RIGIDITY OF CRITICAL CIRCLE MAPS
PABLO GUARINO, MARCO MARTENS, AND WELINGTON DE MELO

ABSTRACT. We prove that any two C% critical circle maps with the same
irrational rotation number and the same odd criticality are conjugate to each
other by a C! circle diffeomorphism. The conjugacy is C1*T for Lebesgue
almost every rotation number.

1. INTRODUCTION

By a critical circle map we mean an orientation preserving C* circle homeomor-
phism, with exactly one non-flat critical point of odd criticality (see Definition 2.1
below). In 1984 Yoccoz proved that if such a critical circle map has no periodic
points, all its orbits are dense [32]. This implies the following topological rigidity
result: if two critical circle maps have the same irrational rotation number, then
there exists a unique conjugacy between them that sends the critical point to the
critical point.

Numerical observations ([6], [22], [26]) suggested in the early eighties that this
topological conjugacy could be, in fact, a smooth diffeomorphism, at least for
bounded combinatorics. These observations led to the rigidity conjecture, posed
in several works by Lanford ([13], [14]), Rand ([23], [24] and [25], see also [22]) and
Shenker ([26], see also [6]) among others. Our main result is the following:

Theorem A (Rigidity). Let f and g be two C* circle homeomorphisms with the
same irrational rotation number and with a unique critical point of the same odd
type. Let h be the unique topological conjugacy between f and g that maps the
critical point of f to the critical point of g. Then:

(1) his a Ct diffeomorphism.

(2) his C1T2 at the critical point of f for a universal a > 0.

(3) For a full Lebesque measure set of rotation numbers, h is a C1T diffeo-

morphism.

See [4, Section 4.4] for the definition of the full measure set of rotation numbers
considered in Conclusion (3) of Theorem A. Let us point out that, by a result of
Avila [1], there exist two real analytic critical circle maps with the same irrational
rotation number and the same criticality that are not C'*# conjugate for any 5 > 0.
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Many papers have addressed the rigidity problem: see [2], [4], [5], [28], [29], [30],
[31], [1], [12], [11] and [8]. In particular, Theorem A was proven for real analytic
critical circle maps by a series of papers by de Faria-de Melo, Khmelev-Yampolsky
and Khanin-Teplinsky ([5], [12] and [11]).

Moreover, in the C® category rigidity holds for bounded combinatorics: any
two C2 critical circle maps with the same irrational rotation number of bounded
type and the same odd criticality are conjugate to each other by a C'*® circle
diffeomorphism, for some universal o > 0 [8]. Let us mention that this was the
precise statement of the rigidity conjecture mentioned above.

Remark 1.1. We do not know whether Theorem A holds for C® dynamics with un-
bounded combinatorics, and we also do not know if rigidity holds on less regularity,
for instance C?1t® smoothness, even for bounded combinatorics. Moreover, we do
not know how to deal with critical points of non-integer criticality, not even with
fractional criticality (see Definition 2.1 below).

By the famous rigidity result of Herman, [9], improved by Yoccoz [33], any
real analytic circle diffeomorphisms whose rotation number satisfies a Diophantine
condition is real analytic conjugate to a rotation. We believe that there exist two
real analytic critical circle maps with the same rotation number of bounded type
and the same criticality that are not C? conjugate.

Theorem A follows from the following theorem, which is our main result on the
dynamics of the renormalization operator acting on the C* class:

Theorem B (Exponencial convergence in the C2-distance). There exists a uni-
versal constant A € (0,1) such that given two C* critical circle maps f and g
with the same irrational rotation number and the same criticality, there exists
C =C(f,g9) > 0 such that for all n € N we have:

ds(R™(f), R"(9)) < CA",
where dy is the C? distance in the space of C? critical commuting pairs.

This paper is devoted to prove Theorem B. The fact that Theorem B implies
Theorem A follows from well-known results by de Faria-de Melo [4, First Main
Theorem, page 341] and Khanin-Teplinsky [11, Theorem 2, page 198], and it will
be explained in Section 13.

1.1. Strategy of the proof of Theorem B. A C* critical circle map f with
irrational rotation number generates a sequence {R"( ) }n N of commuting pairs of
interval maps, each one being the renormalization of the previous one (see Definition
2.6). To prove Theorem B we need to prove the exponential convergence in the
C? distance of the orbits generated by two C* critical circle maps with the same
irrational combinatorics and the same criticality. Roughly speaking, the proof has
three ingredients:

(1) The existence of a sequence { f,, }nen that belongs to a universal C¥-compact
set of real analytic critical commuting pairs, such that R"(f) is C® expo-
nentially close to f,, at a universal rate, and both have the same rotation
number (Theorem 11.1).

(2) The uniform exponential contraction of renormalization when restricted
to topological conjugacy classes of real analytic critical commuting pairs
(Theorem 2.8).
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(3) The key lemma (Lemma 4.1): a Lipschitz estimate for the renormalization
operator, when restricted to suitable bounded pieces of topological conju-
gacy classes of infinitely renormalizable C? critical commuting pairs with
negative Schwarzian derivative.

The fact that (1), (2) and (3) imply Theorem B will be proved in Section 12.
Theorem 11.1 will be obtained in Section 11, based on a previous construction
developed by two of the authors in [8]. Theorem 2.8 was proved by de Faria and
de Melo [5] for rotation numbers of bounded type, and extended by Khmelev and
Yampolsky [12] to cover all irrational rotation numbers.

Our main task in this paper is to prove Lemma 4.1, and its proof will occupy Sec-
tions 5 to 10. For bounded combinatorics, it is not difficult to prove the key lemma
(see [8, Section 3.5]). Let us explain here the main difficulties in the unbounded
case: given an infinitely renormalizable critical commuting pair (see Definition 2.3)
one obtains the domain of its first renormalization by iterating a boundary point of
its original domain (see Definition 2.6). The rotation number of the map determines
the number of iterates involved to obtain the boundary of the renormalization. The
number, denoted by a, plays a delicate role. Denote the obtained boundary point
by z4.

Under the K-controlled and the negative Schwarzian assumptions (see Section 3
for definitions), the geometry of this piece of monotone orbit is precisely described
by a result due to J.-C. Yoccoz (see Lemma 4.3 in Section 4): for large values of
a, most of the points are concentrated in a small area of accumulation, with size
comparable to 1/+/a.

Now consider two C? critical commuting pairs which are renormalizable with the
same period a € N. Suppose their C?-distance is € > 0. Denote the corresponding
new boundary points by 20 and x!. This new boundary points can indeed be
arbitrarily separated. A consequence of this is that renormalization is definitely
not even Holder continuous on the space of all commuting pairs. However, we
will prove that when one renormalizes two pairs with the same irrational rotation
number, the new boundary points become close. Namely, |20 — zL| = O(¢). The
systems are said to be synchronized, see Definition 6.9 and the Synchronization
Lemma in Section 9.

If a separation would occur, |0 — x| not small, then the a-values of future
renormalization will not be the same. This contradicts the fact that the systems
had the same irrational rotation number.

Observe when the pairs are very close, the a-values of arbitrarily many future
renormalizations will play a role. From this it seems to be an impossible task, to
obtain an estimate for the distance between the new boundary points. A natural
notion of order is introduced in Section 8. One can interpret this order as a cone-field
associated with the unstable direction of renormalization. The rotation number is
monotone with respect to the order. Using the order, synchronization follows.

Synchronization implies that the pieces of orbit involved in defining the bound-
aries of the domains of the renormalization of both pairs are everywhere close
together (Proposition 7.8). This allows to control the branches of the renormaliza-
tions. Hence, renormalization is uniformly Lipschitz on classes of controlled pairs
with the same irrational rotation number (see Section 10).

Remark 1.2. The renormalization theory for critical circle maps was developed
during the late seventies and the eighties (see [6], [13], [14], [22], [23], [24], [25] and
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[26]), in parallel with the renormalization theory of unimodal maps of the interval
(see [21, Chapter VI] and the references therein, see also [18] and [19]). The fact that
the exponential convergence of renormalization for real analytic dynamics implies
the exponential convergence for finitely smooth unimodal maps, was obtained by
the third author and Pinto in the late nineties [20]. Their methods, however, do
not apply for critical circle maps, not even for bounded combinatorics.

One source for this difference is the fact that, for infinitely renormalizable uni-
modal maps, the sum of the lengths of the (cycle of) intervals related to each level
of renormalization goes to zero exponentially fast. This gives a strong control of
the non-linearity, even for C? dynamics. In the circle case, however, the intervals
involved at each step of renormalization cover the whole circle (see Section 2). In
this case C* smoothness is needed in order to have C3-bounded orbits of renormal-
ization (see Theorem 3.5) to be able to control the non-linearity with the help of
the Schwarzian derivative.

Another crucial ingredient in [20] is the hybrid lamination, and the fact that its
holonomy is quasi-conformal (see [15] and the references therein). To the best of
our knowledge, no similar structure has been obtained for critical circle maps.

This paper is organized as follows: in Section 2 we briefly review some prelim-
inaries, and introduce the renormalization operator acting on critical commuting
pairs. In Section 3 we define controlled commuting pairs (see Definition 3.3) and
state some of its properties. In Section 4 we state Lemma 4.1 discussed above (the
key lemma), and we also state the Yoccoz’s lemma already mentioned (Lemma 4.3).

In Section 5 we construct a suitable one-parameter family around a critical com-
muting pair, the standard family. These families are transversal to topological
classes, and they may be regarded as unstable manifolds for renormalization (see
especially Proposition 5.8, where we estimate the expansion of renormalization
along these families).

In Section 6 we introduce the notion of synchronization (Definition 6.9) and we
collect several estimates that hold under synchronization (see especially Proposi-
tions 6.16 and 6.17). In Section 7 we prove that the key lemma (Lemma 4.1) holds
under the synchronization assumption (see Proposition 7.8). In Section 8 we define
the already discussed notion of order. In Section 9 we prove the Synchronization
Lemma, and in Section 10 we finally prove Lemma 4.1.

As we said before, in Section 11 we prove Theorem 11.1, and in Section 12 we
finally prove that Theorem B follows from Theorem 11.1, Theorem 2.8 and Lemma
4.1. In Section 13 we give precise references of the fact that Theorem B implies
Theorem A, and in Appendix A we prove Proposition 11.2, stated and used in
Section 11.

Let us fix some notation that we will use along this paper: N, Z, Q, R and C
denotes respectively the set of natural, integer, rational, real and complex numbers.
With S! we denote the multiplicative group of complex numbers of modulus one,
that is, the unit circle S = {z € C : |z| = 1}. We will identify S* with R/Z
under the universal covering map m : R — S! given by 7(t) = exp(2mit). We
denote by Hom 4 (S*) the group (under composition) of orientation preserving circle
homeomorphisms, and by Diffi(Sl) its subgroup of C" diffeomorphisms for any
r > 1. The function p : Hom, (S') — [0,1) will denote the rotation number
function. The Euclidean length of an interval I will be denoted by |I|. Uniform
constants will always be denoted by K. Their value might change during estimates.



RIGIDITY OF CRITICAL CIRCLE MAPS 5

2. PRELIMINARIES

Definition 2.1. By a critical circle map we mean an orientation preserving C*
circle homeomorphism f with exactly one critical point ¢ such that, in a neigh-
bourhood of ¢, the map f can be written as f(t) = f(c) + (gb(t))QdH, where ¢ is a
C* local diffeomorphism with ¢(c) = 0, and d € N with d > 1. The criticality (or
order, or type, or exponent) of the critical point ¢ is the odd integer 2d + 1. We also
say that the critical point ¢ is non-flat.

As an example, consider the so-called Arnold’s family, which is the one-parameter
family f,, : R — R given by:

folt) =t +w— (2171_) sin(2nt) for w € [0,1).

Since each ﬁ, commutes with unitary translation, it is the lift, under the universal
cover t — €™ of an orientation preserving real analytic circle homeomorphism,
presenting one critical point of cubic type at 1, the projection of the integers (see
also [3, Section 6] for examples of rational maps).

We will assume along this article that the rotation number p(f) =6 in [0,1) is
irrational, and let

[ao, A1y eeey Qpy Qp41, ]
be its continued fraction expansion:

1
f = lim
n—-+o00 1
ag + 1
ay + 1

as + ——
2T
.

We define recursively the return times of 6 by:

q =1, gu=a and ¢upy1 =angn +qgp-1 for n>1.

Recall that the numbers ¢, are also obtained as the denominators of the trun-
cated expansion of order n of 0:
Pn 1
- = [a0aa1aa27~~'7an71] = 1
QTL ao +

a; + 1

ag + ——
S|
Gp—1

2.1. Real bounds. Denote by I,, the interval [c, f9"(c)] and define P,, as:
P = {Irm f(In)7 RS f(I7l+1_1(In)} U {In—i-la f(In-i-l)a ) fqn_l(ln-ﬁ—l)}

A crucial combinatorial fact is that P, is a partition (modulo boundary points)
of the circle for every n € N. We call it the n-th dynamical partition of f associated
with the point ¢. Note that the partition P, is determined by the piece of orbit:

{fj(c)zongQn"_Qn%»l_l}

The transitions from P,, to P,,+1 can be described in the following easy way: the
interval I,, = [¢, f% (c)] is subdivided by the points f/%+17 (¢) with 1 < j < ay,41
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into an4+1 + 1 subintervals. This sub-partition is spreaded by the iterates of f to all
the f7(I,) = f([c, fi(c)]) with 0 < j < gy41. The other elements of the partition
P,., which are the f/(I,,.1) with 0 < j < gy, remain unchanged.

