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Question. Which smooth compact 4-manifolds
M4 admit Einstein metrics?

∃ obstructions! Hitchin-Thorpe, etc.

Construct examples?

Kähler geometry provides richest known source.

(M4, g) Kähler ⇐⇒ holonomy ⊂ U(2)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M4, J) is a complex surface and ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

18



Kähler-Einstein metrics on (M4, J):

19



Kähler-Einstein metrics on (M4, J):

(Aubin/Yau) ∃ K-E metric g with λ < 0 ⇐⇒
−c1 is a Kähler class.

20



Kähler-Einstein metrics on (M4, J):

(Aubin/Yau) ∃ K-E metric g with λ < 0 ⇐⇒
−c1 is a Kähler class.

(Yau) ∃ K-E metric g with λ = 0 ⇐⇒
c1 = 0 and ∃ Kähler class.

21



Kähler-Einstein metrics on (M4, J):

(Aubin/Yau) ∃ K-E metric g with λ < 0 ⇐⇒
−c1 is a Kähler class.

(Yau) ∃ K-E metric g with λ = 0 ⇐⇒
c1 = 0 and ∃ Kähler class.

(Tian) ∃ K-E metric g with λ > 0 ⇐⇒
c1 is a Kähler class and Aut(M4, J) is reductive.

22



Kähler-Einstein metrics on (M4, J):

(Aubin/Yau) ∃ K-E metric g with λ < 0 ⇐⇒
−c1 is a Kähler class.

(Yau) ∃ K-E metric g with λ = 0 ⇐⇒
c1 = 0 and ∃ Kähler class.

(Tian) ∃ K-E metric g with λ > 0 ⇐⇒
c1 is a Kähler class and Aut(M4, J) is reductive.

Diffeotypes occurring in λ > 0 case:

CP2, S
2 × S2, CP2# CP2# · · ·#CP2︸ ︷︷ ︸

3≤k≤8

.
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CP2, CP2#3CP2, CP2#4CP2, . . . , CP2#8CP2,

all admit Kähler-Einstein metrics.

But CP2#CP2 or CP2#2CP2 cannot.

(Matsushima/Lichnerowicz theorem)
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h(J ·, J ·) = h.

45



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

46



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

Moreover, if h is not itself Kähler, then

47



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

Moreover, if h is not itself Kähler, then

• (M,J) has c1 > 0;

48



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

Moreover, if h is not itself Kähler, then

• (M,J) has c1 > 0;

•M ≈ CP2#kCP2, k = 1, 2, 3;

49



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

Moreover, if h is not itself Kähler, then

• (M,J) has c1 > 0;

•M ≈ CP2#kCP2, k = 1, 2, 3;

• h has positive Ricci curvature;

50



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

Moreover, if h is not itself Kähler, then

• (M,J) has c1 > 0;

•M ≈ CP2#kCP2, k = 1, 2, 3;

• h has positive Ricci curvature;

• g is an extremal Kähler metric;

51



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

Moreover, if h is not itself Kähler, then

• (M,J) has c1 > 0;

•M ≈ CP2#kCP2, k = 1, 2, 3;

• h has positive Ricci curvature;

• g is an extremal Kähler metric;

• g has scalar curvature s > 0; and

52



Proposition (L ’96). Let (M4, J) be a compact
complex surface, and suppose that h is an Ein-
stein metric on M which is Hermitian with re-
spect to J . Then h is conformal to a J-compatible
Kähler metric g.

Moreover, if h is not itself Kähler, then

• (M,J) has c1 > 0;

•M ≈ CP2#kCP2, k = 1, 2, 3;

• h has positive Ricci curvature;

• g is an extremal Kähler metric;

• g has scalar curvature s > 0; and

• after normalization, h = s−2g.
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Theorem B.A compact complex surface (M4, J)
admits an Einstein metric h which is Hermitian
with respect to J ⇐⇒

c1(M
4, J) = κ[ω]

∃ Kähler class [ω] and κ ∈ R.
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Theorem B.A compact complex surface (M4, J)
admits an Einstein metric h which is Hermitian
with respect to J ⇐⇒

c1(M
4, J) = κ[ω]

∃ Kähler class [ω] and κ ∈ R.

