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MAT 536 Problem Set 1

Homework Policy. Please read through all the problems. Please solve 5 of the problems. I will
be happy to discuss the solutions during office hours.

Problems.

Problem 1. Let R and S be unital, associative rings. Let ¢ : F} — Fj be a (left) R-module homo-
morphism of finite free R-modules. Let N be an R — S-bimodule. Denote by (b}, : Hompg(Fy, N) —
Hompg(Fy, N) the adjoint morphism of (right) S-modules. Assuming that Coker(¢) is finite free as
a (left) R-module, prove that Coker(¢} ) is isomorphic as a (right) S-module to a direct sum of
finitely many copies of N. In particular, if N is torsion-free as an S-module, then also Coker(gzﬁv)
is torsion-free as an S-module.

Problem 2. Let K be a finite simplicial complex. Let

goee

be the associated chain complex of simplicial chains with Z-coefficients. For every Abelian group
N, let
C*(K;N) = ((C} = Hom(Ck, N))i—op..... (df 1 : Ck = CN ™ izo,..)

be the associated cochain complex of simplicial cochains with N-coefficients.

(i) For every connected component a of the underlying topological space |K|, define ¢, : Cy — Ze,
to be the group homomorphism that sends every 0-simplex to 1-e, if the 0-simplex is contained in the
component a, and otherwise the 0-simplex maps to 0. Prove that ¢, od; is the zero homomorphism.

(ii) Since K is a finite simplicial complex, also the set m(|X|) of connected components a of || is
a finite set. Prove that the induced homomorphism,

q:Cy— H Z.e,,
aemo(|K])

is a cokernel of d.

(iii) Use to conclude that the cokernel of the map d; is isomorphic to a direct sum of
finitely many copies of N. Finally, let N be a (right) S-module for some unital, associative ring S,
and assume that N is torsion-free as a (right) S-module. Conclude that the simplicial cohomology
HY (K, N) = Ker(dy)/Im(dYy) is torsion-free as a (right) S-module.
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Problem 3. For every integer r > 1, find an example of a finite simplicial complex K such that
the simplicial homology H,(K,Z) has nonzero torsion, yet H"(K,Z) is torsion-free. What can you
conclude about H" (K, Z)?

Problem 4. Let R be a unital, associative ring. Let M be a right R-module and let NV be a left
R-module. Let i : M x N — F be the free Abelian group on the set M x N. Let K be the subgroup
of F' generated by all elements of the form

i(m+m/,n) —i(m,n) —i(m',n), i(m,n+n") —i(m,n) —i(m,n’), i(mr,n) —i(m,rn),

for all elements m, m’ € M, all elements n,n’ € N, and all elements r € R. Denote by ¢ : ' — T
the quotient group associated to the subgroup K < F. Denote by 8 : M x N — T the composition
qot.

(i) Prove that 8 : M x N — T is R-bilinear.

(ii) Let T" be an Abelian group, and let ' : M x N — T’ be an R-bilinear map. Prove that
there exists a unique group homomorphism u : T" — T” such that ' equals u o 5. Conclude that
(T, : M x N —T)is an R-tensor product of M and N.

(iii) Let Mj, M, be left R-modules, let Ny, Ny be right R-modules, let p : My — Ms be a
homomorphism of left R-modules, and let v : Ny — N, be a homomorphism of right R-modules.
For i = 1,2 and for j = 1,2, let

(M; ®g Nj, Bag,n; + My x Nj — M; @ Nj)
be an R-tensor product. For ¢ = 1,2, prove that there exists a unique group homomorphism
IdMl.@VZMZ'@RNl — M; ®r No

such that (Idy;, ® v) o Ba, N, equals Bag, v, © (Iday, x v). Similarly, for j = 1,2, prove that there
exists a unique group homomorphism

/,L®Ide iM1®RNj—>MQ®RNj

such that (,u ® text[de) o B N, equals Bag, N, © (u x Idypy,).

(iv) For each left R-module M, prove that the rules above define a covariant additive functor
M ®r—:mod— R—Z—mod, N— M®grN, v—lIdy .

Similarly, for every right R-module N, prove that the rules above define a covariant additive functor
—®@r N:R—mod -Z —mod, M— M®grN, p—p®Ildy.