As we are working with critical circle maps with a single critical point, our
partitions in this article are always determined by the critical orbit.

Theorem 2.2 (real bounds). There exists K > 1 such that given a C* critical
circle map f with irrational rotation number there exists ng = no(f) such that for
all m > ng and for every pair I,J of adjacent atoms of P, we have:

K| <|J| < K|I).
Moreover, if Df denotes the first derivative of f, we have:
1 [Dfri)
K = |Dfe—1(y)|
Dy (a)

1
7 < m <K forallxye f(I,) and for all n > ng.

<K foralzy€ f(In1) and for all n > ng, and:

Theorem 2.2 was proved by Swiatek and Herman (see [10], [27], [7] and [4]). The
control on the distortion of the return maps follows from Koebe distortion principle
(see [4, Section 3]). Note that for a rigid rotation we have |I,| = ant1|Int1|+|In+2]-
If ay41 is big, then I, is much larger than I,, 1. Thus, even for rigid rotations, real
bounds do not hold in general.

2.2. Critical commuting pairs.

Definition 2.3. A C" critical commuting pair ¢ = (n,£) consists of two C” orien-

tation preserving homeomorphisms 7 : I, = n(I,)) and & : I¢ — £(I¢) where:
(1) I, =[0,£(0)] and I = [n(0), 0] are compact intervals in the real line;
(2) (?705)( )= (£0m)(0) #0;

(3) Dn(z) > 0 for all € I,,\{0} and D&(x) > 0 for all z € I\ {0};

(4) The origin is a non—ﬂat critical point for both n and & with the same odd
criticality, that is, there exist a positive integer d, an open interval C around
the origin and two orientation preserving C" diffeomorphisms ¢ : C' — ¢(C)
and ¢ : C — ¢(C) fixing the origin such that n(z) = (¢(x))2d+l+ n(0) for
all z € C N1, and &(x) = ((2))* T 4+ €(0) for all w € C N I

(5) The left-derivatives of the composition 7o at the origin coincide with the

corresponding right-derivatives of the composition £ o 5 at the origin, that
is, for each j € {1,2,...,r} we have D’ (no&)(0) = Di(f on)(0).

Any critical circle map f with irrational rotation number 6 induces a sequence
of critical commuting pairs in a natural way: let fbe the lift of f to the real line
(for the canonical covering ¢ -+ e2™i!) satisfying Df(0) = 0 and 0 < f(0) < 1. For
each n > 1 let I,, be the closed interval in the real line, adjacent to the origin, that
projects under t s 27t toI,. Let T: R — R be the translation x — x 4 1, and
define 7 : I, — R and £: In+1 — R as:

n= T Pnt+1 o f%,+1 and g =T Png f(In .
It is not difficult to check that (1|7 ,£|7 +1) is a critical commuting pair, that we
denote by (f |1, f?|1,,,) to simplify notation.
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A

o)) Le o |
(10€)(0) = (€on)(0) >
FIGURE 1. A commuting pair.
n(0) I¢ 0 I £0)

FIGURE 2. Scheme of a commuting pair.

As pointed out in [4, page 344], the commuting condition (2) in Definition 2.3
actually holds on an open interval around the origin:

Lemma 2.4. There exist open intervals V_ D I¢ and Vi 2 I, and C" home-
omorphic extensions §A: V. — g(V_) CRandn:Vy - n(Vy) CR of € and 7
respectively, satisfying (?]oa(x) = (fAOﬁ) (x) for all x in the open interval C' around
the origin given by C = {z € V_ NV, : 7j(x) € V_ and g(x) eVi}.

Proof of Lemma 2.4. Since the origin is a non-flat critical point of odd criticality
there exists an open interval C' around it on which we can extend both n and &
to C" homeomorphisms 7 : C — A and 5 : C — B, where A is an open interval
around 7(0) and B is an open interval around £(0) (we may suppose that A, B
and C are pairwise disjoint). Moreover, since the criticality of both 7 and fA at the
origin is the same odd integer, the composition E on~!: A — Bis actually a C"
diffeomorphism.
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Let V_ = AUl UC, which is an open interval where I¢ is compactly contained,
and in the same way let V, = CU I, U B.

Since the composition no¢ is already defined at the left part of C, the extension
of n defined above (given by the non-flatness of the critical point) allows us to
extend £ to the left part of A in the following way: for any y € A there exists a
unique z € C such that 7(x) = y (since A = §(C) and 7 : C — A is invertible)
and then we define £ : A — R as g(y) =n(&(x)) = (no&on™)(y) if y < n(0) and
£(y) = &(y) ity = n(0).

By Condition (5) in Definition 2.3, the left-derivatives of the composition 7o & o
71 at the point 7(0) coincide with the corresponding right-derivatives of £ at 7(0),
that is, € is of class C” at the point 7(0) (and therefore on the whole domain V_).
Note also that ¢ has no critical points on V_ \ {0} since o't A BisaCr
diffeomorphism and 7 has no critical points in B N I,, by Condition (3).

In the same way, since the composition o7 is already defined at the right part of
C and since ¢ is also defined on C, we extend 7 to the right part of B by imposing
the commuting condition 7 o E = gA onon C as before. [

The Mobius metric. Given two critical commuting pairs ¢ = (171,&1) and (o =
(n2,&2) let A3 and As be the Mobius transformations such that for i = 1, 2:

Ai(m(0)) = =1, A;(0) =0 and A;(&(0)) =1.

Definition 2.5. For any 0 < r < oo define the C" metric on the space of C"
critical commuting pairs in the following way:

0 0
6.6 = {15 = S oo a7~ oo

where || - ||, is the C"-norm for maps in [—1, 1] with one discontinuity at the origin,
and (; is the piecewise map defined by 7; and &;:

Giidg, Uly, — I, UL, such that (lr,, =& and (

Iy, =T

When we are dealing with real analytic critical commuting pairs, we consider
the C“-topology defined in the usual way: we say that (nn,fn) — (n,f) if there
exist two open sets U, D I,y and Uz D I¢ in the complex plane and ng € N such
that n and 7, for n > ny extend continuously to U777, are holomorphic in U,, and we

have Hnn — 17|| co@yy 0, and such that ¢ and &, for n > ng extend continuously

to 75, are holomorphic in Ug and we have H§n — 0. We say that a set

- HCO(U@
C of real analytic critical commuting pairs is closed if every time we have {¢,} C C
and {(,} — ¢, we have ¢ € C. This defines a Hausdorff topology, stronger than the
C"-topology for any 0 < r < oo (in particular any C¥-compact set of real analytic

critical commuting pairs is certainly C"-compact also, for any 0 < r < 00).

The affine metric. Given two critical commuting pairs (; = (71,&1) and (o =
(n2,&2) let Ly, :[0,1] — I, be L, (t) = |I,,|t, and let L¢, : [-1,0] — I¢, be
L¢, (t) = |I¢, |t. Define in the same way L,, and L¢, and consider:

dr A (C1,C2) =

{80 _ 60

m(0)  m2(0)

) H771 © Ly, —mngo Ln2| cr([0,1])° H& oLe —&o0 LE‘A‘HCT([—LOD} ’
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Both d, and d, ag are not metrics but pseudo-metrics, since they are invariant
under conjugacy by homotheties: if « is a positive real number, H,(t) = ot and
(1= Hyo(e0H, then d,((1,¢2) = d A (C1,¢(2) = 0. In order to have metrics we
need to restrict to normalized critical commuting pairs (recall that for a commuting
pair ¢ = (n,£) we denote by ¢ the pair (ﬁ‘fn’é‘fg)’ where tilde means rescaling by

the linear factor A = ﬁ)

2.3. The renormalization operator. As we just said, for a commuting pair ¢ =
(n,€) we denote by ¢ the pair (7] i g fg)’ where tilde means rescaling by the linear

factor \ = ITlgl Note that |I¢| = 1 and T,, has length equal to the ratio between the

lengths of I,y and I. Equivalently 7(0) = —1 and £(0) = % = £(0)/|n(0)].

Let ¢ = (n,€) be a C” critical commuting pair according to Definition 2.3, and
recall that (1o £)(0) = (£01)(0) # 0. Let us suppose that (£ 0n)(0) € I, (just as
in both Figure 1 and Figure 2 above) and define the period x(¢) of the commuting
pair ¢ = (n,€) as a € N if:

171 (£(0)) < 0 < 7"(£(0))

and x(¢) = oo if no such a exists (note that in this case the map 7|7, has a
fixed point, so when we are dealing with commuting pairs induced by critical circle
maps with irrational rotation number we have finite period). Note also that the
period of the pair (f+|z,, f|r,,,) induced by a critical circle maps f is exactly
a1, where p(f) = [ag, a1, a2, ..., an, Gpt1, ...] (because the combinatorics of f are
the same as for the corresponding rigid rotation). For a pair { = (n,£) with
(f o 77) (0) € I, and x(¢) = a < oo note that the pair:

(nl10.0° oy » 1" © €lre)
is again a commuting pair, and if ¢ = (n,¢) is induced by a critical circle map:
C = (Tlaﬁ) = (fqn+1|1n ’ fqn|fn+1)
we have that:
(Mo eopy s 1" 0 Elre) = (F7* |1 s F7211,01)

This motivates the following definition (the definition in the case (£ on)(0) € I¢
is analogous):

Definition 2.6. Let ¢ = (n,£) be a critical commuting pair with (£ o 7)(0) € I,,.
We say that ¢ is renormalizable if x(¢) = a < oco. In this case we define the
pre-renormalization of ¢ as the critical commuting pair:

PR(C) = (n

and we define the renormalization of ¢ as the normalization of pR((), that is:

o.ma ()] » 1" ©&lre),s

R(Q) = R() = (ilig petecony » 1 © €17, ) -

Note in particular that d, (pR(¢o), pR((1)) = dr (R($o), R(¢1)) for any two crit-
ical commuting pairs (p and (; renormalizable with the same period.

A critical commuting pair is a special case of a generalized interval exchange
map of two intervals, and the renormalization operator defined above is just the
restriction of the Zorich accelerated version of the Rauzy- Veech renormalization for
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interval exchange maps. However we will keep in this article the classical terminol-
ogy for critical commuting pairs.

A

f‘]n+1:‘1n (0) 'fq" (0) >

J )

/

F1GURE 3. Two consecutive renormalizations of f, without rescal-
ing (recall that f% means T P~ o fi» see Section 2.2). In this
example a,41 = 4.

Definition 2.7. Let ¢ be a critical commuting pair. If x(R7(¢)) < oo for j €
{0,1,...,n— 1} we say that ( is n-times renormalizable, and if x(R’(¢)) < oo for all
j € N we say that ( is infinitely renormalizable. In this case the irrational number
6 whose continued fraction expansion is equal to:

[X(€): x(R(Q))s s x(R™M(Q)), X (R"(C)) -]
is called the rotation number of the critical commuting pair (, and denoted by

p(¢) = 6.

An immediate remark is that when ( is induced by a critical circle map with
irrational rotation number, the pair ¢ is automatically infinitely renormalizable
and both definitions of rotation number coincide: any C” critical circle map f
with irrational rotation number gives rise to the orbit {R™( f)}n>1 of infinitely
renormalizable C" critical commuting pairs defined by: -

R™(f) = (fq”|l~n71,f‘1"—1|l~n> for all n > 1.
For any positive number 6 denote by |6| the integer part of 6, that is, |#] € N
and [0] <0 < |0] + 1. Recall that the Gauss map G : [0,1] — [0,1] is defined by:
1 1

G(@)M for §#0 and G(0)=0,
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and note that p semi-conjugates the renormalization operator with the Gauss map:

p(R™(0)) =G"(p()))

for any ( at least n-times renormalizable. In particular the renormalization operator
acts as a left shift on the continued fraction expansion of the rotation number: if

p(¢) = [ao, a1, ...] then p(R"™(C)) = [an, ant1,...]-

2.4. Renormalization of real analytic critical commuting pairs. The main
result on the dynamics of the renormalization operator acting on the real analytic
category that we will need in this paper is the following:

Theorem 2.8 (de Faria-de Melo 2000, Khmelev-Yampolsky 2006). There exists a
universal constant X in (0,1) with the following property: given two real analytic
critical commuting pairs (1 and (o with the same irrational rotation number and
the same odd type at the critical point, there exists a constant C > 0 such that:

dr (R™(1), R™(G2)) < CA™

for allm € N and for any 0 < r < 0co. Moreover given a C“-compact set K of real

analytic critical commuting pairs, the constant C can be chosen the same for any
(1 and (2 in K.

As we said in Section 1.1, Theorem 2.8 was proved by de Faria and de Melo [5]
for rotation numbers of bounded type, and extended by Khmelev and Yampolsky
[12] to cover all irrational rotation numbers.

2.5. Technical tools. We finish this preliminary section by stating some well-know
distortion estimates that we will use along the text. For intervals M C T we define
the space of M inside T to be the smallest of the ratios |L|/|M| and |R|/|M]|, where
L and R are the left and right components of T\ M.