Remark In K-E case, may take [ω] to be Kähler
class of h. But in non-K-E case, [ω] is definitely
not the Kähler class of conformally related Kähler
metric g!
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Theorem C. Suppose that M is a smooth com-
pact oriented 4-manifold which admits an inte-
grable complex structure J . Then M admits an
Einstein metric h with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or
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Theorem C. Suppose that M is a smooth com-
pact oriented 4-manifold which admits an inte-
grable complex structure J . Then M admits an
Einstein metric h with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Extra ingredients:

Hitchin-Thorpe inequality (2χ + 3τ )(M) > 0.

Seiberg-Witten invariant must vanish.
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Theorem D. Suppose that M is a smooth com-
pact oriented 4-manifold which admits a sym-
plectic structure ω. Then M admits an Einstein
metric h with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Calabi:

Extremal Kähler metrics = critical points of

g 7→
∫
M
s2dµg

where g = gω for J and [ω] ∈ H2(M,R) fixed.

Euler-Lagrange equations ⇐⇒

J∇s is a Killing field.

Chen-Tian: unique modulo bihomorphisms.
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where F is Futaki invariant. Can compute F using
any metric in Kähler class.
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Explicit lower bound:

Any Kähler (M4, g, J) satisfies

1

32π2

∫
s2dµg ≥ A([ω])

with = ⇐⇒ g extremal, where

A([ω]) :=
(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

where F is Futaki invariant. Can compute F using
any metric in Kähler class.

Normalization chosen so that always have

A([ω]) ≥ c1
2.
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On oriented (M4, g),

Λ2 = Λ+ ⊕ Λ−
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?2 = 1.
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On oriented (M4, g),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.

74



Riemann curvature of g

R : Λ2→ Λ2

75



Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

76



Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature

W− = anti-self-dual Weyl curvature

W± are conformally invariant
77
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Λ1,1 = Rω ⊕ Λ−

Λ+ = Rω ⊕<e(Λ2,0)

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

|W+|2 =
s2

24
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The Bach Tensor

Conformally invariant Riemannian functional:

W(g) =

∫
M
|W |2gdµg.

1-parameter family of metrics

gt := g + tġ +O(t2)

First variation
d

dt
W(gt)

∣∣∣∣
t=0

=

∫
ġabBab dµg

where

Bab := (∇c∇d +
1

2
r̊cd)W acbd .

is the Bach tensor of g. Symmetric, trace-free.

∇aBab = 0
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W(g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W(g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ

=⇒ Einstein metrics are critical points of W .
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4-dimensional Gauss-Bonnet formula

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W |2 − |̊r|

2

2

)
dµ

So

W(g) = 8π2χ(M)−
∫
M

(
s2

24
− |̊r|

2

2

)
dµ

=⇒ Einstein metrics are critical points of W .

=⇒ conformally Einstein metrics are critical, too.
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4-dimensional signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ
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4-dimensional signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

So

W(g) = 2

∫
M
|W+|2dµg − 12π2τ (M)
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4-dimensional signature formula

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

So

W(g) = 2

∫
M
|W+|2dµg − 12π2τ (M)

Hence

Bab := 2(∇c∇d +
1

2
r̊cd)(W+)acbd .
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Restriction of W to Kähler metrics?
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Now for an extremal Kähler metric

B =
1

12

[
s̊r + 2Hess0(s)

]
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Restriction of W to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Now for an extremal Kähler metric

B =
1

12

[
s̊r + 2Hess0(s)

]
and corresponds to harmonic primitive (1, 1)-form

ψ := B(J ·, ·) =
1

12

[
sρ + 2i∂∂̄s

]
0
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Restriction of W to Kähler metrics.
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Restriction of W to Kähler metrics.

Hence if g is extremal Kähler metric,

gt = g + tB

is a family of Kähler metrics,
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Restriction of W to Kähler metrics.

Hence if g is extremal Kähler metric,

gt = g + tB

is a family of Kähler metrics, corresponding to

ωt = ω + tψ
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Restriction of W to Kähler metrics.

Hence if g is extremal Kähler metric,

gt = g + tB

is a family of Kähler metrics, corresponding to

ωt = ω + tψ

and first variation is
d

dt
W(gt)

∣∣∣∣
t=0

=

∫
ġabBab dµg

=

∫
|B|2 dµg
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Restriction of W to Kähler metrics.

