Math 322 Lecture 1 (Tu/Th) MIDTERM II SPRING 2009 Mark de Cataldo

1. (50 total pts)

(a) (10 pts) State the inverse function theorem for functions of n variables.
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(b) (10 pts) Give the definition of a set of measure zero in R".
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(¢) (10 pts) Give an explicit example of a nonlinear function f : R? — R?, witha = (0,0)
and f(a) = (0,0) that satisfies the assumptions of the inverse function theorem and,
for that example, compute the 2 x 2matrix (f~1)(0,0).
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(d) (10 pts) Give an example of a set of measure zero but with non zero content. (Provide
a short justification for the answer.)
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(e) (10 pts) Give an example of a differentiable function f: R* — R? which is invertible
but for which the hypotheses of the inverse function theorem are not met at some
point. (Provide a short justification for the answer.)
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2. (50 total pts) Consider the system of equations
sinz+y:=u+ cosva,..lf\ T +cosy?® = —e*.

(a) Can you apply the implicit function theorem and deduce that you can express (z,y)
implicitly in terms of (u,v), that is

(z,y) = g(u,v)

in a neighborhood of (0,0,0,0)? If yes calculate g'(0,0).
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(b) Can you apply the implicit function theorem and deduce that you can express (z,u)
implicitly in terms of (y,v), that is

(z,u) = g(y, v)
in a neighborhood of (0,0,0,0)? If yes calculate ¢'(0, 0).
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/ 3. (50 total pts) Prove that a bounded function f : A — R on a closed rectangle is integrable

if and only if for every € > 0 there is a partition of A into closed subrectangles such that
U(f,P)— L(f,P) <e.
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4. (50 pts) Let f : R* — R be differentiable with the property that there is a positive integer

m such that
' f(tz) =™ f(z), Vr € R", Vit € R.
Prove that

Z z;:D; f(x) = mf(z).
(Hint: consider g(t) := f(¢z) and consider g'.)
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5. (50 pts) Let C be the bounded region between the two curves y = 2% and = = ¢?
(a) What is the definition of [, (z — y)?

| (b) Justify the fact that the integral [,(z — y) exists.
(¢c) Compute [,(z — y).
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