Theorem 2.9 (Koebe’s distortion principle for real maps). Let f : St — S* be a
C? map, and let S > 0 and 7 > 0 be two positive constants. Then there exists a
constant K = K(S, 7, f) > 1 with the following property: ifT is an interval in the
unit circle such that f™|r is a diffeomorphism and zfz |f3( | < S, then for
each interval M C T for which the space of f™(M) mszde f’”( ) is at least T and
for all x,y € M we have that:

D m
Lol
[Dfm ()]
For a proof of Theorem 2.9 see [21, Section IV.3, Theorem 3.1, page 295]. In
Section 11 we will also need the following two classical results from complex analysis:

Theorem 2.10 (Koebe’s distortion principle for complex maps). If K is a compact
subset of a domain Q C C there exists a constant M (depending on K ) such that
for every univalent function f on Q and every pair of points z,w € K we have

1Dl

~Df(w)| ~

Theorem 2.11 (Koebe’s one-quarter theorem). Let f : D — C be a univalent map

from the open unit disk into the complex plane such that the origin is an indifferent

fized point, that is, f(0) = 0 and ‘Df ’ = 1. Then the image of f contains the
open disk of radius 1/4 around the origin.
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3. CONTROLLED PAIRS AND REAL BOUNDS

Definition 3.1. We say that a C? critical commuting pair ¢ = (1, &) has negative
Schwarzian if the Schwarzian derivative of both n and £ are negative in I,,\{0} and
I\ {0} respectively.

Recall that the Schwarzian derivative of a C® map f at a regular point z is

defined as: , , )
syt - DA 3 (DY
Df(z) 2\ Df(z)
Remark 3.2. Let ¢ be a C? critical commuting pair with negative Schwarzian. If ¢
is renormalizable, then R(¢) has negative Schwarzian (this follows at once from the
chain rule for the Schwarzian derivative). In particular if ¢ has negative Schwarzian

and is infinitely renormalizable, then R"™(¢) has negative Schwarzian for all n € N.

Definition 3.3. Let K > 1 and let ¢ = (1,£) be a normalized C? critical com-
muting pair which is renormalizable with some period ¢ € N. We say that ( is
K -controlled if the following seven conditions are satisfied:
e 1/K < £(0) < K.
e £(0) — n(&(0)) > 1/K.
1" (£0)) —n*(£(0)) > 1/K.
7 (£(0)) = 1/K.
L (E(0) < —1/K.
1€lles(=1,0n < K and [[n]lcso.e0)) < K-
Dn(z) > 1/K for all z € [n“(g(O)),f(O)].
Of course if ¢ is Ky-controlled and K7 > Ky, then ( is also K;j-controlled.

Definition 3.4. For K > 1 let K = K(K) be the space of normalized C? critical
commuting pairs which are K-controlled. For K > 1 and a € N let K, (K) be
the space of normalized C? critical commuting pairs which are renormalizable with
period a and K-controlled.

We can restate the real bounds (Theorem 2.2) in the following way:

Theorem 3.5 (Real bounds). There exists a universal constant Ko > 1 with the
following property: for any given C* critical circle map f with irrational rotation
number there exists ng = no(f) € N such that the critical commuting pair R™(f) is
Ky-controlled for any n > ng.

The C* smoothness is needed in order to have that the critical commuting pair
R"(f) is C* bounded for n big enough. For a proof of Theorem 3.5 see [4, Section
3 and Appendix A]. Moreover, we have:

Theorem 3.6. For any given K > 1 there exists ng = no(K) € N with the
following property: if ¢ is an infinitely renormalizable C* critical commuting pair
with negative Schwarzian which is K -controlled, then R™(() is Ko-controlled for all
n > ng, where the universal constant Ko > 1 is given by Theorem 3.5.

We will also need the following fact:

Lemma 3.7. Given K > 1 there exists B = B(K) > K with the following property:
let ¢ = (n,€) be a C® critical commuting pair which is K -controlled, renormalizable
with some period a € N and such that R(C) is C*-bounded by K. Then R(() is
C3-bounded by B.
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Note that the constant B depends only on K, and not on the period of renor-
malization a.

Proof of Lemma 3.7. Let ¢ = (n,€) be a C® normalized critical commuting pair
which is renormalizable with some period a € N. For i € {0, ...,a} let z; = n*(£(0)).
Note that z; € I, = [0,£(0)] for all i € {0, ...,a}. Denote by I;, i € {1,...,a}, the
fundamental domains of 7 given by I; = [°(£(0)),n*~1(£(0))]. By the commuting
condition Iy = {(I¢) = &([—1,0]). As before, the letter B will denote uniform
constants, their value might change during estimates. We claim first that:

(3.1) |Sn*(z)] < B forallz € I,
where as before Sn® denotes the Schwarzian derivative of n®. Indeed, by the K-
control we have |Sn(y)| < B for all y € [zq, 0] = [n%(£(0)),£(0)] and then:

a—1 a—1
a i i |2 i |2

|Sn® ()| < Z |Sn(n'(x))| x| Dn'(z)|” < BZ |Dn(z)|” for all x € I.

i=0 =0

By bounded distortion (Theorem 2.9) and the K-control we have that:

; B
|D7]Z(.I‘)| < mX|Il‘+1| §B|Ii+1| for aHJZEIl,
1

and then we obtain that for all x € I;:
a—1 1=a
|Sn*(2)] <BY [lia|> = BY L[
i=0 i=1

< B X max }|IZ-\ Xz_:|-[i| < B|§(O)|2 <B
i=1

i€{l,...,a
as was claimed. Note now that by hypothesis we know that:
|Dn“(z)| < K and |D277“(x)| <K forallzel.

Moreover, again by bounded distortion and the K-control we also have |D7]“ (a:)| >
1/B for all € I, since |I;| and |I,| are comparable. With this at hand and claim
(3.1) we obtain for all z € I; that:

2
3 |D*n ()] 3
Dy (z)| < |Dn®(x)| x|Sn* S — " <BK+:-BK*.
| D% (2)| < [Dn* ()] x|S0 (2)| + 5 D) S +3

Since ||n®||c2(r,y < K by hypothesis, we obtain that 7% cs(;,y < B. Finally,
from pR(C) = (nljo,ne(e(0))), 1" © €l ) and the fact that ¢ is K-controlled we obtain
that the critical commuting pair R(¢) is C3-bounded by B. O

Remark 3.8. Let ¢ = (n,€) be a C? critical commuting pair which is renormalizable
with period a and Kp-controlled, and denote by Nn the non-linearity of n (see
Section 7). Then N7 is Lipschitz continuous in [7?(£(0)), £(0)] with some universal
constant K (Ky) > 1. Indeed, this comes from the identity:

D3n D?n 2 1 2
(i) = 2 = () = S0+ 500,
where as before Sn denotes the Schwarzian derivative of 7. Note that actually
N7 is Cl-bounded in [7%(£(0)),£(0)] whenever ¢ € K4. Moreover, if (,( € K,
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and z € J = [%(£(0)),£(0)] N [7%(£(0)),£(0)] we have that |[Nn(z) — Nij(z)| <
K|n—llc2sr)-

Finally, it is not difficult to prove that given Ky > 1 there exists K = K(Ky) > 1
such that both metrics da and ds ag are Lipschitz equivalent, with constant /', when
restricted to normalized Ky-controlled C? critical commuting pairs. This allows us
to use both metrics on our estimates.

4. LIPSCHITZ CONTINUITY

Sections 5 to 10 of this paper are devoted to prove the following:

Lemma 4.1 (Key lemma). For any given K > 1 there exist two constants eg =
eo(K) € (0,1) and L = L(K) > 1 with the following property: let (o and (1 be
two infinitely renormalizable normalized C® critical commuting pairs which are K-
controlled, both {y and {1 have negative Schwarzian, p(¢o) = p(¢1) € [0,1]\Q and
d2(o, 1) < e9. Then we have:

d2(R($o), R(¢1)) < Lda(Co, G1)s
where dy denotes the C? distance in the space of C? critical commuting pairs.

We remark that the Lipschitz constant L given by Lemma 4.1 depends only on
K, it do not depends on the common combinatorics of the critical pairs (o and (;.

Let ¢ = (n,€) be a C® K-controlled critical commuting pair which is renormal-
izable with some period a € N. As before (see the proof of Lemma 3.7 in Section
3) we will use the following notation: for i € {0,...,a} let x; = n*(£(0)). Note
that z; € I, = [0,£(0)] for all ¢ € {0,...,a}. Denote by I;, i € {1,...,a}, the
fundamental domains of 7 given by I; = [°(£(0)),n"~1(£(0))]. By the commuting
condition I = £(I¢) = £([—1,0]). The following result due to J.-C. Yoccoz plays a
fundamental role in our analysis:

Lemma 4.2 (Yoccoz’s Lemma). Assume that { has negative Schwarzian, and let
N e {1,...,a} defined by xn+1 < p < xn. Then we have:

1
41) L= forie{l,..N}, and |I|=
(3

(a—li)2 forie {N,..,a—1}.

Moreover:
e N = a, that is, there exist two constants §g = 0o(K) and 61 = 61(K) with
0 < dp <61 <1 such that dga < N < d1a.
N _ .
o |zi—p|= > i ]% = ZJ%I forallie {1,..,[%]}.
Since N < a we can restate (4.1) in the following way (see [4, Section 4.1, page
354)):
Lemma 4.3 (Yoccoz’s Lemma). Assume that ¢ has negative Schwarzian. There
exists K = K(K) > 1 such that for all i € {1,...,a} we have:
1 1 1
K min{i,a —i}? — 1G] = min{s,a — i}2

For a proof of Yoccoz’s Lemma see [4, Appendix B, page 386].
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5. STANDARD FAMILIES

Fix Ky > 1 and let K be the space of normalized C? critical commuting pairs
which are Ko-controlled (see Definition 3.3 in Section 3). We will consider in this
section a C? critical commuting pair ¢ = (n,£) with negative Schwarzian that
belongs to K which is renormalizable with period a € N. For such a pair we will
construct/define the corresponding standard family.

5.1. Glueing procedure and translations. In the notation of the proof of Lemma
2.4 in Section 2 we have:

Lemma 5.1. There exists so = so(K) > 0 such that for any ¢ = (n,§) € K both
components of A\ {n(0)} and both components of B\ {£(0)} have Euclidean length
greater than or equal to sg.

Proof of Lemma 5.1. There exist positive constants § and p (depending only on Kj)
such that both components of C\{0} have Euclidean length greater than or equal to
§, infc{D¢} > p and infc{Dvy} > p. Then it is enough to take 0 < so < (6p)2¢+!,
where the integer 2d 4 1 is the criticality of n and £ at the origin (See Condition
(4) in Definition 2.3). O

Still in the notation of the proof of Lemma 2.4 let M = V_UV,/ ~ where x ~ y
ifre A ye Band g(x) = 1(y). Note that n(0) ~ £(0) by the commuting condition
(2) in Definition 2.3. Let p : V_ UV, — M be the canonical projection for the
identification ~, and note that M is a compact boundaryless one-dimensional C?
manifold since the map 77! o fA : A — B is a C? diffeomorphism (it can be proved
that p is the restriction of a C® covering map from the real line to M, but this fact

will not be needed in this paper).

Lemma 5.2. There exists a C° diffeomorphism v : M — S' such that defining
P:V_UVy — St as P = 1op we have that for all z,y € ANIg, for all z,y € BNI,
and for all z,y € (I UI,)\(AUB):

|z -y
K

for some universal constant K = K(K) > 1, where d denotes the Euclidean distance
in the unit circle.

< d(P(x),P(y)) < K|z —y|

From now on let P : V_UV, — S* be the C® map defined in Lemma 5.2. Given
t € R we define the translation by t on I U T, to be the C®* map T : I UL, x R —
I U I, given by:

(PoTy)(z) =e™P(z),

that is, T'(z,t) = Ty(x) = P~ (2™ P(z)), whenever is clear which preimage under
P we choose for points in P(A). In particular Tj is the identity on I U I,,. Note
also that:

oT 1 oT DP(x)

a = opm@) ™ %Y T e

and from Lemma 5.2 we get that + < 2L (z,t) < K for all z € I U I,
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5.2. Standard families of commuting pairs. By Condition (5) in Definition
2.3 the discontinuous piecewise smooth map fg 1 I U1, — I UL, given by:

z E(x) for x € 1,

fel@) = { 77((33>) for x € If,
projects under p to a C® homeomorphism of the quotient manifold M, and then it
projects under P to a C? critical circle map f¢ in S*.

By Lemma 5.1 and Lemma 5.2 above, the Euclidean length of both components

of P(A)\{fc(P(0))} in S is bounded from below by some positive constant o,
universal in K. For t € W = (—lo,lo) let f; : S — S! be the C? critical circle
map given by f;(z) = e*™ f:(z), and note that fo = fc. Since the critical value of
ft (which is 2™ f (P(0))) belongs to P(A) we can lift each f; up to a C? critical
commuting pair §; = (1, &) with:

&(z) = (Tyo&)(z) =T (&(x),t) and m(x) = (T omo)(z) = T(no(z),t).
Note that:
o, 1 o 1

ot (z)zpp(gt(x)) and 5, (x):DP(nt(x))'

Lemma 5.3. There exists K(K) > 1 such that |t|/K < d2(Co, () < K|t| for all
teW.

Now let W, C W be the set of all t € W such that (; is renormalizable with

period a, that is:
Wa = {te v MOJ - Lpéo)J :“}'

Lemma 5.4. There exists ag(K) € N such that if a > ag we have that W, C W.
If we denote the boundary points of Wo by —w® and w, that is, W, = [-w® ,w],
we have that:

N2 (§—we (0)) =0 and 150 (§ug (0)) =0.

