Section 2.2

#3) e <y<zthm|z—yl+ly—z2l=y—z+z—y=z—z=|z—2. fy <z <z then
ly—z| =2—y > z—x = |z — z|; therefore |z —y| + |y — 2| > |z — z| since |z — y| > 0. Finally, if
x<z<y,then ly—z|=y—x>2—x = |z — 2|; therefore |z — y| + |y — 2| > |z — x| since |z — y| > 0.
Geometrically, the triangle inequality is actually equality if and only if y is on the line between x and
2.

#7) Ifx>2, then [+ 1|+ |r —2|=2+1+2—2=2x—1. 20 — 1 = 7 has solution z = 4 which indeed
lies in the region © > 2. If =1 <z < 2, then |z + 1|+ |z —2|=2+1+2—2=3. 3#7, so there is no
solution in this range. Finally, if x < —1, then [z + 1|+ |z —-2|=—2—-14+2—-2=1-22. 1 -2 =7
has solution x = —3 < —1. Thus, the equation has two solutions: z = 4 and z = —3.

y = Ix| - [x-1]

#9)
#12) (a) {(t,t) and (¢, —t): t € R}.

Iyl = Ix]




(b) {(t,1—1t), (t,t—1), (=t,1—t), and (—t,t —1): 0< ¢ < 1}.
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(c) {(t,2/t) and (t,—2/t): t # 0}

(d) {(t,2—1), (t,t —2), (— —2):t>2}
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#14) Let v = min(e,0) and let v2 = max(e, §). We claim V., (a) = Ve(a)NVs(a) and V., (a) = Ve(a)UVs(a).
zeVy(a) < |z —a|l <y =min(¢,d) < |r—a|<eand |z —a| <J < z € V(a) and
x € Vs(a) <= z € V.(a) N Vs(a).
x € Vy,(a) < |r—a] <72 =max(e,d) < |r—a| <eor|r—a|l < < z € V(a)or
x € Vs(a) <= z € Vi(a)UVs(a).




#15) Let ¢ = |a — b|/2. Suppose © € Vc(a) N Vs(a). Then |z —a| < € and |z — b| < e. Therefore, by the
triangle inequality, [a —b| = la —x + 2 — b| < |a — z| + |z — b] < 2¢ = |a — b|. Contradiction. Thus,
Ve(a) NVs(a) = 0.

Section 2.3

#4) sup Sy = 2. First, 2 € Sy, so if 2 is an upper bound, it will automatically be the least upper bound
since it will be at least as small as every other upper bound. Now, if n € N is even, then 1 —(—=1)"/n =
1-1/n<1<2ifnisodd, then 1 —(-1)"/n=1+1/n < 2 since 1/n < 1. Thus, 2 is indeed an
upper bound.

inf Sy = 1/2. First, 1/2 € Sy, so if it is a lower bound, it will automatically be the greatest lower
bound since it will be at least as large as every other lower bound. Now if n € N is odd, then
1—(-D)"/n=1+4+1/n>1>1/2;if nis even, then 1/n <1/2, 01— (-1)"/n=1-1/n>1/2.
Thus, 1/2 is indeed a lower bound.

#5) Suppose S is bounded below. Let [ be a lower bound of S. Then [ < s for all s € S. So —I > —s for
all s € S. So —!I is an upper bound for {—s: s € S}. So u = sup{—s: s € S} exists. Since u is an
upper bound for this set, a similar argument as the one given for [ shows that —u is a lower bound for
{=(=s):s€ S} =S5. Also, I’ is a lower bound for S <= —I’ is an upper bound for {—s:s € S}
<— —l>u <= [ < —u, showing that —u = inf S as desired.

#8) Let n € N. 1/n > 0, so u—1/n < u. Therefore, by 2.3.3 there exists s € S such that u—1/n < s. Thus,
u— 1/n is not an upper bound. u + 1/n > u. w is an upper bound, so for all s € S, s <u < u+ 1/n.
Thus, u + 1/n is an upper bound.

#11) First, u # s* since u ¢ S and s* € S. If u > s*, then u = sup{s*, u} since u is an upper bound of this
set and also contained in the set. Likewise, if s* > w, then s* = sup{s*,u}. If u > s*, then u > s* > s
for all s € S; so u is an upper bound for S U {u}. Since u is also contained in this set, it must be the
least upper bound. Likewise, if s* > u, then s* is an upper bound of S U {u} since it was already an
upper bound of S. Again, since s* € S, s* must be the least upper bound in this case.

#12) By induction. Base Case: if |S| = 1, then S = {a} for some a € R. Clearly, a is an upper bound of
S, since a > a. Furthermore, if u is an upper bound of S, then v > a, proving that a« = sup S.

Now assume that for some k € N, if |S| = k, thensup S € S. Let |T| = k+1,and let z € T, S = T\ {z}.
Then z ¢ S, |S| =k. SosupS € S CT. By Problem 11, supT = sup S U {z} = sup{sup S, z}, which
is either sup S or x. Therefore, supT € T as required.