Hence if g is extremal Kähler metric,

gt = g + tB

is a family of Kähler metrics, corresponding to

ωt = ω + tψ

and first variation is
d

dt
W(gt)

∣∣∣∣
t=0

=

∫
ġabBab dµg

=

∫
|B|2 dµg

So the critical points of restriction of W to
{Kähler metrics} also have B = 0!

107



So any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)
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So any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling h = s−2g is
Einstein
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So any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling h = s−2g is
Einstein courtesy of transformation rule

r̊(u2g) = r̊(g) + (n− 2)uHess0(u
−1) .
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So any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling h = s−2g is
Einstein courtesy of transformation rule

r̊(u2g) = r̊(g) + (n− 2)uHess0(u
−1) .

This conformal rescaling trick due to Derdziński.
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So any critical point of restriction has

0 = 12B = s̊r + 2Hess0(s)

=⇒ the conformal rescaling h = s−2g is
Einstein courtesy of transformation rule

r̊(u2g) = r̊(g) + (n− 2)uHess0(u
−1) .

This conformal rescaling trick due to Derdziński.

Warning. h undefined where s = 0!
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Proposition.Let (M4, J) be a compact complex
surface, and let KC ⊂ H2(M,R) be its Kähler
cone. If [ω] is a critical point of

A : KC → R
and if [ω] is represented by an extremal Kähler
metric g, then g is Bach-flat. Moreover, if g has
s > 0, then h = s−2g is an Einstein metric on
M .
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Two-Point Blow-up of CP2:

J
J

J
JJ
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= One-Point Blow-up of CP1 × CP1:

J
J

J
JJ
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Bilaterally Symmetric Kähler Classes:

J
J

J
JJ
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[ω]β,ε = (β + ε)(F1 + F2)− εE
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Bilaterally Symmetric Kähler Classes:

J
J

J
JJ










 �

�
�

�
��

@
@

@
@

@@

ε
β β

β + ε β + ε

[ω]β,ε = (β + ε)(F1 + F2)− εE

These are fixed points of involution of KC

F1←→F2
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Scale invariance reduces problem to
J

J
J

JJ
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1 + x 1 + x

where x = ε/β.
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Scale invariance reduces problem to
J

J
J

JJ
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@
@

@
@

@@

x
1 1

1 + x 1 + x

where x = ε/β. Setting

[ω]x = (1 + x)(F1 + F2)− xE
and

f (x) = A([ω]x)
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Scale invariance reduces problem to
J

J
J

JJ










 �
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�
��

@
@

@
@

@@

x
1 1

1 + x 1 + x

where x = ε/β. Setting

[ω]x = (1 + x)(F1 + F2)− xE
and

f (x) = A([ω]x)

Need to show: ∃x0 > 0 with

f ′(x0) = 0

such that [ω]x0 represented by
extremal Kähler metric g with s > 0.
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f (x) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)
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f (x) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)
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f (x) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)

f (0) = 8, f ′(0) < 0, lim
x→∞

f (x) = 9.

Define x0 to be smallest x > 0 in (f ′)−1(0).
Then f (x) < 8 on (0, x0].
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f (x) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)
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Lemma.Any bilaterally symmetric extremal Kähler
metric on M = CP2#2CP2 has s > 0.
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Lemma.Any bilaterally symmetric extremal Kähler
metric on M = CP2#2CP2 has s > 0.

Same techniques used to calculate f (x). . .
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Lemma.Any bilaterally symmetric extremal Kähler
metric on M = CP2#2CP2 has s > 0.

Same techniques used to calculate f (x). . .

Lemma.Any bilaterally symmetric extremal Kähler
metric on M = CP2#2CP2 has s < 24π

√
2/V .
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Theorem (Arrezzo-Pacard-Singer).For sufficiently
small x > 0, [ω]x contains extremal Kähler met-
ric.
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Theorem (Arrezzo-Pacard-Singer).For sufficiently
small x > 0, [ω]x contains extremal Kähler met-
ric.

Gluing theorem: attach small Burns metric to prod-
uct S2 × S2, perturb.
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Theorem (Arrezzo-Pacard-Singer).For sufficiently
small x > 0, [ω]x contains extremal Kähler met-
ric.