Proof of Lemma 5.4. By Lemma 5.2 there exists a universal upper bound K > 0
for the first derivative of P in V_ U V. By Yoccoz’s Lemma (Lemma 4.3) it is
enough to take ag 2 (K/|W|)1/2 in order to have |W| > K/a?. The assertion
about the boundary of W, follows by combinatorics. O

Corollary 5.5. Let ag = ao(K) € N given by Lemma 5.4. Let ¢ be a normalized C*3
critical commuting pairs that belongs to IC which is renormalizable with period a >
ao. Given z € [0,7°(£(0))] there exists t, <0 in W,(C) such that nf. (&,(0)) = .

Finally, let V = [—v_,v4] C W, defined by:
UTZE ('f—vf (0)) = —1/K§ and 773+ (£v+ (O)) = 1/Kg .

Lemma 5.6. For anyt € V and any k € {1,...,a — 1} the C? diffeomorphism
0k I(t) — I,(t) has universally bounded distortion.

Here I;(t) = [z;(t), z;—1(t)] for all i € {1,...,a}.

Proof of Lemma 5.6. Combine Koebe’s distortion principle (Theorem 2.9) with the
K-control. (]
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Lemma 5.7. Let ag = ag(K) € N given by Lemma 5.4. Let (o = (0o, &) and {1 =
(n1,&1) be two normalized C® critical commuting pairs that belong to K which are
renormalizable with the same period a > ag. Then there exists tg € V((o) C Wa(Co)
such that:

n (£,(0)) =0 (&(0))  and  da(Co, Chy) < Kda(Co, Gr),
where the constant K = K(K) > 1 is given by Lemma 5.3.

A G

Nt ©&tg (C)lf- """" ;
1n00&0(0) 074 S— AT

0 (0)| 7t (0) 0)| £t (0)

FIGURE 4. Standard families of critical commuting pairs (in this
figure, the period of (; is equal to 3, while the period of (;, is 8).

Proof of Lemma 5.7. We may suppose that n§ (£(0)) > nf (£1(0)), that is, n{ (£1(0))
belongs to the interval [1/Ko,n§(£0(0))] C [1/Ko, Ko]. By Corollary 5.5 there ex-
ists to < 0 in V((o) such that ng (£,(0)) = 7% (£1(0)). Note that ni-t' (&, (0)) <
75T ((0)) < —1/Ko < —1/KZ. Now let K = K(K) > 1 given by Lemma 5.3. We
claim that |tg] < Kda((p,¢1). Indeed, if [tg| > Kda((o, (1) we would have &, < &
and 7, < m in the corresponding intersections of domains, but this implies that
e (£4,(0)) < 0§ (£1(0)) which is a contradiction. Then [to] < Kda({o,¢1) and we
are done. ]

5.3. Renormalization of standard families. As before, fix Ky > 1 and let
be the space of normalized C? critical commuting pairs which are Kj-controlled
(see Definition 3.3 in Section 3). Again we consider in this section a normalized
C3 critical commuting pair ¢ = (1,€) in K with negative Schwarzian, which is
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renormalizable with some period a € N. Let V(¢) be the parameter interval for
the standard family around { constructed in Section 5.2, and consider the one-
parameter family of C? critical commuting pairs given by G; = pR((;) for each
t € V, that is, G; is the pre-renormalization of (; (see Definition 2.6 in Section 2).

Proposition 5.8. There exists K = K(K) > 1 such that for all t € V and for all
x in the domain of Gy we have:
26,
ot

(r) < a® ifz <0, and %(w)xl if > 0.

Mo ©&to ((
1m00&0(0) ¢

€0(0)[ &+, (0)

N

10(0) 7 (©)
/l

FI1GURE 5. Both critical commuting pairs of Figure 4, and their renormalizations.

Proof of Proposition 5.8. Note first that for t € V and = € I¢, we have the identity:
(5.1)

k=a
(@) = St a) D () + Zlég(no(nf1(&(%)))’1?)1777?k(”f(ft(x)))‘

Indeed, fix z € I, and for each j € {0,1,...,a} let y;(t) = n ( ) Note
that yo(t) = &(x) and y,(t) = Gi(x) for z < 0. Since yJH() =
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T (no(y;(t)).t) for all j € {0,1,...,a — 1} we see that:
62 w0 = 105 (10w (1)), ) Do (0) + - (a0 (1)), )

= Y5 () D (y; (1)) + (Z (m0(y3 (1)), 1),
iﬁﬁﬁﬂﬁiﬂgﬁﬁﬁﬁﬁb%Wmﬁmmwhmwm

Jj— 1

t) 1:[ Dy (yi(t)) + Z (no (yk—1(2)),t) 1:[ Dy (wi(t))
k=1 I=k

=0
+ I w1 (0). 1)

=yo(t) D +Z :5770 (yr—1(t)),t) Dnf " (i (1))
k=1

+%ww«mn

= 0 D] (0o(1)) + 3 2 (o1 (0) 1) Do~ s 1)
k=1
In particular:
k=a
%(w) =y (t) = yo(t) D (yo(1) + ) aaf (n0 (ys—1(1)), £) De ™ (i (#)),
k=1

and then we obtain for all t € V and all x € I, the desired identity (5.1). Now by
Lemma 5.2, the Ky-control and Lemma 5.6 we have:

9 o (Do (i~ (&())) DP (no (nf " (&:(2)))) a1
0< —(x)D un (ft(x)) = < DP(ft(fE))DP(nf(ft((E))) Dy (ﬁf(x))

ot
< KDno(ng~ ' (& (x))) Dnit~ (515(33)) <K

On the other hand, for all k¥ € {1, ...,a} we have:

oT 1 1
Ty 00t @)o0) = iy © [K,K}

again by Lemma 5.2. Therefore, it follows from (5.1) that for any < 0 we have:

a—1
8Gt Z Dng~ gt z))) whenever a > 1.

Again by Lemma 5.6 (bounded distortion) and the K(-control we have that:
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Therefore, by Yoccoz’s lemma (Lemma 4.3) we obtain:

6Gt S 2_ 3
me{k a—k}*=<a° foranyz <0.

Finally, recall that for 2 € [0,7{(£(0))] we have Gy(z) = m;(x) and then:
0G ony 1 1
— =——¢€ |+, K
ot (@) = ot Bt )= DP(n(z)) {K ]
by Lemma 5.2. (]
With Proposition 5.8 at hand we obtain:
Corollary 5.9. There exists K(K) > 1 such that for allt € V and z,y € I, we

have:
('?Gt

()]

Bny’

In particular:

|Gi(@) = Go@)| _ [ (&) —n§ (Go(@)| _
|Gi(y) — Goly | Ing (&) —ng (So()| —
for allt € V\{0} and z,y € I¢, N I¢, = [max{no(0),n,(0)},0].

<K

6. ORBIT DEFORMATIONS
We start this section with the following observation:

Lemma 6.1. Given Ky > 1 there exist ag = ag(Kp) € N and K = K(Ky) > 1
with the following property: let ¢ = (n,€) be a normalized C3 critical commuting
pair with negative Schwarzian which is Ky-controlled and renormalizable with some
period a > ag. Then there exists a unique p in I, such that ‘n(p) —p‘ < ’n(x) - x|
for all x € I,,. Moreover, the point p belongs to the interior of I,, Dn(p) =1 and
D?n(p) < —1/K < 0.

Proof of Lemma 6.1. Since ¢ is renormalizable we know that « > n(x) for allz € I,,.
From the continuity of n and the compactness of its domain I,, we obtain the
existence of a point p such that 0 < |n(p) — p’ < |n(z) — x‘ for all z € I,,.

We claim first that if ag > K& and a > ag, then p belongs to the interior of
I,,. Indeed, note first that the (positive) difference Id —n equals |I¢| at the origin,
and equals ’f([g)‘ at the point £(0). In both cases it is greater than 1/Ky, by the
Ky-control hypothesis. If p is one of the boundary points of I,,, we would have
’n(x) - x‘ > 1/K, for all z € I,,, and since the period of { is a, we would have
a/Ky < |I;|. On the other hand, again by the Kj-control hypothesis, we have
ap > K3 > Ko|I,| and then |I,)| < ag/Ko, which gives the desired contradiction.

With the claim at hand we clearly have Dn(p) = 1 and D?n(p) < 0.

Uniqueness of p follows at once from the Minimum Principle for maps with
negative Schwarzian derivative (see [21, Section II.6, Lemma 6.1] for its statement).

Now we claim that D?n(p) is strictly negative. Indeed, if D?n(p) = 0 we would
have D3n(p) = Sn(p) < 0, and then it would exist §o > 0 such that D?n(z) > 0
for all z € (p — do,p). But then it would exist 0 < §; < &y such that |n(z) — z| <
|77(p) - p} for all z € (p — 61, p), which gives the desired contradiction.
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Finally, the fact that D?n(p) is uniformly bounded away from zero (by a constant
depending only on Kj) follows from (the proof of) Yoccoz’s lemma (Lemma 4.3),
see [4, Appendix B, pages 386-389). O

Throughout this section fix Ky > 1 and let K be the space of normalized C?
critical commuting pairs which are Ko-controlled (see Definition 3.3 in Section 3).
Let ¢ = (1,€) and ¢ = (7,€) be two C? critical commuting pairs with negative
Schwarzian that belong to IC which are renormalizable with the same period a € N.
Denote by & > 0 the C? distance between ¢ and ¢, that is, e = da(¢,¢). We will
assume that & < g, where g9 > 0 will be fixed later in this section. Moreover, we
will only consider in this section the special situation when:

1) I, = I and It = I; = [~1,0],
2) p = p where Dn(p) = D7j(p) = 1 (see Lemma 6.1 above).
Let H : I,, = [—¢,¢] C R be defined by H(z) = n(x) — 7(z) and let

h = H(p).

Observe that for every x € I,, we have:

(6.1) |H(z)| < || +e(z —p)?,
and
(6.2) |DH(z)| < ez — pl.

Indeed, given x € I,, there exists y € I,, such that DH(z) = D*H (y)(z — p) and
then |DH )| = |D2H y)||lz — p| < elz — p|, and there exists also z € [p,2] C I,
such that H(z) = h+ DH(z)(z — p) and then |H(z)| < |h| + |DH(2)||z — p| <
k] +e(z — p)*.

As before we will use the following notation: for i € {0, ...,a} let z; = n°(£(0)).
Note that =; € I, = [0,£(0)] for all i € {0,...,a}. Define #; = 7(£(0)) simi-
larly. Denote by I;, i € {1,...,a}, the fundamental domains of n given by I; =
[n(€(0)),n*~1(£(0))]. By the commuting condition I; = £(I¢) = £([—1,0]). Define
I; similarly. Let us state some consequences of Yoccoz’s Lemma (Lemma 4.3):

Lemma 6.2. There exists Ko = Ko(K) > 1 such that for any ¢ € K renormalizable
with period a € N, and for any b < L%J we have:

Ko
|zp — Ta—p| < —

b
The constant Ky does not depend on the period a.

Proof of Lemma 6.2. By Yoccoz's Lemma (Lemma 4.3) we have:

i=a—b i—=a—>b
1
[ = Ta—| Z 14l (Z mln{z,az}2>

i=b+1 i=b+1
To finish, note that:

i=a—b

)P —
min{i,a —i}2 ~ b’

i=b+1
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Indeed, by symmetry it is enough to prove that:

i=la/2] 1 . 1
..7_.2 = 7
il min{é,a — i} b

and this follows from elementary calculus:

i=la/2] i=la/2l | laf2) i voo gp 1
Z min{i, a—z}2: Z / / 2 b
1=b+1 =b+1

Another consequence of Yoccoz’s lemma is the following:

Lemma 6.3. There existsb = b(K) € N such that Tg_, > xnx—1 and T5_, < Tny2.

The distance between corresponding critical iterates of ¢ and 5 will be denoted
by Ax;, that is:

Az, = i; —x; =77 (£(0)) — " (€(0)) for all i € {0,1,...,a}.

Lemma 6.4. There exists K = K(K) > 0 such that for i < min {|a/2], N —b, N-—
b} we have:

|Ami|§K(|h|-i+§).

Proof of Lemma 6.4. Let zg = £(0) = £(0) be the common critical value of ¢ and ¢,
which is the right boundary point of I,, = I;;. Recall that, by definition, z; = n’(xo)
and Z; = 7' (zo) for all i € {1,...,a}. We will consider the case z| /2 < &|4/2). Note
that for any i € {1,...,[a/2]} and any k € {0, ...,i — 1} we have by combinatorics:

Ta—ith+1 < Tlaj2)+1 < Tlaj2) < Tlaje) < Tht1 < T -

Therefore z|4/2/41 < 1(Zx) and then x,_;1py1 < 7(Zx), that is, both points
n(ﬁk(xo)) and 77*t1(z0) lie to the right of the point 24 ;i xr1. In particular the
iterate n* %=1 is well defined in the interval with boundary points 77(77”C (xo)) and
7**1(z0). This allows us to use a simple telescopic trick and the mean-value theorem
in order to write for any i € {1,..., |a/2]}:

(6.3) Azl = 3 (4 (i (20))) — (7 (@)
k=0
< S 1Dy ()| | H (i (20) |,
k=0

where for each k € {0,...,4 — 1} the point y; lies between 1(7*(zo)) and 7+ (20)
(the points yo, 1, ..., yi—1 depends also on each fixed i, but we will denote them
just by yx to simplify the notation). From (6.1) and Lemma 4.2 we get that:

Ke

(6.4) |H (71" (2))| < [p] + (e
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For each k € {0,...,i — 1} let us denote Dy, = |Dn'~*=1(y;)|. Our goal is,
therefore, to estimate the sum:

= Ke
6.5 Ya) =i Dy, ( |n] +
(65) ) =) < 3 0 (1 5 )

For each k € {0,...,i — 1} let m = m(k) € {1, ...,a} be such that y; € I,(n),
where I,(n) = [n™(x),n™ *(x)] as before. Since we are assuming xLa/2J < Zlay2)
we have that m < a/2 + 1. We claim that m(k) < k for all k € {0,...,4 — 1}, more
precisely:

Claim 6.5. There ezists C = C(K) > 1 such that £ < m < Ck for all k €
{0,...,i — 1} and for alli € {1, ..., a/2]}.