(v) For My, My, Ny, and N, as above, prove that the following two compositions are equals

Id
M, ®r Ny #®—NQ> My ®@r Ny Y My ®@pr No,
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Id s, @ Id
My, ®p Ny M, My, ®g Ny Lo, My ®p Ns.

These two common compositions are usually denote by u ® v.

(vi) Prove that Idy;, ® v as defined above agrees with the morphism called Id,;, ® v previously, and
similarly for pu ® Id N;- In particular, check that Id,;, ® Id N, equals Idy;,g, N, For homomorphisms
of right R-modules,

o My — My, p' 2 My — M,

and for homomorphisms of left R-modules,
VIN1—>N2, V/IN2—>N3,

check that (pop')®@vequals (n@v)o (i ®@v), and p® (v o) equals (L@ v)o (L V).
All of the properties above together are what is meant by “bifunctoriality” of the tensor product.

(vii) Finally, for the zero homomorphism 0 : M; — M, and 0 : Ny — Ny, prove that 0 ® v is
the zero homomorphism 0 : M; ® N; — M; ® Ny and g ® 0 is also the zero homomorphism. For
homomorphisms of right R-modules,

I, ,LL/ : Ml — M27
and for homomorphisms of left R-modules,
v, i Ni — Ns,

prove that (u+ p') @ v equals (u®@v) + (1 @v), and p® (v + V') equals (L@ v) 4+ (p®v/). In this
sense, tensor product is a biadditive functor.

Problem 5. Let @), R and S be unital, associative rings. Let M be a () — R-bimodule, and let N
be an R — S-bimodule. For every q € @, left multiplication by g on M,

pg: M — M, m—q-m,
is a homomorphism of right R-modules. For every s € S, right multiplication by s on N,
vs: N—= N, n—n-s,
is a homomorphism of left R-modules. Thus, there are associated group homomorphisms,
pg@Idy : M @p N — M Qg N,
Idy®vs: M Q@r N - M Qg N.

(i) Prove that these maps define a structure of ) — S-bimodule on M ®pg N.
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(ii) Let 7" be a @ — S-bimodule. Let ' : M x N — T’ be an R-bilinear that is also Q-linear
and S-linear, i.e., a(q-m,n) = ¢-a(m,n) and a(m,n - s) = a(m,n) - s. For the unique group
homomorphism,

w: M@ N =T,

such that v o 8 equals 8, prove that u is a homomorphism of ) — S-bimodules.

(iii) Finally, assume that R is a unital, associative ring that is also commutative. Thus, every left
or right R-module has a unique extension to a left-right R-bimodule. For every pair of R-modules,
M and N, denote by

oun:MxN—NxM, (mn)—(n,m),

the evident bijection whose inverse is oy 7. For R-tensor products,
(M®RN76M,N : M x N—)M@RN), (N®RM7BN,M : N x M—>N®RM),

prove that both Sy 0 o n and By n © on v are R-bilinear. Hence there are unique left-right
R-module homomorphisms,

UM’NZM®RN—>N®RM, UN7MIN®RM—>M®RN,
such that uy n o Bun equals By © oa N, T€Sp. un . © Bym equals Barn o a;;,N. Prove that

up, v and uy s are inverse isomorphisms of left-right R-modules. Moreover, prove that wys ny is
“pbinatural” in M and N.

(iv) As above, assume that R is commutative. For every natural number n, denote by M®" the
iterated tensor product of n copies of M as an R-module, i.e., M®" is defined inductively by,

M®° = R, M®' = M, M®") = (M®") @5 M.

Extend the previous part to define, for every element permutation ¢ € &,, a left-right R-module
isomorphism,

(EM . M®n _>M®n’ M- MK Qm, |_>m¢_1(1) ®"‘®m¢—1(i)®"'®m¢—1(n)‘
Prove that this defines an action of the group &,, on M®". In particular, for every n, define
s: M®" — Sym% (M),

to be the initial G,-invariant left-right R-module homomorphism. Similarly, define
a: M®" — \ M,
R

to be the initial quotient such that for every ¢ € &, a(dy(m @ m @ ms @ - @ m,)) equals 0 for
every m, ms,...,m, in M. Prove that all of these operations are functorial / natural in M.
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Problem 6 Let R be a unital, associative ring. Let
N L NZEZ N =0,

be an exact sequence of left R-modules. Let M be a right R-module. Prove that the associated
sequence of Abelian groups,

M &g N’ Idp®q M ®p N Idp®p M ®p N 0’

is also exact. Prove the symmetric result in the second argument. Finally, give an example proving
that even for a monomorphism ¢ of left R-modules, the associated morphism Idy; ® ¢ may not be
a monomorphism.