Proposition (LeBrun-Simanca). Set of x > 0
s.t. [ω]x contains extremal Kähler metric is open.
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Theorem (Arrezzo-Pacard-Singer).For sufficiently
small x > 0, [ω]x contains extremal Kähler met-
ric.

Proposition (LeBrun-Simanca). Set of x > 0
s.t. [ω]x contains extremal Kähler metric is open.

So closed is the difficult issue!
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Definition.On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).
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Definition.On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).

Proposition.Every bilaterally symmetric extremal
Kähler class on M = CP2#2CP2 belongs to the
controlled cone.

133



f (x) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)
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A([ω]) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)
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A([ω]) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)

A([ω]) < 9< 10.5 =
3

2
c1

2

136



A([ω]) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)

A([ω]) < 9 < 10.5 =
3

2
c1

2
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Definition.On a compact complex surface (M,J),
the controlled cone is the set of Kähler classes
[ω] which satisfy

A([ω]) <
3

2
c1

2(M).

Proposition.Every bilaterally symmetric extremal
Kähler class on M = CP2#2CP2 belongs to the
controlled cone.
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Smallest constant such that

‖u‖2
L4 ≤ CS

(
‖∇u‖2

L2 + V −1/2‖u‖2
L2

)
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Smallest constant such that

‖u‖2
L4 ≤ CS

(
‖∇u‖2

L2 + V −1/2‖u‖2
L2

)

Related to (positive) Yamabe constant:

Y [g] = inf
u 6≡0

∫
(6|∇u|2 + sgu

2) dµg(∫
u4dµg

)1/2 .
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Smallest constant such that

‖u‖2
L4 ≤ CS

(
‖∇u‖2

L2 + V −1/2‖u‖2
L2

)

CS ≤
max(6, smaxV

1/2)

Y [g]

142



A([ω]) = 9

(
32 + 176x + 318x2 + 280x3 + 132x4 + 32x5 + 3x6

36 + 216x + 414x2 + 360x3 + 162x4 + 36x5 + 3x6

)

A([ω]) < 9 < 10.5 =
3

2
c1

2
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A([ω]) =
1

32π2

∫
M
s2gdµg=

3

4π2

∫
M
|W+|2gdµg

A([ω]) < 9 < 10.5 =
3

2
c1

2
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A([ω]) =
1

32π2

∫
M
s2gdµg =

3

4π2

∫
M
|W+|2gdµg

A([ω]) < 9 < 10.5 =
3

2
c1

2
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A([ω]) =
1

32π2

∫
M
s2gdµg =

3

4π2

∫
M
|W+|2gdµg

A([ω]) < 9 < 10.5 =
3

2
c1

2

c1
2(M) =

1

4π2

∫
M

(
s2

24
+ 2|W+|2 −

|̊r|2

2

)
dµg
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A([ω]) =
1

32π2

∫
M
s2gdµg =

3

4π2

∫
M
|W+|2gdµg

A([ω]) < 9 < 10.5 =
3

2
c1

2

c1
2 ≤ 1

4π2

∫
M

(
s2

24
+ 2|W+|2

)
dµg
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A([ω]) =
1

32π2

∫
M
s2gdµg =

3

4π2

∫
M
|W+|2gdµg

A([ω]) < 9 < 10.5 =
3

2
c1

2

64π2
(

3

2
c1

2 −A([ω])

)
≤ Y 2

[g]
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Y 2
[g] ≥ 64π2

(
3

2
c1

2 −A([ω])

)
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Y [g] > 8π

√
3

2
(7)− 9
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Y [g] > 4π
√

6
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Y [g] > 4π
√

6

|s|V 1/2 < 24π
√

2
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Y [g] > 4π
√

6

|s|V 1/2 < 24π
√

2

CS ≤
max(6, smaxV

1/2)

Y [g]
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Proposition. There is a uniform upper bound
on the Sobolev constants CS of all bilaterally
symmetric extremal Kähler metrics on M = CP2#2CP2.

Y [g] > 4π
√

6

|s|V 1/2 < 24π
√

2

CS < 2
√

3
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex 2-orbifold.
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex 2-orbifold.

Generalizes work of Anderson
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Theorem (Chen-Weber). Let gi be an arbitrary
sequence of unit-volume extremal Kähler met-
rics on M4 with uniformly bounded energies A
and Sobolev constants CS. Then ∃ subsequence
which Gromov-Hausdorff converges to an extremal
Kähler metric on a compact complex 2-orbifold.