Proof of Claim 6.5. From Lemma 4.2 we know that |yp — p| < E> and then it is
enough to prove that |y, — p| < k. Recall that da(C, C) < g9, where g9 > 0 will be
fixed later in the proof. On one hand |yx — p| < |7*(z0) — p| < %. On the other
hand, since 7 < min {N b,N— b} the point p does not belong to the interval with

boundary points n(77*(z)) and 7" (z ) and then:

lyr — p| > mln{!n’“+1 (7" (o) ) p\}
= 7" (wo) — | - !77( wo)) — 7" (o)
=" (wo) — p| — [H (i"( ))\

From (6.4) we get |H (7" (xo )| < K(|h| + (k+1)2) < (k+1)2 since |h] < K/a?
by Yoccoz’s lemma (indeed, by Lemma 4.3, the length of the fundamental domain
(n(p),p) is bounded by 1/a?, up to a multiplicative constant. That is, both p—n(p)

and p — 7j(p) are bounded by 1/a? up to a multiplicative constant, and then |h| <
K/a?). Therefore:

s L( KD N 1KY B 11
kTPl = \kr1 k+12) T K k+1)k+1k = 4k
if k > 2K?+ 1 and then |y, — p| < 4 in this case. We choose g9 > 0 in order to

have that if & < 2K? + 1 then both ﬁk‘H( ) and 71(77*(x)) belong to the interval
[7"72(x),7"(x)] and again |y, — p| < ¢ as we wanted to prove. O

We have two claims regarding the values of Dy:

Claim 6.6. There exists K = K(K) > 0 such that for all k € {0,...,i — 1} and
i€{l,...,a/2} we have Dy < K.

Proof of Claim 6.6. By bounded distortion and Yoccoz’s lemma we know that:

|Im+z k— 1(77)|

Dni—k—l(y =

= m2|Im+i7k71(77)|7

and then it is enough to prove that ’Im+i_k_1(n)’ <.z To prove this we have two
i=k=1(y,.) > p then ’ImH_k 1 ’ = m by Yoccoz’s
ik 1(y/€) < p then ‘Im-i-z k—1(n) } =
m, and since a — m — i > 0 we obtain |Im+z_k_1 | < (,H_l)Q Since
m < k by Claim 6.5, we obtain Claim 6.6. (]

cases to consider: if n

lemma, and since i—k—1 > 0 we are done. If 5
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Claim 6.7. There exists K = K(KC) > 0 such that if k < W;l) then Dy < K’;—j,

Proof of Claim 6.7. Write m = [0k] with & < 6 < C (see Claim 6.5). If m < k
we have that 6 < land i+ m—k—-1=0i+(1—-0)i— (1 -0k —1 = 0i +
1-0GE—-k—-1>0-12> %z Since i +m —k —1 < i < § we have that
D, < K% < K’f—; On the other hand, if m > k (that is, 6 > 1), we have
C
m+i—k—-1<i+@-1Dk-1<i+(C-1)k-1<i++i—1< 3a. Then
\Ltice—1(n)| < (mﬂ._lk_l)Q < (i_ll)g, and so we also have Dy, < K’;—; in this case,

i 1 i< 201 i 1 11 1 1
since za < j < za implies a7 > 37 > da=g- (Il

With Claim 6.6 and Claim 6.7 at hand we are ready to estimate the sum (6.5):
i—1 Ke i—1 Lmj Dy

D — | = D K —
3 k(|h+(k+1)2) i (Z k>+ T

k=0 k=0 k=0
i—1
Dy,
+ Ke Z CFSIE
k=L4(cl—1)J+1
Y ESN
k=0
i—1 1
+ Ke Z (e

k:b(ci—l)J“
) € €
< K|h\z+K*.+KE.
i

For the last inequality we have used that both sequences

| 7w 2 i1
1 k . 1
)] = 2w
- b=| sy |+

remain bounded when i goes to infinity, with constants depending only on C. We
have proved Lemma 6.4. O

Lemma 6.8. For every a > 1 there exists K, > 0 such that
|Az,| < Kge.
Proof of Lemma 6.8. Observe,
|Aigr| = [1(2:) — n(i)|
= |n(2:) — nlx;) + H(Z)|
< D|Az;| +e,
where D = max{Dn}. So

a
|Az,| <e- Z DF,
k=0
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The Lemma follows. (]

The following definition is given for general commuting pairs which are contained
in the previously discussed set K of Ky-controlled commuting pairs.

Definition 6.9. Given L > 1 we say that the commuting pairs o = (£o,70) and
¢ = (&, m), with a¢, = a¢, = a, are L-synchronized if

|Azq| < L-dy(Co, 1)

By working just as in the proof of Lemma 6.4 but with backwards iterations we
obtain:

Lemma 6.10. Given L > 0 there exists K = K(K,L) > 0 such that if (,¢ € K
are L-synchronized with a¢ = a; = a, then we have:

Azi| < K <|h|(a—i) + -5 )
a—1

for all i € N such thatmax{[a/QJ,Ner,Ner} <i<a.

Proposition 6.11. For every L > 0 there exists K = K(K,L) > 1 such that the

following holds. If ¢,¢ € K are L-synchronized with a¢c = a; = a, then we have:

€
h| < K—.
<K
Proof of Proposition 6.11. Let us suppose that 7j(p) = n(p) + h with A > 0. We
want to prove that, under the synchronization assumption, the ratio C = “%h is

uniformly bounded in K.

Let N € {1,...,a} defined by p € [xn+1,2n]. By Yoccoz's lemma (see in par-
ticular [4, Lemma B.1, page 387]) there exists Ky = K(K) > 1 such that N = va
with 1/Ky <v <1-— K%) In the same way let N = va defined by p € [T 541, TR]
with 1/Ky <7 <1— K%

By Lemma 6.2 there exists K1 = K;(K) > 1 such that (z;,2;) C (p— K1/M,p)
when (1 — Kio)a <j<a—M,and (z;,%;) C (p,p+ K1/M) when M < j < a/Ky
for any M € {1,...,[a/Ko]}.

Let Ky = K5(K) > 1 be the constant given by Lemma 6.4. By Lemma 6.10 we
have:

(6.6) Az | < Ky (M + )
M

for some universal constant K3(L,K) > 1. Let K = max{Ko, K1, K2, K3} and

let us suppose that a > K(4K + 1) (otherwise we are done since |h| < ¢). Fix

M € {1,...,|a/2]} small enough in order to have:

M 1
0= —< ———— < 1.
0<b= <Furx+n =
Let T = [pr/M,erK/M] and recall that (z;,%;) C T for all j € {M,...,a—
The next three claims will show that if C'is big enough, in terms of K and 0(K),
the pairs ¢ and ( cannot be L-synchronized.

Claim 6.12. IfC > 2 (%)2, then 7(x) > n(z) + % forallx eT.
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Proof of Claim 6.12. As before:

K\? e (K\? h h
i(z)—n@)>h—clz—p2>h—c(—) =h——= (=) >h—2===.
i(x) —n(x) > h—e(z—p)” > €(M> a2(9> 2h-5=3
In the last inequality we have used that % < % (%)2 since “%h > 2 (%)2. O

Note that 0 < 0 < 7y implies 1 —20K% — 0K € (0,1).
Claim 6.13. If C > %(%) there exists ig € {M,...,a/K} such that
Tiy < Ty -
Proof of Claim 6.13. We will prove first that:

(6.7) (%7M>32K<hM+%>.

Indeed, since 1 — 20K? — 0K > % we have:

1-20K? - 0K K
—_— s >

20K Co2?
and then:
1—-20K2% — 9K €
hM <20K > > KM

since e/M = hM/C6?. From:

1—-20K?% — 0K 1 1
Tk 2<9K12K>

we obtain:

hra €

5 (6 — M) —KnM > K—
which implies the desired estimate (6.7). Now estimate (6.7) combined with Lemma
6.4 gives us:
(68) |.’£]V[—(fM|<(£—M)ﬁ.

T \K 2
With estimate (6.8) at hand we are ready to prove Claim 6.13. Indeed, let

i€ {M,...,a/K} be such that p < &; < 2; < p+ K/M (if no such i exists we are
done). From Claim 6.12 we have:

Tip1 — @ipr = N(T:) = n(xi) = h/2+ (&) —n(x:) = h/2 4+ Dn(y:) (& — i)
= h/2 + & — xi + D*n(z) (yi — ) (& — 22),
where y; € [Z;,x;] and z; € [p,y;] are given by the mean-value theorem. Since
D%n(z) <0, y; —p>0and Z; — 2; < 0 we obtain:
Tix1 — Xiy1 > h/24+T; —x;, thatis: Awxiy > h/24 Ax;.

Therefore if the difference ;11 — x;41 is still negative, it will be at least h/2
closer to zero than the previous difference Z; — x;. What estimate (6.8) tells us is
that we have enough time inside the interval (p,p + K/M) in order to interchange
the positions of the critical iterates. With this we have proved Claim 6.13. (]
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Claim 6.13 implies that x; < Z; for all ¢ € {ig,...,a — M}, since Dn > 0 and
h > 0. Therefore, by Claim 6.12 we have:

(6.9) Az > g [a M- (1 - ;{) a} .

Our third and last claim tells us that (6.9) contradicts the synchronization as-
sumption. Note that 0 < 6 < grpzeyyy implies 1 — 0K (4K +1) € (0,1).

Claim 6.14.
4K?
1-0K(4K + 1)

Proof of Claim 6.14. Note first that:

2K (WM + ) = : [2}( <09+ 1)}

ro| >
r
=)

|

=

|
VS
—_

|

==
N——
ILI

If C>H } then 2K(hM+i)g

M

M 0

e (o) =25 (o)

A straightforward computation shows that both conditions:

1 4K 1\ _C/(1
> |l < = = =
¢=3 {1—¢9K(4K+1)] and 2K (OH“L 9> =3 <K 9)

are actually equivalent. O

and

We are ready to finish the proof of Proposition 6.11. Indeed, by combining
estimates (6.6) and (6.9) we have:
h 1 € €
Plo—m—(1-=)al <|zans — Fu_ <K<M —) QK(M —)
2{@ ( K)a]_‘x M—Z M|_ h +M < h +M

which contradicts Claim 6.14. Therefore:
C < max< 2 52 1 —2K2 1 —4K2
= Hax 9) o0\1-20K2—0K) 0 |1-0KAK+ 1) [’
that is, the ratio C' = “%h is bounded by a constant only depending on K and L.
We have proved Proposition 6.11. [

With Proposition 6.11 at hand we can improve both Lemma 6.4 and 6.10 under
the synchronization assumption:

Lemma 6.15. Given L > 0 there exists K = K(K,L) > 0 such that if ¢(,Cek
are L-synchronized with a; = a; = a, then we have:

K -
|Axi\§—,g for all1 <i<min{|a/2|,N —b,N — b}, and
i

K -
|Ax;| < Ti for allaZiEmax{La/QLN_Fb,N_Fb}_

Moreover:
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Proposition 6.16. For ecvery L > 0 there exists K = K(K,L) > 0 such that the
following holds. If ¢ and ¢ are L-synchronized then

1
|Az;| < Ke-~ forallie{0,1,...,a/2}.
i

and

|Az;| < Ke - for alli e {a/2,...,a}.

a0 —
Proof of Proposition 6.16. By Lemma 6.15 we only need to estimate |Ax;| for the
intermediate iterates min { |a/2], N — b,N — b} <i< {la/2],N + b, N + b}. We
will prove only the first part of the statement (the other being the same), that is,
we will prove that:

1 -
|Az;| < Ke-— foralli € {min{|a/2],N — b, N —b},...,a/2}.
i

We use the same notation as in the proof of Proposition 6.11. By the choice of 8
we know that M < min {[a/2], N-b, Nfb} and a—M > max {|a/2], N+b, N+b}.

Recall that H : I,, — [—¢,¢] C R is defined as H(z) = n(z) — 7(x). By Proposi-
tion 6.11 we have that |H(z)| < e[% + (# — p)?] and then |H(z)| < £f whenever
x € T, since for x € T we have that |z — p| < % < % Therefore, by consider
a=1+ % and 8 = %7 we obtain that Axz;11 < aAx; + [ and then:

n—1
Aziin < a"Ax; + 8 Z o’ for all 1 <n < (6 — dp)a + 2b.