Problem 7 Let R be a unital, associative ring. Let I' and A be sets. Let (ir : I' — FT), resp.
(ia : A — FAa), be a free (left-right) R-module on the set ', resp. A. Let (irxa : I' X A — Frya)
be a free (left-right) R-module on the product set I' x A.

(i) Prove that there exists a unique R-bilinear map
tra Fp X FaA — Frxa

such that tp A o (ir X ia) equals ipya.

(ii) Prove that (Frxa,tr.a) is an R-tensor product. Thus, for every R-tensor product (T ®pg
Fa, Brery) of Fr and Fa, there exists a unique group homomorphism 0 A : Fr @ Fa — Frua
such that 0p A © Bp. r,y equals (pa.

(iii) Let there be given an exact sequence of left R-modules,
Fo & B 25 N 0,
and an exact sequence of right R-modules
L B e B M 0.
Use the previous parts to prove that the group homomorphism
P @pN : Fyxz - M ®@g N
is an epimorphism whose kernel is the image of the group homomorphism,
(qu @ 1dp) @ (Idp, ® qn) @ Fyyxe @ Faxz — Fixe.

Thus, given presentations of M and N, this defines a presentation of M ®g N.

(iv) Let k£ be a commutative, unital ring, let V' be a finite free k-module, let V'V = Homg(V, k)
be the dual finite free k-module, and let R be Homy(V, V) with its usual structure of associative,
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unital k-algebra. Let N be V with its usual left R-module structure. Let M be VY with its usual
right R-module structure. Check that the usual pairing

BVYXV =k, Bx, V) = x(0),
is R-bilinear. Let tip € V and xo € V¥ be elements such that 3(xo, ) equals 1. Denote
To:V =V, To(V) = ¥ — xo(0) - Uo.
Define left R-module homomorphisms
pno R =V, pno(A) = A(t),
qno : R — R, qno(B) = BoT,.

Define right R-module homomorphisms
por: R—= VY, poa(A) = xo00 A,

goov : R— R, qom(B) =Ty0B.

Prove that pyo and gy give a presentation of NV as a left R-module, and prove that pg s and
do.m give a presentation of M as a right R-module. Conclude that N ®p M is the cokernel of the
homomorphism of Abelian groups,

gom Dano: R® R — R.
Finally, check that the following homomorphism of Abelian groups is a cokernel of gy rr @ gn 0,
evp: R— k, evo(A) = xo(A(%h))-

Conclude that (k, 8) is an R-tensor product of VY and V.

Problem 8 Let M’ be a group. Let M be a nonempty set (typically, a particular element of M is
specified, i.e., M is a pointed set). Let

q: M x M — M,
be a left action of K on M. Let M” be a set, and let
p: M — M,
be a set map that is K-invariant, i.e., the following diagram of set maps commutes,

MxM —14 M

| J"

M — M
p
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(Note, in particular, that M” is also nonempty, and the image of any specified point of M makes
M" into a pointed set such that p is a map of pointed sets.) There is an associated set map

(q,p2) : M x M — M X pn, M, (m';m) — (q(m',m),m).

The datum (M', M, M",q,p) is left exact if (q,ps) is a bijection. The datum is ezact if it is left
exact and p is surjective.

(i) For a triple (M’, M, q) as above, prove that there exists an extension to a left exact datum if
and only if the action ¢ of M' on M is a free action. In this case, defining py : M — M] to be
the usual quotient of M by the M’-action, prove that the datum (M’, M, M{,q,po) is a left exact
extension that is initial in an appropriate sense, and this datum is exact. Conclude that an exact
extension, if it exists, is unique up to unique isomorphism.