Generalizes work of Anderson/Tian-Viaclovsky
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS.
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let gi be an arbitrary sequence of
unit-volume extremal Kähler metrics on M4 with
uniformly bounded scalar curvatures s and Sobolev
constants CS. Then either

• ∃ subsequence which C∞ converges modulo dif-
feomorphims; or

• ∃ pointed G-H limit of rescalings which is a
non-trivial ALE scalar-flat Kähler manifold.

“Deepest bubble”
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Theorem. Let gi be an arbitrary sequence of
unit-volume bilaterally symmetric extremal Kähler
metrics on M = CP2#2CP2. Then ∃ subse-
quence which Gromov-Hausdorff converges to an
extremal Kähler metric on a compact complex 2-
orbifold.
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Theorem. Let gi be an arbitrary sequence of
unit-volume bilaterally symmetric extremal Kähler
metrics on M = CP2#2CP2. Then ∃ subse-
quence which Gromov-Hausdorff converges to an
extremal Kähler metric on a compact complex 2-
orbifold.

Goal: rule out deepest bubbles.
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Lemma. If ∃ deepest bubble (X, g∞), then toric,
ALE, scalar-flat Kähler, with∫

X
|̊r|2dµg∞ ≤ lim sup

i→∞

∫
M
|̊r|2dµgi∫

X
|W−|2dµg∞ ≤ lim sup

i→∞

∫
M
|W−|2dµgi
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Lemma. Deepest bubble X must be diffeomor-
phic to open subset of CP2#2CP2, and

b1(X) = b3(X) = 0, and b2(X) ≤ 2.
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Lemma. If ∃ deepest bubble (X, g∞), then toric,
ALE, scalar-flat Kähler, with∫

X
|̊r|2dµg∞ ≤ lim sup

i→∞

∫
M
|̊r|2dµgi∫

X
|W−|2dµg∞ ≤ lim sup

i→∞

∫
M
|W−|2dµgi

Lemma. If this open subset cannot be taken to
be invariant under under F1 ↔ F2, then curva-
ture is accumulating in more than one region,
and
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Lemma. (X, g∞) is toric.
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Lemma. (X, g∞) is toric.

Moment map profile:
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Lemma. (X, g∞) is toric.

Moment map profile:

∼Calderbank-Singer: topology,
∫
r2dµ,

∫
|W+|2dµ.
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Lemma. (X, g∞) is toric.

Moment map profile:

∼Calderbank-Singer: topology,
∫
r̊2dµ,

∫
|W−|2dµ.
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When A < 8, little curvature is available!
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When A < 8, little curvature is available!∫
M
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M
|W−|2dµgi < (222

3)π
2
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=⇒ only one bubble,
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When A < 8, little curvature is available!∫
M
|̊r|2dµgi < 8π2∫

M
|W−|2dµgi < (222

3)π
2

=⇒ only one bubble,
and only 3 possibilities:

• b2(X) = 1, Γ = Z2. Eguchi-Hanson.

• b2(X) = 2, Γ = Z3. Gibbons-Hawking A2.

• b2(X) = 1, Γ = Z3. LeBrun k = 3.
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When A < 8, little curvature is available!∫
M
|̊r|2dµgi < 8π2∫

M
|W−|2dµgi < (222

3)π
2

=⇒ only one bubble,
and only 3 possibilities:

• b2(X) = 1, Γ = Z2. Eguchi-Hanson.

• b2(X) = 2, Γ = Z3. Gibbons-Hawking A2.

• b2(X) = 1, Γ = Z3. LeBrun k = 3.

Exclude: [ω], areas of homology generators.
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Let L be smallest positive element of f−1(8).
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Let L be smallest positive element of f−1(8).

Theorem. For every x ∈ (0, L),

[ω]x = (1 + x)(F1 + F2)− xE
is the Kähler class of an extremal Kähler metric
on M = CP2#2CP2.
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Let L be smallest positive element of f−1(8).

Theorem. For every x ∈ (0, L),

[ω]x = (1 + x)(F1 + F2)− xE
is the Kähler class of an extremal Kähler metric
on M = CP2#2CP2.

Since x0 < L, Theorem A follows.
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