Jj=0

Note that Z?:_Ol ol = @=L = (" —1). Moreover, since n < a we have that

an=(E4+1)n < ¢”a is bounded. Therefore:
a € 1 € €
Azipn <a"Az;+ =@ —1) < K- |a"+—-(a"—-1)| < K-a" < K-.
Titn < a"Ax; + 8—(« ) < Z[a +a(oz )]_ Ja < K-

Finally, from i > M = fa and n < (§1 — do)a + 2b we get that % is bounded and
then Az, < K H_Ln as we wanted to prove. O

For i € {1,...,a} let
Ai = Isz - A.’L‘i_1|.
Proposition 6.17. For every L > 0 there exists K = K(K,L) > 0 such that the
following holds. If ¢ and ¢ are L-synchronized then
log 1
A; <K(€~O§Z+52~_> for alli < a/2.
1 1

and

1 —1 1
A <K 5~M+52-—, for alli > a/2.
(a —1)? a—1i

Proof of Proposition 6.17. The proof of the second part of this proposition can be
obtained as the first part by working backward. See also the proof of Proposition



RIGIDITY OF CRITICAL CIRCLE MAPS 29

6.16. We will only present the proof of the first part. Observe, for i > 1,
A =[x + Azi) — n(x)] — [((@i-1 + Azi—1) — n(zi-1)]|
=|n(x; + Ax;) — n(x;) + 72 + Az;) — n(x; + Azy)]—
M(@i—1 + Azi—1) = n(zi-1) + 7(@i—1 + Azi—1) = n(zi—1 + Azi_y)]|
=|[Dn(6;)Ax; + H(x; + Az;)]—
[Dn(0i—1)Azi—y + H(zi—1 + Aziq)]|
<|Dn(6;)Az; — Dn(0;_1)Az; 1|+ |DH(0)I]|

The intermediate point 6 is in ;. Hence, by using (6.2), the Yoccoz Lemma 4.3,
and Lemma 4.2 we have

- 1
(6.10) IDH(6)]i| < Ke - —.

The intermediate point 6; is in [z;, x; + Az;]. Similarly, 6,1 € [x;—1,z;—1 +Ax;_1].
This allows for the following estimate.

ID0(63) A = Dn(Oic) 1| < LA+ (D) = o) A+

I;
(Dn(ei-) - Tt s

I.
<! |’;|1|A,» + K(|L] + [Azi])| Awi|+
K(|L] + A1) Az

Use the Yoccoz Lemma 4.3 and Proposition 6.16 to obtain

|1it1] 1 51
A+ K(e—= —).
1A + (5@,3 +e i2)

Combine (6.10) and (6.11) to obtain

1

| Tiq1]
2

|1 ]

After iterating this recursive estimate and using the Yoccoz Lemma 4.3 one gets

A <

1
A+ K(e= + €2
i

21 |

R ﬁ) [ i1

i—1 i—1

7. COMPOSITION

In this section we will discuss composition of multiple diffeomorphisms. Let
I = [a,b] be a compact interval in the real line, and let D = Diff7 ([a,b]) be the
space of orientation preserving C? diffeomorphisms of I, endowed with the C2-
metric. Let X = C° (I ,R) be the vector space of continuous functions from [a, b]
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to the real line, and recall that X is a Banach space when endowed with the sup
norm. Consider the non-linearity N : D — X defined as:
D2y
Ny =—— =DlogDy.
v=7 " og Dy

Note that N is a homeomorphism, whose inverse is given by:

(e =e (f: I o) ds> oo ([ tom)er

for any x € [a,b] and any ¢ € X. To prove that N~1¢ € D note that DN ~1¢ > 0,
since 2 ( [Texp ([ ¢(t)dt)ds) = exp ([ o(t)dt) > 0.

In general, if f: I — R is a C? map and z is a regular point of f, we define
Nf(z) = D?f(x)/Df(x). The chain rule for the non-linearity is N(f og) = Nfo
gDg+ Ng. The kernel of N is the group of affine transformations. In particular
N(Ao f) = Nf whenever A is affine. Note also that the non-linearity goes to
infinity around any non-flat critical point. Elementary properties of non-linearity

can be found in [16]. On bounded sets it is bi-Lipschitz. In particular,

Lemma 7.1. Let B be a bounded set in X = C°(I,R). There ezists K = K(B) >0
such that for any pair ¢, ¥ in B we have:

dZ(Niquv Nﬁlw) < KdCO(QSa w)
Proof of Lemma 7.1. Use the inverse of the non-linearity to estimate the C° dis-
tance between f = N~1¢ and g = N7, as in [16, Lemma 10.2, page 579]. This
gives dco(N~1p, N~19) < Kdco(g,1)). Since both f = N71¢ and g = N1 be-
long to Diff2 (I) there exists to € I such that D f(to) = Dg(to), and then log D f(t)—
log Dg(t) = ftto (d) — 1/})(3) ds for all t € I. Therefore dco(log D f,log Dg)

|I|dco(4,1), and since both f and g are C'-bounded we get dco(Df, Dg)
Kdco(¢, ). Finally note that for all ¢ € I we have:

[(D?f = D*g)(t)] < [ (& = )| Df(B)] + [(Df = Dg)(®)][:(2)].

<
<

O

As we said before, the non-linearity allows us to identify the set D of diffeomor-
phisms with the Banach space X = C° (I , R) of continuous functions. This defines
the non-linearity norm on D: |f| = |N f|co.

The following Lemma says that composition of multiple diffeomorphisms on C!-
bounded sets is Lipschitz continuous in the non-linearity norm. This Lemma is an
adaptation of the Sandwich-Lemma in [16, Lemma 10.5, page 581].

Lemma 7.2. Given M > 0 there exist K(M) > 0 such that for fi,..., fns g1,y Gn
in Diff?. ([0,1]) satisfying:

o YITVINfileo < M,

. zzgngﬂco <M,

e Y07 DN fjleo < M,

® >3i=1 IDNgjlco <M
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we have:
. . j=n
|N( ;:11 fj) - N(O?;? 9j)|00 < KZ |ij - Ngj‘ct)'
j=1
In particular,
de> (OZY f5,O1Z1gs) < KZ INfj = Ngj| o
j=1
The branches of renormalizations are compositions of a homeomorphism and
multiple diffeomorphisms. The composition of multiple diffeomorphisms can be
controlled by Lemma 7.2. To control the effect of the first factor we need the
following Lemma, a basic property of composition.

Lemma 7.3. For every L > 0 there exists K > 0 such that the following holds.
Let q,q : [~1,0] — [0,1] be C® homeomorphisms with one critical point, Dq(0) =
Dg(0) = 0. Let INE [0,1] — [0,1] be C3 diffeomorphisms. If |q|cs, |Glcs, |flcs,
\fles < L then

dcz(fOCLfOQ) < KdC2(f7f)+dC2(q7Q)

As before, fix Ky > 1 and let K be the space of normalized C? critical commuting
pairs which are Ky-controlled. Let ¢ = (1, £) and (= (7, 5) be two C? critical com-
muting pairs with negative Schwarzian that belong to K which are renormalizable
with the same period a € N. Denote by ¢ > 0 the C? distance between ¢ and CN,
that is, € = dz(¢,¢). We may assume in the computations that ¢ € [0,1). We will
only consider the special situation when

1) I77 = Iﬁ and Ig = IE’
2) p = p where Dn(p) = D7j(p) = 1 (see Lemma 6.1).

For each i € {1,...,a — 1} let f; € Diffi([O, 1]) given by f; = AijrllonoAi, where
A; :[0,1] — I; is the unique orientation preserving affine diffeomorphism:

Ai(z) = Lz +xi = (01 (£(0)) — 0" (£(0)))= + 7" (£(0))
Note that O}~ f; = A;* on® ! o A; in Diff ([0, 1]).
Lemma 7.4. There exists K(K) > 1 such that for any ¢ in K renormalizable with
period a € N we have:

a—1

a—1
SINfi(w)| <K and Y |ID(Nfi)(x)| <K forallx € [0,1].
i=1 i=1
Proof of Lemma 7.4. Note that N fi(z) = N(no A;)(z) = Nn(A;(z))|I;| and that
D(Nf;)(z) = D(Nn)(Ai(x))|L;|* for all z € [0,1]. Since ¢ € K, we know that N7 is
C'-bounded in [n?(£(0)),£(0)] (see Remark 3.8 at the end of Section 3) and then:

a—1

a—1
S INfi(x)| < K |L| < K|I|  and:
i=1

i=1

a—1 a—1 a—1
SIDINfi)(@)| < K> |LIP < KL Y |L] < K|L|*.
=1

=1 i=1



32 PABLO GUARINO, MARCO MARTENS, AND WELINGTON DE MELO

In the same way let A; : [0,1] — I; be the unique orientation preserving affine
diffeomorphism, and define g; = /1;_11 ofjod; e Diff:_)’._([(), 1})
The first factors of the renormalizations are controlled by
Lemma 7.5. There exists K > 0 such that
AT 0 €los, |AT 0 éles < K.
and

doe (Af1 057141;1 o é) < Ke.

Proof of Lemma 7.5. The four maps £ : [-1,0] = I, & : [-1,0] — I, ATt
[0,K] — R and A;' : [0,K] — R are C3-bounded by some constant M > 1
universal on K. Similar to Lemma 7.3 we get

dos (A7 0 € A7 0 ) < K (AT = A7 + 16— )

K (||A;1 — AT s +5) :

IN

Observe,

AT (@) = AT @)] = |10 @ = 21) = B @ = 3)

_ @ =)@ — #1) — (@ — #1) (w0 — 1)

|| |14
_ ‘a)‘(.fio — IIJ()) + $($1 — i‘l) + (l‘oi‘l — i‘ol‘l)‘
|| 1]
g K (Al’o + Aml + |£~£0"31 — fol’ﬂ)
1| | 11
<K (Al‘o + Axq + |x0||j1 t {,C1| + |x1||x0 — .f0|>
|| |1

< K(Amg + Azy)/|L|| L] < Ke,

where we used Lemma 6.4.
On the other hand

(AT = (A7) = (L] =1L /LI < (Ao + A/ LI,
and we finish in the same way as before. O
Lemma 7.6. There exists K > 0 such that fori < a
IN fi = Ngilco < K (e|I;] + A; + |Az;||L]).
Proof of Lemma 7.6. Observe,
\/L—x — A;jz| < K(|A£Ei| + Ai).
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So,
INfi(z) — Ngi(x)| =|N f(Ai(2))| L] — Ng(Ai(z))| ]|
<|Nf(As)|1;| = Ng(Ai)|Ti| |+
IDNg(0:)] - (|Azi| + A;) - |jz‘
<K (e|L] + A + (|Az]| + A (L] + A))
<K (e|L;] + A; + |Axg||1]).
O

Lemma 7.7. qu every L > 0 there exists K = K (K, L) > 0 such that the following
holds. If ¢ and ¢ are L-synchronized then

Z |Nfi = Ngi| o < Ke.
i=1

Proof of Lemma 7.7. Let a. = EJ Assume for a moment that a > a.. Then
Lemma 4.2 implies |2q—q. — Za_|, |Ta—a. — Ta.| < Ke. Hence,

Z |Nfi = Ngi| o < Z INfil o + | N3il o

a:<i<a—ac a:<i<a—ac
) S X Wil Vol T
< K(|$a—a5 — Za.| +|Za—a. — jas|)
< Ke.
This estimates holds trivially when a < a..
Observe,
a ae a—aes
SINfi=Ngilpo =D INfi = Ngil o + > [Nfi = Ngi| o+
i=1 i=1 i=ao
> INfi = Ngi| o

The middle term is estimated by (7.1). The first (and third) term can be esti-
mated by using Lemma 7.6, the Yoccoz Lemma 4.3, the Propositions 6.16 and 6.17.
Namely,

Qe

D INfi= Ngilpo < K Y elli| + Ai + |Azi| |1

i=1 i=1
a .
= log i 1 1
SKY egtemted ode o
i=1
ag
<K€+KZ€2 -

1
< Ke + Ke?log -
€
< Ke.
The Lemma follows. O
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The following Proposition holds for general critical commuting pairs with nega-
tive Schwarzian which are contained in the previously discussed set IC, that is, the
set of normalized C? critical commuting pairs which are K-controlled.

Proposition 7.8. For every L > 0 there exists K = K(K,L) > 0 such that the
following holds. If (o and (1 are L-synchronized then

da (pPR(C0), PR(¢1)) < Kda(o, C1)-

Proof of Proposition 7.8. There exists K = K(K) > 0 such that the following
holds. There exists a diffeomorphism s : Dom(¢1) — Dom((o) such that ¢ = (o
and ¢ = h o (y o h~! satisfy the normalizations

1) I"? = Iﬁ and I{ = Ig,

2) p = p where Dn(p) = Dij(p) = 1,
needed to apply the results from section §6 and §7. We may construct the conju-
gation such that

des(h,id) < Kda(Co, (1)
and h| Dom (pR({1)) = id. This last condition implies

PR(G) = pR(Q).

In particular, it suffices to prove the Proposition for the pairs ¢ and f .

Let pR(C) = (1, €') and pR(C) = (1, €'). Because, &' = £ and £ = £ it suffices
to estimate the distance between n’ and 77'.
Let Iyt1 = [Ta41,%q) and A : [0,1] — I,41 be the orientation preserving affine
diffeomorphism. Let
F=A4""'0 7,
and similarly define G = A~ o7/. Now apply Lemma 7.2 and Lemma 7.7 to obtain
dC2(Fa G) < K€7

where ¢ = da(¢ ,Cf) A similar argument as the proof of Lemma 7.5 one obtains
ds(n',7') < Ke. This shows that prerenormalization is Lipschitz among synchro-
nized pairs. (I

8. ORDER

Commuting pairs might have different domains. Any natural definition of order
between such systems has to include this difference of domains also. There are two
cases:

case I: n o £(0) > 0, case II: 70 £(0) < 0.

