double real 
root r c1

Example!
1. Solve the initial-value 

problem y’’ + 2 y’ + y=0, 
y(0)=1, y(1)=3.!

2. 2y’’+5y+3y=0,  y(0)=3, 
y’(0)=-4.