(ii) Assume now that M is a group, let ¢ : M’ — M be a group homomorphism, and let ¢ be the
action of M’ on M induced by ¢. Prove that there is a left exact extension of (M’, M, q) if and
only if ¢ is injective, i.e., a monomorphism, and in this case ¢(M’) equals the fiber of p~!(p(e))
containing the identity element e of M (we always consider a group as a pointed set using the
identity element). Moreover, in this case, conclude that for the unique exact extension, there exists
a unique left action of M on M” such that p is a morphism of M-sets (where the action of M on
itself is the left regular action).

(iii) Again assume that M is a group, with the identity as distinguished point. For a set map p :
M — M"| prove that there exists a group homomorphism ¢ : M’ — M such that (M', M, M",q, p)
is left exact if and only if both the fiber p~*(p(e)) of p containing the identity e is a subgroup of
M, and the induced map

(Q,pry) : p H(p(e)) x M — M x M, (m',m) s (m'-m,m),

has image M X, v, M (equivalently, every (nonempty) fiber of p is a left p~*(p(e))-coset). In this
case, prove that for every ¢ : M’ — M with (M', M, M",q, p) left exact, ¢ is an isomorphism from
M to p~*(p(e)).

(iv) Finally, assume that M’, M, M" are groups. Let ¢ : M" — M and p : M — M" be group
homomorphisms. Prove that (M’', M, M",q,p) is left exact if and only if ¢ is an isomorphism to a
normal subgroup ¢(M’) of M, and the kernel of p is ¢(M’). Prove that the datum is exact if and
only if p is surjective, ¢ is injective, and the image of ¢ equals the kernel of p. Thus, in this case,
the usual notions of left exact and exact agree with the notion above. However, the notion above
makes sense even when M and M” are merely (pointed) sets.

Problem 9 Let R be an associative, unital ring. Let M and N be left R-modules. Let Hompg_0q(M, N)
be the set of homomorphisms of left R-modules.

(i) The zero homomorphism 0 : M — N is a homomorphism of left R-modules, thus defines a
distinguished element 0 € Hompg_,0a(M, N). For every pair f,g : M — N of homomorphisms of
left R-modules, check that both f+ ¢ and f — ¢ are also homomorphisms of left R-modules. Thus,
Homp m0a(M, N) is a subgroup of the additive group of homomorphisms from M to N.
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(ii) Let p: My — My and v : N; — Ny be homomorphisms of left R-modules. Since composition
of homomorphisms of left R-modules is a homomorphism of left R-modules, there are well-defined
maps,

Hompg_moa(M;,v) : Hompg_mea(M;, N1) — Hompg_pmea(M;, No), A vo A,

Homp_moa(pt; N;j) : Homp_mea(Ma, Nj) — Homp_mea(Mi, N;), B — Bop.

Prove that these are both homomorphisms of Abelian groups. Finally, check that the following two
compositions are equal,

Hompg_moa (M2 71/)

) Homemod (MvNQ)

Homp_moda (M2, N7) Hompg_moda(Ma, N2 Homp_moa(Mi, Na),

Homemod(;U':Nl) Homemod(Mlvl/)

Homemod(M% Nl) ? Homemod(Mla N1) s Homemod(Mly Nz)-

These two common compositions are usually denote by Hompg_y0a(pt, V).

(iii) Let @, R and S be unital, associative rings. Let M be an R — @-bimodule, and let N be an
R — S-bimodule. For every ¢ € @, right multiplication by ¢ on M,

fg: M — M, m—=m-q,
is a homomorphism of left R-modules. For every s € S, right multiplication by s on N,
vs: N — N, n—n-s,
is a homomorphism of left R-modules. Thus, there are associated group homomorphisms,
Homp_mod (g, Idn) : Homp_mea(M, N) — Homp_mea (M, N),

HOHlR_mOd(IdM, 7/5) : HOHlR_mod(M, N) — HOIIlR_mOd(]w7 N)
Prove that these maps define a structure of ) — S-bimodule on Hompg_0q(M, N).
(iv) Repeat all of the above for right R-modules M and N and Hompeq—r(M, N).