Definition 8.1. Let (o = (&9, 10) and {3 = (£1,71) be two commuting pairs and
t>0.If
1) Co(x) +1t < (i (x), for x € Dom((p) N Dom((y),
2) n0(0) < m(0) and & (0) < £(0)
we write
Go <¢ G-

Lemma 8.2. Let (o = (§o,m0) and 1 = (£1,m1) be two commuting pairs. If (o <; (1
then
case I:
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1) ag, < ag,
2) for x € m(0),0] and k=0,1,--- ,ac,

ng 0 &o(x) +t < nf 0 &y ().
case 11:

1) a¢, > ag,,
2) forx €10,&(0)] and k=0,1,--- ,ac,

& o mo(w) +t <& om(a).

The proof of Lemma 8.2 is different for case I and case II. We will only present
the proof in case 1.

Proof of Lemma 8.2. As we said, we will only present the proof in case I. Let « €
[0,£0(0)]. The order condition Definition 8.1(1) gives the statement of the Lemma
for k =0, &(z) +t < & (x). Inductively property (2) follows. Namely,

o Gola) +t = no (g © o(x)) +t < 1 (115 © o(2))
<m(nt o &i(x))
=m ' o&i(a).
In particular, 7, o &(x) < 77 0 & (x). This implies, a¢, < ag, . O
Pre-renormalization preserves order. Namely,
Lemma 8.3. If {y <; (1 and a¢, = a¢,, then pR(¢o) <t pR(C1)-

Proof of Lemma 8.3. We will only present the proof in case I. Let a = a¢, = a¢,.
Observe, 1,r(¢,)(0) = 70(0) < 71(0) = Myr(c,)(0). Hence, the left side of the
domains of the pre-renormalizations satisfy the order condition of Definition 8.1(2).
Consider the right side of the domains of the pre-renormalizations,

(8.1) Epr(co)(0) +t =15 0&(0) +t < nf 0 &1(0) = &r(cr)(0),

where we used Lemma 8.2(2). This means that the right side of the domain of the
pre-renormalizations also satisfy the order condition of Definition 8.1(2).
According to Lemma 8.2(2) the estimate (8.1) also hold for any x € [1:(0), 0],
instead of x = 0. This means that the pre-renormalization also satisfy the order
condition of Definition 8.1(1). O

The following Proposition will play a key role in the proof of the Synchronization-
Lemma, section §9.

Proposition 8.4. If (s <; (1 with t > 0 then

P 7 P
Proof of Proposition 8.4. Assume a¢,(n) = a¢, (n) for n > 0. Apply Lemma 8.3,

(PR)"(Co) <t (PR)™(C1)-
Note, 7Ry (¢o.1)(0) — 0. Hence,

1
0> MRy (1) (0) 2 MRy () (0) +8 2 58> 0

for n large enough. Contradiction. (]
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9. SYNCHRONIZATION

Synchronization-Lemma. For any given Ky > 1 there exists L = L(Kjp) > 1
such that the following holds. Let (o and (i be two C? critical commuting pairs
which are Ko-controlled, both (o and (1 have negative Schwarzian, p(¢y) = p(¢1) €
[0,1\Q and d2({o,¢1) < €9. Then (o and ¢y are L-synchronized.

The hypothesis d2({p, (1) < &0 will not be mentioned in the proof presented
below, but it is needed in order to be allowed to apply the estimates obtained in
Sections 6 to 8 (see in particular the proof of Claim 6.5, during the proof of Lemma
6.4).

Proof of the Synchronization-Lemma. We will only present the proof in case I. Let
a = a¢, = a¢,. Choose ap > 1 such that Lemma 5.7 applies. The Synchronization
Lemma follows from Lemma 6.8 when a < ag. We will assume a > ag.

We may assume that z1 > 29. There exists K = K(Kg) > 0 such that the
following holds: there exists a diffeomorphism % : Dom(¢1) — Dom(¢p) such that
¢ =(y and ¢ = ho (3 o h~! satisfy the normalizations

21(¢) = 21().

We may construct the conjugation such that
des(h,id) < Kda(Co, (1)
and h| Dom (pR({1)) = id. This last condition implies

2a(C1) = 7a(C).
In particular, it suffices to prove synchronization for the pairs ¢ and 5 . Let ¢ =

d(¢, ) < Kda(o, G1)-
Apply Lemma 5.7 to obtain a commuting pair (;, in the standard family of ¢
such that

A‘xa(cto ) C) = 0.

From Lemma 5.7 we get
(9.1) 0<t < Ke.
Note, if to > 0 is much larger than & > deo (¢, ¢) then &, (z) > £(z). This would

imply x4((t,) > 4 () because x1(¢) = x1(¢). Assume that
(9.2) To = Tq + Le,

where just as before z; = n/(£(0)) and #; = 7°(£(0)) for i € {0,...,a}. Note also
that the assumption m}l > xg implies that £, > x,.

We have to show that L is uniformly bounded.
From (9.2) and Corollary 5.9 we get for every x € [n,r(¢,,)(0), 0]

PR(Sk)(x) — pR(C) () =

(9.3) .

(PR (()(0) — PR(C)(0))

(PR(C)(0) — pR(¢)(0))

1
(ia — I’a) = ?LE

=== ===
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From Proposition 7.8 we get for every = € [n,r(c,,)(0), 0]

[PR(Ceo) () = pR() ()| < Kda (G, <)
(9.4) < Kdy((, Q) + Ke
< Kg,

where we also used (9.1). Combine (9.3) and (9.4) to get for every x € [n,r(¢,,)(0), 0]

(9.5) PRQ)(@) > pR(Q)(w) + 5 Le — Ke.

As a matter of fact (9.5) holds for « € [—1,0]. This follows from the following. Let
z € [—=1,mpr(¢,,)(0)]. Observe, according to (9.1),

=1 R ) ()] = to < Ke.
This implies

PRQ)() > PRIy (e () + L — K= — max{ DpR(O) o
> pR(C)(z) + %LE — Ke.

Hence, for x € [—1,0] we have

(9.6) PR)() > pRIQ)() + 7 Le — Ke.
So, when L > 2K? then for the relevant < 0
(9.7) (PR)*(C)(z) > (PR)*(C)(x).

The last part of the proof will show that similar estimates hold for relevant positive
points. The goal is to prove (pR)2(§) > (pR)Q(C) for some positive t. The
branches on the left side of the second pre-renormalizations, according to (9.7),
satisfy the order condition of Definition 8.1(1). The right side of the domains of
the second pre-renormalizations do satisfy the order condition of Definition 8.1(2).
Namely,

Dom ((pR)2(¢)) N {z > 0} = [0,2,] C [0, 7] = Dom ((pR)*(C)) N {z > 0}.

Left is to describe the branches on the right and the domains on the left. Let
2 € Dom ((pR)?(¢)) N {z > 0} = [0,2,] and for k > 1 define

24(x) = (PR()))" (@),
and similarly, Z(z) = (pR(g:))k(x), Observe,

21(2) — 21(2)| = [PR(O)(x) — pR(O) ()| = |n(x) — ii(x)| <e.
Hence, applying (9.6),

Za(z) = pR(¢)(21)

> pR(C)(21) + - Le — Ke

> zp(x) — max (DpR(C)) - |z1(z) — Z1(z)| + %LE — Ke

1
> ZQ(I) + ?LE — Ke > ZQ(SC),
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when L > 2K?. Let b = apr() = a,r (G- By repeatedly applying (9.6) with
L > 2K? we obtain

(9-8) (PR)*({)(@) = Z(2) > (PR)*(¢)(2) = z(x).
In particular,
Dom ((pR)?({)) N {z < 0} = [, 0] C [z, 0]
= Dom ((pR)*(¢)) N {z < 0}.
The estimates (9.8) and (9.9) finish the proof of:
(pR)*(0) = (R)*(0),

for some t > 0. However, this contradicts Proposition 8.4 because (p’R)2(C~) and

(9.9)

(pR)2(C) have the same rotation number. This contradiction establishes the syn-
chronization with L < 2K?2. O

10. LipscHITZ ESTIMATE
In this section we prove Lemma 4.1.

Proof of Lemma 4.1. According to the Synchronization Lemma from section §9 we
know that for L = L(K), the pairs (g and ¢; are L-synchronized. Now the Lipschitz
estimate for renormalization of synchronized pairs, Proposition 7.8, imply a Lips-
chitz estimate for prerenormalization along topological classes. The fact that the
maps are synchronized imply that the domains of the prerenormalizations are also
close. This means that the normalizations will not effect the Lipschitz property. [

11. THE ATTRACTOR OF RENORMALIZATION
This section is devoted to the following result:

Theorem 11.1. There exists a C¥-compact set K of real analytic critical com-
muting pairs with the following property: for any r > 3 there exists a constant
A= A(r) € (0,1) such that given a C” critical circle map f with irrational rotation
number there exist C > 0 and a sequence {fn}nen contained in K such that:

dr_1 (R™(f), fn) < CA™  foralln €N,

and such that the pair f, has the same rotation number as the pair R™(f) for all
n € N. Here d,_, denotes the "~ distance in the space of C"~1 critical commuting
paIrs.

We will apply Theorem 11.1 in the next section (Section 12, during the proof of
Theorem B) with r = 4.

The compact set K and the approximations { f,, }nen given by Theorem 11.1 were
constructed by two of the authors in [8], but the exponential convergence was only
proved for the C%-metric [8, Theorem D, Section 4, page 15]. In this section we
will show that the same estimate actually holds for the C™~!-metric, whenever f is
C". For that purposes we will use the following fact from complex analysis:

Proposition 11.2. Let I be a compact interval in the real line with non-empty
interior, and let U be an open set in the complex plane containing I. Fiz M > 0
and consider the family:

F ={f:U — C holomorphic: ||f|cowy < M}.
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Then for any r € N and any o € (0,1) there exists L(r,a, M) > 0 such that:
I fllerry < LI flleony)”  for all f € F,

where:

/]

I ]
nE{OZE,...,'r}

Remark 11.3. Let us mention that both components of each approximation f,
constructed in [8] have holomorphic extensions satisfying the conditions of Propo-
sition 11.2 (uniformly bounded on a definite domain), see [8, Section 7] for the
construction.

In this section we explain how Theorem 11.1 follows by combining [4, Appendix
A] and [8, Theorem D] with Proposition 11.2. We postpone the proof of Proposition
11.2 until Appendix A. In the remainder of this section we assume, to simplify the
exposition, that the criticality of the critical point is 3, that is, d = 1 in Condition
(4) in Definition 2.3.

Definition 11.4. Let I = [0,a] and let g : I — g(I) = J be a real analytic
orientation preserving homeomorphism with a cubic critical point at 0. We say
that g is an Epstein map if there exist a topological disk U D I, an open interval
L D J and a holomorphic three-fold branched covering map G : U — Cp, such that
G|r = g (as usual, Cp, denotes the open set C\(R\L)).

For any 8 € (0,1) denote by £s the set of Epstein maps g : I = [0,a] — g(I) = J
satisfying the following properties:
(1) B<1|/|J] < B~
(2) dist(I,J) < B~ J|, where dist denotes the standard distance between com-
pact sets in the real line.
(3) g'(a) > B.
(4) The length of each component of L\.J is at least 3|.J| and at most 371|J|.

In order to apply Proposition 11.2 we will need the following fact:

Proposition 11.5. For any 3 € (0,1) there exist a Jordan domain Ug D [0, 1] and
a positive constant Mg such that for any g € £z, with normalization I = [0,1], the
holomorphic extension G given by Definition 11.4 is well-defined in Ug and satisfies
|G(2)| < Mg for all = € Ug.

Proof of Proposition 11.5. Note that it is enough to prove the result for any se-
quence in &. Let g, : I = [0,1] — J, C L, be a normalized sequence in
the class £3. By Definition 11.4 these maps extend to triple branched coverings
gn * Up — Cp, where U, is a topological disk. Therefore, each g, can be de-
composed as g, = Q., o h,, where Q. (z) = z° + ¢, and h, : [0,1] — [0,b,]
with £, ([0,1]) = [0,b,] is a univalent map h,, : U, — Q(h,) onto the com-
plex plane with six slits, which triply covers Cr, under Q).,. With this notation
Jn = [en, cn +b3], in particular b3 = |J,,| < |I|/8 and then the sequence of positive
numbers {b, = h,(1)} is bounded. Moreover, since the length of each component
of L,\J,, is at least (8|J,,| > B%|I], there exists ¢ > 0 such that B(w,&) C Q(h,,) for
all w € [0,b,] and for all n € N.

Claim 11.6. There exists A > 0 such that |(h;1)/(w)| > A for all w € [0,b,] and
for alln € N,
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Proof of Claim 11.6. We claim first that, by passing to a subsequence if necessary,
the sequence of marked domains (€(h,,),0) converges to some marked domain (€2, 0)
in the Carathéodory topology (for the definition of the Carathéodory topology, see
the book of McMullen [17, Chapter 5]).

