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Beno Eckmann and Heinz Hopf in 1953

(from the Oberwolfach collection)



Paul Alexandroff and Heinz Hopf in 1931

in Ziarich
(from the Oberwolfach collection)



A Big Family

Hopf had many students.

According to the Mathematics Genealogy Project, he has

2212 mathematical descendants

More than one third of these are descended from Hopf

via Beno Eckmann.
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The J-homomorphism of George Whitehead 5

J : m(SA(q)) — mniq(SY)

B

Consider a tubular neighborhood N of a great n-sphere in
S+, A framing of its normal bundle, described by an element
of m (SQ(q)), gives rise to a map from N to the unit disk D9,



The J-homomorphism (continued)

Now collapse the boundary of DY to a point pq, yielding a
sphere S9, so that

(N, ON) 5 (D% aD%) — (SY, py),

and map all of S"™9 < N to p;. The resulting map
g : S"9 — SY represents the required element of 7 (SY).
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More General Construction:

Lev Pontrjagin, 1955: Smooth Manifolds and their Applications
in Homotopy Theory (Russian); AMS Translation 1959.



The Pontrjagin Construction
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In place of the sphere S" c S"*9, consider any closed
submanifold M™ ¢ S"*9 which has trivial normal bundle.
Choosing some normal framing, the analogous construction
yields amap g : S"t9 — S9, with g=1(pg) = M".
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Theorem (Pontrjagin)

This g extends to a map g : D"*4+1 — S if and only if the
framed manifold M" c S"*4 is the boundary of a framed
manifold Wn+1 ¢ pnta+i,



A Parallelizable Manifold with Boundary 10

Work with Michel Kervaire.

We construct a manifold W4k having the homotopy type of a
bouquet S2¢ v ... v SZ of eight copies of the 2k-sphere.

The homology group Ha, (W4K) is free abelian with one basis
element for each dot in this “Eg diagram,” with intersection
pairing:
+2 if i=]
ej-e = ¢ +1 ifthe dots are joined by a line
0 otherwise



A Parallelizable Manifold (Continued) 11

LU 3D

This intersection pairing Hox ® Hox — Z is positive definite,
with determinant +1.

It follows that M4~ = W4k has the homology of S#~1,

In fact, if k > 1, then M*~1 has the homotopy type of a
sphere, and hence, by Smale, is a topological sphere.

But M#k~1 is not diffeomorphic to S*~1.



Work of Jean-Pierre Serre, 1951

Spectral sequences of fibrations provide a powerful tool for
studying homotopy groups.

Theorem
The homotopy groups mn4q(S9) with n > 0 are finite, except in
the cases studied by Hopf:

Ta—1(S%) = Z @ (finite) .

12



Work of René Thom, 1954 13

The set Q,, of cobordism classes of closed oriented n-manifolds
forms a finitely generated abelian group.

Theorem
The class of a 4k-manifold, modulo torsion, is determined by its
Pontrjagin numbers p;, - - - p;, [M*] € Z.

Theorem
The signature sgr{M“¥) of the intersection number pairing

a, f € Hx(M¥) = a-f € Z

is a cobordism invariant; and hence is determined by Pontrjagin
numbers.



Friedrich Hirzebruch, 1954 14

worked out the precise formula for signature as a function of
Pontrjagin numbers.

In particular, for a manifold with p; =py =--- =px_1 =0 we
have

22k (22k71 o 1)Bk
(2K)! :

sgnM*) = s, px[M*], Sk =

where
B.=1/3, B,=1/30, B3=1/42, ...
are Bernoulli numbers.



M4~1 is not diffeomorphic to S*—1 15

Proof (for small k). Recall that M*~1 was constructed as the
boundary of a parallelizable manifold Wk whose intersection
pairing is positive definite, of signature +8.

If M*k—1 were diffeomorphic to S*~1, then we could paste on a
4k-disk to obtain a smooth manifold

M = W Ugye D
with p; = --- px—1 = 0, and with signature +8.
Then, according to Hirzebruch

p[M¥] = sgrM™) /s = 8/si.
But (at least for small k > 1), this is not an integer:

8/s,=2%.32.5/7, 8/s3=22.3%.5.7/31,... O



The Stable J-homomorphism 16

Definition
A smooth closed manifold M is almost parallelizable if
M" \ (point) is parallelizable.

Then we can write M" = Mg Ugn—1 D", where M is
parallelizable.

Embedding (M{, S"~1) in (D"*9, S"*4-1), we can frame M.

Using Pontrjagin’s Theorem, the induced framing of S"—1
represents an element of the kernel of the J-homomorphism

J:m-1(SQy) — Tnig-1(ST).

Conversely, every element in the kernel of J arises in this way,
from some almost parallelizable manifold.



Work of Raoul Bott, 1958 17

Morse Theory can be used to compute the stable homotopy
groups of rotation groups. In particular: 7 1(SO) = Z.

Theorem
A generator of mg,_1(SO) corresponds to an SO-bundle ¢ over
S* with Pontrjagin class

Pk(¢) € H¥(8%) = z,
equal to (2k — 1)lex where ¢ = GCD(2, k + 1).

According to Serre, the stable homotopy groups of spheres are
finite. Thus the stable J-homorphism

J: Tak-1(SO) — Mk

maps a free cyclic group to a finite group.



The Cyclic Group J (7k-1(SO)) 18

Let Mg¥ be an almost parallelizable manifold with the smallest
possible positive signature sgr{M#<) > 0.
It follows that:

Pk [Mg¥]

3 (mak-1(SO)| = (2k — 1)lg

where ¢, = GCD(2,k + 1).

The following sharp estimate was obtained around this time:

Theorem (Hirzebruch)
For any M with w, = 0, the ,&-genus

AM*) = —Bypc[M*]/2(2k)! + -

is an integer, divisible by e.



J (mak-1(SO)) (continued) 19

Combining these two results, Kervaire and | obtained:

Theorem (1958)
13 (mak—1(SO))| = 0 (mod denominatdBy /4k)) .

Here
= 1 2 3 4 5 6
B, _ 1 1 1 1 1 691
4k — 233 2435 23327 2535 23311 24325713

Later, Frank Adams obtained the precise result:

Theorem (1966)
In fact the order is precisely equal to the denominator of By /4k.



The End 20
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HAPPY BIRTHDAY BENO!!