Problem 10 Let @, R, S, and T be unital, associative rings. Let M be an R — ()-bimodule, let
N be an R — S-bimodule, and let P be an S — T-bimodule. Thus Hompg_0a(M, N) is a Q — S-
bimodule, and N ®g P is an S — T-bimodule. Thus Hompg_,0q(M, N)®g P and Homg(M, N ®g P)
are () — T-bimodules. For a homomorphism of left R-modules,

f:M— N,
and for an element p € P, define f ® p to be the set map

f®p: M — N®gP, m— Byp(f(m),p) = f(m)®p.

(i) Prove that f ® p is a homomorphism of left R-modules. Thus there is a well-defined set map,

YM,N,P : HOHlR_mod(M, N) X P = HOII]R_mOd(M,N@S P)
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(ii) Prove that vy n p is S-bilinear. Thus, there is a unique group homomorphism,

upnp - Homp mea(M, N) ®s P — Homp_mea(M, N ®g P).

(iii) Prove that ups n p is a homomorphism of () — T-bimodules.
(iv) In the special case that S equals R, and N equals R as a left-right R-module, up g p is the
homomorphism of () — T-bimodules,

HOII]R_mOd(M, R) Xpr P— HomR_mod(M, P)

Prove that the image of this homomorphism is contained in the subgroup of Hompg y0q(M, P)
of homomorphisms of left R-modules M — P that have finitely generated image. Even more
particularly, if M equals P as left R-modules, then Idp is in the image of upprp only if P is a
finitely generated left R-module. Thus, up g p is not always an isomorphism (unlike many of the
natural transformations that arise from manipulating functors).

(v) Continuing the previous part, let S equal R, let N equal R, and let M equal P. Prove that
the homomorphism of () — T-bimodules,

HomR_mod(P, R) Xpr P — HOIIlR_mOd(P, P),
is an isomorphism if and only if P is isomorphic as a left R-module to a direct summand of R®"
for some integer n > 0, i.e., P is a finitely generated, projective left R-module.
(vi) Repeat the above for right R-modules.

Problem 11 A left R-module NN is flat as a left R-module if for every monomorphism of right
R-modules,
M — M,

the induced homomorphism of Abelian groups,
,u®IdN . M/®RN—>M®RN,

is a monomorphism. The definition of flat for a right R-module is similar.

(i) For every free R-module, i : 3 — F5, prove that F¥ is flat as both a left R-module and as a
right R-module. Conclude that every projective left R-module, resp. right R-module, is flat as left
R-module, resp. right R-module.

(ii) Let R be Z, let n be a nonzero, noninvertible integer, and let N be Z[1/n| = Z[z]/{nx — 1).
Let M, be a Z-module such that multiplication by n is injective on M,,. For M,[z| = M,, ®; Z|x],
which contains M, as the subset of elements of degree 0, for every nonzero element of degree d > 0

f@) = mga? + -+ mea® + - + muz +mo, mg # 0,
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prove that (nx — 1) f(z) is nonzero of degree d+1 > 0. In particular, conclude that the intersection
M, N (nx — 1)M,[x] in M,[z] is {0}. Conclude that the composition,

M, — M,[x] = M,[z]/(nx — 1) M,[x],
is injective.
(iii) With notations as above, let M be a Z-module, denote by M[n>°] the submodule of M of all
elements m such that there exists an integer e > 0 with n®-m = 0. Denote by M, the quotient

M/M[n®]. Prove that multiplication by n is injective on M,,. Prove that M [n>] ®z Z[1/n] is the
zero module. Conclude that the natural homomorphism,

M ®z Z[1/n| — M, ®z Z[1/n],
is an isomorphisms. In particular, conclude that the kernel of the natural homomorphism
M — M ®y Z[l / n]

equals M [n®].
(iv) For every submodule M’ of M, prove that M’ N M[n>] equals M'[n*°]. Conclude that the

natural homomorphism,
M' @z Z[1/n] = M @z Z[1/n],
is a monomorphism. Therefore Z[1/n] is a flat Z-module.

(v) For every free Z-module F¥, for every nonzero element f of F,, prove that there exists an integer
e > 0 such that f is not in the image of the homomorphism of multiplication by n¢. Conclude that
Z[1/n] admits only the zero homomorphism to Fy. Therefore Z[1/n] is a flat Z-module that is not
projective.
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