Indeed, note that dist ([0,1],J,,) < |J|/8 < |I|/8?, and then the intervals .J,,
accumulate on an interval J. Moreover, since |J,| > B|I|, the interval J has non-
empty interior. Since the length of each component of L, \ J, is at least §|J,| >
(2|11, the intervals L,, accumulate on an open interval L that contains .J. Moreover,
the length of L is finite since the length of each component of L, \ J, is at most
B Jn| < B72|1|. Since ¢, is the left boundary point of J,, and dist ([0,1], J,,) <
|I|/3%, the sequence {c,} is bounded, and then (by passing to a subsequence if
necessary) the sequence (£2(hy),0) converges to some (£2,0) in the Carathéodory
topology.

Secondly, we claim that the sequence of biholomorphisms {h; L Q(hy) — Un}
is normal in  (note that any compact subset of Q) is eventually contained in
Q(hy,), and then h,, is well-defined on it, again see [17, Chapter 5] for more on the
Carathéodory topology). Indeed, from Q. = g, o h,, ! we get:

/ 2

(1) (b = Seolln) _

PR RACY
and then |(h;1)/(bn)| < (3/B)|bn|? is bounded (since b, is bounded, as we already
have seen). As we said before, since the length of each component of L, \ J, is
at least (|J,| > B2|I|, the points b, stay away from the boundary of €, that
is, infpen {d([0,0,],00)} > & > 0. Koebe Distortion Theorem (Theorem 2.10)
implies then that the family {h,, 1} is normal in Q. Since b,, is bounded from above,
any limit function is non-constant and therefore univalent. In particular it has no
critical points, and this completes the proof of Claim 11.6. (]

With Claim 11.6 at hand and Koebe’s one-quarter theorem (Theorem 2.11) we
obtain:
B(hy,'(w),Ae/4) C (hy,") (B(w,¢))
for all w € [0,b,] and for all n € N. Let b = sup,en{bn}, and consider the two
bounded Jordan domains:
Us = U B(z,Ae/4) and V= U B(w,e).
z€[0,1] we[0,b]

For each n € N we have seen that h,, is well-defined in Ug and satisfies h,,(Ug) C
V3. Since the sequence {c,} is bounded (as we pointed out before, in the proof of
Claim 11.6), each g, is (well-defined and) uniformly bounded in Ug. This completes
the proof of Proposition 11.5. (]

11.1. Proof of Theorem 11.1. The proof of Theorem 11.1 given below relies on
the following result of de Faria and de Melo [4, Theorem A.6, Appendix A, page
382]:

Theorem 11.7. There exist € (0,1) and X € (0,1) with the following property:
gwen any C" critical circle map f with irrational rotation number, r > 3, there
exists C > 0 such that for each n € N there exist n,, and &, in Eg such that &, has
the same domain as fq", Nn has the same domain as fq"+1 and moreover:

160 — | <CN* and ||n, — for| , SO

Cr=1([-1,0) C=1([0, [ In ]/ [T ]
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Unfortunately the pair (n,,&,) given by Theorem 11.7 is not a commuting pair
in general. In particular we have no information on the behaviour of the renormal-
ization operator acting on these pairs.

Proof of Theorem 11.1. By [8, Theorem D] there exists a C“-compact set K of real
analytic critical commuting pairs and a constant Ay € (0,1) with the following
property: given a C7 critical circle map f, r > 3, with any irrational rotation
number there exist Cy > 0 and a sequence { f,, }nen contained in K such that:

do(R™(f), fn) < CoNy for allm € N,

and such that the pair f,, has the same rotation number as the pair R™(f) for
all n € N. From Theorem 11.7 we obtain C; > 0, A\ € (0,1) and a sequence

{(nrugn)}neN such that:
dr 1 (RP(f), (ny €0)) < C1AT for all n € N.

By considering Cy = 2max{Cy,C1} > 0 and Aa = max{Aog,\1} € (0,1) we get
that:
do (fm (ﬁmfn)) < (CyAy forallneN.

By Proposition 11.2, Remark 11.3 and Proposition 11.5 the C"~!-metric is
Hélder equivalent to the C%-metric for the sequences {f,} and {(nn,ﬁn)}. More
precisely:

dr,l(fn, (nn,fn)) < C3Ay for all m € N,

where C3 = LC§ > 0 and A3 = A\§ € (0,1), and the constants L > 0 and « € (0,1)
are given by Proposition 11.2. With this at hand we finally obtain, by the triangle
inequality, that:

dr,l(R"(f), fn) <y} forallm e N,

where C4 = 2max{C,C3} > 0 and \y = max{\;, 3} € (0,1). O

12. EXPONENTIAL CONVERGENCE

In this section we prove the uniform exponential convergence of renormalization
in the C* category (more precisely, we will prove that Theorem 11.1 and Lemma
4.1 combined with Theorem 2.8 imply Theorem B).

Proof of Theorem B. Let f and g be two C# critical circle maps with the same
irrational rotation number p(f) = p(g) = [ag, a1, ...] and with the same order at
their critical points. By Theorem 11.1 there exist a C*-compact set Ky of real
analytic critical commuting pairs, two constants A\g € (0,1) and Cy > 1 and two
sequences { fim bmen and {gm tmen contained in Ko such that for all m € N we have
p(fm) = p(gm) = [am, am+1, ... and:

(121) dg (Rm(f), fm) S CO )\gz and d3 (Rm(g)7gm) S CO )\6”

From [4, Theorem A.4, page 379] we know that there exists ng € N such that
both critical commuting pairs R™(f) and R™(g) have negative Schwarzian bounded
away from zero for all n > ng. From Theorem 11.1 we also know that the closure
for the C3-metric of the orbit {R"(f)}n>n0 is a C3-compact set that we denote by
K¢ (the w-limit for the C3-metric under renormalization of f is contained in Ko,
which is C3-compact). Let K, be the corresponding compact set for g, that is, K,
is the closure for the C3-metric of the orbit {R"(g)} . By compactness, there

n>ngo
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exists 8 € (0, 1) with the following property: any C? critical commuting pair ¢ such
that des (¢, Ky UKy) < B has negative Schwarzian.

From the real bounds (Theorem 3.5) there exist a universal constant Ky > 1 and
n1 =n1(f,g) € N, with ny > ng, such that the critical commuting pairs R"(f) and
R"™(g) are Ko-controlled for any n > n;.

Let no = n2(2Ky) € N be given by Theorem 3.6, and let K = B™(2K,) be
given by Lemma 3.7 (here, the power ny denotes iteration). Let q(K) € (0,1) and
L(K) > 1 be given by Lemma 4.1.

Fix § € (0,1) such that § > bgi{%. Let Ay = L'7°)3, and note that
A2 € (0,1) since dlogAg 4+ (1 — d)log L < 0. For each n € N let m = m(n) € N
given by m = |dn], and fix my € N such that:

nglog L +log Cy + log(1/20) log Co + log(1/5) n1}
log(1/Xo) ’ log(1/Xo) ’ '

From (12.1) we see that dQ(Rm(f),fm) < gp and dg(Rm(f),fm) < f for all
m > my, and also that da (R™(g), gm) < €0 and d3(R™(g), gm) < B for all m > my.
In particular both critical commuting pairs f,, and g,, are 2Ky-controlled for all
m > myg and, moreover, both f,, and g,, have negative Schwarzian for all m > my
(and then the pairs RY(f,,) and R7(g,,) have negative Schwarzian for all m > mg
and all j € N, see Remark 3.2).

By Theorem 3.6 the critical commuting pair R’(f,,) is Ko-controlled for all
m > mg and j > ng. For j € {0,1,...,n2} we combine Lemma 4.1 with (12.1) to
obtain that for all m > mg:

do (R (fin), R7T™(f)) € Lda(fr, R™(f)) < LCoA" < L™ CoAy' < €.

mo > max{

In particular, R (f,,,) is C?-bounded by 2K for all m > mg and j € {0,1,...,n2},
and therefore RI(f,,) is K-controlled for all m > mg and j € {0,1,...,n2} by
Lemma 3.7. This allows us to combine Lemma 4.1 with (12.1) in order to obtain:

(12.2)

n n—m n—m m n—mym LCO n
do(R™(f), R" " (fm)) < L da(R™(f), fm) < Co L™ A < Y A5
for all n € N such that m = [dn] > myg, since L*~m~ I\ < (L179A3)™ = Ap.

Let C3 = LCy/No. Replacing f with g we also get:

(12.3) d2(R™(9),R" ™(gm)) < C3 A5 for all n € N such that m = [dn] > my.

Since f,, and ¢, are real analytic and have the same combinatorics for each
m € N, we know by Theorem 2.8 that there exist constants C; > 1 and A; € (0,1)
(both uniform in KCp) such that:

(12.4) do (R™™™ (fm), R" "™ (gm)) < CLAT™™ < C1(AI7%)"

for all n € N such that m = |6n] > mg. Finally we define A = max{A\}7% Ay} =
max{Al 7%, L' 79X} € (0,1) and C = C; 4 2C3 = C; + 2LCy/N\o > 1. Combining
(12.2), (12.3) and (12.4) we get:

da(R™(f),R™(g)) < CA™ for all n € N such that m = |n] > my.



RIGIDITY OF CRITICAL CIRCLE MAPS 43

13. RIGIDITY

As we said in the introduction, the fact that Theorem B implies Theorem A
follows from well-known results by de Faria-de Melo [4, First Main Theorem, page
341] and Khanin-Teplinsky [11, Theorem 2, page 198]. In this final section we just
give more precise references.

Let f and g be two C* circle homeomorphisms with the same irrational rotation
number and with a unique critical point of the same odd type. Let h be the unique
topological conjugacy between f and ¢ that maps the critical point of f to the
critical point of g. Let {P!},>1 and {PJ},>1 be the corresponding sequences of
dynamical partitions (see Section 2.1 of this paper), and note that the homeomor-
phism h identifies those partitions.

In [11, Section 3], Khanin and Teplinsky proved that Theorem B implies the
existence of two constants C' > 0 and A € (0, 1) such that if I, J; are adjacent atoms
in P/, or they are contained in the same atom of P/, and if I, =h(Iy),Jg = h(Jy)
are the corresponding atoms in PJ, we have that:

(13.1) logM — log@ <CON' foralln>1.
| Iy |yl

Combining these estimates with the real bounds, it is not difficult to prove the
first two conclusions of Theorem A. See [11, Proposition 1, page 199] for Conclusion
(1), and [11, Remark 5, page 213] for Conclusion (2).

To prove Conclusion (3) of Theorem A, however, it is not enough to have (13.1)
for the dynamical partitions (indeed, note that (13.1) holds for Avila’s examples
[1] already mentioned in the introduction).

In [4, Section 4], de Faria and de Melo constructed suitable partitions {Qf },,>1
and {Q9},>1 (the so-called fine grids, see [4, Sections 4.2 and 4.3]) such that for a
full Lebesgue measure set of rotation numbers (see [4, Section 4.4] for its definition)
Theorem B implies the existence of two constants C' > 0 and A € (0,1) such that:

(sl

<CN\' foralln>1.
|Jrl |l

(13.2)

for each pair of adjacent atoms I, J; that belong to Qf. Estimate (13.2) is enough
to prove that the derivative of the conjugacy h is Holder continuous on the whole
circle (see [4, Proposition 4.3 (b), page 356]), which is precisely Conclusion (3) of
Theorem A.

APPENDIX A. PROOF OF PROPOSITION 11.2

In this appendix we prove Proposition 11.2. In the proof we follow the exposition
of Lyubich in [15, Lemma 11.5]:

Proof of Proposition 11.2. Let V be a bounded Jordan domain containing the in-
terval I, and compactly contained in U (as usual, a Jordan domain is an open,
connected and simply connected set of the complex plane, whose boundary is a
Jordan curve). Consider a continuous function h : V' — [0, 1] satisfying:

e h is harmonic and positive in the annulus V'\ I,
e h=0ondV and h=1on I.
Recall that the existence of such a function h is a particular case of the Dirichlet’s
problem.
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To begin with the proof suppose first that M = 1, and let f : U — C be a
holomorphic function such that |f(z)| <1 for all z € U. Let € = || f[|co¢s) < 1, and
note that:

(A1) log|f| < hloge

on O(V\I) =T UQJV. Since f is holomorphic, log | f| is harmonic where f # 0 and
subharmonic in the whole domain V, and since h is harmonic in V'\I we get from
the maximum principle that inequality (A.1) also holds inside the annulus V'\ I,
that is, [ f(z)| < &™) for all z € V.

Given o € (0,1) let W = {z € V : h(z) € (e, 1]}, and note that W is a Jordan
domain containing I, compactly contained in V', and such that h(z) = « for all
z € OW. Since € € [0,1] we have |f(2)| < e"*) <& for all z € W, that is:

I fllcowy < (I flleocry) ™

The next step is just the standard application of Cauchy’s integral formulas:

let p € (0,1) such that B(z,p) C W for all z € I. Then for any z € I and any
n € {0,1,...,7} we have:

| |
£ (2)] = L;/ A O )
270 Jop(z,p) (W — 2)" 1 27

n! 1
2mp"™ Jo

T f(z 4 pe’?)

.0
o (pemymrn el

<

27
ff(z+pew)]d9§<ni) sup  {|f(w)|} |-

P wedB(z,p)
Defining L1 = r!/p" we obtain:

I fllerry < Lall fllcoowy < Li([lflleony) ™
Therefore Proposition 11.2 is true for the case M = 1. For the general case note
that for any f € F we have || fllcray = M|f/Mllcray < MLy (|| f/Mllcon)” =
MLy (|| fllcocr))”, and therefore is enough to consider L = M'~L;. O
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